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We study constant mean curvature hypersurfaces constructed over the fiber Mn of warped products I × f M
n. In this setting,

assuming that the sign of the angle function does not changed along the hypersurfaces, we infer the uniqueness of such
hypersurfaces by applying a parabolicity criterion. As an application, we get some Bernstein type theorems.

1. Introduction

In this paper, we investigate the uniqueness results in a
certain class of Riemannian manifolds, that is, the warped
products. In the sense of [1], the warped products I × f M

n,
where the base I ⊂ℝ is an interval, the n-dimensional Rie-
mannian manifoldMn is a fiber, and f : I ⟶ℝ+ is a warping
function (for further details, see Section 2). Before presenting
details on our work, we give a brief overview of some articles
concerning ours.

In [2], Montiel proved that any compact orientable con-
stant mean curvature hypersurfaces in warped products ℝ
× ρM

n that can be written as a graph over Mn must be a

slice, under the assumption that the Ricci curvature RicM
of Mn and the function ρ satisfy the convergence condition

RicM ≥ ðn − 1Þ sup ðρ′2 − ρρ′′Þ. Later on, Alas and Dajczer
[3] studied the constant mean curvature hypersurfaces in
warped product spaces. In this setting, if the hypersurface
is compact, they extended the previous results by Montiel.
Afterwards, some of these generalizations hold for complete
hypersurfaces. In recent years, by using the Omori-Yau gen-
eralized maximum principle for complete hypersurfaces and
supposing suitable assumptions, some researchers proved
that such a hypersurface must be a slice. For instance, in

[4], Caminha and de Lima studied complete graphs of con-
stant mean curvature in the hyperbolic and steady-state
spaces, and they obtained some rigidity theorems for such
graphs. Later, Aquino and de Lima [5] extended the results
in [4] to complete constant mean curvature graphs in
warped products under appropriate convergence condition.
In [6], Cavalcante et al. considered the Bernstein type proper-
ties of complete two-sided hypersurfaces in weighted warped
products; they established sufficient conditions which guaran-
tee that such a hypersurface must be a slice. Furthermore, [7]
obtained uniqueness results for complete hypersurfaces in Rie-
mannian warped products whose fiber has parabolic universal
covering. More recently, by the weak Omori-Yau’s maximum
principle, the author [8] proved new Bernstein type results of
complete constant weighted mean curvature hypersurfaces in
weighted warped products I × ρM

n
f .

This paper is organized as follows: in Section 2, we intro-
duce some basic facts for hypersurfaces in warped products.
Section 3 is devoted to compute the Laplacian of the angle
function Θ which we will define in Section 2. Moreover,
using the parabolicity criterion, we establish the uniqueness
results concerning constant mean curvature hypersurfaces.
As a consequence of this previous study, we prove some
Bernstein type results for constant mean curvature entire
graphs in warped products.
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2. Preliminaries

Throughout this paper, we consider the warped products
�Mn+1 = I × f M

n, where Mn is a connected oriented n
-dimensional Riemannian manifold, I ⊂ℝ is an interval with
a positive definite metric dt2, f : I ⟶ℝ+ is a positive
smooth function, and the product manifold I ×Mn is
endowed with the Riemannian metric

,h i = π∗
I dt2
À Á

+ f πIð Þ2π∗
M ,h iMð Þ, ð1Þ

where πI and πM denote the projections onto I and M,
respectively. Such the resulting space is said to be a warped
product in [1], Chapter 7, with fiber ðMn, h,iMÞ, base ðI, dt2Þ,
and warping function f . Moreover, an immersion ψ : Σn

⟶ �Mn+1 of an n-dimensional manifold Σn is called a hyper-
surface. Furthermore, the induced metric through ψ on Σn is
also denoted by h,i.

