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Carbon fiber-reinforced polymer composites (CFRPs) are good candidates in enhancing the blast resistant performance of vulnerable public buildings and in reinforcing old buildings. The use of CFRP in retrofitting and strengthening applications is traditionally
associated with concrete structures. Nevertheless, more recently, there has been a remarkable aspiration in strengthening metallic
structures and components using CFRP. This paper presents a relatively simple analytical solution for the deformation and ultimate
strength calculation of hybrid metal-CFRP beams when subjected to pulse loading, with a particular focus on blast loading. The
analytical model is based on a full interaction between the metal and the FRP and is capable of producing reasonable results in
a dynamic loading scenario. A nonlinear finite element (FE) model is also developed to reveal the full dynamic behavior of the
CFRP-epoxy-steel hybrid beam, considering the detailed effects, that is, large strains, high strain rates in metal, and different failure
modes of the hybrid beam. Experimental results confirm the analytical and the FE results and show a strong correlation.

1. Introduction
The current increase in terrorist attacks directed towards
vulnerable civil and military infrastructures, as well as accidental explosions occurring in various blast scenarios, may
cause considerable and unprecedented levels of damage and
loss of life. Thus, the blast resistance of existing structures,
which are potentially prone to such threats, for example,
vulnerable public buildings [1], needs to be enhanced. Additionally, some old buildings need to be reinforced, retrofitted,
or strengthened against dynamic loads using efficient but
nonconventional methods [2], such as using novel lightweight fibre-reinforced plastic (FRP) materials that show
good strength and stiffness [3]. The use of carbon fiberreinforced polymers (CFRPs) in retrofitting and strengthening applications has been increasing over the past few decades
[4]. These materials, traditionally applied in conjunction with
concrete structures [5–7], have more recently been applied to
strengthen metallic structures [8–15]. Recently, increasingly
more research is being conducted on strengthening metallic
structures using CFRP composites due to the advantages
CFRP offers such as high strength and light weight, as well as

the nonreactive and corrosion resistant properties [16] compared with the conventional construction materials.
Some literatures address the behavior of FRP-strengthened metallic structures subjected to static loads [17, 18].
Haedir et al. [19] studied steel circular hollow sections (CHSs)
beams reinforced by CFRP sheets under pure bending; the
tests revealed that the strength of the composite beams is
influenced mainly by the amount of fiber reinforcement and
the orientation of fibers. Youssef [20] provided an analytical
model to describe the linear and nonlinear composite actions
of hybrid steel/FRP-beams in the static load and validated it
experimentally. In particular, CFRP has great potential to be
used in retrofitting existing metallic structures as there is a
minimum elastic mismatch between this class of FRPs and
metals, thereby minimizing the bonding stresses thus limiting debonding, and various methods such as bolting and
anchoring can be used to prevent the FRP from delamination
and separation. To compare with the abundant studies on
FRP-strengthened concrete structures, studies on analysis
methods and mechanical properties of FRP-strengthened
metallic structures are relatively few in number.
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To date, few studies have looked into CFRP-metal hybrid
beams subjected to dynamic loading. Bambach et al. [8]
investigated the metal-FRP bond under impulsive loads by
applying explosives to fully clamped solid aluminum beams.
They showed that a significant amount of energy can be
absorbed by the bonded CFRP, and the bonding of CFRP
to the plastically deforming metallic structure provides the
strengthening potential. Because the duration of the blast
test is extremely short it is hard to measure the straining
process of the beam and the detailed time history of strain
at a particular point; hence to explore the detailed dynamic
response of the hybrid beam and the damage evolution
of each part is rendered difficult. Finite element analysis
(FEA) provides an important methodology to capture the
full dynamic behavior of the hybrid beam. FEA has been
employed to validate the results of stress analysis for CFRPsteel hybrid beams by Deng et al. [21]. However, the steel
and CFRP were considered to behave linearly. To date,
few non-linear FE analyses have been conducted on the
overall dynamic response of CFRP-strengthened beams that
restrict gaining an insight into the mechanics of the FRP
strengthened beams. Moreover, it is necessary to develop a
simplified design method for engineering applications of FRP,
while the literature does not have any examples of studies
that analyze the analytical flexural capacity and permanent
deformation of hybrid beams subjected to blast loads.
In this paper, a relatively simple analytical solution is presented for determining the deformation and ultimate capacity
of hybrid beams strengthened with different layers of CFRP
subjected to pulse loads, especially blast loads. Non-linear
finite element analyses have also been conducted to reveal the
dynamic behavior of the CFRP-epoxy-steel hybrid beam. In
these FE analyses, blast loading is modeled as a uniformly distributed (spatially) rectangular pressure pulse (temporally).
The well-known Johnson-Cook model is used to simulate
metal (aluminum) subjected to large plastic strains and high
strain rates, and the transversally isotropic elastic model
along with the Hashin damage criterion is used to predict the
damage of CFRP plies. Cohesive elements with direct traction
versus separation formulation are used to simulate the bond
between the metallic part and the FRP patch. The metal,
CFRP, and epoxy are modeled by solid elements, shell elements, and cohesive elements, respectively. Moreover, different failure modes are taken into account in the FE analyses so
that the method can replicate the actual situation. Comparisons to experimental results of Bambach et al. [8] confirm the
analytical and FE results.

