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An all-over breathing crack on the plate surface having arbitrary depth and location is assumed to be nonpropagating and parallel
to one side of the plate. Based on a piecewise model, the nonlinear dynamic behaviors of thin plate with the all-over breathing crack
are studied to analyze the effect of external excitation amplitudes and frequencies on cracked plate with different crack parameters
(crack depth and crack location). Firstly, themode shape functions of cracked thin plate are obtained by using the simply supported
boundary conditions and the boundary conditions along the crack line.Then, natural frequencies andmode functions of the cracked
plate are calculated, which are assessed with FEM results. The stress functions of thin plate with large deflection are obtained by
the equations of compatibility in the status of opening and closing of crack, respectively. To compare with the effect of breathing
crack on the plate, the nonlinear dynamic responses of open-crack plate and intact plate are analyzed too. Lastly, the waveforms,
bifurcation diagrams, and phase portraits of the model are gained by the Runge-Kutta method. It is found that complex nonlinear
dynamic behaviors, such as quasi-periodic motion, bifurcation, and chaotic motion, appear in the breathing crack plate.

1. Introduction

The plate is widely used in engineering practices such as the
aircraft structure and body, concrete floor slabs, and marine
industry, to name a few. The existence of a crack in a plate
affects its stiffness, mass, and damping properties and then
changes its vibration characteristics. For a vibration plate, a
crack not only effects the free vibration of plate, including nat-
ural frequency and mode shape, but also changes the forced
vibration, especially the response of nonlinear dynamics.The
decrease of stiffness increases the vibration amplitude of the
cracked plate with large deflection. Furthermore, the crack
alternately opens and closes during vibration cycle, which
forms the cracked structure with nonsmooth characteristics.
Then, complex nonlinear dynamics behaviors will appear,
which can seriously affect the safety of structures.

An earlier extensive literature review on the vibration of
cracked structures could be found in the paper of Dimarog-
onas [1] in 1996. Rice and Levy [2] developed a line-spring
model for approximate solution of a plate containing a part-
through crack in 1972. Numerical results for natural frequen-
cies of both isotropic and orthotropic plates with internal

cracks were presented using subdomain method by Lee et al.
[3]. KhademandRezaee [4] developed an analytical approach
for crack detection in rectangular thin plates with an all-over
part-through crack and subjected to uniform external loads
using vibration analysis. Khadem and Rezaee [5] employed
the modified comparison functions to obtain the natural
frequencies of a simply supported rectangular cracked plate
using the Rayleigh-Ritz method. Based on Mindlin plate
theory (MPT), Hosseini-Hashemi et al. [6] proposed a set
of exact closed-form characteristic equations to analyze free
vibration problemofmoderately thick rectangular plates with
an arbitrary number of all-over part-through cracks.

For the nonlinear dynamic investigation of crack struc-
tures, many researchers considered cracks as open-crack
models. In 2005, Fu et al. [7] derived the nonlinear equations
of motion for the moderate thickness rectangular plates with
transverse surface penetrating crack on the two-parameter
foundation and analyzed the nonlinear vibration behaviors of
the plate with different crack parameters. In 2009, Israr and
Atepor [8] investigated nonlinear vibration of an isotropic
cracked plate subjected to transverse harmonic excitation,
both analytically and experimentally. In the same year,
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Yang et al. [9] established nonlinear governing equations of
motion for the simply supported functionally graded rectan-
gular plate with a through-width surface crack to investigate
the influences of material property gradient, crack depth,
crack location, and plate thickness ratio on the vibration
frequencies and transient response of the surface-racked
FGMplate. Saito et al. [10] investigated veering phenomena in
the nonlinear vibration frequencies of a cantilevered cracked
plate and proposed an efficient method for estimating these
frequencies. In 2012, Ismail and Cartmell [11] presented the
forced vibration analysis of a plate with an inclined surface
crack based on the classical plate theory. They formulated
the inclined surface crack using a simplified line-spring
model and utilized the multiple scale perturbation method
to derive the amplitude-frequency equation of the cracked
plate. In 2013, Bose and Mohanty [12] studied the vibration
of a rectangular thin isotropic plate with a part-through
surface crack of arbitrary orientation and position by using
the Kirchhoff plate theory, and the problem of [11] was
reconsidered and rigorously modified. AsadiGorgi et al. [13]
investigated the flutter, limit cycle oscillation, and different
nonlinear oscillations of rectangular panels with an all-over
part-through crack in 2015. They performed these analyses
for panels according to the first-order shear deformation or
Mindlin plate theory and accurately studied the effects of
the depths and locations of cracks on various aeroelastic
characteristics of moderately thick rectangular panels.

In addition to the open crack, the surface crack breathing
is a more practical and common situation during the vibra-
tion of the cracked structures [14]. The crack will stay open
during one part of the vibration cycle and closed during the
rest of the cycle which is usually called breathing.

In 2000, Pugno et al. [15] presented a technique capable
of evaluating the dynamic response of a beam with several
breathing cracks, which was based on the assumption of
periodic response and the fact that cracks open and close
continuously. The vibrational response to harmonic force of
a cantilever beam with cracks of different sizes and locations
was analyzed using this “harmonic balance” approach. In
2010, Caddemi et al. [16] investigated nonlinear dynamic
response of beam with some switching cracks.They regarded
the overall behavior of a beam with switching cracks as
a sequence of linear phases, each of them characterised
by different number and positions of the cracks in open
state, and investigated the behavior under different boundary
conditions for both harmonic loading and free vibrations. In
2016, Dotti et al. [17] studied the nonlinear dynamic response
to simple harmonic excitation of a thin-walled beam with
a breathing crack by employing a refined one-dimensional
model.

The mentioned researches show that breathing crack
model could reveal the real nonlinear dynamic behaviors of
surface crack structures. Most of the researches on the crack
of breathing are focused on the beam, and the nonlinear
dynamics study of plate with surface crack employed the
open-crack model.

The aim of this paper is to study the bifurcations of thin
plate with an all-over breathing crack. The piecewise model
is used to describe the opening and closing of breathing

crack during the vibration: the crack is taken as open
crack when crack opens; otherwise, the cracked plate is
regarded as intact plate when crack closes. Based on the
von Kármán large deflection theory, Hamilton’s principle
is used to establish the nonlinear governing equations of
motion for the cracked plate. The mode shape functions are
derived using the geometric boundary conditions and the
boundary conditions along the crack line of thin plate. The
effect of location and depth of crack onmode shapes and free
vibration frequencies of cracked plate are analyzed, which is
assessed with FEM results. The stress functions of cracked
and intact plate with large deflection are obtained by the
equations of compatibility. The partial differential equation
is discretized via the Galerkin method. The Runge-Kutta
method is utilized to investigate the bifurcations and chaotic
motions of cracked plate. Nonlinear dynamic behaviors of
cracked plate are studied to analyze the effect of external
excitation amplitudes and frequencies on plate with different
crack parameters which consist of crack depth and crack
location.

2. Modal Analysis

In this section, the mode shape functions of cracked thin
plate are obtained by using the simply supported boundary
conditions and internal boundary conditions along the crack.

The simply supported rectangular plate with an all-over
breathing crack can be illustrated by Figure 1. The thickness
of the plate is 𝐻. The dimensions in 𝑥 and 𝑦 direction are𝑎 and 𝑏, respectively. Assume that (𝑢0, V0, 𝑤0) represent the
displacements of a point in a mid-plane. The displacements
of arbitrary point in the cracked plate are obtained as

𝑢 (𝑥, 𝑦, 𝑧, 𝑡) = 𝑢0 (𝑥, 𝑦, 𝑡) − 𝑧𝜕𝑤0𝜕𝑥 , (1a)

V (𝑥, 𝑦, 𝑧, 𝑡) = V0 (𝑥, 𝑦, 𝑡) − 𝑧𝜕𝑤0𝜕𝑦 , (1b)

𝑤 (𝑥, 𝑦, 𝑧, 𝑡) = 𝑤0 (𝑥, 𝑦, 𝑡) . (1c)

Using theHamilton theory (∫𝑇
0
(𝛿𝑈+𝛿𝑉−𝛿𝐾)𝑑𝑡 = 0) and the

von Karman large deflection theory, the nonlinear dynamic
equations of the thin plate with large deflection are gained
[18]:

𝜕𝑁𝑥𝜕𝑥 + 𝜕𝑁𝑥𝑦𝜕𝑦 = 𝐼0 𝜕2𝑢0𝜕𝑡2 , (2a)

𝜕𝑁𝑥𝑦𝜕𝑥 + 𝜕𝑁𝑦𝜕𝑦 = 𝐼0 𝜕2V0𝜕𝑡2 , (2b)

𝜕2𝑀𝑥𝜕𝑥2 + 2𝜕2𝑀𝑥𝑦𝜕𝑥𝜕𝑦 + 𝜕2𝑀𝑦𝜕𝑦2 + 𝑁 (𝑤) + 𝑃 = 𝐼0 𝜕2𝑤𝜕𝑡2 , (2c)

where 𝐼0 = 𝜌𝐻. The quantities (𝑁𝑥, 𝑁𝑦, 𝑁𝑥𝑦) are the in-
plane force resultants, and (𝑀𝑥,𝑀𝑦,𝑀𝑥𝑦) are the moment
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Figure 1: A simply supported rectangular thin plate with and all-over breathing crack.

resultants. 𝑃 is external uniform load in the 𝑧 direction. The
expression𝑁(𝑤0) is as follows:

𝑁(𝑤) = 𝜕𝜕𝑥 (𝑁𝑥 𝜕𝑤𝜕𝑥 + 𝑁𝑥𝑦 𝜕𝑤𝜕𝑦 )
+ 𝜕𝜕𝑦 (𝑁𝑥𝑦 𝜕𝑤𝜕𝑥 + 𝑁𝑦 𝜕𝑤𝜕𝑦 ) .

