
Research Article
Optical Solitons and Single Traveling Wave Solutions for the
Fiber Bragg Gratings with Generalized Anticubic Nonlinearity

Dan Chen and Zhao Li

College of Computer Science, Chengdu University, Chengdu 610106, China

Correspondence should be addressed to Dan Chen; mathdanc@163.com

Received 21 September 2022; Revised 22 December 2022; Accepted 6 April 2023; Published 15 April 2023

Academic Editor: Eugen Radu

Copyright © 2023 Dan Chen and Zhao Li. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.

This paper retrieves the vector-coupled version of the generalized anticubic nonlinearity model in fiber Bragg gratings. With the
help of the trial equation approach and the complete discriminant system for polynomial, nine families of the optical solitons
solutions and single traveling wave solutions for the fiber Bragg gratings with generalized anticubic nonlinearity are obtained.
Under specific parameter values, three-dimensional diagrams, two-dimensional diagrams, density plots, and contour plots of
the obtained solutions are displayed. Moreover, the solutions obtained in the paper further demonstrated their accurate
physical behaviors.

1. Introduction

The concept of optical soliton was first proposed by
Hasegawa and Tappert in 1973. Later, Mollenaure et al.
observed temporal solitons in optical fibers in the laboratory
for the first time. Since then, the research of optical soliton
communication has started. In 2014, researchers first created
optical soliton state in Kippenberg’s Laboratory and
informed that optical solitons can be generated by nonlinear
processes. Optical soliton is a special type of ultrashort pulse,
which can keep its shape, amplitude, and velocity unchanged
for long time and distance, such as across the globe for trans-
continental and transoceanic distances, when it propagates
in optical fiber. Manufacturability of optical solitons can
not only bring surprising ultrahigh data rate but also greatly
reduce energy consumption of light source in an optical
communication system. Therefore, optical solitons have a
very important value in the field of modern communication
and nonlinear optics [1]. Also, the study of optical solitons
has attracted considerable attention. While the fiber Bragg
gratings (FBGs) have been considered the outstanding
sensor components, which can be used in the optical fiber

communication system, fiber laser, and other fields. The
optical nonlinearity of FBGs have been studied by integral
technique [2, 3], such as Kerr law, log-law, triple-power
law, power-law, dual-power law, quadratic-cubic law,
cubic-quintic-septic law, anticubic law, parabolic-law and
parabolic-nonlocal law. Optical solitons can transmit stably
in fiber grating throughout the proper selection of input
power and initial pulse width. Therefore, the study is a very
important topic.

The governing generalized anticubic (AC) nonlinearity is
represented as [4–6]

iqt + aqxx +
b1

qj j2n+2 + b2 qj j2n + b3 qj j2n+2
� �

q = 0: ð1Þ

Here, i is imaginary unit and i =
ffiffiffiffiffiffi
−1

p
. qðx, tÞ is the

complex-valued function that expresses pulses transmitting
across the fibers. In Equation (1), the first term is the linear
temporal evolution, whereas the coefficient a represents chro-
matic dispersion (CD), the constant coefficients bjðj = 1, 2, 3Þ
present self-phase modulation (SPM), and n is the power-
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law nonlinearity parameter such that −1 < n < 3. According to
the reported literature [7], the majority of results are from
numerical. In [8], Zayed et al. obtained the optical solitons of
Equation (1) with three cases at n = 1, 2, 3 by implementing
extended auxiliary equation method. Obviously, the solutions
obtained in [8] mainly concentrate on the Jacobi elliptic func-
tions solutions.

It is impossible to derive the model equations in birefrin-
gent fibers or Bragg gratings with a general value of n; there-

fore, we consider the case of n = 1 as permitted by the
stability regime.

iqt + aqxx +
b1
qj j4 + b2 qj j2 + b3 qj j4

� �
q = 0: ð2Þ

Then, the generalized AC splits into two components,
and the vector-coupled model is expressed as (see [8])

where ak, bk, ck, dk, f k, ξk, ηk, θk, γk, δk, αk, and βk for k = 1, 2
are constants. The coefficients bk, ξk, and θk are from SPM
and the coefficients ck, dk, ηk, and δk are associated with
crossphase modulation effects.

The rest of this article is listed as follows. In Section 2,
under the traveling wave transformations and the trial equa-
tion method, Equation (3) is changed into planar dynamic
system. In Section 3, all optical soliton solutions of Equation
(3) are acquired via the complete discrimination system
technique. In Section 4, we summarize the results of the cur-
rent work.

2. Mathematical Analysis

For Equation (3), the following traveling wave transforma-
tion should be considered first (see [8]):

u x, tð Þ = ϕ1 ζð Þ exp iψ x, tð Þ½ �, v x, tð Þ
= ϕ2 ζð Þ exp iψ x, tð Þ½ �, ζ
= x − ρt, ψ x, tð Þ
= −kx + ωt +H0,

ð4Þ

where ϱ, k, ω, and H0 are all nonzero constants. ϱ represents
the velocity of soliton. k represents the frequency of soliton.
ω represents the wave number. H0 represents phase con-
stant. ϕ1ðζÞ, ϕ2ðζÞ, and ψðx, tÞ are real functions.