2. Analytical Modeling of the Dynamic
Response for Blast-Loaded Hybrid Beams
The dynamic analysis procedure using an analytical model for
hybrid beams subjected to blast loads consists of several steps:
describing the basic assumptions of the analytical model,
obtaining the mathematical model of the system, estimating
the ultimate bending moment capacity of the CFRP-metal
hybrid beam, and calculating the maximum and permanent
deformation of the hybrid beam. When the beam is subjected
to a given blast load, analyses for the dynamic response must
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Figure 1: Schematic plot of hybrid beam.

be conducted. As in high-velocity impact and high-energy
blast scenarios, one expects large deformation and plasticity;
thus, considering the influence of the finite displacements and
strain rate is necessary.
2.1. Fundamental Model Assumptions. Figure 1 shows the
schematic of a CFRP-metal hybrid beam. The rectangle is the
fundamental beam section shape, and the analysis method
can be extended to I-section or tubular beam by proper
modification. The explosive is applied as a cord of PETN
in the tests [8] and is distributed as evenly as possible onto
the beam. The explosive is uniformly distributed along the
length and approximately across the width. Thus, the blast is
simulated as a uniformly distributed pulse load, and carbon
fiber is bonded to the metal beam by epoxy. The metallic part
is assumed to exhibit elastic perfectly plastic characteristics,
with the tensile and compressive yield stresses being equal
(𝑓𝑦 ). The CFRP is generally assumed to be an elastic brittle
material with zero ductility.
The assumptions are as follows, in order. (1) The metal is
elastic perfectly plastic, and the FRP is elastic brittle. (2) Fiber
rupture is the dominant failure mode in the hybrid system. (3)
Plane sections of the hybrid system remain plane subsequent
to deformation, implying a perfect bond between the two
materials and ignoring the deformation of the epoxy layer.
The first assumption is due to metals depicting elasticplastic-hardening behavior with different degrees of hardening, which can be ignored in a conservative design. The
fracture energy in composites is mainly due to the elastic
part rather than the softening part, and a perfectly brittle
assumption is slightly conservative.
As for the second assumption, one must bear in mind
that three failure modes exist, which are as follows, in outline
form: fiber rupture (FR), metal-fiber debonding (MFD), and
interlaminar rupture/debonding (ILD), with fiber rupture
occurring in almost every test, and thus being the prevalent
failure mode. Metal is an elastic plastic material as stated in
assumption (1), and the plastic strain of the metal is much
larger than the failure strain of CFRP, so fiber rupture occurs
prior to metal yielding. Thus, from experimental observations, FR is the main failure mode, thus constituting the second assumption.
The third assumption arises as a result of experimental
observations. Schnerch and Rizkalla [4] and Deng et al. [22]
showed that plane sections of the hybrid system remain
plane subsequent to deformation in their models, and this
assumption is also used in this paper. The CFRP and metal
are bonded together by a thin epoxy layer. The thickness
and strength of epoxy can be ignored compared with the
metallic part and the FRP. The experimental results and
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the FE analyses have demonstrated that debonding seldom
occurs and that fiber breakage is the dominant failure mode in
the hybrid beam; thus, the slip between the aluminum beam
and the CFRP can be ignored at the interface.

2.4. Influence of Finite Displacements. When the beam is fully
clamped due to the conservation of energy [24] one can write
𝑟

∫ (𝑝 − 𝜇𝑤)̈ 𝑤̇ 𝑑𝐴 = ∑ ∫ (𝑀 + 𝑁𝑤) 𝜃𝑚̇ 𝑙𝑚 ,
𝐴

2.2. Ultimate Bending Moment of a Hybrid Beam [22]. The
maximum tensile strength of CFRP is written as
𝐹𝑝 = 𝜀𝑝𝑢 𝐸𝑝 𝐴 𝑝 ,

(1)

where 𝜀𝑝𝑢 is the ultimate strain of CFRP, 𝐸𝑝 is the elastic
modulus of CFRP, and 𝐴 𝑝 is the cross-sectional area of the
CFRP patch.
When calculating the moment for a fully plastic crosssection, the neutral axis is located in the metal beam:
𝐹𝑝 + 𝑓𝑦 𝑏 (ℎ − 𝜒𝑐 ) = 𝑓𝑦 𝑏𝜒𝑐 ,

(2)

where 𝑓𝑦 is the tensile yield strength of metal, 𝑏 is the width of
the beam and ℎ is the height of the cross section (depth of the
beam) of the beam, and 𝜒𝑐 is the distance between the neutral
axis and the top fiber of the beam. Hence, 𝜒𝑐 is given by
𝐹𝑝 + 𝑓𝑦 𝑏ℎ

𝜒𝑐 =

2𝑓𝑦 𝑏

.

(3)

The ultimate bending moment of the hybrid beam can be
thus written as
2

𝑀𝑢 = 𝐹𝑝 (ℎ − 𝜒𝑐 ) +

𝑓𝑦 𝑏(ℎ − 𝜒𝑐 ) + 𝑓𝑦 𝑏𝜒𝑐 2
2

.

(4)

2.3. The Permanent Deformation of the Hybrid Beam. Mathematically speaking, external overpressure pulse loadings
with a finite impulse of infinitely large magnitude and an
infinitesimally short duration are known as impulsive, and
Dirac’s delta function is used to describe this behavior. In
a practical engineering problem, when the ratio of the load
duration to the first natural period is less than a certain
threshold, here 0.1, the pulse is known as an impulse. When
the fully clamped beam is loaded impulsively, the permanent
deflection 𝑊𝑓 is given by an expression given by Jones [23]
with the rigid plastic method and assuming all the external
energy was absorbed through plastic deformation. The permanent deflection can be written as follows:
𝑊𝑓
ℎ

=

𝜆
,
6

(5)

where
𝜆=

𝑚𝑉0 2 𝐿2
.
𝑀𝑢 ℎ

(6)

In (6), 𝑚 is the beam mass/unit length, 𝐿 is the beam
length, 𝑉0 is the initial uniform transverse velocity corresponding to an impulsive load, and 𝑀𝑢 is the ultimate bending moment of hybrid beam. As these calculations are performed within the framework of rigid plasticity, there is no
distinction between the maximum and permanent displacements.