(2d)

For the convenience of solving dynamic equations, a
stress function 𝜑(𝑥, 𝑦, 𝑡) is introduced to eliminate the in-
plane displacements (𝑢0, V0), and its relations with internal
forces are obtained as

𝑁𝑥 = 𝐻𝜕2𝜑𝜕𝑦2 , (3a)

𝑁𝑦 = 𝐻𝜕2𝜑𝜕𝑥2 , (3b)

𝑁𝑥𝑦 = − 𝜕2𝜑𝜕𝑥𝜕𝑦𝐻. (3c)

The compatibility equation in the form of stress function and
transverse displacement is received:

𝜕4𝜑𝜕𝑥4 + 2 𝜕4𝜑𝜕𝑥2𝜕𝑦2 + 𝜕4𝜑𝜕𝑦4 = 𝐸[( 𝜕2𝑤𝜕𝑥𝜕𝑦)
2 − 𝜕2𝑤𝜕𝑥2 𝜕

2𝑤𝜕𝑦2 ] . (4)

Substituting (3a), (3b), and (3c) into the nonlinear dynamic
equations (2a), (2b), (2c), and (2d), (2a) and (2b) will
automatically meet balance conditions after ignoring the
inertia terms. The dynamic equation of the stress function
and deflection for (2c) is obtained as

− 𝐷(𝜕4𝑤𝜕𝑥4 + 2 𝜕4𝑤𝜕𝑥2𝜕𝑦2 + 𝜕4𝑤𝜕𝑦4 )
+ 𝐻(𝜕2𝜑𝜕𝑥2 𝜕

2𝑤𝜕𝑦2 + 𝜕2𝜑𝜕𝑦2 𝜕
2𝑤𝜕𝑥2 − 2 𝜕

2𝜑𝜕𝑥𝜕𝑦 𝜕2𝑤𝜕𝑥𝜕𝑦) + 𝑃
= 𝐼0 𝜕2𝑤𝜕𝑡2 .

(5)

The simply supported boundary conditions will be

𝑥 = 0 or 𝑎: 𝑢0 = 0, 𝑤 = 0, 𝑀𝑥 = 0, 𝑁𝑥𝑦 = 0 (6a)

𝑦 = 0 or 𝑏: V0 = 0, 𝑤 = 0, 𝑀𝑦 = 0, 𝑁𝑥𝑦 = 0. (6b)

In order to enable the boundary conditions to be expressed in
terms of the stress function, 𝑢0 = 0 and V0 = 0 are substituted
by Δ 𝑢 = 0 and Δ V = 0, where [19]
Δ 𝑢 = − 1𝑎𝑏

⋅ ∫𝑏
0
∫𝑎
0
[ 1𝐸 (𝜕

2𝜑𝜕𝑦2 − 𝜇𝜕
2𝜑𝜕𝑥2) − 12 (𝜕𝑤𝜕𝑥 )

2]𝑑𝑥𝑑𝑦,
(7a)

Δ V = − 1𝑎𝑏
⋅ ∫𝑏
0
∫𝑎
0
[ 1𝐸 (𝜕

2𝜑𝜕𝑥2 − 𝜇𝜕
2𝜑𝜕𝑦2 ) − 12 (𝜕𝑤𝜕𝑦 )

2]𝑑𝑥𝑑𝑦.
(7b)

As to the thin plate with an all-over crack, the authors
divide the thin plate into two parts, plate I and plate II, at the
location 𝑦 = 𝑦0, as shown in Figure 1.

Breathing crack is continuously open-closed during
vibration. When the crack is open, at the crack location, the
continuity and discontinuity conditions can be written along
the crack line as follows:

𝑤Ι = 𝑤II, (8a)

𝑢Ι0 = 𝑢II0 , (8b)

VΙ0 = VII0 , (8c)

𝑀Ι𝑦 = 𝑀II
𝑦 , (8d)

𝑉Ι𝑦 = 𝑉II
𝑦 , (8e)

𝑁Ι𝑦 = 𝑁II
𝑦 , (8f)
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𝑁Ι𝑥𝑦 = 𝑁II
𝑥𝑦, (8g)

𝜕𝑤Ι𝜕𝑦 − 𝜕𝑤II

𝜕𝑦 = 𝜃, (8h)

where (8a)∼(8g) represent displacement (𝑤, 𝑢0, V0) and inter-
nal forces (𝑀𝑦, 𝑉𝑦, 𝑁𝑦, 𝑁𝑥𝑦) are equal on both sides of the
crack, respectively. Equation (8h) represents the discontinu-
ity condition of rotation angle along the crack. A line-spring
model is used to describe the elastic behavior of the crack. 𝜃
is the rotation due to the presence of the crack and can be
expressed as

𝜃 = 12 (1 − 𝜐2)
𝐸 ⋅ 𝜎𝑏 ⋅ 𝛼𝑏𝑏, (9)

where 𝜎𝑏 is the nominal stress at a point far from the crack
and 𝛼𝑏𝑏 is the dimensionless bending compliance factor. 𝜎𝑏
and 𝛼𝑏𝑏 are given by

𝜎𝑏 = 6𝑀𝑦𝐻2 , (10a)

𝛼𝑏𝑏 = 1𝐻 ∫ℎ0
0
𝑔2𝑏𝑑ℎ, (10b)

where 𝑔𝑏 are dimensionless compliance coefficients, depend-
ing on the crack depth to thickness ratio 𝜉 = ℎ0/𝐻, and
defined by [2]

𝑔𝑏
= √𝜉 (1.99 − 2.47𝜉 + 12.97𝜉2 − 23.11𝜉3 + 24.80𝜉4) . (11)

The mode shape functions for 𝑤 of cracked thin plate are
obtained by using the simply supported boundary conditions
and the boundary conditions along the crack line. The
dimension in the 𝑦 direction is longer than that in the 𝑥
direction, which means it is more possible that there will be
higher modes in the 𝑦 direction than in 𝑥 direction. Based
on Levy method, the solutions for the differential equations
of the plate are assumed as

𝑤 (𝑥, 𝑦, 𝑡) = 𝑁∑
𝑛=1

𝑌𝑛 (𝑦) ⋅ sin(𝜋𝑥𝑎 ) ⋅ 𝑒𝑖𝜔𝑡. (12)

𝑌𝑛(𝑦) can be written as

𝑌𝑛 (𝑦) = 𝐴𝑛 cosh(𝛽𝑛𝑦𝑏 ) + 𝐵𝑛 sinh(𝛽𝑛𝑦𝑏 )
+ 𝐶𝑛 sin(𝛾𝑛𝑦𝑏 ) + 𝐷𝑛 cos(𝛾𝑛𝑦𝑏 ) ,

(13)

where 𝛽𝑛 = (𝑏/𝑎)√𝜆2𝑛 + (𝜋)2, 𝛾𝑛 = (𝑏/𝑎)√𝜆2𝑛 − (𝜋)2,𝜆4𝑛 = 𝑎4𝜔2𝑛𝜌𝐻/𝐷, and 𝐴𝑛, 𝐵𝑛, 𝐶𝑛, and 𝐷𝑛 are undetermined
coefficients.