Substituting (4) into the above system (3), separating the
real part from the imaginary part, we obtain the formula:

a1ϕ2′′ − ω − kα1ð Þϕ1 + β1 − a1k
2À Á
ϕ2

+ f1ϕ1
b1ϕ

4
1 + c1ϕ

2
1ϕ

2
2 + d1ϕ

4
2

+ ξ1ϕ
2
1 + η1ϕ

2
2

À Á
ϕ1

+ θ1ϕ
4
1 + γ1ϕ

2
1ϕ

2
2 + δ1ϕ

4
2

À Á
ϕ1 = 0,

ð5Þ

a2ϕ1′′ − ω − kα2ð Þϕ2 + β2 − a2k
2À Á
ϕ1

+ f2ϕ2
b2ϕ

4
2 + c2ϕ

2
2ϕ

2
1 + d2ϕ

4
1

+ ξ2ϕ
2
2 + η2ϕ

2
1

À Á
ϕ2

+ θ2ϕ
4
2 + γ2ϕ

2
2ϕ

2
1 + δ2ϕ

4
1

À Á
ϕ2 = 0,

ð6Þ

v − α1ð Þϕ1′ + 2a1kϕ2′ = 0, ð7Þ

2a2kϕ1′ + v − α2ð Þϕ2′ = 0, ð8Þ

respectively.
Let ϕ2ðζÞ = λ2ϕ1ðζÞ, where λ2ðλ2 ≠ 1Þ is a nonzero con-

stant. Thus, Equations (5)–(8) can be rewritten as

a1λ2ϕ1′′ − ω − kα1 − λ2 β1 − a1k
2À ÁÂ Ã

ϕ1

+ f1
b1 + λ22c1 + λ42d1
À Á

ϕ31

+ ξ1 + λ22η1
À Á

ϕ31 + θ1 + λ22γ1 + λ42δ1
À Á

ϕ51 = 0,

ð9Þ

a2ϕ1′′ − λ2 ω − kα2ð Þ − β2 − a2k
2À ÁÂ Ã

ϕ1

+ λ2 f2
λ42b2 + c2λ

2
2 + d2

À Á
ϕ31

+ λ2 λ22ξ2 + η2
À Á

ϕ31

+ λ2 λ42θ2 + λ22γ2 + δ2
À Á

ϕ51 = 0,

ð10Þ

v − α1 + 2a1kλ2ð Þϕ1′ = 0, ð11Þ

2a2k + λ2 v − α2ð Þ½ �ϕ1′ = 0: ð12Þ

Thus, we obtain the following constraint condition from
(11) and (12)

2a1kλ22 + α2 − α1ð Þλ2 − 2a2k = 0: ð13Þ

iut + a1vxx +
f1u

b1 uj j4 + c1 uj j2 vj j2 + d1 vj j4
+ ξ1 uj j2 + η1 vj j2
À Á

u + θ1 uj j4 + γ1 uj j2 vj j2 + δ1 vj j4
À Á

u + iα1ux + β1v = 0,

ivt + a2uxx +
f2v

b2 vj j4 + c2 vj j2 uj j2 + d2 uj j4 + ξ2 vj j2 + η2 uj j2À Á
v + θ2 vj j4 + γ2 vj j2 uj j2 + δ2 uj j4À Á

v + iα2vx + β2u = 0,

8>>><
>>>:

ð3Þ
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Therefore,

λ2 =
− α2 − α1ð Þ ±

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2 − α1ð Þ2 + 16a1a2k2

q
4a1k

, ð14Þ

where a1a2 > 0. So, Equations (9) and (10) have the same
form under the constraint conditions:

a1λ2 = a2,
ξ1 + λ22η1 = λ2 λ22ξ2 + η2

À Á
,

θ1 + λ22γ1 + λ42δ1 = λ2 λ42θ2 + λ22γ2 + δ2
À Á

,

f1 λ42b2 + c2λ
2
2 + d2

À Á
= λ2 f2 b1 + λ22c1 + λ42d1

À Á
,

ω − kα1 − λ2 β1 − a1k
2À Á

= λ2 ω − kα2ð Þ − β2 − a2k
2À Á
:

ð15Þ

Also, Equation (9) can be converted to (16)

ϕ31ϕ1′′ + ρ1 − ρ2ϕ
4
1 + ρ3ϕ

6
1 + ρ4ϕ

8
1 = 0, ð16Þ

where ρ1 = f1/ða1λ2ðb1 + λ22c1 + λ42d1ÞÞ, ρ2 = ðω − kα1 − λ2
ðβ1 − a1k

2ÞÞ/ða1λ2Þ, ρ3 = ðξ1 + λ22η1Þ/ða1λ2Þ, and ρ4 = ðθ1
+ λ22γ1 + λ42δ1Þ/ða1λ2Þ satisfying a1λ2ðb1 + λ22c1 + λ42d1Þ ≠ 0.

