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The extended conformable k-hypergeometric function finds various applications in physics due to its ability to describe complex
mathematical relationships arising in different physical scenarios. Here are a few instances of its uses in physics, including nuclear
physics, fluid dynamics, quantum mechanics, and astronomy. The main objectives of this paper are to introduce the extended
conformable k-hypergeometric and confluent hypergeometric functions by utilizing the new definition of the ðα; kÞ:-beta function
and studying its important properties, like integral representation, summation formula, derivative formula, transform formula, and
generating function. Also, introduce the extension of the Riemann–Liouville fractional derivative and establish some results related
to the newly defined fractional operator, such as the Mellin transform and relations to extended ðα; kÞ:-hypergeometric functions.

1. Introduction

In the 20th century, there have been various waves of interest
in special functions. A large number of special functions are
defined in applied mathematics using improper integrals
or infinite series. Special functions are essential tools for
addressing particular problems in a wide range of domains,
including scientific research, computational physics, chemis-
try, and statistical applications in technology [1–4]. Special
functions are of great importance due to their extensive use
in both pure and applied mathematics. One of the most
significant special functions is the hypergeometric function
[5, 6], which has many uses in the fields of evaluation of data,
statistical theory, radio frequency field theory, quantum
physics, and algebraic number theory [7–9]. The hypergeo-
metric series is introduced by JohnWallis in his book Arithme-
tica Infinitorum. Leonhard Euler studied the hypergeometric
series, and Carl Friedrich Gauss (1813) presented the first com-
plete standard method. The hypergeometric function is defined
as follows:

F μ1; μ2; μ3; wð Þ ¼ ∑
1

p¼0

μ1ð Þp μ2ð Þp
μ3ð Þp

wð Þp
pð Þ! ; ð1Þ

where w2C and Rðμ1Þ :, Rðμ2Þ :, Rðμ3Þ :>0.
In order to extend the factorial to noninteger values, the

Swiss mathematician Leonhard Euler (1707–1783) intro-
duced the gamma function [10]. The definite integral defines
the Gamma function as follows:

Γ μ1ð Þ ¼
Z1
0

e−ϑ ϑð Þμ1−1dϑ; ð2Þ

where Γ is the Gamma function and Rðμ1Þ :>0. The beta
function [11] is a major and versatile special function that
has many uses in a wide range of scientific and engineering
fields. The beta function is used to express a variety of basic
functions and unique polynomials. Legendre and Euler were
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the first mathematicians to discover the concept of the beta
function by the name of Jacques Binet, using the symbol of
the capital Latin word B or the capital Greek word β. Bðμ2;
μ3Þ : is a common form of beta function. Also, it has a sym-
metrical form such as Bðμ2; μ3Þ : =Bðμ3; μ2Þ :. To obtain the
beta function integral representation as follows:

B μ2; μ3ð Þ ¼
Z1
0

ϑμ2−1 1 − ϑð Þμ3−1dϑ; ð3Þ

where Rðμ2Þ :;Rðμ3Þ :>0. The given beta function can be
written in the form of a gamma function as follows:

B μ2; μ3ð Þ ¼ Γμ2Γμ3
Γμ2 þ μ3

: ð4Þ

These functions often arise as solutions to differential
equations or integral equations that cannot be expressed using
elementary functions alone [2]. Special functions are defined by
explicit formulas, power series expansions, and integral repre-
sentations that allow for their computation and analysis. Many
researchers recently examined the extensions of the beta
function and hypergeometric functions [12, 13]. By utilizing
the extended beta function, Chaudhary et al. [14] introduced
extended hypergeometric and confluent hypergeometric func-
tions Bbðμ2; μ3Þ :.

F μ1; μ2; μ3; wð Þ ¼ ∑
1

p¼0
μ1ð Þp

Bb μ2 þ p; μ3 − μ2ð Þ
B μ2; μ3 − μ2ð Þ

wð Þp
pð Þ! ;

ð5Þ

where b>0, jwj:<1, and Rðμ1Þ :;Rðμ2Þ :;Rðμ3Þ :>0.

Φ μ2; μ3; wð Þ ¼ ∑
1

p¼0

Bb μ2 þ p; μ3 − μ2ð Þ
B μ2; μ3 − μ2ð Þ

wð Þp
pð Þ! ; ð6Þ

where b>0, jwj:<1, and Rðμ3Þ :>Rðμ2Þ :>0.
Extended beta function introduced by Shadab et al. [15].

The definition of the extended beta function is defined as
follows:

Bb;α μ2; μ3ð Þ ¼
Z1
0

ϑð Þμ2−1 1 − ϑð Þμ3−1E αð Þ
−b

ϑ 1 − ϑð Þð Þ
� �

dϑ;

ð7Þ

where b; α>0 and Rðμ3Þ :>Rðμ2Þ :>0.
EðαÞðwÞ : is theMittag–Leffler function [16] which is defined

as follows:

Eα wð Þ ¼ ∑
1

p¼0

wp

Γ p αð Þ þ 1ð Þ ; ð8Þ

where α;w2C. Recently, a novel concept known as conform-
able fractional calculus derivatives and integrals of fractional
order, depending upon the fundamental limit explanation for
derivatives [17]. Themain point of the conformable fractional
calculus principle is how to calculate the derivative and inte-
gral for either rational numbers or real numbers in fractional
order. The conformable fractional calculus can be used to
simulate complicated events in a variety of scientific and engi-
neering fields.

The objectives of themanuscript are as follows: In Section 2,
we list some basic definitions and terminologies that are needed
in the paper. In Section 3, we introduce the extended conform-
able k-beta function and discuss its properties. In Section 4, we
introduce the extended conformable k-Gauss and confluent
hypergeometric functions and obtain integral and differenti-
ation formulas. In addition, transformation, summation for-
mulas, and generating functions are established. Extensions of
the Riemann–Liouville fractional derivatives are presented in
Section 5. Lastly, we highlight our observations and outlook in
Section 6.