(7)

𝑚=1 𝑙𝑚

where 𝑝 is the pressure and 𝜇 is the mass per unit length of
beam.
The conservation of energy is used to describe the
influence of the finite displacements, and the final permanent
deflection, as given by Jones [23], results in the permanent
displacement of a fully clamped beam subjected to a uniformly distributed pressure pulse being written as
𝑊𝑓

[(1 + 3𝜆/4)1/2 − 1]

=
ℎ
where 𝜆 is defined by (6).

2

(8)

,

2.5. Influence of Strain Rate. Cowper and Symonds’ model is
a well-known constitutive equation for strain-rate-sensitive
behavior of metals, and Cowper and Symonds [25] suggested
the following constitutive equation as a way to introduce
strain-rate-sensitive behavior into metals:
𝜎0
𝜖 ̇ 1/𝑞
=1+( ) ,
𝜎0
𝐷

𝜎0 ≥ 𝜎0 ,

(9)

where 𝜎0 is the dynamic stress at a uniaxial total strain rate,
𝜖,̇ 𝜎0 is the associated static flow stress, and 𝐷 and 𝑞 are constants of the particular material.
Taking the influence of strain rate into account, (8)
becomes
𝑊𝑓

[(1 + 3𝜆/4𝑛)1/2 − 1]

(10)
=
,
ℎ
2
where 𝜆 is defined by (6), and the strain rate parameter 𝑛 is
𝑛=

3𝜌 1/2
𝑉0 2
𝜎0
=1+[
( ) ]
𝜎0
6√2𝐷𝐿 𝜎0

1/𝑞

.

(11)

The values of 6500 s−1 and 4 for 𝐷 and 𝑞 are assumed for
aluminum [26].

3. Finite Element Modeling of
Beams Strengthened with CFRP Subjected
to a Transverse Blast Load
3.1. Blast Load Description. The studies by Jama et al. [27]
have shown negligible influence of the assumed shape of the
pressure pulse on the ultimate deformation; therefore, the
blast wave was modeled as a spatially and temporally uniform
rectangular pressure pulse distributed over the top flange of
the beam along the span and across the breadth [28]. Nurick
and his coworkers [29–31] have conducted extensive research
on modeling blast loading using the blast chamber facilities.
The amplitude of the pulse can be calculated based on total
impulse as follows:
𝑃=

𝐼
,
𝐴𝜏

(12)

4
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where 𝐼 is the measured impulse (𝑁 ⋅ 𝑠), 𝐴 is the area of the
top flange of the beam (mm2 ), and 𝜏 is the duration of the
blast (𝑠).
3.2. Constitutive Modeling and Failure of the Metallic Part.
The Johnson-Cook model [32, 33] is a constitutive model
for metals such as aluminum and steel subjected to large
strains, high strain rates, and elevated temperatures. The
model assumes a von Mises type yield criterion (𝐽2 -plasticity)
and an isotropic strain hardening rule, such that the yield
stress 𝜎 is composed of three parts and is expressed as
𝑚

𝜎 = (𝐴 + 𝐵𝜀𝑛 ) (1 + 𝐶 ln 𝜀∗̇ ) (1 − (𝑇∗ ) ) ,

(13)

where 𝜀 is the equivalent plastic strain, 𝜀∗̇ = 𝜀/̇ 𝜀0̇ is the nondimensional strain rate, 𝜀 ̇ is equivalent plastic strain rate, 𝜀0̇ is
a reference strain rate, and 𝐴, 𝐵, 𝐶, 𝑛, 𝑚 are material parameters, with 𝑇∗ being the non-dimensional temperature defined as
(𝑇 − 𝑇0 )
,
𝑇 =
(𝑇melt − 𝑇0 )
∗

𝑇0 ≤ 𝑇 ≤ 𝑇melt ,

(14)

where 𝑇 is the current temperature in Kelvin, 𝑇0 is the room
temperature, and 𝑇melt is the melting point temperature [34].
In (14), the first bracket represents an exponential strain hardening model, while the second and third brackets concern the
effects of strain rate and temperature, respectively.
Johnson and Cook developed a fracture model [32] that
is suitable for high strain rate deformation of metals. The
commercial FE software ABAQUS provides a dynamic failure
model specifically for the Johnson-Cook fracture model. This
failure model is based on the value of the equivalent plastic
strain at element integration points, and failure is assumed
to occur when the damage parameter exceeds 1.0 [35]. The
damage parameter, 𝐷𝑚 , is a summation of equivalent plastic
strain and the equivalent damage strain ratio and is defined as
𝐷𝑚 = ∑

Δ𝜀𝑝
pl
𝜀𝑓

,

(15)

Δ𝜀𝑝

where
is an increment of the equivalent plastic strain
pl
and 𝜀𝑓 is the strain at failure and can be defined as:
𝜀𝑓 = [𝐷1 + 𝐷2 exp (𝐷3 𝜎∗ )] [1 + 𝐷4 ln (
pl

𝑇 − 𝑇0 𝑚
) ),
× (1 + 𝐷5 (
𝑇melt − 𝑇0

𝑝

𝜀̇
)]
𝜀0̇

(16)

where 𝐷1 –𝐷5 are material constant identified from tests
and 𝜎∗ is the dimensionless press stress ratio; it is defined
as 𝜎∗ = 𝜎𝑚 /𝜎, where 𝜎𝑚 is the average of the three normal
stress and 𝜎 is the Mises equivalent stress [36].
3.3. Failure Model of CFRP. In ABAQUS, CFRP is modeled
by shell elements that are used to model structures in which
one dimension, the thickness, is significantly smaller than the

other dimensions [35]. ABAQUS offers a damage model to
predict the onset of damage and to model damage evolution
for elastic brittle materials (such as CFRP) with anisotropic
behavior. The model is primarily intended to be used with
fiber-reinforced materials because they typically exhibit such
behavior.
This damage model requires a damage initiation criterion
and a damage evolution rule.
Damage initiation refers to the onset of stiffness degradation of a material point where the first criterion is met.
The methodology developed by Hashin [37] is suitable for
finding the failure criteria of fiber-reinforced composites. The
general form of the three-dimensional failure criterion for
fiber-reinforced composites is approximated by a complete
quadratic polynomial in terms of the non-dimensional basis
in the 3D stress space [38]. These criteria consider four different damage initiation mechanisms [35].
Fiber tension (̂
𝜎11 ≥ 0):
𝐹𝑓𝑡 = (