Taking the transformation ϕ1ðζÞ =U1/2ðζÞ, where UðζÞ is
a new function of ζ. Thus, Equation (16) can be rewritten as

U ′
� �2

− 2UU ′′ − 4ρ1 + 4ρ2U2 − 4ρ3U3 − 4ρ4U4 = 0: ð17Þ

According to the polynomial trial equation method of the
rank homogeneous equation, we take the following trial
equation [9]:

U ′′ = 〠
m

i=0
AiU

i, ð18Þ

where Ai are constants.
Multiplying both sides of Equation (18) by U ′ and inte-

grating it yields [10]

U ′
� �2

= 〠
m

i=0

2Am

m + 1U
m+1 + C0, ð19Þ

where C0 is the integral constant.
Plugging (18) and (19) into (17), we can get a polynomial

aboutU , denoted byGðUÞ. Using the balance principle, we get
m = 3. Let all the coefficients of GðUÞ be zero, and a system of
algebraic equations is obtained. We can calculate that A0 is an
arbitrary constant, A1 = 4ρ2, A2 = −3ρ3, A3 = −ð8/3Þρ4, and
C0 = 4ρ1.

Consequently, Equation (19) can be rewritten as

U ′
� �2

= −
4
3 ρ4U

4 − 2ρ3U3 + 4ρ2U2 + 2A0U + 4ρ1: ð20Þ

In Equation (20), if −ð4/3Þρ4 > 0, that is, ρ4 < 0, taking
the transformation

W = −
4
3 ρ4

� �1/4
U −

1
2 ρ3 −

4
3 ρ4

� �−3/4
, ζ1 = −

4
3 ρ4

� �1/4
ζ:

ð21Þ

So, we have

W ′
� �2

= F Wð Þ =W4 + PW2 +QW + R, ð22Þ

where P = 4ρ2ð−ð4/3Þρ4Þ−1/2,Q = ð2A0 − ðð9ρ33 + 48ρ2ρ3ρ4Þ/
16ρ24ÞÞð−ð4/3Þρ4Þ−1/4 and R = ð34ρ43/45ρ34Þ + ð9ρ2ρ23/16ρ24Þ −
ð3A0ρ3/4ρ4Þ + 4ρ1.

If −ð4/3Þρ4 < 0, that is, ρ4 > 0, then we take the transfor-
mation

W = 4
3 ρ4
� �1/4

U + 1
2 ρ3

4
3 ρ4
� �−3/4

, ζ1 =
4
3 ρ4
� �1/4

ζ: ð23Þ

So, we have

W ′
� �2

= −F Wð Þ = − W4 + PW2 +QW + R
À Á

, ð24Þ

where P = −4ρ2ðð4/3Þρ4Þ−1/2, Q = ððð9ρ33 + 48ρ2ρ3ρ4Þ/16ρ24Þ
− 2A0Þðð4/3Þρ4Þ−1/4 and R = −ð34ρ43/45ρ34Þ − ð9ρ2ρ23/16ρ24Þ
+ ð3A0ρ3/4ρ4Þ − 4ρ1.

Denote

ε =
1, ρ4 < 0,
−1, ρ4 > 0:

(
ð25Þ

Then, Equation (20) can be written in the following inte-
gral form:

± ζ1 − ζ0ð Þ =
ð

dWffiffiffiffiffiffiffiffiffiffiffiffiffiffi
εF Wð Þp =

ð
dWffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ε W4 + PW2 +QW + Rð Þ
p ,

ð26Þ

where ζ0 is the integral constant.
Since Yang et al. have introduced the algorithm [11] for

distinguishing the roots of polynomials, many solitons have
been constructed in recent years. The discriminant system of
quartic polynomials of FðWÞ =W4 + PW2 +QW + R is

D1 = 4,D2 = −P,D3 = −2P3 − 9Q2 + 8PR,

D4 = −P3Q2 −
27
4 Q4 + 4P4R + 36PQ2R − 32P2R2 + 64R3,

E2 = 9Q2 − 32PR:
ð27Þ
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Integrating formula (26), we obtain optical solitons
and exact traveling wave solutions [12–17] of Equation
(3) under nine cases. Details will be given in the next
section.