According to boundary conditions (6a) and (6b), we can
obtain𝐴𝑛 = 𝐷𝑛 = 0.Then, themodal functions of transversal

displacement 𝑤 in the 𝑦 direction for plate I and plate II are
obtained:

𝑌Ι𝑛 (𝑦) = 𝐵Ι𝑛 sinh(𝛽𝑛𝑦𝑏 ) + 𝐶Ι𝑛 sin(𝛾𝑛𝑦𝑏 ) ,
(0 ≤ 𝑦 ≤ 𝑦0) ,

(14a)

𝑌II
𝑛 (𝑦) = 𝐵II

𝑛 sinh[𝛽𝑛 (𝑦 − 𝑏)𝑏 ]
+ 𝐶II
𝑛 sin[𝛾𝑛 (𝑦 − 𝑏)𝑏 ] ,

(𝑦0 < 𝑦 ≤ 1) .
(14b)

Substituting (14a) and (14b) into inner boundary condition
equations (8a), (8d), (8e), and (8h), Homogeneous algebraic
equations of the undetermined coefficients (𝐵Ι𝑛, 𝐵II

𝑛 , and 𝐶II
𝑛 )

are derived, which results in an eigenvalue problem with the
eigenvalues related to the natural frequencies of plate. Then,
substituting the result of each order frequency to Homoge-
neous algebraic equations, the undetermined coefficients can
be obtained by solving these equations and given in terms of
expression relevant to 𝐶Ι𝑛, respectively.

𝐵Ι𝑛 = 𝑒1𝑛𝐶Ι𝑛, (15a)

𝐶II
𝑛 = 𝑒2𝑛𝐶Ι𝑛, (15b)

𝐵II
𝑛 = 𝑒3𝑛𝐵Ι𝑛 = 𝑒3𝑛𝑒1𝑛𝐶Ι𝑛, (15c)

where parameters 𝑒1𝑛, 𝑒2𝑛, and 𝑒3𝑛 can be expressed as

𝑒1𝑛 = −{sinh(𝛽𝑛 (𝑦0 − 𝑏)𝑏 )[𝑏 sin(𝛾𝑛 (𝑦0 − 𝑏)𝑏 )
⋅ 𝑎2𝐸𝐻2 cos(𝛾𝑛𝑦0𝑏 ) 𝛾𝑛 − 𝑏𝑎2𝐸𝐻2 sin(𝛾𝑛𝑦0𝑏 )
⋅ cos(𝛾𝑛 (𝑦0 − 𝑏)𝑏 ) 𝛾𝑛 − 72𝛼𝑏𝑏 sin(𝛾𝑛 (𝑦0 − 𝑏)𝑏 )
⋅ 𝐷21𝑛2𝜋2𝑏2 sin(𝛾𝑛𝑦0𝑏 ) − 72𝛼𝑏𝑏
⋅ sin(𝛾𝑛 (𝑦0 − 𝑏)𝑏 )𝐷22𝑎2 sin(𝛾𝑛𝑦0𝑏 ) 𝛾2𝑛 + 72𝛼𝑏𝑏
⋅ sin(𝛾𝑛 (𝑦0 − 𝑏)𝑏 ) ]212𝐷21𝑛2𝜋2𝑏2 sin(𝛾𝑛𝑦0𝑏 )
+ 72𝛼𝑏𝑏 sin(𝛾𝑛 (𝑦0 − 𝑏)𝑏 ) ]212𝐷22𝑎2 sin(𝛾𝑛𝑦0𝑏 )
⋅ 𝛾2𝑛]}{sin(𝛾𝑛 (𝑦 − 𝑏)𝑏 )[𝑏 sinh(𝛽𝑛 (𝑦0 − 𝑏)𝑏 )
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Table 1: First three-order frequencies of cracked and intact plates.

First-order natural frequency (Hz) Second-order natural frequency (Hz) Third-order natural frequency (Hz)
Theoretical results FEM Theoretical results FEM Theoretical results FEM

Intact plate 23.9874 25.101 38.3798 41.853 62.3672 68.485𝜂 = 0.25 23.9279 24.987 38.1120 41.359 62.1117 68.071𝜂 = 0.5 23.8698 24.941 38.3798 41.749 61.8510 67.468

⋅ 𝑎2𝐸𝐻2 cosh(𝛽𝑛𝑦0𝑏 )𝛽𝑛 − 𝑏𝑎2𝐸𝐻2 sinh(𝛽𝑛𝑦0𝑏 )
⋅ cosh(𝛽𝑛 (𝑦0 − 𝑏)𝑏 )𝛽𝑛 − 72𝛼𝑏𝑏
⋅ sinh(𝛽𝑛 (𝑦0 − 𝑏)𝑏 )𝐷21𝑛2𝜋2𝑏2 sinh(𝛽𝑛𝑦0𝑏 )
+ 72𝛼𝑏𝑏 sinh(𝛽𝑛 (𝑦0 − 𝑏)𝑏 )𝐷22𝑎2 sinh(𝛽𝑛𝑦0𝑏 )
⋅ 𝛽2𝑛 + 72𝛼𝑏𝑏 sinh(𝛽𝑛 (𝑦0 − 𝑏)𝑏 ) ]212𝐷21𝑛2𝜋2𝑏2

⋅ sinh(𝛽𝑛𝑦0𝑏 ) − 72𝛼𝑏𝑏 sinh(𝛽𝑛 (𝑦0 − 𝑏)𝑏 )

⋅ ]212𝐷22𝑎2 sinh(𝛽𝑛𝑦0𝑏 )𝛽2𝑛]}
−1 ,

(16a)

𝑒2𝑛 = sin (𝛾𝑛𝑦0/𝑏)
sin [𝛾𝑛 (𝑦0 − 𝑏) /𝑏] , (16b)

𝑒3𝑛 = sinh (𝛽𝑛𝑦0/𝑏)
sinh [𝛽𝑛 (𝑦0 − 𝑏) /𝑏] . (16c)

Substituting (15a), (15b), and (15c) into (14a) and (14b),
we obtained the modal function of plate I and plate II in the𝑦 direction.

𝑌Ι𝑛 (𝑦) = 𝑎Ι𝑛 sinh(𝛽𝑛𝑦𝑏 ) + sin(𝛾𝑛𝑦𝑏 ) , (17a)

𝑌II
𝑛 (𝑦) = 𝑎II𝑛 sinh[𝛽𝑛 (𝑦 − 𝑏)𝑏 ] + sin[𝛾𝑛 (𝑦 − 𝑏)𝑏 ] , (17b)

where 𝑎I𝑛 = 𝑒1𝑛 and 𝑎II𝑛 = 𝑒3𝑛𝑒1𝑛/𝑒2𝑛.
The first three-order modes and natural frequencies of

the cracked plate can be obtained by the method mentioned
above, which is verified by finite element method. We chose
parameters of material and size as 𝑎 = 1m, 𝑏 = 2m, 𝜇 = 0.33
and𝐻 = 0.008m 𝐸 = 2.1 × 105MPa, and 𝜌 = 7860 kg/m3.

Tables 1 and 2 show the first three-order frequencies
and modes for plates with cracks at different location (𝜂 =𝑦0/𝑏), respectively. They show that the crack almost has no
influence on natural frequencies and modes when the crack
coincides with a line of node, while the crack has more effect
at the maximum defection position. For example, the crack

at 𝑦0/𝑏 = 0.5 does not affect the second frequency and
mode, because this location is the node line of second mode;
however, it has more influence on the first- and the third-
order frequency and mode. When the crack moves to the
position (𝑦0/𝑏 = 0.25), the effects on the second mode are
more evident than that on the first and third mode.

Theoretical results and simulation data are in good
agreement, and the accuracy of the theoretical method is
verified in this section. Comparing theoretical results to sim-
ulation data, the first three-order modal figures obtained by
theoretical calculation are consistent with FEM simulations.
Thus, the modal functions corresponding to the first three-
order modal figures are used to construct the solutions of
dynamic equations.

3. Stress Functions

Thestress functions of cracked thin plate with large deflection
are obtained by the equations of compatibility. Using the first
three modes of mode shape function (17a) and (17b), the
solutions of dynamic equations are assumed as

𝑤Ι (𝑥, 𝑦, 𝑡) = 𝑤1 (𝑡) ⋅ 𝑌Ι1 (𝑦) sin(𝜋𝑥𝑎 ) + 𝑤2 (𝑡)
⋅ 𝑌Ι2 (𝑦) sin(𝜋𝑥𝑎 ) + 𝑤3 (𝑡)
⋅ 𝑌Ι3 (𝑦) sin(𝜋𝑥𝑎 ) ,

(18a)

𝑤II (𝑥, 𝑦, 𝑡) = 𝑤1 (𝑡) ⋅ 𝑌II
1 (𝑦) sin(𝜋𝑥𝑎 ) + 𝑤2 (𝑡)

⋅ 𝑌II
2 (𝑦) sin(𝜋𝑥𝑎 ) + 𝑤3 (𝑡)

⋅ 𝑌II
3 (𝑦) sin(𝜋𝑥𝑎 ) ,

(18b)

where 𝑤1(𝑡), 𝑤2(𝑡), and 𝑤3(𝑡) are time-related variables.
Introducing (18a) and (18b) into the compatibility equations
(4), and using the boundary conditions (6a) and (6b), the
stress function expression of thin plate with an all-over
surface crack is gained

𝜑𝑟 (𝑥, 𝑦, 𝑡) = 12∑
𝑖=1

𝜑𝑟𝑖 , (𝑟 = Ι, ΙΙ) , (19)

where the parameter 𝜑𝑟𝑖 is given in Appendix.
During vibration, surface crack will be continuously

open-closed. When the crack is open, the modes of crack
thin plate are adopted and the stress function of crack thin
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Table 2: First three-order modes frequency of cracked and intact plates.