𝜎̂11 2
𝜏̂ 2
) + 𝛼( 12
).
𝑇
𝑆𝐿
𝑋

(17)

Fiber compression (̂
𝜎11 < 0):
𝜎̂11 2
).
𝑋𝑐

(18)

𝜎̂22 2
𝜏̂12 2
)
+
(
).
𝑆𝐿
𝑌𝑇

(19)

𝐹𝑓𝑐 = (
Matrix tension (̂
𝜎22 ≥ 0):
𝐹𝑚𝑡 = (

Matrix compression (̂
𝜎22 < 0) [39]:
2

2

𝑚𝑇
𝑚𝐿
𝜏eff
𝜏eff
{
{
)
+
(
)
(
{
{
{ 𝑆𝑇
𝑆𝑖𝑠𝐿
𝑐
𝐹𝑚 = {
2
𝐿
{ 𝜏𝑇 2
{
{
{( eff ) + ( 𝜏eff )
𝑆𝑖𝑠𝐿
{ 𝑆𝑇

𝜎11 < 𝑌𝐶,
(20)
𝐶

𝜎11 ≥ 𝑌 ,

where 𝑋𝑇 is the longitudinal tensile strength, 𝑋𝑐 is the longitudinal compressive strength, 𝑌𝑇 is the transverse tensile
strength, 𝑌𝑐 is the transverse compressive strength, 𝑆𝐿 is
the longitudinal shear strength, 𝑆𝑇 is the transverse shear
strength, 𝛼 is a shear stress coefficient, and 𝜎̂11 , 𝜎̂22 , 𝜏̂12 are the
components of the effective stress tensor. The subscript “is”
in (20) indicates that for general laminates the in situ longitudinal shear strength rather than the strength of a unidirec𝑇
𝐿
and 𝜏eff
are the effective
tional laminate should be used; 𝜏eff
shear stresses in both orthogonal directions; the superscript
𝑚 indicates the misalignment coordinate frame.
The damage evolution response is combined with
Hashin’s damage initiation criteria and assumes that the
damage is caused by the degradation of material stiffness,
leading to material failure. CFRP is linearly elastic before
damage initiation; thereafter, the response of the material can
be computed based on the continuum damage mechanics
averaging method, which allows for homogenization of
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volumetric cracks and manifests all significant effects in a
single damage parameter 𝑑 (for each constituent):
𝜎 = 𝐶𝑑 𝜀,

where 𝜀 is the strain matrix and 𝐶𝑑 is the constitutive
elasticity damage tensor which reflects any damage and is of
the following form:

(21)

(1 − 𝑑𝑓 ) (1 − 𝑑𝑚 ) 𝜐21 𝐸1
0
(1 − 𝑑𝑓 ) 𝐸1
1 [
]
𝐶𝑑 = [(1 − 𝑑𝑓 ) (1 − 𝑑𝑚 ) 𝜐12 𝐸2
],
(1 − 𝑑𝑚 ) 𝐸2
0
𝐷
)
𝐺𝐷
0
0
(1
−
𝑑
𝑠
]
[
where 𝐷 = 1 − (1 − 𝑑𝑓 )(1 − 𝑑𝑚 )𝜐12 𝜐21 , 𝑑𝑓 reflects the current
state of fiber damage, 𝑑𝑚 reflects the current state of matrix
damage, 𝑑𝑠 reflects the current state of shear damage, 𝐸1 is
the intact (initial) Young’s modulus in the fiber direction,
𝐸2 is the Young’s modulus in the direction perpendicular to
the fibers, 𝐺 is the shear modulus, and 𝜐12 and 𝜐21 are the
in-plane Poisson’s ratios. Due to transverse isotropy, only 5
independent parameters are required; hence, there is an interdependence among the elastic moduli and Poisson’s ratios.
ABAQUS introduces a characteristic length to alleviate
the mesh dependency during material softening, and the
constitutive law can be expressed as a stress-displacement
relation. As shown in Figure 2, OA is the stress-displacement
curve prior to damage initiation, where point A is where
CFRP failure begins. Thereafter, damage occurs along the line
AC with the degradation of material stiffness until material
failure. The evolution of damage is energy-based and is
based on the following line integral (23), which signifies the
amount of energy expended (dissipated as heat) in a cycle
of loading-unloading (Figure 3). The modal fracture energies
then determine when total separation has occurred in cases
where mixed-mode loading is expected:
∮ 𝜎𝑖 𝑑𝛿𝑖 = 𝐺𝑖 ,
𝐶

of adhesive joints, gaskets, and interfaces in composites. The
constitutive response is commonly described in terms of a
direct traction-separation law rather than a continuum model
because the cohesive zone is very thin and may be considered
to be of zero thickness, which takes into account variation of
stress and strain through the thickness. The elastic behavior
can then be written as
𝐾𝑛𝑛 𝐾𝑛𝑠 𝐾𝑛𝑡 {𝜀𝑛 }
{𝑡𝑛 }
t = { 𝑡𝑠 } = [ 𝐾𝑛𝑠 𝐾𝑠𝑠 𝐾𝑠𝑡 ] { 𝜀𝑠 } = 𝐾𝜀,
{ 𝑡𝑡 } [ 𝐾𝑛𝑡 𝐾𝑠𝑡 𝐾𝑡𝑡 ] { 𝜀𝑡 }