3. Optical Wave Patterns

Case 1.WhenD2 =D3 =D4 = 0, that is, FðWÞ =W4. If ρ4 < 0,
the solutions of Equation (3) are given in the following form:
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Figure 1: Module length graphs of u1ðt, xÞ with a1 = b1 = c1 = d1 = 1, f1 = 15/256, ξ1 = η1 = −1, θ1 = γ1 = δ1 = 1, α1 = −1, β1 = −1, a2 = b2 =
c2 = d2 = −1, f2 = 15/256, ξ2 = η2 = 1, θ2 = γ2 = δ2 = −1, α2 = 3, andβ2 = 1.

u1 x, tð Þ = −
1

− 4/3ð Þρ4ð Þ1/2 x − ϱtð Þ − − 4/3ð Þρ4ð Þ1/4ζ0
−
3ρ3
8ρ4

 !1/2

exp i −kx + ωt +H0ð Þ½ �,

v1 x, tð Þ = λ2 −
1

− 4/3ð Þρ4ð Þ1/2 x − ϱtð Þ − − 4/3ð Þρ4ð Þ1/4ζ0
−
3ρ3
8ρ4

 !1/2

exp i −kx + ωt +H0ð Þ½ �:

8>>>>>><
>>>>>>:

ð28Þ
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When a1 = b1 = c1 = d1 = 1, f1 = 15/256, ξ1 = η1 = −1, θ1 = γ1
= δ1 = 1, α1 = −1, β1 = −1, a2 = b2 = c2 = d2 = −1, f2 = 15/256
, ξ2 = η2 = 1, θ2 = γ2 = δ2 = −1, α2 = 3, andβ2 = 1, we draw
the grah of ju1ðx, tÞj as shown in Figure 1.

Case 2.When D2 < 0,D3 =D4 = 0, FðWÞ has a pair of conju-
gate complex roots of multiplicities two, that is, FðWÞ =
½ðW − σ1Þ2 + σ22�

2
, where σ1, σ2 are real numbers and σ2 >

0. If ε = 1, the solutions of Equation (3) are given in the fol-
lowing form:
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Figure 2: Module length graphs of u3ðt, xÞ with a1 = 1, b1 = 3, c1 = 4, d1 = 9, f1 = 5, ξ1 = η1 = −2, θ1 = γ1 = δ1 = 1, α1 = −1, β1 = 1/2, a2 = −1,
b2 = −3, c2 = −4, d2 = −9, f2 = 5, ξ2 = η2 = 2, θ2 = γ2 = δ2 = −1, α2 = 3, andβ2 = 1/2.

u2 x, tð Þ = −
4
3 ρ4

� �−1/4
σ1 tan σ1 −

4
3 ρ4

� �1/4
x − ϱtð Þ − ζ0

 !" #
+ σ2

 !
−
3ρ3
8ρ4

 !1/2

exp i −kx + ωt +H0ð Þ½ �,

v2 x, tð Þ = λ2 −
4
3 ρ4

� �−1/4
σ1 tan σ1 −

4
3 ρ4

� �1/4
x − ϱtð Þ − ζ0

 !" #
+ σ2

 !
−
3ρ3
8ρ4

 !1/2

exp i −kx + ωt +H0ð Þ½ �:

8>>>>>><
>>>>>>:

ð29Þ
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Case 3. When D2 > 0,D3 =D4 = 0, E2 > 0, FðWÞ has two real
roots of multiplicities two, that is, FðWÞ = ðW − σ3Þ2
ðW − σ4Þ2, where σ3, σ4 are real numbers and σ3 > σ4. If ε = 1.

Case 3.1.WhenW > σ3 orW < σ4, the solutions of Equation
(3) are given in the following form:

When a1 = 1, b1 = 3, c1 = 4, d1 = 9, f1 = 5, ξ1 = η1 = −2, θ1
= γ1 = δ1 = 1, α1 = −1, β1 = 1/2, a2 = −1, b2 = −3, c2 = −4, d2
= −9, f2 = 5, ξ2 = η2 = 2, θ2 = γ2 = δ2 = −1, α2 = 3, andβ2 = 1/
2, we draw the graph of ju3ðx, tÞj as shown in Figure 2.

Case 3.2. When σ4 <W < σ4, the solutions of Equation (3)
are given in the following form:

Case 4. When D2 > 0,D3 > 0,D4 = 0, FðWÞ has two real
roots and real roots with multiplicities two, that is, FðWÞ
= ðW − σ5Þ2ðW − σ6ÞðW − σ7Þ, where σ5, σ6, σ7 are real
numbers satisfying σ6 > σ7.

Case 4.1. If ε = 1:

Case 4.1.1. When σ5 > σ6 and W < σ7, or σ5 < σ7 and
W < σ6, we can calculate (26) and get the solutions of
Equation (3):

± ζ1 − ζ0ð Þ = 1
σ5 − σ6ð Þ σ5 − σ7ð Þ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W − σ6ð Þ σ7 − σ5ð Þp

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W − σ7ð Þ σ6 − σ5ð Þph i2

W − σ5j j :

ð32Þ

Case 4.1.2. When σ6 > σ5 > σ7, we can calculate (26) and
get the solutions of Equation (3)

± ζ1 − ζ0ð Þ = 1
σ6 − σ5ð Þ σ5 − σ7ð Þ arcsin W − σ6ð Þ σ5 − σ7ð Þ + W − σ7ð Þ σ5 − σ6ð Þ

W − σ5ð Þ σ6 − σ7ð Þj j :

ð33Þ

Case 4.2. If ε = −1.