Theoretical results FEM
Mode of 𝑦 direction (𝜂 = 0.25—,𝜂 = 0.5 – ⋅ –) Mode of 𝑥 direction

First order

Second order

Third order

plate considering large deflection is obtained as (19). When
the crack is closed, the modes of intact plate are adopted.
Using the mode functions of intact plate, the authors get the
stress function expression of intact plate considering large
deflection. As to intact plate, the first three modes are taken
and the solutions of dynamic equations are

𝑤 (𝑥, 𝑦, 𝑡) = 𝑤1 (𝑡) ⋅ sin(𝜋𝑥𝑎 ) sin(𝜋𝑦𝑏 ) + 𝑤2 (𝑡)
⋅ sin(𝜋𝑥𝑎 ) sin(2𝜋𝑦𝑏 ) + 𝑤3 (𝑡)
⋅ sin(𝜋𝑥𝑎 ) sin(3𝜋𝑦𝑏 ) .

(20)

Substituting expression (20) into the compatibility equations
(4), the stress function of intact plate with large deflection is
obtained

𝜑 (𝑥, 𝑦) = cos(2𝜋𝑥𝑎 ) ⋅ [𝐴1 cos(𝜋𝑦𝑏 ) cos(2𝜋𝑦𝑏 )
+ 𝐵1 cos(𝜋𝑦𝑏 ) cos(3𝜋𝑦𝑏 )
+ 𝐶1 cos(3𝜋𝑦𝑏 ) cos(2𝜋𝑦𝑏 )
+ 𝐴2 sin(𝜋𝑦𝑏 ) sin(2𝜋𝑦𝑏 )
+ 𝐵2 sin(𝜋𝑦𝑏 ) sin(3𝜋𝑦𝑏 )
+ 𝐶2 sin(3𝜋𝑦𝑏 ) sin(2𝜋𝑦𝑏 ) +𝑊𝑐]
+ [𝐴3 cos(𝜋𝑦𝑏 ) cos(2𝜋𝑦𝑏 )
+ 𝐵3 cos(𝜋𝑦𝑏 ) cos(3𝜋𝑦𝑏 )

+ 𝐶3 cos(3𝜋𝑦𝑏 ) cos(2𝜋𝑦𝑏 )
+ 𝐴4 sin(𝜋𝑦𝑏 ) sin(2𝜋𝑦𝑏 )
+ 𝐵4 sin(𝜋𝑦𝑏 ) sin(3𝜋𝑦𝑏 )
+ 𝐶4 sin(3𝜋𝑦𝑏 ) sin(2𝜋𝑦𝑏 ) + 𝐴5 cos2 (𝜋𝑦𝑏 )
+ 𝐴6 cos2 (2𝜋𝑦𝑏 ) + 𝐴7 cos2 (3𝜋𝑦𝑏 )] ,

(21)

where the coefficients can be found in Appendix.

4. Discrete Equation

Having obtained the mode shape functions and stress func-
tion expression of crack thin plate and intact plate, the authors
use Galerkin method to discrete the dynamic equation (5).
As to crack thin plate, the authors adopt the mode shape
function and stress function of crack thin plate. Substituting
expressions (18a) and (18b) and (19) into (5), the discrete
dynamic equations of open-crack thin plate are obtained as

�̈�1 = 𝑎11𝑤1 + 𝑎12𝑤2 + 𝑎13𝑤3 + 𝑎14𝑤31 + 𝑎15𝑤32
+ 𝑎16𝑤33 + 𝑎17𝑤1𝑤22 + 𝑎18𝑤1𝑤23 + 𝑎19𝑤2𝑤21
+ 𝑎110𝑤2𝑤23 + 𝑎111𝑤3𝑤21 + 𝑎112𝑤3𝑤22
+ 𝑎113𝑤1𝑤2𝑤3 + 𝑎114𝑃,

(22a)

�̈�2 = 𝑎21𝑤1 + 𝑎22𝑤2 + 𝑎23𝑤3 + 𝑎24𝑤31 + 𝑎25𝑤32
+ 𝑎26𝑤33 + 𝑎27𝑤1𝑤22 + 𝑎28𝑤1𝑤23 + 𝑎29𝑤2𝑤21
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Figure 2:The bifurcation diagram of intact plate for transverse displacement𝑤, (a) via the external excitation of changing frequency and (b)
via the external excitation of changing amplitude.

+ 𝑎210𝑤2𝑤23 + 𝑎211𝑤3𝑤21 + 𝑎212𝑤3𝑤22
+ 𝑎213𝑤1𝑤2𝑤3 + 𝑎214𝑃,

(22b)

�̈�3 = 𝑎31𝑤1 + 𝑎32𝑤2 + 𝑎33𝑤3 + 𝑎34𝑤31 + 𝑎35𝑤32
+ 𝑎36𝑤33 + 𝑎37𝑤1𝑤22 + 𝑎38𝑤1𝑤23 + 𝑎39𝑤2𝑤21
+ 𝑎310𝑤2𝑤23 + 𝑎311𝑤3𝑤21 + 𝑎312𝑤3𝑤22
+ 𝑎313𝑤1𝑤2𝑤3 + 𝑎314𝑃,

(22c)

where 𝑎 with subscript are coefficients determined by mate-
rial, geometry, and crack parameters of the plate.

As to intact plate, the modal function and stress function
of intact plate are adopted. Putting expressions (20) and (21)
into (5), the discrete dynamic equations of intact plate are
gained:

�̈�1 = 𝑏11𝑤1 + 𝑏12𝑤31 + 𝑏13𝑤1𝑤22 + 𝑏14𝑤1𝑤23
+ 𝑏15𝑤21𝑤3 + 𝑏16𝑤22𝑤3 + 𝑏17𝑃, (23a)

�̈�2 = 𝑏21𝑤2 + 𝑏22𝑤32 + 𝑏23𝑤21𝑤2 + 𝑏24𝑤2𝑤23
+ 𝑏25𝑤1𝑤2𝑤3, (23b)

�̈�3 = 𝑏31𝑤3 + 𝑏32𝑤33 + 𝑏33𝑤1𝑤22 + 𝑏34𝑤3𝑤21
+ 𝑏35𝑤22𝑤3 + 𝑏36𝑤22𝑤1 + 𝑏37𝑤31 + 𝑏38𝑃, (23c)

where 𝑏 with subscript are coefficients in relation to material
and geometry of the plate.

The opening and closing of breathing crack are described
as piecewise model during the vibration.The authors assume
that the crack is on the top surface of the plate and the

transversal displacement𝑤 is positive when𝑤 is below origin
of coordinates. During vibration, the dynamic equations are
discrete dynamic equations which are (22a)–(22c), when𝑤 ≤0 (crack is open); the dynamic equations are (23a)–(23c),
when 𝑤 > 0 (crack is closed).
5. Effect of Crack Parameters on Nonlinear

Dynamic Behaviors

TheRunge-Kutta algorithm is utilized to numerically analyze
the nonlinear dynamical behaviors of the cracked plate under
different excitation amplitude and frequency. The nonlinear
dynamical behaviors of the plate with different crack location
and depth are studied by analyzing the bifurcation diagrams.
To compare with the effect of breathing crack on the plate, the
nonlinear dynamic responses of the plate with an open crack
and the intact plate are analyzed too. In numerical simulation,
we chose parameters of material and size as 𝜌 = 7860 kg/m3,𝐸 = 2.1 × 105MPa, 𝑎 = 1m, 𝑏 = 2m, 𝜇 = 0.33, and 𝐻 =0.008m.

For intact plate, as shown in Figure 2(a), the excitation
frequencies change from 30 rad/s to 90 rad/s, when the
external excitation amplitude is 𝑃 = 3000N/m2. The
excitation amplitude changes from 1000N/m2 to 4000N/m2,
while the excitation frequency is 𝜔 = 80 rad/s, such as
Figure 2(b). Figures 2(a) and 2(b) represent the bifurcation
diagram of intact plate via the different excitation frequencies
and amplitudes on transversal displacement 𝑤, respectively.
The coordinate and the variation of external excitation for the
following bifurcation figures are the same as those in Figure 2.