2. Preliminaries and Basic Concepts

In this section, we discuss some basic definitions and termi-
nologies which are used further in this research.

Definition 1. Given a function f : ½0;1Þ→R. Then the “con-
formable fractional derivative” of f of order α is defined by
Khalil et al. [18] as follows:

Dα fð Þ μð Þ ¼ lim
ε→0

f μþ ε μð Þ1−αð Þ − f μð Þ
ε

; ð9Þ

where μ>0, α2 ð0; 1Þ :.

Definition 2. Let α2 ð0; 1Þ:, the conformable fractional inte-
gral [18] of the continuous f : p; q⊆ ½0;1Þ→R of order α as
follows:

Iα fð Þ μð Þ ¼ Iqp μα−1fð Þ ¼
Z

q

p
f ϕð Þ ϕð Þα−1dϕ; ð10Þ

where the integral is the usual Riemann improper integral.

Definition 3. Daiz introduced the k-gamma function and k-
beta function [19]. Many scholars were inspired by this work
and investigated the properties of the k-beta function and k-
hypergeometric function [20–22].

Let k>0, then the definition of the k-Gamma function is
defined as follows [23]:
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Γk μ1ð Þ ¼ lim
p→1

p!kp pkð Þμ1k −1
μ1ð Þp;k

; ð11Þ

where μ1 2C, k2Rþ and is ðμ1Þp;k Pochhammer k-symbol,
the Pochhammer k-symbol defined as follows:

μ1ð Þp;k ¼
μ1ð Þ μ1 þ kð Þ μ1 þ 2kð Þ…… μ1 þ p − 1ð Þkð Þ; if  p 2 N

1; p¼ 0

(
:

ð12Þ

The relationship between Pochhammer k-symbol and
k-gamma function as follows:

μ1ð Þp;k ¼
Γk μ1 þ pkð Þ

Γk μ1ð Þ ; ð13Þ

where μ1 2C, k2Rþ, p2N , and the integral form of Γk is
expressed below:

Γk μ1ð Þ ¼
Z1
0

ϑμ1−1e
ϑk
k dϑ: ð14Þ

Note that Γkðμ1Þ : → Γðμ1Þ : for k→ 1 where Γðμ1Þ : is the
classical gamma function (2).

Definition 4. Let k>0, then the k-beta matrix function is
defined as follows:

Bk μ2; μ3ð Þ ¼ 1
k

Z1
0

ϑ
μ2
k −1 1 − ϑð Þμ3k −1dϑ: ð15Þ

The relationship between the k-beta function and k-gamma
function is as follows:

Bk μ2; μ3ð Þ ¼ Γk μ2ð ÞΓk μ3ð ÞΓ−1
k μ2 þ μ3ð Þ: ð16Þ

Also, the relationship between Bkðμ2; μ3Þ : and Bðμ2; μ3Þ : is
as follows:

Bk μ2; μ3ð Þ ¼ 1
k
B

μ2
k
;
μ3
k

� �
: ð17Þ

Note thatBkðμ2; μ3Þ : → Bðμ2; μ3Þ : for k→ 1 whereBðμ2; μ3Þ :

is the classical beta function (3).

Definition 5.Mehmet Zeki Sarı kaya introduced the conform-
able k-gamma function [24]. It is denoted by the Γα

kðzÞ :. Con-
formable k-gamma functions are useful in the solution of
specific integrals and differential equations with power func-
tions and exponential terms.

Let α2 ð0; 1Þ: → R, for 0<μ<1, conformable gamma
function Γα

k is given by the following:

Γα
k μð Þ ¼ lim

p→1
p!αpkp pkαð Þμþα−1

kα −1

μð Þαp;k
; ð18Þ

where is ðμÞαp; k Pochhammer ðα; kÞ :-symbol, then Pochham-
mer ðα; kÞ :-symbol defined as follows:

μð Þαp;k ¼ μþ α − 1ð Þ μþ α − 1þ kαð Þ μþ α − 1þ 2kαð Þ……

μþ α − 1þ p − 1ð Þkαð Þ:
ð19Þ

Integral form of ðα; kÞ :-gamma function is represent as
follows:

Γα
k μ1ð Þ ¼

Z1
0

ϑð Þμ1−1e−ϑkα
kα dαϑ: ð20Þ

Note that Γα;kðμ1Þ : → Γkðμ1Þ : for α→ 1 where Γkðμ1Þ : is
the k-gamma function (14).

Definition 6. Let α2 ð0; 1Þ:, the ðα; kÞ :-beta function [24] is
given by the formula as follows:

Bα
k μ2; μ3ð Þ ¼ 1

kα

Z1
0

ϑð Þμ2kα−1 1 − ϑð Þμ3kα−1dαϑ: ð21Þ

Note that Bα;kðμ2; μ3Þ : → Bkðμ2; μ3Þ : for α→ 1 where
Bkðμ2; μ3Þ : is the k-beta function (15).

The ðα; kÞ :-beta function is an extensively studied mathe-
matical function with applications in areas such as probability
theory, statistics, mathematical physics, and engineering. It
plays a fundamental role in various mathematical and statis-
tical models.

Proposition 1. Assume μ1 2C, k>0, and jwj :< 1
k, the follow-

ing identity holds [19]:

∑
1

p¼0
μ1ð Þp;k

wp

p!
¼ 1 − kwð Þ−μ1

k : ð22Þ

3. Extended ðα; kÞ:-Beta Function Bα;Q
k; q1; q2

ðμ2; μ3Þ :

Here, we introduce a new extension of the extended ðα; kÞ :-
beta function and investigate various properties.

Definition 7. Let k>0 and α2 ð0; 1Þ:, then the extended ðα; kÞ
:-beta function as follows:
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Bα;Q
k;q1;q2

μ2; μ3ð Þ ¼ 1
kα

Z1
0

ϑð Þμ2αk−1 1 − ϑð Þμ3αk−1E k;q1;q2ð Þ
−Qk

kϑ 1 − ϑð Þ
� �

dαϑ;

ð23Þ

where all the real Rðμ2Þ :;Rðμ3Þ :>0, ϑ2C, Q≥ 0 and
Eðk;q1;q2Þ is mittag-laffler k-function.