Case 4.2.1.When σ5 > σ6 andW < σ7, or σ5 < σ7 andW < σ6,
we can calculate (26) and get the solutions of Equation (3)

± ζ1 − ζ0ð Þ = 1
σ6 − σ5ð Þ σ5 − σ7ð Þ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−W + σ6ð Þ σ7 − σ5ð Þp

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W − σ7ð Þ σ5 − σ6ð Þph i2

W − σ5j j :

ð34Þ

Case 4.2.2. When σ6 > σ5 > σ7, we can calculate (26) and get
the solutions of Equation (3)

± ζ1 − ζ0ð Þ = 1
σ5 − σ6ð Þ σ5 − σ7ð Þ arcsin −W + σ6ð Þ σ5 − σ7ð Þ + W − σ7ð Þ σ6 − σ5ð Þ

W − σ5ð Þ σ6 − σ7ð Þj j :

ð35Þ

Case 5.When D2 > 0,D3 =D4 = E2 = 0, FðWÞ has real roots
of multiplicities three and real roots with multiplicities one,
that is, FðWÞ = ðW − σ8Þ3ðW − σ9Þ, where σ8, σ9 are real
numbers.

u3 x, tð Þ = −
4
3 ρ4

� �−1/4 σ4 − σ3
2 coth σ3 − σ4ð Þ − 4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0

À Á
2 − 1

" #
+ σ4

 !
−
3ρ3
8ρ4

 !1/2

exp i −kx + ωt +H0ð Þ½ �,

v3 x, tð Þ = λ2 −
4
3 ρ4

� �−1/4 σ4 − σ3
2 coth σ3 − σ4ð Þ − 4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0

À Á
2 − 1

" #
+ σ4

 !
−
3ρ3
8ρ4

 !1/2

exp i −kx + ωt +H0ð Þ½ �:

8>>>>>><
>>>>>>:

ð30Þ

u4 x, tð Þ = −
4
3 ρ4

� �−1/4 σ4 − σ3
2 tanh σ3 − σ4ð Þ − 4/3ð Þϱ4ð Þ1/4 x − ρtð Þ − ζ0

À Á
2 − 1

" #
+ σ4

 !
−
3ρ3
8ρ4

 !1/2

exp i −kx + ωt +H0ð Þ½ �,

v4 x, tð Þ = λ2 −
4
3 ρ4

� �−1/4 σ4 − σ3
2 tanh σ3 − σ4ð Þ − 4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0

À Á
2 − 1

" #
+ σ4

 !
−
3ρ3
8ρ4

 !1/2

exp i −kx + ωt +H0ð Þ½ �:

8>>>>>><
>>>>>>:

ð31Þ
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Case 5.1. If ε = 1, when W > σ8 and W > σ9, or W < σ8 and
W < σ9, the solutions of Equation (3) are given in the follow-
ing form:

Case 5.2. If ε = −1, when W > σ8 and W > σ9, or W < σ8 and
W < σ9, the solutions of Equation (3) are given in the follow-
ing form:

Case 6. When D2D3 < 0,D4 = 0, FðWÞ has real roots of mul-
tiplicities two and a pair of conjugate complex roots, that is,

FðWÞ = ðW − σ10Þ2½ðW − σ11Þ2 + σ212�. If ε = 1, the solutions
of Equation (3) are given in the following form:

which is a solitary wave solution and where Z1 = ðσ10 − 2

σ11Þ/
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðσ10 − σ11Þ2 + σ2

12

q
.

Case 7. When D2 > 0,D3 > 0,D4 > 0, FðWÞ has four
distinct real roots, that is, FðWÞ = ðW − σ13ÞðW − σ14Þ
ðW − σ15ÞðW − σ16Þ, where σ13, σ14, σ15, and σ16 are

u9 x, tð Þ = −
4
3 ρ4

� �−1/4 4 σ8 − σ9ð Þ
σ9 − σ8ð Þ2 − 4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0

À ÁÁ2 − 4
+ σ8

 !
−
3ρ3
8ρ4

 !1/2

exp i −kx + ωt +H0ð Þ½ �,

v9 x, tð Þ = λ2 −
4
3 ρ4

� �−1/4 4 σ8 − σ9ð Þ
σ9 − σ8ð Þ2 − 4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0

À ÁÁ2 − 4
+ σ8

 !
−
3ρ3
8ρ4

 !1/2

exp i −kx + ωt +H0ð Þ½ �:

8>>>>>><
>>>>>>:

ð36Þ

u10 x, tð Þ = 4
3 ρ4
� �−1/4 4 σ8 − σ9ð Þ

− σ9 − σ8ð Þ2 4/3ρ4ð Þ1/4 x − ϱtð Þ − ζ0
À ÁÁ2 − 4

+ σ8

 !
−
3ρ3
8ρ4

 !1/2

exp i −kx + ωt +H0ð Þ½ �,

v10 x, tð Þ = λ2
4
3 ρ4
� �−1/4 4 σ8 − σ9ð Þ

− σ9 − σ8ð Þ2 4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0
À ÁÁ2 − 4

+ σ8

 !
−
3ρ3
8ρ4

 !1/2

exp i −kx + ωt +H0ð Þ½ �:

8>>>>>><
>>>>>>:

ð37Þ

u11 x, tð Þ = −
4
3 ρ4

� �−1/4 e±
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ10−σ11ð Þ2+σ212

p
− 4/3ð Þρ4ð Þ1/4 x−ϱtð Þ−ζ0ð Þ − Z1

h i
+

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ10 − σ11ð Þ2 + σ212

q
2 − Z1ð Þ

e±
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ10−σ11ð Þ2+σ212

p
− 4/3ð Þρ4ð Þ1/4 x−ϱtð Þ−ζ0ð Þ − Z1

h i2
− 1

−
3ρ3
8ρ4

0
B@

1
CA

1/2

exp i −kx + ωt +H0ð Þ½ �,

v11 x, tð Þ = λ2 −
4
3 ρ4

� �−1/4 e±
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ10−σ11ð Þ2+σ212

p
− 4/3ð Þρ4ð Þ1/4 x−ϱtð Þ−ζ0ð Þ − Z1

h i
+

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ10 − σ11ð Þ2 + σ2

12

q
2 − Z1ð Þ

e±
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ10−σ11ð Þ2+σ212

p
− 4/3ð Þρ4ð Þ1/4 x−ϱtð Þ−ζ0ð Þ − Z1

h i2
− 1

−
3ρ3
8ρ4

0
B@

1
CA

1/2

exp i −kx + ωt +H0ð Þ½ �,

8>>>>>>>>>><
>>>>>>>>>>:

ð38Þ
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real numbers satisfying σ13 > σ14 > σ15 > σ16.

Case 7.1. If ε = 1.

Case 7.1.1.WhenW > σ13 orW < σ16, the solutions of Equa-
tion (3) are given in the following form:

Case 7.1.2. When σ15 <W < σ14, the solutions of Equation
(3) are given in the following form:

Case 7.2. If ε = −1. Case 7.2.1. When σ13 >W > σ14, the solutions of Equation
(3) are given in the following form:

Case 7.2.2. When σ15 >W > σ16, the solutions of Equation
(3) are given in the following form:

u12 x, tð Þ = −
4
3 ρ4

� �−1/4 σ14 σ13 − σ16ð Þsn2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ13 − σ15ð Þ σ14 − σ16ð Þp� �

/2
� �

− 4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0
À Á

, Z2
� �

− σ13 σ14 − σ16ð Þ
σ13 − σ16ð Þsn2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

σ13 − σ15ð Þ σ14 − σ16ð Þp� �
/2

� �
− 4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0

À Á
, Z2

� �
− σ14 − σ16ð Þ

−
3ρ3
8ρ4

0
@

1
A

1/2

exp i −kx + ωt +H0ð Þ½ �,

v12 x, tð Þ = λ2 −
4
3 ρ4

� �−1/4 σ14 σ13 − σ16ð Þsn2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ13 − σ15ð Þ σ14 − σ16ð Þp� �

/2
� �

− 4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0
À Á

, Z2
� �

− σ13 σ14 − σ16ð Þ
σ13 − σ16ð Þsn2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

σ13 − σ15ð Þ σ14 − σ16ð Þp� �
/2

� �
− 4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0

À Á
, Z2

� �
− σ14 − σ16ð Þ

−
3ρ3
8ρ4

0
@

1
A

1/2

exp i −kx + ωt +H0ð Þ½ �:

8>>>>>>>>><
>>>>>>>>>:

ð39Þ

u13 x, tð Þ = −
4
3 ρ4

� �−1/4 σ16 σ14 − σ15ð Þsn2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ13 − σ15ð Þ σ14 − σ16ð Þp� �

/2
� �

− 4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0
À Á

, Z2
� �

− σ15 σ14 − σ16ð Þ
σ14 − σ15ð Þsn2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

σ13 − σ15ð Þ σ14 − σ16ð Þp� �
/2

� �
− 4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0

À Á
, Z2

� �
− σ14 − σ16ð Þ

−
3ρ3
8ρ4

0
@

1
A

1/2

exp i −kx + ωt +H0ð Þ½ �,

v13 x, tð Þ = λ2 −
4
3 ρ4

� �−1/4 σ16 σ14 − σ15ð Þsn2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ13 − σ15ð Þ σ14 − σ16ð Þp� �

/2
� �

− 4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0
À Á

, Z2
� �

− σ15 σ14 − σ16ð Þ
σ14 − σ15ð Þsn2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