3.4. Constitutive Equation and Failure Model of Epoxy. The
bond between the metal and CFRP can be modeled in many
ways, for example, linear elastic fracture mechanics (LEFMs),
crack tip open displacement (CTOD), and cohesive zone
models (CZMs) [40, 41]. Compared with other methods,
CZM provides advantages of dealing with tiny size of nonlinear zone and being able to adequately predict the behavior
of uncracked structures, including those with blunt notches,
and not only the response of bodies with cracks [40]. Thus,
the cohesive zone model is used to model the bond between
the metal and CFRP.
ABAQUS [35] offers several methods to model the
elastic-damage behavior of an adhesive and its failure. These
methods include, but are not limited to, cohesive elements
and surface-based cohesive behavior (cohesive interaction).
These methods are based on the cohesive zone model and
commonly used in modeling the delamination of interface
failure, where crack paths are determined 𝑎 priori. A cohesive
element library encompasses elements to model the behavior

(24)

where t is the nominal traction stress vector and consists of
one normal and two shear tractions: 𝑡𝑛 , 𝑡𝑠 , 𝑡𝑡 .
When the stresses and/or strains satisfy certain damage
initiation criteria, the process of degradation begins. There
are several damage initiation criteria, such as the maximum
nominal stress criterion, the maximum nominal strain criterion, and the quadratic nominal stress criterion. In this paper,
the quadratic nominal stress criterion is used as the damage
initiation criterion, which can be represented as

(23)

where 𝜎𝑖 is the equivalent stress, 𝛿𝑖 is the equivalent displacement, and 𝐺𝑖 is the fracture energy.

(22)

2

{

2

⟨𝑡𝑛 ⟩
𝑡𝑠
𝑡𝑡 2
}
+
{
}
+
{
} = 1,
𝑡𝑛0
𝑡𝑠0
𝑡𝑡0

(25)

where 𝑡𝑛0 , 𝑡𝑠0 , and 𝑡𝑡0 represent the tensile strength and shear
strength of the epoxy, respectively. The symbol ⟨⋅⟩ represents
the Macaulay bracket:
𝑡 , 𝑡𝑛 ≥ 0,
⟨𝑡𝑛 ⟩ = { 𝑛
0, 𝑡𝑛 < 0.

(26)

Any convex hyper-surface in the space of normalized
(non-dimensional) stress components can be taken as a
failure initiation locus because convexity implies that the
first law of thermodynamics (which is the basis for fracture
mechanics) holds.
A scalar damage variable 𝐷, which represents the overall
damage in the material, is introduced into the damage evolution law to describe the rate at which the material stiffness is
degraded. The range of 𝐷 is from 0 to 1, with 0 representing
the undamaged case and 1, the total separation. Once the
relevant initiation criterion is reached, 𝐷 monotonically
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evolves from 0 to 1 upon further loading. The corresponding
stress components are then degraded as follows:
(1 − 𝐷) 𝑡𝑛 ,
{
{
𝑡𝑛 = {𝑡𝑛 ,
{
{

𝑡𝑛 ≥ 0
𝑡𝑛 < 0
(no damage to compressive stiffness) ,
𝑡𝑠 = (1 − 𝐷) 𝑡𝑠 ,
𝑡𝑡 = (1 − 𝐷) 𝑡𝑡 ,
(27)

where 𝑡𝑛 , 𝑡𝑠 , and 𝑡𝑡 are the stress components predicted by
multiplying the initial stiffness and the current relative displacements.
For the linear softening law (as shown in Figure 4), the
damage index 𝐷 can be expressed as
𝐷=

𝑓
max
0
(𝛿𝑚
− 𝛿𝑚
)
𝛿𝑚
𝑓

max (𝛿 − 𝛿0 )
𝛿𝑚
𝑚
𝑚

,

(28)

max
where 𝛿𝑚
is the maximum effective relative displacement
0
𝑓
and 𝛿𝑚
are the
attained during the loading history, 𝛿𝑚
effective relative displacement at the initiation and end of
failure, respectively. The effective relative displacement 𝛿𝑚
can be written as
2

𝛿𝑚 = √⟨𝛿𝑛 ⟩ + 𝛿𝑠 2 + 𝛿𝑡 2 .

(29)

Evaluation of the damage parameter depends upon the
energy dissipated, which, in its own right, is a function

of the stress-strain characteristics. Thus, the formulation is
circular, and the integration method determines whether the
procedure is implicit or explicit. In this study, the explicit
procedure is used throughout.
Surface-based cohesive behavior is primarily intended
for situations in which the interface thickness is negligibly
small. It assumes generalized traction-separation behavior
which is very similar to cohesive elements that are defined
using a traction-separation law. However, certain differences
exist between these two methods. The main difference is that
the interface thickness cannot be considered in the cohesive
surface interaction formulation, while the thickness for the
interface can be specified by requiring the initial constitutive
thickness in the cohesive element. In this paper, cohesive
elements are used to model the epoxy (adhesive) so that the
influence of the epoxy thickness can be studied.