Remark 1. If we consider α¼ 1; k¼ 1; in Equation (23), we
obtain BQ

q1; q2ðμ2; μ3Þ :.

B1;Q
1;q1;q2 μ2; μ3ð Þ ¼ BQ

q1;q2 μ2; μ3ð Þ: ð24Þ

Now, we discover some interesting relations between sum-
mation formulas and integral representation for Bα;Q

k; q1; q2
ðμ2; μ3Þ :.

Theorem 1. Let α2 ð0; 1Þ : and k>0, then following integral
representations holds:

Bα;Q
k;q1;q2

μ2; μ3ð Þ ¼ 2
kα

Zπ2
0

cosθð Þ2μ2αk −1 sinθð Þ2μ3kα −1E k;q1;q2ð Þ

−Qk

k cos2θ sin2θð Þ
� �

dαθ;

ð25Þ

Bα;Q
k;q1;q2

μ2; μ3ð Þ ¼ 1
kα

Z1
0

θð Þμ2αk−1
1þ θð Þμ3αkþμ2

αk

E k;q1;q2ð Þ
−Qk 1þ θð Þ2

kθ

� �
dαθ;

ð26Þ

Bα;Q
k;q1;q2

μ2; μ3ð Þ

¼ 21−
μ2
kα−

μ3
kα

kα

Z1
−1

1þ θð Þμ2αk−1 1 − θð Þμ3kαE k;q1;q2ð Þ
−4Qk

k 1 − θ2ð Þ
� �

dαθ;

ð27Þ

where Rðμ2Þ :;Rðμ3Þ :>0.

Proof. Using the definition (23),

Bα;Q
k;q1;q2

μ2; μ3ð Þ

¼ 1
kα

Z1
0

ϑð Þμ2αk−1 1 − ϑð Þμ3αk−1E k;q1;q2ð Þ
−Qk

kϑ 1 − ϑð Þ
� �

dαϑ;

ð28Þ

by substituting ϑ¼ cos2θ in Equation (28),

Bα;Q
k;q1;q2

μ2; μ3ð Þ ¼ 1
kα

Z1
0

cos2θð Þμ2αk−1 1 − cos2θð Þμ3αk−1E k;q1;q2ð Þ
−Qk

kcos2θ 1 − cos2θð Þ
� �

2cos θð Þsin θð Þdαθ: ð29Þ

After some algebraic manipulation, the last expression
reads as follows:

Bα;Q
k;q1;q2

μ2; μ3ð Þ

¼ 2
kα

Zπ2
0

cosθð Þ2μ2αk −1 sinθð Þ2μ3kα−1E k;q1;q2ð Þ
−Qk

k cos2θ sin2θð Þ
� �

dαθ:

ð30Þ

And ϑ¼ θ
1þθ, ϑ¼ 1þθ

2 put in Equation (23) and obtain
Equations (26) and (27). □

Theorem 2. The function Bα;Q
k; q1; q2

ðμ2; μ3Þ : has the following
summation formula:

Bα;Q
k;q1;q2

μ2; μ3ð Þ ¼ ∑
q

p¼0
Bα;Q
k;q1;q2

μ2 þ pkα; μ3 þ qkα − pkαð Þ;

ð31Þ

where k>0 α 2 ð0; 1Þ : and Rðμ2Þ :;Rðμ3Þ :>0:

Proof. From the definition of extended ðα; kÞ:-beta function
(23), we have the following:

Bα;Q
k;q1;q2

μ2; μ3ð Þ

¼ 1
kα

Z1
0

ϑð Þμ2αk−1 1 − ϑð Þμ3αk−1E k;q1;q2ð Þ
−Qk

kϑ 1 − ϑð Þ
� �

dαϑ;

ð32Þ

Bα;Q
k;q1;q2

μ2; μ3ð Þ

¼ 1
kα

Z1
0

ϑð Þμ2αk−1 1 − ϑð Þμ3αk−1 ϑþ 1 − ϑð Þ½ �E k;q1;q2ð Þ
−Qk

kϑ 1 − ϑð Þ
� �

dαϑ;

ð33Þ

Bα;Q
k;q1;q2

μ2; μ3ð Þ ¼ Bα;Q
k;q1;q2

μ2 þ kα; μ3ð Þ þ Bα;Q
k;q1;q2

μ2; μ3 þ kαð Þ:
ð34Þ

Repeating the same arguments to the above two terms in
Equation (34) as follows:
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Bα;Q
k;q1;q2

μ2; μ3ð Þ ¼ Bα;Q
k;q1;q2

μ2 þ 2kα; μ3ð Þ þ 2Bα;Q
k;q1;q2

μ2 þ kα; μ3 þ kαð Þ þ Bα;Q
k;q1;q2

μ2; μ3 þ 2kαð Þ: ð35Þ

By continuing this process and using mathematical
induction, the desired outcome is obtained.

Bα;Q
k;q1;q2

μ2; μ3ð Þ ¼ ∑
q

p¼0
Bα;Q
k;q1;q2

μ2 þ pkα; μ3 þ qkα − pkαð Þ:

ð36Þ
□

Theorem 3. Let α2 ð0; 1Þ: and k>0, then Mellin transform
hold,

M Bα;Q
k;q1;q2

μ2; μ3ð Þ
h i

¼ Γk sð ÞBα
k μ2 þ sα; μ3 þ sαð Þ; ð37Þ

where RðsÞ :>0;Rðμ2 þ sÞ :>0;Rðμ3 þ sÞ :>0.

Proof.