In fact that each leaf Mn
t0
= ft0g ×Mn of the foliation t0

∈ I ⟶Mn
t0
of �Mn+1 by complete hypersurfaces has constant

mean curvature H = f ′ðt0Þ/f ðt0Þ. Here, we say that Mn
t0
=

ft0g ×Mn is a slice of �Mn+1. Thus, a slice is minimal if
and only if f ′ðt0Þ = 0.

Observe that the vector field K = f ðπIÞ∂t is a closed
conformal vector field in �Mn+1, that is,

�∇XK = f ′ πIð ÞX, ð2Þ

where ∂t = ∂/∂t is a unit vector field tangent to I, X ∈X
ð �Mn+1Þ, and �∇ is the Levi-Civita connection in �Mn+1.

In this paper, we consider the hypersurfaces ψ : Σn

⟶ �Mn+1 oriented a unit normal vector field N , and such
hypersurfaces are called two-sided hypersurfaces. In what
follows, we will study its angle (or support) function Θ =
hN , ∂ti and height function τ = ðπIÞjΣn .

Let ∇ be the Levi-Civita connection in Σn. A direct com-
putation shows that

�∇πI = �∇πI , ∂t

 �

∂t = ∂t: ð3Þ

Thus, the gradient of τ is given by

∇τ = �∇πI

À ÁΤ = ∂Τt = −ΘN + ∂t , ð4Þ

where ð·ÞΤ is the tangential component of a vector field in
Xð �Mn+1Þ along Σn. Moreover,

∇τj j2 = −Θ2 + 1, ð5Þ

where j·j is the norm of a vector field on Σn.

3. Parametric Uniqueness Results

In order to establish our uniqueness results in warped prod-
ucts �Mn+1, we need to compute the Laplacian of the angle

function Θ to obtain a bounded on the Laplacian of the
function log ð1 +ΘÞ.

Lemma 1. Let ψ : Σn ⟶ �Mn+1 be a hypersurface in a
warped product �Mn+1 = I × f M

n. Then, the angle function Θ

of Σn satisfies

ΔΘ = −n ∇H, ∂th i − n
f ′ τð Þ
f τð Þ H 1 +Θ2À Á

+ 2
f ′ τð Þ
f τð Þ A∇τ,∇τh i

−Θ Aj j2 − f ′′ τð Þ
f τð Þ Θ ∇τj j2 − f ′ τð Þ2

f τð Þ2 Θ n − 3 ∇τj j2À Á

−Θ RicM N∗,N∗ð Þ + n − 1ð Þ log fð Þ′′ τð Þ ∇τj j2
� �

,

ð6Þ

where RicM is the Ricci curvature tensor of Mn and N∗ =N
− hN , ∂ti∂t stands for the projection of the vector field N onto
Mn.

Proof. The Gauss and Weingarten formulas of ψ : Σn ⟶ I
× f M

n are

�∇XY = ∇XY + AX, Yh iN , ð7Þ

AX = −�∇XN , ð8Þ
where X, Y ∈XðΣÞ and A : XðΣÞ⟶XðΣÞ is the shape
operator of Σn corresponding to N .

Now, taking the tangential component in (2), by (7) and
(8), we can easily get that

∇XK
Τ = f τð ÞAΘX + f ′ τð ÞX, ð9Þ

where f ′ðτÞ = f ′ ∘ τ and KΤ = f ðτÞ∂Τt = K − hK ,NiN is the
tangential component of K along Σn. Therefore, it follows
from (9) that

∇Θ = −A∇τ −
f ′ τð Þ
f τð Þ Θ∇τ: ð10Þ

Moreover, by (4) and (9), we conclude that

∇X∇τ =
f ′ τð Þ
f τð Þ X +ΘAX −

f ′ τð Þ
f τð Þ X,∇τh i∇τ: ð11Þ

Let E1,⋯, En be a local orthonormal frame on XðΣnÞ;
from (10), we know that

ΔΘ = −〠
n

i=1
∇Ei

A∇τð Þ, Ei


 �
− 〠

n

i=1
∇Ei

f ′ τð Þ
f τð Þ Θ∇τ

 !
, Ei

* +
:

ð12Þ

In fact, for every X, Y ∈XðΣnÞ, we have that

∇XAð Þ Yð Þ = ∇A Y , Xð Þ = ∇X AYð Þ − A ∇XYð Þ, ð13Þ
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where ∇XA denotes the covariant derivative of A. From (12)
and (13), we can rewrite (12) as

ΔΘ = −〠
n

i=1
∇Ei

A
À Á

∇τ, Ei


 �
− 〠

n

i=1
∇Ei

∇τ, AEi


 �

−
f ′′ τð Þ
f τð Þ Θ ∇τj j2 + 2 f

′ τð Þ2
f τð Þ2 Θ ∇τj j2 + f ′ τð Þ

f τð Þ A∇τ,∇τh i

−
f ′ τð Þ
f τð Þ Θ〠

n

i=1
∇Ei

∇τ, Ei


 �
:

ð14Þ

Recall that the Codazzi equation of ψ : Σn ⟶ I × f M
n is

�R X, Yð ÞN , Z

 �

= ∇XAð ÞY , Zh i − ∇YAð ÞX, Zh i, ð15Þ

or, equivalently,

�R X, Yð ÞNÀ ÁΤ = ∇YAð ÞX − ∇XAð ÞY , ð16Þ

where �R denotes the curvature tensor of �Mn+1. Therefore,
using (11) and (15), we conclude from (14) that

ΔΘ = −〠
n

i=1
∇∇τAð ÞEi, Eih i − 〠

n

i=1
�R Ei,∇τð ÞN , Ei


 �

+ f ′ τð Þ
f τð Þ A∇τ,∇τh i −Θ Aj j2 − n

f ′ τð Þ
f τð Þ H

−
f ′′ τð Þ
f τð Þ Θ ∇τj j2 + 2 f

′ τð Þ2
f τð Þ2 Θ ∇τj j2 + f ′ τð Þ

f τð Þ A∇τ,∇τh i

+ f ′ τð Þ2
f τð Þ2 Θ ∇τj j2 − n

f ′ τð Þ
f τð Þ HΘ2 − n

f ′ τð Þ2
f τð Þ2 Θ:

ð17Þ

Here, we know the general fact that

tr ∇XAð Þ = ∇trA, Xh i = n ∇H, Xh i, ð18Þ

for every X ∈XðΣnÞ. Then, it follows from (9) that

ΔΘ = −n ∇H,∇τh i + �Ric N ,∇τð Þ −Θ Aj j2 + 2 f
′ τð Þ
f τð Þ A∇τ,∇τh i

− n
f ′ τð Þ
f τð Þ H 1 +Θ2À Á

−
f ′′ τð Þ
f τð Þ Θ ∇τj j2

−
f ′ τð Þ2
f τð Þ2 Θ n − 3 ∇τj j2À Á

,

ð19Þ

where �Ric stands for the Ricci curvature tensor of �Mn+1. On
the other hand, using Corollary 7.43 of [1], we have that

�Ric N ,∇τð Þ = RicM N∗, ∇τð Þ∗ð Þ − n − 1ð Þ log fð Þ′′ τð ÞΘ ∇τj j2,
ð20Þ

where RicM is the Ricci curvature tensor of the fiber Mn and
N∗ =N − hN , ∂ti∂t and ð∇τÞ∗ = ∇τ − h∇τ, ∂ti∂t denote the
projections of the vector field N and ∇τ onto Mn, respec-
tively. Moreover, from (4), we obtain

∇τð Þ∗ = − N , ∂th iN∗ = −ΘN∗: ð21Þ

Therefore, from (20) and (21), we get

�Ric N ,∇τð Þ = −Θ RicM N∗,N∗ð Þ + n − 1ð Þ log fð Þ′′ τð Þ ∇τj j2
� �

:

ð22Þ

Finally, substituting (22) into (19), by a direct computa-
tion, we can obtain (6).