σ13 − σ15ð Þ σ14 − σ16ð Þp� �
/2

� �
− 4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0

À Á
, Z2

� �
− σ14 − σ16ð Þ

−
3ρ3
8ρ4

0
@

1
A

1/2

exp i −kx + ωt +H0ð Þ½ �:

8>>>>>>>>><
>>>>>>>>>:

ð40Þ

u14 x, tð Þ = 4
3 ρ4
� �−1/4 σ15 σ13 − σ14ð Þsn2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

σ13 − σ15ð Þ σ14 − σ16ð Þp
/2

� �
4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0

À Á
, Z2

� �
− σ14 σ13 − σ15ð Þ

σ13 − σ14ð Þsn2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ13 − σ15ð Þ σ14 − σ16ð Þp� �

/2
� �

4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0
À Á

, Z2
� �

− σ13 − σ15ð Þ
−
3ρ3
8ρ4

0
@

1
A

1/2

exp i −kx + ωt +H0ð Þ½ �,

v14 x, tð Þ = λ2
4
3 ρ4
� �−1/4 σ15 σ13 − σ14ð Þsn2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

σ13 − σ15ð Þ σ14 − σ16ð Þp� �
/2

� �
4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0

À Á
, Z2

� �
− σ14 σ13 − σ15ð Þ

σ13 − σ14ð Þsn2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ13 − σ15ð Þ σ14 − σ16ð Þp� �

/2
� �

4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0
À Á

, Z2
� �

− σ13 − σ15ð Þ
−
3ρ3
8ρ4

0
@

1
A

1/2

exp i −kx + ωt +H0ð Þ½ �:

8>>>>>>>>><
>>>>>>>>>:

ð41Þ

u15 x, tð Þ = 4
3 ρ4
� �−1/4 σ13 σ15 − σ16ð Þsn2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

σ13 − σ15ð Þ σ14 − σ16ð Þp
/2

� �
4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0

À Á
, Z2

� �
− σ16 σ15 − σ13ð Þ

σ15 − σ16ð Þsn2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ13 − σ15ð Þ σ14 − σ16ð Þp

/2
� �

4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0
À Á

, Z2
� �

− σ15 − σ13ð Þ
−
3ρ3
8ρ4

0
@

1
A

1/2

exp i −kx + ωt +H0ð Þ½ �,

v15 x, tð Þ = λ2
4
3 ρ4
� �−1/4 σ13 σ15 − σ16ð Þsn2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

σ13 − σ15ð Þ σ14 − σ16ð Þp
/2

� �
4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0

À Á
, Z2

� �
− σ16 σ15 − σ13ð Þ

σ15 − σ16ð Þsn2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ13 − σ15ð Þ σ14 − σ16ð Þp

/2
� �

4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0
À Á

, Z2
� �

− σ15 − σ13ð Þ
−
3ρ3
8ρ4

0
@

1
A

1/2

exp i −kx + ωt +H0ð Þ½ �,

8>>>>>>>>><
>>>>>>>>>:

ð42Þ
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where Z2
2 = ððσ13 − σ14Þðσ15 − σ16ÞÞ/ððσ13 − σ15Þðσ14 − σ16ÞÞ.

Case 8. When D4 < 0,D2D3 ≥ 0, FðWÞ has two different real
roots and a pair of conjugate complex roots, that is, FðWÞ
= ðW − σ17ÞðW − σ18Þ½ðW − σ19Þ2 + σ2

20�, where σ17, σ18,
σ19, and σ20 are real numbers, σ17 > σ18, and σ19, σ20 > 0.

Take the transformation W = ðμ1 cos Φ + μ2Þ/ðμ3 cos Φ
+ μ4Þ, where μ1 = ð1/2Þðσ17 + σ18Þμ3 − ð1/2Þðσ17 − σ18Þμ4,

μ2 = ð1/2Þðσ17 + σ18Þμ4 − ð1/2Þðσ17 − σ18Þμ3, μ3 = σ17 − σ19
− ðσ20/Z3Þ, μ4 = σ17 − σ19 − σ20Z3, E = ðσ220 + ðσ17 − σ19Þ
ðσ18 − σ19ÞÞ/ðσ20ðσ17 − σ18ÞÞ, and Z3 = E ±

ffiffiffiffiffiffiffiffiffiffiffiffi
E2 + 1

p
.

Case 8.1. If ε = 1, the solutions of Equation (3) are given in
the following form:

Case 8.2. If ε = −1, the solutions of Equation (3) are given in
the following form

which are elliptic double periodic function solutions and
where Z2

4 = 1/ð1 + Z2
3Þ.

Case 9. When D4 > 0,D2D3 ≤ 0, FðWÞ has two pairs of
conjugate complex roots, that is, FðWÞ = ½ðW − σ21Þ2 + σ2

22�
½ðW − σ23Þ2 + σ2

24�, where σ21, σ22, σ23, and σ24 are real num-
bers and σ22 > σ24 > 0.