M Bα;Q
k;q1;q2

μ2; μ3ð Þ
h i

¼
Z 1

0
Qs−1 Bα;Q

k;q1;q2
μ2; μ3ð Þ

� �
dQ:

ð38Þ

Using the definition of extended ðα; kÞ: beta function as
follows:

M Bα;Q
k;q1;q2

μ2; μ3ð Þ
h i

¼
Z 1

0
Qs−1 1

kα

Z1
0

ϑð Þμ2αk−1 1 − ϑð Þμ3αk−1E k;q1;q2ð Þ
−Qk

kϑ 1 − ϑð Þ
� �

dαϑ

0
@

1
AdQ: ð39Þ

However, the integral in Equation (39) can be simplified
in terms of k-gamma function by substituting, θ¼ Q

ϑ
1
kð1−ϑÞ1k

,
we have the following:

Z 1

0
Qs−1E

−Qk

kϑ 1 − ϑð Þ
� �

dQ¼
Z 1

0
θs−1ð ÞE −θk

k

� �
dθ ¼ Γk sð Þ;

ð40Þ

M Bα;Q
k;q1;q2

μ2; μ3ð Þ
h i

¼ Γk sð Þ
kα

Z1
0

ϑð Þμ2αkþs
k−1 1 − ϑð Þμ3kαþs

k−1dαϑ;

ð41Þ

M Bα;Q
k;q1;q2

μ2; μ3ð Þ
h i

¼ Γk sð ÞBα
k μ2 þ sα; μ3 þ sαð Þ: ð42Þ

□

4. Extended ðα; kÞ : Hypergeometric Function
and Confluent Hypergeometric Function

In this section, we introduce the extended conformable k-
hypergeometric function and confluent hypergeometric func-
tion utilizing the Bα;Q

k; q1; q2
ðμ2; μ3Þ :.

Hypergeometric functions are a function of special func-
tions that are extensively used in many branches of mathe-
matics, physics, and engineering. The extended conformable
k-hypergeometric function is a specialized mathematical func-
tion that has its roots in this domain. This function can be
applied to a wider variety of mathematical expressions and
situations because of the extension and conformability features
that it incorporates. These functions are well known for their
ability to depict series expansions and solutions to a wide range

of differential equations. Specifically, the extended conform-
able k-hypergeometric Function provides a parameter k that
gives the function flexibility and enables it to handle a wider
range of mathematical circumstances.

The extended conformable k-hypergeometric function is
defined as follows:

Fα;Q
k;q1;q2

μ1; μ2; μ3;wαð Þ ¼ ∑
1

p¼0
μ1ð Þp;k

Bα;Q
k;q1;q2

μ2 þ pkα; μ3 − μ2ð Þ
Bα
k μ2; μ3 − μ2ð Þ

wpα

p!
;

ð43Þ

where α2 ð0; 1Þ:, k>0, jwαj :<1 [25] and Rðμ1Þ :;Rðμ2Þ :;
Rðμ3Þ :>0.

The extended conformable k-confluent hypergeometric
function is defined as follows:

Φα;Q
k;q1;q2

μ2; μ3;wαð Þ ¼ ∑
1

p¼0

Bα;Q
k;q1;q2

μ2 þ pkα; μ3 − μ2ð Þ
Bα
k μ2; μ3 − μ2ð Þ

wpα

p!
;

ð44Þ

where k>0, jwαj :<1, α2 ð0; 1Þ :, and Rðμ2Þ :;Rðμ3Þ :>0:

Remark 2. If we consider k¼ 1 and α¼ 1, then extended ðα; kÞ :

hypergeometric function (43) reduces to extended hypergeo-
metric function (5) and extended ðα; kÞ: confluent hypergeo-
metric function (44) reduces to an extended confluent
hypergeometric function (6).

Theorem 4. The following integral representations for the
extended ðα; kÞ :-hypergeometric function Fα;Q

k; q1; q2
ðμ1; μ2; μ3;wÞ:
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and confluent hypergeometric function Φα;Q
k; q1; q2

ðμ2; μ3; wÞ:

holds:

Fα;Q
k;q1;q2

μ1; μ2; μ3;wαð Þ ¼ 1
kαBα

k μ2; μ3 − μ2ð Þ
Z1
0

ϑð Þμ2αk−1 1 − ϑð Þμ3−μ2αk −1 1 − kwαϑð Þ−μ1k E k;q1;q2ð Þ
−Qk

kϑ 1 − ϑð Þ
� �

dαϑ; ð45Þ

where k>0,Rðμ1Þ :;Rðμ2Þ :;Rðμ3Þ :>0, jwαj:<1, and α2 ð0; 1Þ:,

Φα;Q
k;q1;q2

μ2; μ3; wαð Þ ¼ 1
kαBα

k μ2; μ3 − μ2ð Þ
Z1
0

ϑð Þμ2αk−1 1 − ϑð Þμ3−μ2αk −1ew
αϑE k;q1;q2ð Þ

−Qk

kϑ 1 − ϑð Þ
� �

dαϑ: ð46Þ

Proof. From the definition (43),

Fα;Q
k;q1;q2

μ1; μ2; μ3;wαð Þ ¼ ∑
1

p¼0
μ1ð Þp;k

Bα;Q
k;q1;q2

μ2 þ pkα; μ3 − μ2ð Þ
Bα
k μ2; μ3 − μ2ð Þ

wpα

p!
: ð47Þ

By using the definition (23) in Equation (47),

Bα;Q
k;q1;q2

μ1; μ2ð Þ ¼ 1
kαBα

k μ2; μ3 − μ2ð Þ
Z1
0

ϑð Þμ1αk−1 1 − ϑð Þμ2αk−1E k;q1;q2ð Þ
−Qk

kϑ 1 − ϑð Þ
� �

∑
1

p¼0
μ1ð Þp;k

ϑwαÞ p
p!