5.1. Effect of Crack Depth on Nonlinear Dynamic Behavior.
Thenonlinear dynamic behaviors of cracked plate are studied
to analyze the effect of external excitation amplitudes and fre-
quencies on plate with different crack depth. The rectangular
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Figure 3: The bifurcation diagram of plate with a breathing crack (ℎ0/𝐻 = 0.2) for transverse displacement 𝑤, (a) via the external excitation
of changing frequency and (b) via the external excitation of changing amplitude.
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Figure 4: The bifurcation diagram of plate with a breathing crack (ℎ0/𝐻 = 0.4) for transverse displacement 𝑤, (a) via the external excitation
of changing frequency and (b) via the external excitation of changing amplitude.

plates have a crack at 𝜂0 = 0.5, where 𝜂0 = 𝑦0/𝑏. We chose the
crack depths as ℎ0/𝐻 = 0.2, 0.4, and 0.6, respectively.

Figures 3, 4, and 5 are the bifurcation diagrams for plates
with breathing cracks at different crack depth. Figures 6, 7,
and 8 demonstrate bifurcation diagrams for open-crack plates
at various crack depth.

The above bifurcation diagrams show that breathing crack
plate has complex nonlinear phenomenon: quasi-periodic
motion, bifurcation motion, and chaotic motion. With the
change of crack depth, the bifurcation diagrams of breathing
crack plates represent different nonlinear dynamic behaviors.
However, themotion of open-crack plates is relatively simple,

which merely demonstrates the single-cycle movement and
the movement of doubling the cycle.

As for bifurcation diagram 4, the corresponding wave-
form and phase diagrams are gained when the external
excitation amplitudes are 2500, 3100, 3300, 3400, 3700, and
3800N/m2, respectively, as shown in Figure 9. Figures 9(a)–
9(d) show the periodic motion of cycle 1, 2, 5, and 7 times the
cycle of movement, while Figures 9(e) and 9(f) represent the
quasi-periodic and chaotic motions.

For one cyclemotion, as shown in Figure 9(a), the authors
find that the transversal displacement amplitudes in positive
and negative directions are, respectively, 4.3mm and 5mm.
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Figure 5: The bifurcation diagram of plate with a breathing crack (ℎ0/𝐻 = 0.6) for transverse displacement 𝑤, (a) via the external excitation
of changing frequency and (b) via the external excitation of changing amplitude.
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Figure 6: The bifurcation diagram of plate with an open crack (ℎ0/𝐻 = 0.2) for transverse displacement 𝑤, (a) via the external excitation of
changing frequency and (b) via the external excitation of changing amplitude.

It represents that when 𝑤 > 0, the crack is closed and the
stiffness of plate is relatively large, so the amplitude is 4.3mm;
when 𝑤 ≤ 0, the crack is open and the stiffness decreases, so
the amplitude increases to 5mm.

5.2. Effect of Crack Location on Nonlinear Dynamic Behaviors.
In this section, the effect of crack location on nonlinear
dynamic behavior is studied to analyze the bifurcation dia-
grams of plates subject to external excitation. The simply
supported rectangular plates have a crack at depth (ℎ0/𝐻 =0.65) and various locations (𝜂0 = 0.15, 0.30, and 0.45).

Figures 10, 11, and 12 are the bifurcation diagrams of plates
with breathing cracks at different crack location. Figures 13,
14, and 15 demonstrate bifurcation diagrams for open-crack
plates at various crack locations.

6. Conclusions

The piecewise model is used to describe the opening and
closing of crack during the vibration.The dynamic equations
are solved by using the stress function and the mode func-
tions derived by this paper. Bifurcation diagrams, wave-shape
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Figure 7: The bifurcation diagram of plate with an open crack (ℎ0/𝐻 = 0.4) for transverse displacement 𝑤, (a) via the external excitation of
changing frequency and (b) via the external excitation of changing amplitude.
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Figure 8: The bifurcation diagram of plate with an open crack (ℎ0/𝐻 = 0.6) for transverse displacement 𝑤, (a) via the external excitation of
changing frequency and (b) via the external excitation of changing amplitude.

diagrams, and phase diagrams of simply supported rectangu-
lar thin plate with an all-over breathing crack are investigated
in this paper. The following conclusions have been obtained:

(1) It is complex to derive the mode functions of in-plane
displacements (𝑢0, V0) for large deflection cracked
plate. This paper introduces the stress functions
obtained by compatibility equation of cracked plate
to eliminate the in-plane displacement (𝑢0, V0), which
provide a new solution for the problem of large
deflection vibration in cracked plates.

(2) The previous study of the nonlinear dynamics of
surface crack plate usually uses open-crack model.
However, the authors find that the nonlinear dynamic
behaviors of open-crack model are similar to those
of the intact plate, which does not reveal the effect
of crack on nonlinear dynamic behaviors of plate.
Breathing crack model reflects the real process
of opening-closing of surface plate and presents
more complex phenomena. Through three sets of
bifurcation diagrams, we find that breathing crack
plate has complex nonlinear phenomena such as
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Figure 9: Continued.
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Figure 9: Waveforms and bifurcation of the plate with breathing crack; relative crack depth ℎ0/𝐻 = 0.6; crack location 𝜂0 = 0.5.
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Figure 10: The bifurcation diagram of plate with a breathing crack (𝜂0 = 0.15) for transverse displacement 𝑤, (a) via the external excitation
of changing frequency and (b) via the external excitation of changing amplitude.
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Figure 11: The bifurcation diagram of plate with a breathing crack (𝜂0 = 0.30) for transverse displacement 𝑤, (a) via the external excitation
of changing frequency and (b) via the external excitation of changing amplitude.
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Figure 12: The bifurcation diagram of plate with a breathing crack (𝜂0 = 0.45) for transverse displacement 𝑤, (a) via the external excitation
of changing frequency and (b) via the external excitation of changing amplitude.

quasi-periodic motion, bifurcation motion, and
chaoticmotion, and the nonlinear dynamic behaviors
of open-crackmodel are similar to intact plate model,
which merely presents the single-cycle motion and
the double periodic motion.

(3) The deeper the crack is, the smaller the critical
excitation frequency will be, which means that the
increase of the crack depth will make the motion of
crack plate more complicated. There are two reasons
for this phenomenon. Firstly, the increase of the
crack depth reduces the stiffness of plate, resulting in
the increase of vibration amplitude for the cracked

plate which leads to complex nonlinear dynamic
behavior. Secondly, the crack alternately opens and
closes during vibrational cycle and the increase of the
crack depth forms the cracked structure with strong
nonsmooth characteristics.

(4) When the crack is near the center of the plate,
complex nonlinear dynamic behavior more easily
occurs in the vibration of cracked plate subject to
certain excitation amplitude and frequency. This is
because the maximum transversal displacement is
near the center of the plate, and the farther away
the crack is from the locations of zero displacement



14 Advances in Materials Science and Engineering

×10−3

2

3

4

5

w 6

7

8

9

10

40 50 60 70 80 9030


(a)

2000 3000 40001000
P

×10−3

w

3

4

5

6

7

8

10

9

(b)

Figure 13: The bifurcation diagram of plate with an open crack (𝜂0 = 0.15) for transverse displacement 𝑤, (a) via the external excitation of
changing frequency and (b) via the external excitation of changing amplitude.
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Figure 14: The bifurcation diagram of plate with an a open crack (𝜂0 = 0.30) for transverse displacement 𝑤, (a) via the external excitation of
changing frequency and (b) via the external excitation of changing amplitude.

(𝑤 = 0) which conclude nodal line and boundary, the
greater the influence of the stiffness is.

Appendix

The coefficients given in (16a), (16b), and (16c) can be written
as

𝜑𝑟1 = 3∑
𝑖=1

3∑
𝑗=1

𝑎(1)𝑖𝑗 sin(𝛾𝑖𝑦𝑏 ) sin(𝛾𝑗𝑦𝑏 ) − 3∑
𝑖=1

𝑎(1)𝑖𝑗
⋅ sin(𝛾𝑖𝑦𝑏 ) sin(𝛾𝑖𝑦𝑏 ) ,

𝜑𝑟2 = 3∑
𝑖=1

3∑
𝑗=1

𝑎(2)𝑖𝑗 cos(𝛾𝑖𝑦𝑏 ) cos(𝛾𝑗𝑦𝑏 ) − 3∑
𝑖=1

𝑎(2)𝑖𝑗
⋅ cos(𝛾𝑖𝑦𝑏 ) cos(𝛾𝑖𝑦𝑏 ) ,

𝜑𝑟3 = [[
3∑
𝑖=1

3∑
𝑗=1

𝑎(3)𝑖𝑗 cos(𝛾𝑖𝑦𝑏 ) cos(𝛾𝑗𝑦𝑏 )

− 3∑
𝑖=1

𝑎(3)𝑖𝑗 cos(𝛾𝑖𝑦𝑏 ) cos(𝛾𝑖𝑦𝑏 )]
]
cos(2𝜋𝑥𝑎 ) ,
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Figure 15: The bifurcation diagram of plate with an open crack (𝜂0 = 0.45) for transverse displacement 𝑤, (a) via the external excitation of
changing frequency and (b) via the external excitation of changing amplitude.