4. Experimental Study of Aluminum Beams
Strengthened by CFRP
Bambach et al. [8] performed a total of 12 quasi-static tests
and 58 impulsive tests on CFRP-strengthened aluminum
beams subjected to blast loads. The impulsive tests were
performed on clamped beams under an impulse resulting
from explosives (Figure 5(b)). The explosive is applied as a
cord of PETN and is distributed evenly on to the beam.
Thus, the explosive is unifremly distributed on the beam,
and the according impulse is also uniformly distributed. Two
different grades of aluminum, namely, 6060-T5 and 6063T6, were used in these tests, with nominal yield stresses of
110 MPa and 170 MPa, respectively. Figure 5(a) shows that the
beams were all 25 mm wide and 500 mm long, while the
exposed lengths were 300 mm. Three beam depths of 6 mm,
10 mm, and 12 mm were used (hereinafter to be referred to
as 6 mm beam, 10 mm beam, and 12 mm beam, resp.). As
shown in Figure 5(a), the CFRP patch was applied to the
flexural tensile face of the beam (soffit plate) with a length of
300 mm. Araldite 420 epoxy was used to bond the CFRP and
the aluminum. Three different fiber layouts (1, 3, and 5 layers)
of CFRP were investigated and Araldite 420 epoxy was also
used in between each layer. Three different fiber layouts (1,
3 and 5 layers) of CFRP were investigated, and Araldite 420
epoxy was also used in between each layer.
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Figure 5: (a) A composite aluminum-CFRP beam specimen. (b) The idealized loading diagram [8].

The test results showed that the reduction of final deformation is evident both in static and impulsive tests with the
increasing number of CFRP layers. In static tests, the three
possible failure modes were fiber rupture (FR), metal-fiber
debonding (MFD), and interlaminar rupture (ILD), while in
impulsive tests, FR occurs in almost every specimen, while
MFD only occurred in three specimens accompanied by FR.
Additionally, most beams with 3 and 5 layers of CFRP suffered
from ILD and FR, which is different from static tests. The tests
also showed that a large amount of energy may be absorbed
by the CFRP, while the effect might be reduced due to the fiber
interlaminar debonding resulting from shock spalling which
means a spallation arising from the intersection of rarefaction
waves which cause tensile failure within the material [42].

5. Material Modeling and Elements
The aluminum beams were all 25 mm wide and 300 mm long,
but had three different depths (6 mm, 10 mm, and 12 mm).
Both sides of the beam were fixed, and the blast wave was
simulated as a uniform rectangular pressure pulse distributed
over the top flange of the beam. The widths and lengths of
CFRP were the same as that of the aluminum beam in every
case. In ABAQUS, the aluminum was modeled with solid elements (C3D8R). These are 8-noded generalized linear brick
continuum elements with an hour-glass controlled algorithm
and a reduced integration formulation implemented. The
CFRP was modeled with 4-noded shell elements (S4R)
with an hour-glass-controlled reduced integration formulation that allowed finite membrane strains. Epoxy was modeled with cohesive elements (COH3D8), which are 8-noded,
three-dimensional cohesive elements with a direct tractionseparation formulation that does not allow for a variation
of stress/strain through the thickness. Epoxy can also be
modeled by surface-based cohesive behavior. Surface-based
cohesive behavior is defined as a surface interaction property
with rigid-softening behavior, while the cohesive element is
more realistic in its behavior as it allows for elastic deformation prior to the initiation of failure and has an elastic-damage softening behavior. These two methods are both valid in
modeling the adhesive, with surface-based cohesive behavior
being relatively simple and the cohesive element being more
realistic. The material properties of the test specimens are
tabulated in Table 1. The duration of the blast wave is calculated from the length of the beam and the velocity of

Epoxy

Aluminum

Y
Z X

CFRP

Figure 6: Schematic of a hybrid beam with three layers of CFRP.

detonation of explosive, and the blast wave velocity of
7500 m/s is used by Jama et al. [28].
The FE model simulates the hybrid beam as realistically as
possible; so the assumptions of the analytical solution are not
made for the FE model. Different failure models have been
used for the different parts of the hybrid beam, as discussed
previously. Figure 6 is the schematic of the hybrid beam with
three layers of CFRP.

6. Results and Discussion
6.1. Comparison of Displacements
6.1.1. The Homogeneous Aluminum Beam. Figure 7 depicts
a comparison of the three analysis methods for the homogeneous monolithic aluminum beam, where the horizontal
axis represents the non-dimensionalized energy input that is
parameter 𝜆, and the vertical axis is the ratio of the permanent
displacement to beam depth. As this figure suggests, given
the variability experienced in testing with real explosives, the
three methods agree overall very well. Although the analytical results over-predict displacement for higher blast energies, considering the assumption of elastic perfectly plasticity,
the analytical solution is expected to over-predict the displacement results. The analysis above shows that the adopted
constitutive model for aluminum, namely, the Johnson-Cook
model is accurate in simulating the aluminum beam subjected to a blast load.
6.1.2. CFRP-Strengthened Beams. The results of the simple
analytical solution are presented in Table 2. A number of
groups of test data (15), which originate from Bambach’s
work, are available in the literature [8] and are listed in the
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Table 1: Material properties [8, 21, 44].
Density (g/cm3 )
Elastic modulus 𝐸 (GPa)

2.7
69

Poisson’s ratio ]

0.33

𝐴 (MPa)
𝐵 (MPa)
𝑛
𝐶
𝑚

176.45
63.99
0.07
0.0036
0

𝐷1
𝐷2
𝐷3
𝐷4
𝐷5

0.07413
0.0892
−2.441
−4.76
0

CFRP

Density (g/cm3 )
Thickness (mm)
Elastic modulus 𝐸1 (GPa)
𝐸2 = 𝐸3 (GPa)
Shear modulus 𝐺12 = 𝐺13 (GPa)

1.7
0.176
240
10
26.5

Shear modulus 𝐺23 (GPa)
Poisson’s ratios, ]12 = ]13
Poisson’s ratio, ]23
Tensile strength, 𝑓𝑢 (MPa)
Ultimate elongation, 𝜀𝑓

3.7
0.0058
0.25
3800
1.55%

Epoxy

Density (g/cm3 )
Thickness (mm)
Elastic modulus 𝐸 (GPa)