� �( )
dαϑ: ð48Þ

Using the proposition (22) and after some calculations,

Fα;Q
k;q1;q2

μ1; μ2; μ3;wαð Þ ¼ 1
kαBα

k μ2; μ3 − μ2ð Þ
Z1
0

ϑð Þμ2αk−1 1 − ϑð Þμ3−μ2αk −1 1 − kwαϑð Þ−μ1k E k;q1;q2ð Þ
−Qk

kϑ 1 − ϑð Þ
� �

dαϑ: ð49Þ

By simply using the same procedure, Equation (46) yields
the desired outcome. □

Theorem 5. The following derivative formula for extended ðα;
kÞ :-hypergeometric and extended ðα; kÞ:-confluent hypergeo-
metric function holds:

Fα;Q
k;q1;q2

μ1; μ2; μ3;wαð Þ ¼ α μ1ð Þ1;k
Γα
k μ3ð ÞΓα

k μ2 þ kαð Þ
Γα
k μ2ð ÞΓα

k μ3 þ kαð Þ F
α;Q
k;q1;q2

μ1 þ k; μ2 þ kα; μ3 þ kα;wαð Þ; ð50Þ

Φα;Q
k;q1;q2

μ2; μ3;wαð Þ

¼ αð ÞΓ
α
k μ3ð ÞΓα

k μ2 þ kαð Þ
Γα
k μ2ð ÞΓα

k μ3 þ kαð ÞΦ
α;Q
k;q1;q2

μ2 þ kα; μ3 þ kα;wαð Þ;

ð51Þ
where k>0,Rðμ1Þ :;Rðμ2Þ :;Rðμ3Þ :>0, jwαj:<1, and α2 ð0; 1Þ:.

Proof. From the definition of Fα;Q
k; q1; q2

ðμ1; μ2; μ3;wαÞ :,

Fα;Q
k;q1;q2

μ1; μ2; μ3;wαð Þ ¼ ∑
1

p¼0
μ1ð Þp;k

Bα;Q
k;q1;q2

μ2 þ pkα; μ3 − μ2ð Þ
Bα
k μ2; μ3 − μ2ð Þ

wpα

p!
:

ð52Þ
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Differentiating Equation (52) with respect to w,

Fα;Q
k;q1;q2

μ1; μ2; μ3;wαð Þ

¼ ∑
1

p¼1
μ1ð Þp;k

Bα;Q
k;q1;q2

μ2 þ pkα; μ3 − μ2ð Þ
Bα
k μ2; μ3 − μ2ð Þ

αpð Þw p−1ð Þα

p!
;

ð53Þ

Fα;Q
k;q1;q2

μ1; μ2; μ3;wαð Þ

¼ ∑
1

p¼1
μ1ð Þp;k

Bα;Q
k;q1;q2

μ2 þ pkα; μ3 − μ2ð Þ
Bα
k μ2; μ3 − μ2ð Þ

α Þw p−1ð Þα

p − 1ð Þ! :

ð54Þ

Then replace p→ pþ 1 in Equation (54),

Fα;Q
k;q1;q2

μ1; μ2; μ3;wαð Þ

¼ ∑
1

p¼0
μ1ð Þpþ1;k

Bα;Q
k;q1;q2

μ2 þ pþ 1ð Þkα; μ3 − μ2ð Þ
Bα
k μ2; μ3 − μ2ð Þ

αw pαð Þ

p!
;

ð55Þ

using the following formula, we obtain the derivative formu-
las:

∑
1

p¼0
μ1ð Þpþ1;k ¼ μ1ð Þ1;k μ1 þ kð Þp;k; ð56Þ

Fα;Q
k;q1;q2

μ1; μ2; μ3;wαð Þ ¼ α μ1ð Þ1;k
Γα
k μ3ð ÞΓα

k μ2 þ kαð Þ
Γα
k μ2ð ÞΓα

k μ3 þ kαð Þ F
α;Q
k;q1;q2

μ1 þ k; μ2 þ kα; μ3 þ kα;wαð Þ: ð57Þ

We obtain Equation (51) by using the same derivative
technique.

Φα;Q
k;q1;q2

μ2; μ3;wαð Þ ¼ αð ÞΓ
α
k μ3ð ÞΓα

k μ2 þ kαð Þ
Γα
k μ2ð ÞΓα

k μ3 þ kαð ÞΦ
α;Q
k;q1;q2

μ2 þ kα; μ3 þ kα;wαð Þ: ð58Þ

□ Theorem 6. The following derivative formula for extended ðα;
kÞ :-hypergeometric and extended ðα; kÞ:-confluent hypergeo-
metric function holds:

Fα;Q
k;q1;q2

μ1; μ2; μ3;wαð Þ ¼ αð Þg μ1ð Þg;k
Γα
k μ3ð ÞΓα

k μ2 þ gkαð Þ
Γα
k μ2ð ÞΓα

k μ3 þ gkαð Þ F
α;Q
k;q1;q2

μ1 þ gk; μ2 þ gkα; μ3 þ gkα;wαð Þ; ð59Þ

Φα;Q
k;q1;q2

μ2; μ3;wαð Þ ¼ αð Þg Γ
α
k μ3ð ÞΓα

k μ2 þ gkαð Þ
Γα
k μ2ð ÞΓα

k μ3 þ gkαð ÞΦ
α;Q
k;q1;q2

μ2 þ gkα; μ3 þ gkα;wαð Þ; ð60Þ

where k>0, ðRðμ2Þ;Rðμ3Þ>0Þ :, jwαj :<1, and α2 ð0; 1Þ :. Proof. From the definition (43),

Fα;Q
k;q1;q2

μ1; μ2; μ3;wαð Þ ¼ ∑
1

p¼0
μ1ð Þp;k

Bα;Q
k;q1;q2

μ2 þ pkα; μ3 − μ2ð Þ
Bα
k μ2; μ3 − μ2ð Þ

wpα

p!
: ð61Þ
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Differentiating “g” time with respect to w,

Fα;Q
k;q1;q2

μ1; μ2; μ3;wαð Þ ¼ ∑
1

p¼g
μ1ð Þp;k

Bα;Q
k;q1;q2

μ2 þ pkα; μ3 − μ2ð Þ
Bα
k μ2; μ3 − μ2ð Þ

pα pα − 1ð Þ pα − 2ð Þ……: pα − g − 1ð Þαð Þw p−gð Þα

p!
:

   Fα;Q
k;q1;q2

μ1; μ2; μ3;wαð Þ ¼ ∑
1

p¼g
μ1ð Þp;k

Bα;Q
k;q1;q2

μ2 þ pkα; μ3 − μ2ð Þ
Bα
k μ2; μ3 − μ2ð Þ

αg pð Þ!w p−gð Þα

p! p − gð Þ! :

ð62Þ

Then replace p→ p+ g in Equation (62) after some cal-
culations,

Fα;Q
k;q1;q2

μ1; μ2; μ3;wαð Þ

¼ ∑
1

p¼0
μ1ð Þpþg;k

Bα;Q
k;q1;q2

μ2 þ gkαþ pkα; μ3 − μ2ð Þ
Bα
k μ2; μ3 − μ2ð Þ

αgð Þw pð Þα

p!
;

ð63Þ

using the following formula, we obtain the derivative formu-
las:

∑
1

p¼0
μ1ð Þgþp;k ¼ μ1ð Þg;k μ1 þ gkð Þp;k; ð64Þ

Fα;Q
k;q1;q2

μ1; μ2; μ3;wαð Þ ¼ αð Þg μ1ð Þg;k
Γα
k μ3ð ÞΓα

k μ2 þ gkαð Þ
Γα
k μ2ð ÞΓα

k μ3 þ gkαð Þ F
α;Q
k;q1;q2

μ1 þ gk; μ2 þ gkα; μ3 þ gkα;wαð Þ: ð65Þ

Achieve the result, Equation (60), by using the same
parallel line of explanation in the above term,

Φα;Q
k;q1;q2

μ2; μ3;wαð Þ

¼ αð Þg Γ
α
k μ3ð ÞΓα

k μ2 þ gkαð Þ
Γα
k μ2ð ÞΓα

k μ3 þ gkαð ÞΦ
α;Q
k;q1;q2

μ2 þ gkα; μ3 þ gkα;wαð Þ:

ð66Þ
□

Theorem 7. The following transformation and summation
formulas hold:

Fα;Q
k;q1;q2

μ1; μ2; μ3; wαð Þ

¼ 1 − kwαð Þ−μ1k Fα;Q
k;q1;q2

μ1; μ3 − μ2; μ3;
−kwα

1 − kwα

� �
;

ð67Þ

Fα;Q
k;q1;q2

μ1; μ2; μ3; wαð Þ
¼ kwαð Þμ1k Fα;Q

k;q1;q2
μ1; μ3 − μ2; μ3; 1 − kwαð Þ; ð68Þ

Fα;Q
k;q1;q2

μ1; μ2; μ3; wαð Þ
¼ 1þ kwαð Þμ1k Fα;Q

k;q1;q2
μ1; μ3 − μ2; μ3; −kwαð Þ; ð69Þ

Φα;Q
k;q1;q2

μ2; μ3; wαð Þ ¼ ekw
α
Φα;Q

k;q1;q2
μ3 − μ2; μ3; −kwαð Þ;

ð70Þ

where k>0,Rðμ1Þ :;Rðμ2Þ :;Rðμ3Þ :>0, jwαj :<1, and α2 ð0; 1Þ:.

Proof. Using the result of Theorem (4),

Fα;Q
k;q1;q2

μ1; μ2; μ3;wαð Þ ¼ 1
kαBα

k μ2; μ3 − μ2ð Þ
Z1
0

ϑð Þμ2αk−1 1 − ϑð Þμ3−μ2αk −1 1 − kwαϑð Þ−μ1k E k;q1;q2ð Þ
−Qk

kϑ 1 − ϑð Þ
� �

dαϑ: ð71Þ

Replacing ϑ by 1− ϑ and substituting,
1 − kwα 1 − ϑð Þð Þ−μ1k ¼ 1 − kwαð Þ−μ1k 1þ kwα

1 − kwα ϑ

� �−μ1
k

; ð72Þ
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Fα;Q
k;q1;q2

μ1; μ2; μ3;wαð Þ ¼ 1 − kwαð Þ−μ1k
kαBα

k μ2; μ3 − μ2ð Þ
Z1
0

1 − ϑð Þμ2αk−1 ϑð Þμ3−μ2αk −1 1þ kwα

1 − kwα ϑ

� �−μ1
k

E k;q1;q2ð Þ
−Qk

kϑ 1 − ϑð Þ
� �

dαϑ; ð73Þ

¼ 1 − kwαð Þ−μ1k
kαBα

k μ2; μ3 − μ2ð Þ
Z1
0

1 − ϑð Þμ2αk−1 ϑð Þμ3−μ2αk −1 1 −
−kwα

1 − kwα ϑ

� �−μ1
k

E k;q1;q2ð Þ
−Qk

kϑ 1 − ϑð Þ
� �

dαϑ: ð74Þ

In view of Equation (45), we get the desired result in
Equation (67). Replacing 1− 1

kwα and kwα

1þkwα in Equation (67)
yield Equations (68) and (69), respectively. Similarly, as
Equation (67), we can establish Equation (70). □

Theorem 8. The extended conformable k-hypergeometric func-
tion has the following summation formula:

Fα;Q
k;q1;q2

μ1; μ2; μ3; 1ð Þ ¼
Bα;Q
k;q1;q2

μ2 þ pkα; μ3 − μ2ð Þ
Bα
k μ2; μ3 − μ2ð Þ : ð75Þ

Proof. Putting w¼ 1 in Equation (43) and using the defini-
tion (23), we obtain the desired result. □

Theorem 9. Let α2 ð0; 1Þ: and k>0,then, the following gener-
ating function holds true:

∑
1

r¼0
μ1ð Þr;kFα;Q

k;q1;q2
μ1 þ rk; μ2; μ3; wαð Þ u

αr

r!

¼ 1 − kuαð Þ−μ1k Fα;Q
k;q1;q2

μ1; μ3 − μ2; μ3;
wα

1 − kuα

� �
;

ð76Þ

where jwαj :<1 and juαj :<1:

Proof.

∑
1

r¼0
μ1ð Þr;k Fα;Q

k;q1;q2
μ1 þ rk; μ2; μ3; wαð Þ

n o uαr

r!