𝜑𝑟4 = [[
3∑
𝑖=1

3∑
𝑗=1

𝑎(4)𝑖𝑗 sin(𝛾𝑖𝑦𝑏 ) sin(𝛾𝑗𝑦𝑏 )

− 3∑
𝑖=1

𝑎(4)𝑖𝑗 sin(𝛾𝑖𝑦𝑏 ) sin(𝛾𝑖𝑦𝑏 )]
]
cos(2𝜋𝑥𝑎 ) ,

𝜑𝑟5 = 3∑
𝑖=1

3∑
𝑗=1

𝑎(5)𝑖𝑗 sin(𝛾𝑖𝑦𝑏 ) sinh(𝛽𝑗𝑦𝑏 )

− 3∑
𝑖=1

3∑
𝑗=1

𝑏(5)𝑖𝑗 sinh(𝛽𝑖𝑦𝑏 ) sin(𝛾𝑗𝑦𝑏 ) − 3∑
𝑖=1

𝑎(5)𝑖𝑖

⋅ sin(𝛾𝑖𝑦𝑏 ) sinh(𝛽𝑖𝑦𝑏 ) + 3∑
𝑖=1

𝑏(5)𝑖𝑖 sinh(𝛽𝑖𝑦𝑏 )
⋅ sin(𝛾𝑖𝑦𝑏 ) ,

𝜑𝑟6 = 3∑
𝑖=1

3∑
𝑗=1

𝑎(6)𝑖𝑗 cos(𝛾𝑖𝑦𝑏 ) cosh(𝛽𝑗𝑦𝑏 )

− 3∑
𝑖=1

3∑
𝑗=1

𝑐(6)𝑖𝑗 cosh(𝛽𝑖𝑦𝑏 ) cos(𝛾𝑗𝑦𝑏 ) − 3∑
𝑖=1

𝑎(6)𝑖𝑖

⋅ cos(𝛾𝑖𝑦𝑏 ) cosh(𝛽𝑖𝑦𝑏 ) + 3∑
𝑖=1

𝑐(6)𝑖𝑖 cosh(𝛽𝑖𝑦𝑏 )
⋅ cos(𝛾𝑖𝑦𝑏 ) ,

𝜑𝑟7 = [[
3∑
𝑖=1

3∑
𝑗=1

𝑎(7)𝑖𝑗 sin(𝛾𝑖𝑦𝑏 ) sinh(𝛽𝑗𝑦𝑏 )

− 3∑
𝑖=1

3∑
𝑗=1

𝑑(7)𝑖𝑗 sinh(𝛽𝑖𝑦𝑏 ) sin(𝛾𝑗𝑦𝑏 )

− 3∑
𝑖=1

𝑎(7)𝑖𝑖 sin(𝛾𝑖𝑦𝑏 ) sinh(𝛽𝑖𝑦𝑏 )

+ 3∑
𝑖=1

𝑑(7)𝑖𝑖 sinh(𝛽𝑖𝑦𝑏 ) sin(𝛾𝑖𝑦𝑏 )]
]
cos(2𝜋𝑥𝑎 ) ,

𝜑𝑟8 = [[
3∑
𝑖=1

3∑
𝑗=1

𝑎(8)𝑖𝑗 cos(𝛾𝑖𝑦𝑏 ) cosh(𝛽𝑗𝑦𝑏 )

+ 3∑
𝑖=1

3∑
𝑗=1

𝑒(8)𝑖𝑗 cosh(𝛽𝑖𝑦𝑏 ) cos(𝛾𝑗𝑦𝑏 )

− 3∑
𝑖=1

𝑎(8)𝑖𝑖 cos(𝛾𝑖𝑦𝑏 ) cosh(𝛽𝑖𝑦𝑏 )

− 3∑
𝑖=1

𝑒(8)𝑖𝑖 cosh(𝛽𝑖𝑦𝑏 ) cos(𝛾𝑖𝑦𝑏 )]
]
cos(2𝜋𝑥𝑎 ) ,

𝜑𝑟9 = 3∑
𝑖=1

3∑
𝑗=1

𝑎(9)𝑖𝑗 sinh(𝛽𝑖𝑦𝑏 ) sinh(𝛽𝑗𝑦𝑏 ) − 3∑
𝑖=1

𝑎(9)𝑖𝑖
⋅ sinh(𝛽𝑖𝑦𝑏 ) sinh(𝛽𝑖𝑦𝑏 ) ,

𝜑𝑟10 = 3∑
𝑖=1

3∑
𝑗=1

𝑎(10)𝑖𝑗 cosh(𝛽𝑖𝑦𝑏 ) sinh(𝛽𝑗𝑦𝑏 ) − 3∑
𝑖=1

𝑎(10)𝑖𝑖
⋅ cosh(𝛽𝑖𝑦𝑏 ) sinh(𝛽𝑖𝑦𝑏 ) ,
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𝜑𝑟11 = [[
3∑
𝑖=1

3∑
𝑗=1

𝑎(11)𝑖𝑗 sinh(𝛽𝑖𝑦𝑏 ) sinh(𝛽𝑗𝑦𝑏 )

− 3∑
𝑖=1

𝑎(11)𝑖𝑖 sinh(𝛽𝑖𝑦𝑏 ) sinh(𝛽𝑖𝑦𝑏 )]
]
cos(2𝜋𝑥𝑎 ) ,

𝜑𝑟12 = [[
3∑
𝑖=1

3∑
𝑗=1

𝑎(12)𝑖𝑗 cosh(𝛽𝑖𝑦𝑏 ) cosh(𝛽𝑗𝑦𝑏 )

− 3∑
𝑖=1

𝑎(12)𝑖𝑖 cosh(𝛽𝑖𝑦𝑏 ) cosh(𝛽𝑖𝑦𝑏 )]
]
cos(2𝜋𝑥𝑎 ) ,

𝜑𝑟13 = 3∑
𝑖=1

(𝑎(13) cos(2𝜋𝑥𝑎 ) cos(𝛾𝑖𝑦𝑏 ) cosh(𝛽𝑖𝑦𝑏 )
+ 𝑏(13) cos(2𝜋𝑥𝑎 ) sin(𝛾𝑖𝑦𝑏 ) sinh(𝛽𝑖𝑦𝑏 )
+ 𝑐(13) cos(𝛾𝑖𝑦𝑏 ) cosh(𝛽𝑖𝑦𝑏 )
+ 𝑑(13) sin(𝛾𝑖𝑦𝑏 ) sinh(𝛽𝑖𝑦𝑏 ) + 𝑒(13) cos(2𝜋𝑥𝑎 )
+ 𝑓(13) cos(2𝛾𝑖𝑦𝑏 ) + 𝑔(13) cosh(2𝛽𝑖𝑦𝑏 )) ,

(A.1)

where

𝑎(1)𝑖𝑗 = −12
𝑤𝑖𝛾2𝑖 𝑤𝑗𝑏4 (3𝛾2𝑗 + 𝛾2𝑖 )−3𝛾4𝑖 𝛾2𝑗 + 3𝛾2𝑖 𝛾4𝑗 − 𝛾6𝑗 ,

𝑎(2)𝑖𝑗 = −12
(3𝛾2𝑖 + 𝛾2𝑗 ) 𝛾𝑖𝛾𝑗𝑤𝑖𝑤𝑗𝑏4−3𝛾4𝑖 𝛾2𝑗 + 3𝛾2𝑖 𝛾4𝑗 − 𝛾6𝑗 ,

𝑎(3)𝑖𝑗 = 12𝑏4𝑎𝑟𝑗𝑤𝑗𝑤𝑖𝑎4𝛾𝑖𝛾𝑗 (16𝜋4𝑏4 + 24𝛾2𝑖 𝜋2𝑏2𝑎2
+ 8𝜋2𝑎2𝑏2𝛾2𝑗 + 5𝛾4𝑖 𝑎4 + 10𝛾2𝑖 𝛾2𝑗 𝑎4 + 𝛾4𝑗 𝑎4)
⋅ (256𝜋6𝑏6𝛾2𝑖 𝑎2 + 256𝜋6𝑏6𝛾2𝑗 𝑎2 + 96𝜋4𝑏4𝛾4𝑖 𝑎4
+ 96𝜋4𝑏4𝛾4𝑗 𝑎4 + 16𝛾6𝑖 𝜋2𝑏2𝑎6 + 16𝛾6𝑗𝜋2𝑏2𝑎6
+ 𝛾8𝑗 𝑎8 + 𝛾8𝑖 𝑎8 + 64𝜋4𝑏4𝛾2𝑖 𝛾2𝑗 𝑎4 − 16𝛾4𝑖 𝜋2𝑏2𝑎6𝛾2𝑗
− 16𝛾2𝑖 𝜋2𝑏2𝑎6𝛾4𝑗 + 256𝜋8𝑏8 − 4𝛾6𝑖 𝑎8𝛾2𝑗 + 6𝛾4𝑖 𝑎8𝛾4𝑗
− 4𝛾2𝑖 𝛾6𝑗 𝑎8)−1 ,