We recall that a complete Riemannian manifold is para-
bolic in the sense that any positive superharmonic function
on the Riemannian manifold must be constant (see [9]). In
this setting, we obtain some uniqueness results via paraboli-
city criterion.

Theorem 2. Let ψ : Σn ⟶ �Mn+1ðn ≥ 3Þ be a complete para-
bolic hypersurface with constant mean curvature in a warped
product �Mn+1 = I × f M

n whose fiber Mn has nonnegative
Ricci curvature. Assume that the warping function satisfies
ðlog f Þ′′ðτÞ ≥ 0. If Hf ′ðτÞ ≥ 0 and Θ2 ≥ 1/4, then Σn is
totally geodesic with constant warping function. In addition,
if the fiberMn has positive Ricci curvature, then Σn is a totally
geodesic minimal slice.

Proof. From (10), we obtain that

∇Θj j2 = f ′ τð Þ2
f τð Þ2 Θ2 ∇τj j2 + A ∇τð Þj j2 + 2 f

′ τð Þ
f τð Þ Θ A∇τ,∇τh i:

ð23Þ

Therefore, using (6) and (23), we deduce that

Δ log 1 +Θð Þ = ΔΘ

1 +Θ
−

∇Θj j2
1 +Θð Þ2 = −nH

1 +Θ2

1 +Θ

f ′ τð Þ
f τð Þ

+ 2
1 +Θð Þ2

f ′ τð Þ
f τð Þ A∇τ,∇τh i − Θ

1 +Θ
Aj j2

−
A ∇τð Þj j2
1 +Θð Þ2 − n

Θ

1 +Θ

f ′ τð Þ2
f τð Þ2

+ 2Θ2 + 3Θ
1 +Θð Þ2

f ′ τð Þ2
f τð Þ2 ∇τj j2 − Θ

1 +Θ

f ′′ τð Þ
f τð Þ ∇τj j2

−
Θ

1 +Θ
RicM N∗,N∗ð Þ + n − 1ð Þ log fð Þ′′ τð Þ ∇τj j2
� �

:

ð24Þ
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Moreover, using Young’s inequality, we have

2 f
′ τð Þ
f τð Þ A∇τ,∇τh i ≤ f ′ τð Þ2

f τð Þ2 ∇τj j2 + A ∇τð Þj j2: ð25Þ

So, we can estimate

Δ log 1 +Θð Þ ≤ −nH
1 +Θ2

1 +Θ

f ′ τð Þ
f τð Þ + 1

1 +Θ

Á 1 − n − 2ð ÞΘ −Θ2 − 2Θ3Â Ã f ′ τð Þ2
f τð Þ2

−
Θ

1 +Θ
Aj j2 − Θ

1 +Θ

Á RicM N∗,N∗ð Þ + n − 1ð Þ log fð Þ′′ τð Þ ∇τj j2
� �

:

ð26Þ

Using the hypothesis of Theorem 2, we conclude that
log ð1 +ΘÞ > 0 and Δ log ð1 +ΘÞ ≤ 0, which suffices to show
that log ð1 +ΘÞ = log ð1 +Θ0Þ is constant, So, Δ log ð1 +ΘÞ
= 0. From (26), we know that

f ′ τð Þ = 0,
Aj j = 0:

ð27Þ

It follows that the hypersurface Σn is totally geodesic and
f ðτÞ is constant. In addition, if the fiberMn has positive Ricci
curvature, from (26), we have that N∗ðpÞ = 0 at any p ∈ Σn;
that is, ∇τ = 0 on Σn, and then, Σn is a totally geodesic slice.
Moreover, we note that the mean curvature H of a slice in a
warped product I × f M

n is given by

H = f ′ τð Þ
f τð Þ = 0: ð28Þ

Therefore, Σn is a totally geodesic minimal slice.

Remark 3. For the two-dimensional case, we can set Θ2 ≥
0:44. More precisely, for any dimension, we can chose Θ2

≥ α, where α is the only real (positive) root of PðtÞ = 1 −
ðn − 2Þt − t2 − 2t3; this root goes to zero as n⟶∞.