If ε = 1, we take the transformation W = ðμ5 tan Θ +
μ6Þ/ðμ7 tan Θ + μ8Þ, where μ5 = σ21μ7 + σ22μ8, μ6 = σ21μ8 −
σ22μ7, μ7 = −σ22 − ðσ24/Z5Þ, μ8 = σ21 − σ23, E = ððσ21 − σ23Þ2
+ σ222 + σ2

24Þ/2σ22σ24, andZ5 = E +
ffiffiffiffiffiffiffiffiffiffiffiffi
E2 − 1

p
, the solutions of

Equation (3) are given in the following form:

u16 x, tð Þ = −
4
3 ρ4

� �−1/4 μ1cn
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2σ20Z3 σ17 − σ18ð Þp

/2Z4Z3
� �

− 4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0
À Á

, Z4
� �

+ μ2

μ3cn
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2σ20Z3 σ17 − σ18ð Þp

/2Z4Z3
� �

− 4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0
À Á

, Z4
� �

+ μ4

−
3ρ3
8ρ4

0
@

1
A

1/2

exp i −kx + ωt +H0ð Þ½ �,

v16 x, tð Þ = λ2 −
4
3 ρ4

� �−1/4 μ1cn
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2σ20Z3 σ17 − σ18ð Þp

/2Z4Z3

� �
− 4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0

À Á
, Z4

� �
+ μ2

μ3cn
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2σ20Z3 σ17 − σ18ð Þp

/2Z4Z3
� �

− 4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0
À Á

, Z4
� �

+ μ4

−
3ρ3
8ρ4

0
@

1
A

1/2

exp i −kx + ωt +H0ð Þ½ �:

8>>>>>>>>><
>>>>>>>>>:

ð43Þ

u17 x, tð Þ = 4
3 ρ4
� �−1/4 μ1cn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2σ20Z3 σ17 − σ18ð Þp

/2Z4Z3
� �

4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0
À Á

, Z4
� �

+ μ2

μ3cn
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2σ20Z3 σ17 − σ18ð Þp

/2Z4Z3
� �

4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0
À Á

, Z4
� �

+ μ4

−
3ρ3
8ρ4

0
@

1
A

1/2

exp i −kx + ωt +H0ð Þ½ �,

v17 x, tð Þ = λ2
4
3 ρ4
� �−1/4 μ1cn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2σ20Z3 σ17 − σ18ð Þp

/2Z4Z3
� �

4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0
À Á

, Z4
� �

+ μ2

μ3cn
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2σ20Z3 σ17 − σ18ð Þp

/2Z4Z3 4/3ρ4ð Þ1/4 x − ϱtð Þ − ζ0
À Á

, Z4
� �

+ μ4

−
3ρ3
8ρ4

0
@

1
A

1/2

exp i −kx + ωt +H0ð Þ½ �,

8>>>>>>>>><
>>>>>>>>>:

ð44Þ

u18 x, tð Þ = −
4
3 ρ4

� �−1/4 μ5sn Z7 − 4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0
À Á

, Z6
À Á

+ μ6cn Z7 − 4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0
À Á

, Z6
À Á

μ7sn Z7 − 4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0
À Á

, Z6
À Á

+ μ8cn Z7 − 4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0
À Á

, Z6
À Á − 3ρ3

8ρ4

 !1/2

exp i −kx + ωt +H0ð Þ½ �,

v18 x, tð Þ = λ2 −
4
3 ρ4

� �−1/4 μ5sn Z7 − 4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0
À Á

, Z6
À Á

+ μ6cn Z7 − 4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0
À Á

, Z6
À Á

μ7sn Z7 − 4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0
À Á

, Z6
À Á

+ μ8cn Z7 − 4/3ð Þρ4ð Þ1/4 x − ϱtð Þ − ζ0
À Á

, Z6
À Á − 3ρ3

8ρ4

 !1/2

exp i −kx + ωt +H0ð Þ½ �,

8>>>>>><
>>>>>>:

ð45Þ
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where Z7 = σ24

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðμ27 + μ28ÞðZ2

5μ
2
7 + μ28Þ

q
/ðμ27 + μ28Þ.

Compared with the reported in the existing literature [8],
we have obtained exponential function solutions, trigono-
metric function solutions, rational function solutions,
hyperbolic function solutions, and implicit function solu-
tions(see Table 1).

4. Conclusion

This paper studied optical solitons with generalized anticubic
nonlinearity in fiber Bragg gratings with one case at n = 1.
The complete discriminant system for polynomial method
combining with the trial equation method yielded a plethora
of solutions. In addition to the Jacobian function solutions
reported in the existing literature [7, 8], we have obtained
exponential function solutions, trigonometric function solu-
tions, rational function solutions, hyperbolic function solu-
tions, and soliton solutions. All such studies will yield
marvelous and novel results that will be gradually disclosed.
In the future work, we will still focus on the study of optical
soliton solutions of coupled nonlinear partial differential equa-
tions. Moreover, we will further analyze the dynamic behavior
of such equations.
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