𝑎(4)𝑖𝑗 = 12𝑏4𝑎𝑟𝑗𝑤𝑗𝑤𝑖𝑎4𝛾2𝑖 (16𝜋4𝑏4 + 24𝛾2𝑗𝜋2𝑏2𝑎2
+ 8𝜋2𝑎2𝑏2𝛾2𝑖 + 5𝛾4𝑗 𝑎4 + 10𝛾2𝑖 𝛾2𝑗 𝑎4 + 𝛾4𝑖 𝑎4)
⋅ (256𝜋6𝑏6𝛾2𝑖 𝑎2 + 256𝜋6𝑏6𝛾2𝑗 𝑎2 + 96𝜋4𝑏4𝛾4𝑖 𝑎4

+ 96𝜋4𝑏4𝛾4𝑗 𝑎4 + 16𝛾6𝑖 𝜋2𝑏2𝑎6 + 16𝛾6𝑗𝜋2𝑏2𝑎6
+ 𝛾8𝑗 𝑎8 + 𝛾8𝑖 𝑎8 + 64𝜋4𝑏4𝛾2𝑖 𝛾2𝑗 𝑎4 − 16𝛾4𝑖 𝜋2𝑏2𝑎6𝛾2𝑗
− 16𝛾2𝑖 𝜋2𝑏2𝑎6𝛾4𝑗 + 256𝜋8𝑏8 − 4𝛾6𝑖 𝑎8𝛾2𝑗 + 6𝛾4𝑖 𝑎8𝛾4𝑗
− 4𝛾2𝑖 𝛾6𝑗 𝑎8)−1 ,

𝑎(5)𝑖𝑗 = 12
(3𝛽2𝑗 − 𝛾2𝑖 ) 𝛾2𝑖 𝑤𝑖𝑤𝑗𝑎𝑟𝑗𝑏43𝛾2𝑖 𝛽4𝑗 + 3𝛽2𝑗𝛾4𝑗 + 𝛽6𝑗 + 𝛾6𝑖 ,

𝑏(5)𝑖𝑗 = −12
𝑤𝑖𝑤𝑗𝑎𝑟𝑖 𝑏4𝛽2𝑖 (−3𝛾2𝑗 + 𝛽2𝑗)3𝛽4𝑖 𝛾2𝑗 + 3𝛽2𝑖 𝛾4𝑗 + 𝛽6𝑖 + 𝛾6𝑗 ,

𝑎(6)𝑖𝑗 = 12
𝑤𝑖𝛾𝑖𝑤𝑗𝑎𝑟𝑗𝑏4 (−3𝛾2𝑖 + 𝛽2𝑗)3𝛾2𝑖 𝛽4𝑗 + 3𝛽2𝑗𝛾4𝑗 + 𝛽6𝑗 + 𝛾6𝑖 ,

𝑐(6)𝑖𝑗 = −12
𝑤𝑖𝑤𝑗𝑎𝑟𝑖 𝑏4𝛾𝑗𝛽𝑖 (3𝛽2𝑖 − 𝛾2𝑗 )3𝛽4𝑖 𝛾2𝑗 + 3𝛽2𝑖 𝛾4𝑗 + 𝛽6𝑖 + 𝛾6𝑗 ,

𝑎(7)𝑖𝑗 = 12𝑏4𝑎𝑟𝑗𝑤𝑗𝑤𝑖𝑎4𝛾2𝑖 (16𝜋4𝑏4 − 24𝛽2𝑗𝜋2𝑏2𝑎2
+ 8𝜋2𝑎2𝑏2𝛾2𝑖 + 5𝛽4𝑗𝑎4 − 10𝛾2𝑖 𝛽2𝑗𝑎4 + 𝛾4𝑖 𝑎4)
⋅ (−64𝜋4𝛾2𝑖 𝛽2𝑗𝑎4𝑏4 + 16𝜋2𝛾4𝑖 𝛽2𝑗𝑎6𝑏2
− 16𝜋2𝛾2𝑖 𝛽4𝑗𝑎6𝑏2 + 4𝛾6𝑖 𝛽2𝑗𝑎8 + 6𝛾4𝑖 𝛽4𝑗𝑎8 + 4𝛾2𝑖 𝛽6𝑗𝑎8
+ 𝛽8𝑗𝑎8 + 𝛾8𝑖 𝑎8 + 256𝜋6𝑏6𝛾2𝑖 𝑎2 − 256𝜋6𝑏6𝑎2𝛽2𝑗
+ 96𝜋4𝑏4𝛾4𝑖 𝑎4 + 96𝜋4𝑏4𝛽4𝑗𝑎4 + 16𝛾6𝑖 𝜋2𝑏2𝑎6
− 16𝜋2𝑎6𝑏2𝛽6𝑗 + 256𝜋8𝑏8)−1 ,

𝑑(7)𝑖𝑗 = 12𝑏4𝑤𝑗𝑎𝑟𝑖𝑤𝑖𝑎4𝛽2𝑖 (16𝜋4𝑏4 + 24𝜋2𝑎2𝑏2𝛾2𝑗
− 8𝛽2𝑖 𝜋2𝑏2𝑎2 + 5𝛾4𝑗 𝑎4 − 10𝛽2𝑖 𝛾2𝑗 𝑎4 + 𝛾4𝑗 𝑎4)
⋅ (−64𝜋4𝛽2𝑖 𝛾2𝑗 𝑎4𝑏4 − 16𝜋2𝛽4𝑖 𝛾2𝑗 𝑎4𝑎6𝑏2
+ 16𝜋2𝛽2𝑖 𝛾4𝑗 𝑎6𝑏2 + 4𝛽6𝑖 𝛾2𝑗 𝑎8 + 6𝛽4𝑖 𝛾4𝑗 𝑎8 + 4𝛽2𝑖 𝛾6𝑗 𝑎8
− 256𝜋6𝑏6𝑎2𝛽2𝑖 + 96𝜋4𝑏4𝛽4𝑖 𝑎4 + 96𝜋4𝑏4𝛾4𝑗 𝑎4
− 16𝜋2𝑎6𝑏2𝛽6𝑖 + 16𝛾6𝑗𝜋2𝑏2𝑎6 + 𝛾8𝑗 𝑎8 + 𝛽8𝑖 𝑎8
+ 256𝜋8𝑏8 + 256𝜋6𝑏6𝛾2𝑗 𝑎2)−1 ,

𝑎(8)𝑖𝑗 = 12𝛽𝑗𝑏4𝑎𝑟𝑗𝑤𝑗𝑤𝑖𝑎4𝛾𝑖 (16𝜋4𝑏4 + 24𝛾2𝑖 𝜋2𝑏2𝑎2
− 8𝜋2𝑎2𝑏2𝛽2𝑗 + 5𝛾4𝑖 𝑎4 − 10𝛾2𝑖 𝛽2𝑗𝑎4 + 𝛽4𝑗𝑎4)
⋅ (−64𝜋4𝛾2𝑖 𝛽2𝑗𝑎4𝑏4 + 16𝜋2𝛾4𝑖 𝛽2𝑗𝑎6𝑏2
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− 16𝜋2𝛾2𝑖 𝛽4𝑗𝑎6𝑏2 + 4𝛾6𝑖 𝛽2𝑗𝑎8 + 6𝛾4𝑖 𝛽4𝑗𝑎8 + 4𝛾2𝑖 𝛽6𝑗𝑎8
+ 𝛽8𝑗𝑎8 + 𝛾8𝑖 𝑎8 + 256𝜋6𝑏6𝛾2𝑖 𝑎2 − 256𝜋6𝑏6𝑎2𝛽2𝑗
+ 96𝜋4𝑏4𝛾4𝑖 𝑎4 + 96𝜋4𝑏4𝛽4𝑗𝑎4 + 16𝛾6𝑖 𝜋2𝑏2𝑎6
− 16𝜋2𝑎6𝑏2𝛽6𝑗 + 256𝜋8𝑏8)−1 ,