On the other hand, if the warped products I × f M
n

satisfy the following convergence condition:

RicM ≥ n − 1ð Þ sup
I

f ′2 − f ′′f
� �

, ð29Þ

we have the following.

Theorem 4. Let ψ : Σn ⟶ �Mn+1 be a complete parabolic
hypersurface with constant mean curvature in a warped
product �Mn+1 = I × f M

n which satisfies the convergence condi-

tion (29). Assume that the warping function satisfies f ′′ðτÞ ≥ 0.
IfHf ′ðτÞ ≥ 0 andΘ ≥ 1/3, then Σn is totally geodesic with con-

stant warping function. In addition, if the inequality (29) is
strict, then Σn is a totally geodesic minimal slice.

Proof. By an analogous way in the proof of Theorem 2, we
can estimate

Δ log 1 +Θð Þ ≤ −nH
1 +Θ2

1 +Θ

f ′ τð Þ
f τð Þ −

Θ

1 +Θ
Aj j2 −Θ 1 −Θð Þ

Á f ′′ τð Þ
f τð Þ − n + 2ð ÞΘ2 + n − 1ð ÞΘ − 1

Â Ã

Á f ′ τð Þ2
f τð Þ2 −

Θ

1 +Θ

Á RicM N∗,N∗ð Þ + n − 1ð Þ log fð Þ′′ τð Þ ∇τj j2
� �

:

ð30Þ

Considering condition (29), it follows that RicMðN∗,
N∗Þ + ðn − 1Þðlog f Þ′′ðτÞj∇τj2 ≥ 0. Moreover, since Θ ≥ 1/3,
we get ðn + 2ÞΘ2 + ðn − 1ÞΘ − 1 ≥ 0. Under the assumptions
of Theorem 4, from (30), we conclude that Δ log ð1 +ΘÞ ≤ 0,
taking into account that the hypersurface Σn is parabolic.
Via parabolicity criterion, we get that Θ =Θ0 is constant, f ′
ðτÞ = 0, and jAj = 0. Therefore, we have that the hypersurface
Σn is totally geodesic and f ðτÞ is constant.

Moreover, if (29) is strict, by a similar reasoning as in the
proof of Theorem 2, we get that Σn is a totally geodesic min-
imal slice.

Remark 5. Note that by weakening the assumptions of The-
orem 2 and Theorem 4, the uniqueness result of warped
product does not hold. In fact, the sphere Sn immersed in
a slice of ℝ × f S

n with f ðtÞ = et satisfies all hypothesis of both

theorems except that Hf ′ðτÞ ≥ 0, since the mean curvature
of the sphere is negative. It is a slice, but it fails to be totally
geodesic.

Moreover, if the fiber Mn has nonnegative Ricci curva-
ture, assume that the warping function satisfies ðlog f Þ′′ðτÞ
≥ 0which automatically implies that the hypersurface obeys
the convergence condition (29). Thus, Theorem 4 extends
Theorem 2.

It should also be noticed that the similar idea has been
used to obtain the rigidity of hypersurfaces in warped prod-
ucts (see [10], Theorem 4.11). Nevertheless, we take a differ-
ent approach to prove our main uniqueness results
(Theorems 2 and 4) of constant mean curvature hypersur-
faces in warped products.

4. Bernstein Type Problems

In the nonparametric case of hypersurfaces in the Riemann-
ian manifold, there is a very celebrated result known as the
Bernstein theorem. The original Bernstein theorem is that
each complete minimal surface in ℝ3 that can be written
as the graph of a function on ℝ2 must be a plane. Later,
Chern [11] built a different proof of the original Bernstein
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theorem. In [12], Simons extended the Bernstein theorem to
Euclidean space ℝn+1 (n ≤ 7) in which any complete mini-
mal hypersurface in ℝn+1 must be a hyperplane with n ≤ 7,
the result which is obtained by successive efforts of Almgren
[13], Fleming [14], and De Giorgi [15]. However, for n ≥ 8,
Bombieri et al. [16] constructed a counterexample. In recent
years, many researchers made great efforts to extend these
Bernstein type theorems to a wide variety of ambient spaces.