1.1
—
1.85

Tensile strength, 𝑓𝑢 (MPa)
Shear strength, 𝑓𝑢 (MPa)
Ultimate elongation, 𝜀𝑓

35
27
3.4%

Aluminum

Johnson-Cook model
constants of
aluminum (6063-T6)

Table 2: Results of the three analysis methods for hybrid beams.
Beam depth, Number No. of CFRP
𝑑/mm
layers

Initial velocity,
𝑉0 /m⋅s−1

Test results,
𝑊𝑓 /mm

Analytical
solutions,
𝑊𝑓 /mm

FE analysis,
𝑊𝑓 /mm

6

1
2
3
4
5
6

1
1
3
3
5
5

54
63
50
61
46
61

12.82
20.98
10.76
20.27
7.80
20.27

16.62
19.81
13.38
16.87
11.41
15.92

20.79
26.12
11.81
16.49
10.65
17.14

29.64%
−5.58%
24.35%
−16.77%
46.28%
−21.46%

62.17%
24.50%
9.76%
−18.65%
36.54%
−15.44%

10

7
8
9

1
3
5

60
57
57

25.03
22.01
18.99

22.82
19.28
18.54

28.06
23.39
10.68

−8.83%
−12.40%
−2.37%

12.11%
6.27%
−43.76%

12

10
11
12
13
14
15

1
1
3
3
5
5

49
71
47
71
50
70

19.20
33.72
18.00
32.52
17.16
30.36

17.97
28.16
14.89
24.82
15.57
23.62

21.55
33.51
13.11
32.40
11.74
30.93

−6.41%
−16.49%
−17.28%
−23.68%
−9.27%
−22.20%

12.24%
−0.62%
−27.17%
−0.37%
−31.59%
1.88%

table for comparison with the analytical solution and the FE
results. The ratio of carbon fiber and epoxy mass is 1 : 3, and
the initial velocity is in relative propinquity (from 46 m/s to
71 m/s) in these test data. Figure 8 shows the corroboration
of the three different methods. As shown in this figure, the
abscissa is the test results, and the ordinate is the result of
the analytical solution and the FE analyses; the solid line
depicts the test results, and the points are the results of the
simple analytical solution and the FE analyses. This figure
demonstrates that the points near the line correlate well
with the test results, while the points further away from the
corresponding experimental data have a weaker correlation.
The points basically lie around the line, and there is some
scatter in Figure 8; however, in view of the volatile nature of

Relative error of
Relative error of
analytical
FEA
solution

a blast load, the agreement is considered satisfactory, and the
trend is captured realistically.
The results above show that the permanent deformation
calculated by the proposed analytical model and the numerical solution obtained from FEA agree overall with the test
results, which demonstrates that the analytical solution is to
be expected and is reasonably accurate. Thus, this solution
can be used in the preliminary blast resistant assessment of
this class of hybrid structures.
6.1.3. Error Analysis. Figure 8 demonstrates that the FE
results are a little higher than the test results for 6 mm and
10 mm beams. Additionally, it is clear that the results of FEA
for the 12 mm beams agree well with the test results. Table 2
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Table 3: Relative error statistics of FEA.

7

Depth of beam (mm)

6
5

6
10
12

4
3

Numbers of CFRP layers
1
3
5
Relative error
18.45% 43.34%
−4.45%
10.55%
3.34%
12.11%
6.27%
−43.76%
3.22%
5.81%
−13.77%
−14.86%
0
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Figure 7: A comparison of different analysis methods for the aluminum beam.
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Figure 9: The distribution of deflection along the beam span for
different impulses.
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Figure 8: A comparison of the analytical solution, the numerical
solution, and the test results.

also shows the relative error between the test results and the
other two methods. There is a relative error in the results
of the analytical solution and the FEA compared with those
of the test results; nevertheless, considering the instability of
the impact tests in general, these errors can be accepted. As
mentioned before, FR is the failure criterion, and the bond
between the CFRP and steel is assumed as a perfect bond in
the analytical solution. In most specimens with FR failure, the
analytical solution results have a good agreement with the
FE results. However, for few specimens with MFD and ILD
failure, debonding causes the error between the FE analysis
and analytical solution. These errors will be solved in the
future study by improving the analytical model.
Table 3 is the statistical average relative error of the FEA
compared with the test results; this table demonstrates that

most of these results are accurate to within 19% except for the
cases of 6 mm beam with 1 layer of CFRP and 10 mm beam
with 5 layers of CFRP, resulting in relative errors of 43.34%
and −43.76%, respectively. These errors may be a result of the
instability in the impact tests conducted. More concrete data
are required, along with an insight into the methodology of
experiment, to be able to draw definitive conclusions in this
regard.
6.2. Analysis of the Dynamic Response. Due to the very short
duration of loading on a beam subjected to an explosion, it
is difficult to obtain the data, such as stress, strain, and their
time histories, accurately. Most experiments rely upon posttest observations of the amplitude of the permanent deformation and plastic strain. The numerical model developed in this
paper can provide a tool to investigate the nonlinear damage
process of hybrid beams.
6.2.1. Deflection of the Whole Hybrid Beam. Figures 9 and
10 show the deflection of the CFRP-aluminum hybrid beam
under impulsive loads by the application of explosives.
Figure 9 demonstrates the distribution of permanent deflection along the beam under different impulsive loads. The
maximum deflection occurs at mid-span, and the maximum
deflection of the test and the FEA agree well, both in position
and in value. This observation is valid for cases where the
ratio of the loading amplitude to the static plastic collapse
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Figure 10: The deflection curve of a 12 mm aluminum beam subjected to an explosion.
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Figure 11: The strain evolution of the CFRP element at mid-span
subjected to different impulses.