¼ ∑
1

r¼0
μ1ð Þr;k ∑

1

p¼0
μ1 þ rkð Þp;k

Bα;Q
k;q1;q2

μ2 þ pkα; μ3 − μ2ð Þ
Bα
k μ2; μ3 − μ2ð Þ

wpα

p!

( )
uαr

r!
;

ð77Þ

∑
1

r¼0
μ1 þ pkð Þr;k

uαr

r!
∑
1

p¼0
μ1ð Þp;k

Bα;Q
k;q1;q2

μ2 þ pkα; μ3 − μ2ð Þ
Bα
k μ2; μ3 − μ2ð Þ

wpα

p!

" #
:

ð78Þ

Using the proposition (22) and after some calculation,

¼ 1 − kuαð Þ−μ1þpk
k ∑

1

p¼0
μ1ð Þp;k

Bα;Q
k;q1;q2

μ2 þ pkα; μ3 − μ2ð Þ
Bα
k μ2; μ3 − μ2ð Þ

wpα

p!

" #
;

ð79Þ

∑
1

r¼0
μ1ð Þr;kFα;Q

k;q1;q2
μ1 þ rk; μ2; μ3; wαð Þ u

αr

r!

¼ 1 − kuαð Þ−μ1k Fα;Q
k;q1;q2

μ1; μ3 − μ2; μ3;
wα

1 − kuα

� �
:

ð80Þ
□

5. Application in Fractional Calculus

In this section, we examine the new extension of the Riemann–
Liouville k-fractional derivative (RLKFD) for the extended con-
formable k-hypergeometric function. From the close relation-
ship of the family of extended conformable k-hypergeometric
functions with many special functions, we can easily construct
various known and new fractional equations.

Fractional calculus and its applications [26] have been
extensively studied by numerous scholars across a wide range
of fields for many years, and interest in this subject has grown
significantly. Fractional differential and integral equations are
multidisciplinary and find application in a wide range of
domains, including signal analysis, biomathematics, elasticity,
electric motors, circuit systems, continuum mechanics, heat
transport, quantum physics, and fluid mechanics.

Riemann–Liouville fractional derivative of order μ is given
as follows [27]:

DR;μ ϑA½ � ¼ 1
Γ −μð Þ

Z
ϑ

0
ϑ − tð Þ−μ−1tAdt; ð81Þ

where RðμÞ:>0. In particular, for case p− 1 <RðμÞ : <p,
where p ¼ 1; 2;…:; is written by the following:

DR;μ ϑA½ � ¼ dp

dϑp
DR;μ−p ϑA½ �: ð82Þ

¼ dp

dϑp
1

Γ −μþ pð Þ
Z

ϑ

0
ϑ − tð Þ−μþp−1tAdt

� �
: ð83Þ

Riemann–Liouville Fractional integral [28] of order μ is
given as follows:

IR;μ ϑA½ � ¼ 1
Γ μð Þ

Z
ϑ

0
ϑ − tð Þμ−1tAdt; ð84Þ

whereRðμÞ :>0. Recently, Rahman et al. [29] and Azam et al.
[30] introduced RLKFD of order μ is defined as follows:
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DR;μ
k ϑ

A
k

Â Ã¼ 1
kΓk −μð Þ

Z
ϑ

0
ϑ − tð Þ−μk −1tAk dt: ð85Þ

Definition 8. Assume α2 ð0; 1Þ: and k2Rþ, then new exten-
sion of conformable Riemann–Liouville k-fractional deriva-
tive as follows:

DR;μ;α
k;q1;q2;Q

ϑ
A
kα

Â Ã
¼ 1
kαΓk −μð Þ

Z
ϑ

0
ϑα − tð Þ−μkα−1Ek;q1;q2

−Qkϑ2α

kt ϑα − tð Þ
� �

t
A
kα dt;

ð86Þ

where Rðq1Þ :;Rðq2Þ :>0 and RðμÞ :>0.

Theorem 10. The following result holds:

DR;μ;k;α
α;q1;q2;Q

ϑ
A
kα

Â Ã¼ ϑ
A−μ
k

kαΓk −μð ÞB
Q;α
k;q1;q2

Aþ kα;−μð Þ; ð87Þ

where k>0, α2 ð0; 1Þ:, Rðq1Þ :, Rðq2Þ :>0, and RðμÞ :>0:

Proof. Using definition (8).

DR;μ;α
k;q1;q2;S

ϑ
A
kα

Â Ã
¼ 1
kαΓk −μð Þ

Z
ϑ

0
ϑα − tð Þ−μkα−1Ek;q1;q2

−Qkϑ2α

kt ϑα − tð Þ
� �

t
A
kα dt:

ð88Þ

Then substitute t¼ xϑα in Equation (88), and after some
calculation, we get the following:

DR;μ;α
k;q1;q2;Q

ϑ
A
kα

Â Ã
¼ ϑαð ÞA−μIkα

kαΓk −μð Þ
Z

1

0
xð ÞA

kα 1 − xð Þ−μkα−1Ek;q1;q2
−Qk

kx 1 − xð Þ
� �

dx:

ð89Þ

Using the definition (23), this is the desired result.