As a consequence of the parametric case, in this section,
we will solve the Bernstein problem in warped products.
Therefore, we study the graph over ðMn, h,iMÞ in the warped
product �Mn+1 = I × f M

n, given by

Σn uð Þ = u xð Þ, xð Þ: x ∈Ωf g ⊂ �Mn+1, ð31Þ

where Ω ⊂Mn denote a connected domain of Mn and u
: Ω⟶ I is a smooth function on Ω. Moreover, the graph
inherits from �Mn+1 a metric, which is defined by

,h i = du2 + f uð Þ2 ,h iM: ð32Þ

Note that if Mn is complete and infΣn f ðuÞ > 0, then Σn

ðuÞ is complete. Moreover, for any point p ∈Mn, we have τ
ðuðpÞ, pÞ = uðpÞ. Therefore, u and τ may be naturally identi-
fied on ΣnðuÞ.

Moreover, if Ω =Mn, then the graph ΣnðuÞ is entire
graph. In this case, the unit normal vector field on ΣnðuÞ is

N = 1
f uð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f uð Þ2 + Duj j2

q f uð Þ2∂t −Du
À Á

: ð33Þ

Thus, the mean curvature function HðuÞ of ΣnðuÞ asso-
ciated to N is

H uð Þ = div Du

nf uð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f uð Þ2 + Duj j2

q
0
B@

1
CA

−
f ′ uð Þ

n
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f uð Þ2 + Duj j2

q n −
Duj j2
f uð Þ2

 !
:

ð34Þ

In the following, we will apply the uniqueness results of
constant mean curvature hypersurfaces obtained in Section
3 to prove new Bernstein type results for the constant mean
curvature hypersurface equation:

div Du

f uð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f uð Þ2 + Duj j2

q
0
B@

1
CA −

f ′ uð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f uð Þ2 + Duj j2

q n −
Duj j2
f uð Þ2

 !
=H:

ð35Þ

Theorem 6. Let ΣðuÞ be a parabolic entire graph in I × f M
n

ðn ≥ 3Þ, where f : I ⟶ℝ+ is a smooth function which sat-
isfies ðlog f Þ′′ðuÞ ≥ 0. Then, the only bounded entire solutions
to equation (35) with jDuj ≤ ffiffiffi

3
p

f ðuÞ, for H ∈ℝ and such that

Hf ′ðuÞ ≥ 0 on a complete Riemannian manifold Mn with
positive Ricci curvature, are the constant functions u = t0,
with t0 ∈ I such that f ′ðt0Þ = 0.

Proof. A straightforward computation yields

∇τj j2 = 1 −Θ2 = Duj j2
f uð Þ2 + Duj j2 : ð36Þ

It follows that from the constraints jDuj ≤ ffiffiffi
3

p
f ðuÞ and

(36), we have that

1
4 <Θ2 ≤ 1: ð37Þ

Finally, applying Theorem 2, the proof ends.

Furthermore, we can use condition RicM > ðn − 1Þ supI
ð f ′2 − f ′′f Þ in Theorem 4 to prove a Bernstein type result
in an analogous way.

Theorem 7. Let ΣðuÞ be a parabolic entire graph in I × f M
n,

where f : I ⟶ℝ+ is a smooth function which satisfies f ″
ðuÞ ≥ 0. Then, the only bounded entire solutions to equation
(35) with jDuj ≤ 2

ffiffiffi
2

p
f ðuÞ, for H ∈ℝ and such that Hf ′ðuÞ

≥ 0 on a complete Riemannian manifoldMn satisfies the con-
vergence condition (29), are the constant functions u = t0, with
t0 ∈ I such that f ′ðt0Þ = 0.
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