Figure 12: The damage evolution of the CFRP along the beam span
for half of the beam.

load does not exceed 3. When this ratio goes beyond 3, there
are two symmetrically poised travelling plastic hinges [43] at
a finite distance that move toward one another and eventually
meet in the middle of the beam. This case is fundamentally
different from the case of the present study, as it involves a
plasticized zone of finite length in the middle of the beam.
The study of this case falls beyond the scope of the present
work. Figure 10 shows the deflection development process for
the hybrid beam subjected to an explosion; the left part of
the figure indicates the spatial displacement profile along the
beam, and the right part demonstrates the temporal evolution
of the deflection at mid-span. The deflection reaches its
peak value at about 0.6 ms and then undulates around the
permanent deflection.

CFRP patch reached 0.0155, which means it experienced
damage. The distribution of the damage criterion along the
right part of the beam is shown in Figure 12. Because of the
inertia, at time 0.1 ms the beam between two hinges is not
flat, and the stress is not zero (as shown in Figure 13). Therefore, the damage criterion is a minimal value but not zero at
time 0.1 ms. At time 0.4 ms the damage criterion of the CFRP
element around the mid-span reached 1.0, and the CFRP was
fully damaged. Figure 13 indicates the development of tensile
stress, where the horizontal axis denotes the right part of the
beam, and the origin of horizontal axis is taken at the midspan. The time interval 0.1 ms is a relatively long time interval
and causes the stress jump between two stress curves, actually
the stress is continuous if smaller time interval is adopted.
It is evident from the figure that the tensile stress increased
at the beginning to the point where the damage initiation
criterion was met. The CFRP is an elastic brittle material, and
the sudden rupture of CFRP at the mid-span causes the interfacial shear and normal stress concentrations at 0.3 ms. When
the CFRP patch was damaged, the stress in the damaged

6.2.2. Stress and Damage Analysis of CFRP. Figure 11 indicates the strain in the CFRP at mid-span subjected to different
impulses. The ultimate elongation is 1.55% in the studies conducted in this paper; thus, when the hybrid beam was subjected to an impulse of 17.6 Ns, the tensile strain of the soffit
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Figure 14: The distribution of the damage criterion for epoxy
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region decreased to 0. If the damaged region expands from
the mid-span to the end, the stress curve also moves in the
same way.
6.2.3. Stress Analysis of Epoxy. As previously discussed, cohesive elements were used unanimously to model the epoxy,
and the debonding is modeled by damage in the cohesive
layer. The quadratic nominal stress-based damage initiation
criterion is used throughout as the damage initiation criterion. When the damage criterion reaches 1.0, the damage is
initiated. Subsequently, the cohesive damage is used, which
is equivalent to the fracture energy-based models, to model
the full separation. Figure 14 demonstrates the evolution of
interlaminar debonding, with the cohesive element being
damaged in the vicinity of the mid-span, which means that
the debonding region is in the proximity of the mid-span.
The figure also indicates that the debonding region is almost
stationary and does not extend with time.
6.3. Failure Modes. In tests, there were 36 hybrid beams
subjected to impulsive loading, and 34 beams were failed
[8]. Concerning three failure modes, FR, MFD, and ILD, as
previously discussed, FR was the most prevalent mode and

(c)

Figure 15: (a) Fiber rupture modeled by FEA. (b) Debonding
and fiber rupture modeled by FEA. (unit: MPa) (c) Photos of the
impulsive beam test results [8].

dominated all the 34 failure beams. Apart from 15 beams
failed in only FR, which is shown in Figure 15(a) by FEA and
can be seen from the beam with 1 layer CFRP in Figure 15(c),
some beams failed with combined failure modes. 16 of them
failed with FR and ILD, which is shown in Figure 15(b) by
FEA and can be seen from the beam with 3 or 5 layers CFRP in
Figure 15(c). Two of the other 3 beams failed with concerted
actions of FR, ILD, and MFD, and the last beam failed with
concerted actions of FR and MFD. In the FE simulation, FR
was found in every specimen, and beams strengthened with 3
or 5 layers CFRP mostly failed by FR and ILD. No individual
MFD failure mode occurred in FEA. The agreement of the
FEA and tests is reasonably good.

7. Conclusions
In this paper, a simple analytical solution is proposed to
calculate the deformation and ultimate load bearing capacity
of CFRP-strengthened metal beams. An FE modeling scheme
was developed to simulate the damage in hybrid metal-CFRP
beams, that is, metallic beams strengthened with externally
bonded soffit CFRP plates. Test results from the literature [8]
were adopted to validate the proposed analytical solution and
the FE simulation results, and the agreement between three
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results obtained from different solution methods was found
to be good, which demonstrates that the simple analytical
solution and FE are relatively accurate and reliable.
Due to its prevalence in the failure modes, fiber rupture is
considered as the criterion of structural failure in the simple
analytical solution. This assumption provides a lower bound
in designing the hybrid system and leads to conservative
design. The advantage of the simple analytical model is
the ease with which one can assess the overall response
in a design without having to consider the detailed hybrid
behavior. In the detailed finite element analyses, the JohnsonCook constitutive model was used to simulate plasticity in
the aluminum, which is suitable for metals subjected to large
strains, high strain rates, and high temperatures. CFRP and
epoxy were modeled by shell elements and cohesive elements,
respectively. Simulations were run to obtain the dynamic
displacement time history in a pulse loading scenario. This
dynamic displacement time history is arguably the most
important parameter in blast resistant design. Three different
failure modes—fiber rupture (FR), metal-fiber debonding
(MFD), and interlaminar rupture (ILD)—are discussed in the
paper. FR and ILD are prevalent in impulsive tests, while
MFD is not so common. The parametric studies conducted
showed that the thickness of the CFRP patch is an important
factor that influences the results. An increasing number of
CFRP layers increases the dynamic load bearing capacity
of the hybrid beam and reduces the corresponding blasted
induced maximum deformation.
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