DR;μ;α
k;q1;q2;Q

ϑ
A
kα

Â Ã¼ ϑ
A−μI
k

kαΓk −μð ÞB
Q
k;q1;q2

Aþ kα;−μð Þ: ð90Þ

□

Theorem 11. Consider k>0, α2 ð0; 1Þ:, then the following
result holds:

DR;A−μ;α
k;q1;q2;S

ϑ
A
kα−1 1 − kϑð Þ−BkαÂ Ã¼ ϑαð Þ μ

kα−1

Γk μ − Að Þ F
α;Q
k;q1;q2

B;A; μ; ϑαð Þ:

ð91Þ

Proof. Using the definition of RL k-fractional derivative (8),

DR;A−μ;α
k;q1;q2;S

ϑ
A
kα−1 1 − kϑð Þ−BkαÂ Ã¼ 1

kαΓk μ − Að Þ
Z

ϑ

0
t
A
kα−1 ϑα − tð Þμ−Akα −1 1 − ktð Þ−BkαEk;q1;q2

−Qkϑ2α

kt ϑα − tð Þ
� �

dt: ð92Þ

Then, put t¼ ϑαu in Equation (92) and changing the
limit from t¼ 0 → u¼ 0 to t¼ϑ→ u¼ 1, after some rear-
ranging of the terms,

¼ 1
kαΓk μ − Að Þ

Z
1

0
ϑαuð ÞA

kα−1 ϑα − ϑαuð Þμ−Akα −1 1 − kϑαuð Þ−BkαEk;q1;q2
−Qkϑ2α

kϑαu ϑαð − ϑαu

� �
ϑαdu; ð93Þ

¼ ϑð Þ μ
kα−1

kαΓk μ − Að Þ
Z

1

0
uð ÞA

kα−1 1 − uð Þμ−Akα −1 1 − kϑαuð Þ−BkαEk;q1;q2
−Qk

ku 1 − uð Þ
� �

du: ð94Þ
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Now, using the integral representation of extended ðα; kÞ :

hypergeometric function inTheorem (4), this is the desired result.

DR;A−μ;α
k;q1;q2;S

ϑ
A
kα−1 1 − kϑð Þ−BkαÂ Ã¼ ϑαð Þ μ

kα−1

Γk μ − Að Þ F
α;Q
k;q1;q2

B;A; μ; ϑαð Þ:

ð95Þ
□

Theorem 12. The following result holds:

M e−θDR;μ;k;α
α;q1;q2;Q

ϑ
A
kα

È Éh i
¼ Γ θð Þ ϑ

A−μ
k

kαΓk −μð ÞB
Q;α
k;q1;q2

Aþ kα;−μð Þ;

ð96Þ

where k>0,α2 ð0; 1Þ :, Rðq1Þ :, Rðq2Þ :>0, and RðμÞ :>0:

Proof.

M e−θDR;μ;k;α
α;q1;q2;Q

ϑ
A
kα

È Éh i
¼
Z 1

0
θs−1ð Þ e−θDR;μ;k;α

α;q1;q2;Q
ϑ

A
kα

È É
dθ:

n
ð97Þ

Using definition (8).

M e−θDR;μ;k;α
α;q1;q2;Q

ϑ
A
kα

È Éh i
¼ 1
kαΓk −μð Þ

Z 1

0
θs−1e−θ

Z
ϑ

0
ϑα − tð Þ−μkα−1Ek;q1;q2

−Qkϑ2α

kt ϑα − tð Þ
� �

t
A
kαdtdθ; ð98Þ

M e−θDR;μ;k;α
α;q1;q2;Q

ϑ
A
kα

È Éh i
¼ 1
kαΓk −μð Þ

Z 1

0
e−θθs−1dθ

Z
ϑ

0
ϑα − tð Þ−μkα−1Ek;q1;q2

−Qkϑ2α

kt ϑα − tð Þ
� �

t
A
kαdt: ð99Þ

Using Equation (2) and Theoren (10), this is the desired
result.

M e−θDR;μ;k;α
α;q1;q2;Q

ϑ
A
kα

È Éh i
¼ Γ θð Þ ϑ

A−μ
k

kαΓk −μð ÞB
Q;α
k;q1;q2

Aþ kα;−μð Þ:

ð100Þ
□

Theorem 13. Consider k>0, α2 ð0; 1Þ:, then the following
result holds:

M e−θDR;A−μ;α
k;q1;q2;S

ϑ
A
kα−1 1 − kϑð Þ−BkαÈ Éh i

¼ Γ θð Þ ϑαð Þ μ
kα−1

Γk μ − Að Þ F
α;Q
k;q1;q2

B;A; μ; ϑαð Þ:
ð101Þ

Proof.

M e−θDR;A−μ;α
k;q1;q2;Q

ϑ
A
kα−1 1 − kϑð Þ−BkαÈ Éh i

¼
Z 1

0
θs−1 e−θDR;A−μ;α

k;q1;q2;Q
ϑð ÞA

kα−1 1 − kϑð Þ−BkαÈ Én o
dθ:

ð102Þ

Using the definition of RL k-fractional derivative (8),

¼ 1
kαΓk μ − Að Þ

Z 1

0
e−θθs−1

Z
ϑ

0
t
A
kα−1 ϑα − tð Þμ−Akα −1 1 − ktð Þ−BkαEk;q1;q2

−Qkϑ2α

kt ϑα − tð Þ
� �

dtdϑ: ð103Þ

Now, using Equation (2) and Theorem (11), this is the
desired result.

M e−θDR;A−μ;α
k;q1;q2;Q

ϑ
A
kα−1 1 − kϑð Þ−BkαÈ Éh i

¼ Γ θð Þ ϑαð Þ μ
kα−1

Γk μ − Að Þ F
α;Q
k;q1;q2

B;A; μ; ϑαð Þ:
ð104Þ

□

6. Conclusion

In this paper, we introduced a new extended conformable k-
beta function in terms of the generalized Mittag–Leffler func-
tion, investigated its properties and its integral representations,
also presented the extended conformable k-hypergeometric
and extended conformable k-confluent hypergeometric func-
tions. If consider α¼ 1, then all the results established in this
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paper will be true to the results related to the extended k-
hypergeometric function. Some properties of these functions,
such as integral representations, differentiation formulas, Mel-
lin transformations, transformation and summation formulas,
are also studied. The extended conformable k-hypergeometric
function and conformable k-beta functions give the best
solution for differential equations and integral order used
in mathematics. Furthermore, established the new extended
conformable Riemann–Liouville k-fractional derivative and
derived some results containing extended conformable
k-hypergeometric functions and extended conformable
k-confluent hypergeometric functions. The extended con-
formable k-Riemann–Liouville definition of fractional deri-
vatives plays an important role in the development of the
theory of fractional calculus. It has numerous uses in the
field of pure mathematics as well.
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