𝑒(8)𝑖𝑗 = 12𝛾𝑗𝑏4𝑤𝑗𝑎𝑟𝑖𝑤𝑖𝑎4𝛽𝑖 (16𝜋4𝑏4 − 24𝜋2𝑎2𝑏2𝛽2𝑖
+ 8𝛾2𝑗𝜋2𝑏2𝑎2 + 5𝛽4𝑖 𝑎4 − 10𝛽2𝑖 𝛾2𝑗 𝑎4 + 𝛾4𝑗 𝑎4)
⋅ (−64𝜋4𝛽2𝑖 𝛾2𝑗 𝑎4𝑏4 − 16𝜋2𝛽4𝑖 𝛾2𝑗 𝑎6𝑏2
+ 16𝜋2𝛽2𝑖 𝛾4𝑗 𝑎6𝑏2 + 4𝛽6𝑖 𝛾2𝑗 𝑎8 + 6𝛽4𝑖 𝛾4𝑗 𝑎8 + 4𝛽2𝑖 𝛾6𝑗 𝑎8
− 256𝜋6𝑏6𝑎2𝛽2𝑖 + 256𝜋6𝑏6𝛾2𝑗 𝑎2 + 𝛾8𝑗 𝑎8
+ 96𝜋4𝑏4𝛽4𝑖 𝑎4 + 96𝜋4𝑏4𝛾4𝑗 𝑎4 − 16𝜋2𝑎6𝑏2𝛽6𝑖
+ 16𝛾6𝑗𝜋2𝑏2𝑎6 + 𝛽8𝑖 𝑎8 + 256𝜋8𝑏8)−1 ,

𝑎(9)𝑖𝑗 = 12
𝑤𝑖𝑤𝑗𝑎𝑟𝑖 𝑎𝑟𝑗𝑏4𝛽2𝑖 (3𝛽2𝑗 + 𝛽2𝑖 )−3𝛽4𝑖 𝛽2𝑗 + 3𝛽2𝑖 𝛽4𝑗 + 𝛽6𝑖 − 𝛽6𝑗 ,

𝑎(10)𝑖𝑗 = −12
𝑤𝑖𝑤𝑗𝑎𝑟𝑖 𝑎𝑟𝑗𝑏4𝛽𝑖𝛽𝑗 (3𝛽2𝑖 + 𝛽2𝑗)−3𝛽4𝑖 𝛽2𝑗 + 3𝛽2𝑖 𝛽4𝑗 + 𝛽6𝑖 − 𝛽6𝑗 ,

𝑎(11)𝑖𝑗 = −12𝛽2𝑖 𝑎4𝑤𝑖𝑎𝑟𝑖𝑤𝑗𝑎𝑟𝑗𝑏4 (−24𝜋2𝑎2𝑏2𝛽2𝑗
+ 10𝛽2𝑖 𝛽2𝑗𝑎4 + 5𝛽4𝑗𝑎4 + 16𝜋4𝑏4 − 8𝜋2𝑎2𝑏2𝛽2𝑖
+ 𝛽4𝑖 𝑎4) (64𝛽2𝑖 𝛽2𝑗𝜋4𝑎4𝑏4 + 16𝛽4𝑖 𝛽2𝑗𝜋2𝑎6𝑏2
+ 16𝛽2𝑖 𝛽4𝑗𝜋2𝑎6𝑏2 − 4𝛽6𝑖 𝛽2𝑗𝑎8 + 6𝛽4𝑖 𝛽4𝑗𝑎8
− 4𝛽2𝑖 𝛽6𝑗𝑎8 − 256𝜋6𝑏6𝑎2𝛽2𝑖 − 256𝜋6𝑏6𝑎2𝛽2𝑗
+ 96𝜋4𝑏4𝛽4𝑖 𝑎4 + 96𝜋4𝑏4𝛽4𝑗𝑎4 − 16𝜋2𝑎6𝑏2𝛽6𝑖
− 16𝜋2𝑎6𝑏2𝛽6𝑗 + 𝛽8𝑗𝑎8 + 𝛽8𝑖 𝑎8 + 256𝜋8𝑏8)−1 ,

𝑎(12)𝑖𝑗 = −12𝛽2𝑖 𝑎4𝑤𝑖𝑎𝑟𝑖𝑤𝑗𝑎𝑟𝑗𝑏4 (−24𝜋2𝑎2𝑏2𝛽2𝑗
+ 10𝛽2𝑖 𝛽2𝑗𝑎4 + 5𝛽4𝑗𝑎4 + 16𝜋4𝑏4 − 8𝜋2𝑎2𝑏2𝛽2𝑖
+ 𝛽4𝑖 𝑎4) (64𝛽2𝑖 𝛽2𝑗𝜋4𝑎4𝑏4 + 16𝛽4𝑖 𝛽2𝑗𝜋2𝑎6𝑏2
+ 16𝛽2𝑖 𝛽4𝑗𝜋2𝑎6𝑏2 − 4𝛽6𝑖 𝛽2𝑗𝑎8 + 6𝛽4𝑖 𝛽4𝑗𝑎8
− 4𝛽2𝑖 𝛽6𝑗𝑎8 − 256𝜋6𝑏6𝑎2𝛽2𝑖 − 256𝜋6𝑏6𝑎2𝛽2𝑗
+ 96𝜋4𝑏4𝛽4𝑖 𝑎4 + 96𝜋4𝑏4𝛽4𝑗𝑎4 − 16𝜋2𝑎6𝑏2𝛽6𝑖
− 16𝜋2𝑎6𝑏2𝛽6𝑗 + 𝛽8𝑗𝑎8 + 𝛽8𝑖 𝑎8 + 256𝜋8𝑏8)−1 ,

𝑎(13) = 𝛾𝑖𝛽𝑖𝑎2𝑤2𝑖 𝜋2𝑎𝑟𝑖 𝑏2 (−16𝜋2𝑎2𝑏2𝛽2𝑖 − 10𝛾2𝑖 𝛽2𝑖 𝑎4
+ 3𝛽4𝑖 𝑎4 + 16𝜋2𝛾2𝑖 𝑏2𝑎2 + 3𝛾4𝑖 𝑎4 + 16𝜋4𝑏4) (𝛽8𝑖 𝑎8
+ 96𝜋4𝑏4𝛽4𝑖 𝑎4 − 16𝜋2𝑎6𝑏2𝛽6𝑖 + 96𝜋4𝑏4𝛾4𝑖 𝑎4
+ 16𝛾6𝑖 𝜋2𝑏2𝑎6 + 256𝜋6𝑏6𝛾2𝑖 𝑎2 − 256𝜋6𝑏6𝛽2𝑖 𝑎2
+ 6𝛾4𝑖 𝛽4𝑖 𝑎8 + 4𝛾2𝑖 𝛽6𝑖 𝑎8 + 4𝛾6𝑖 𝛽2𝑖 𝑎8 + 256𝜋8𝑏8
+ 𝛾8𝑖 𝑎8 − 64𝛾2𝑖 𝛽2𝑖 𝑎4𝜋4𝑏4 + 16𝛾4𝑖 𝛽2𝑖 𝑎6𝜋2𝑏2
− 16𝛾2𝑖 𝛽4𝑖 𝑎6𝜋2𝑏2)−1 ,

𝑏(13) = 𝑎2𝑤2𝑖 𝜋2𝑎𝑟𝑖 𝑏2 (16𝜋4𝑏4𝛽2𝑖 − 16𝜋4𝑏4𝛾2𝑖
− 8𝜋2𝑏2𝛾4𝑖 𝑎2 − 8𝜋2𝑏2𝛽4𝑖 𝑎2 + 48𝜋2𝑏2𝛾2𝑖 𝛽2𝑖 𝑎2
− 15𝛾2𝑖 𝛽4𝑖 𝑎4 + 𝛽6𝑖 𝑎4 − 𝛾6𝑖 𝑎4 + 15𝛾4𝑖 𝛽2𝑖 𝑎4) (𝛽8𝑖 𝑎8
+ 96𝜋4𝑏4𝛽4𝑖 𝑎4 − 16𝜋2𝑎6𝑏2𝛽6𝑖 + 96𝜋4𝑏4𝛾4𝑖 𝑎4
+ 16𝛾6𝑖 𝜋2𝑏2𝑎6 + 256𝜋6𝑏6𝛾2𝑖 𝑎2 − 256𝜋6𝑏6𝛽2𝑖 𝑎2
+ 6𝛾4𝑖 𝛽4𝑖 𝑎8 + 4𝛾2𝑖 𝛽6𝑖 𝑎8 + 4𝛾6𝑖 𝛽2𝑖 𝑎8 + 256𝜋8𝑏8
+ 𝛾8𝑖 𝑎8 − 64𝛾2𝑖 𝛽2𝑖 𝑎4𝜋4𝑏4 + 16𝛾4𝑖 𝛽2𝑖 𝑎6𝜋2𝑏2
− 16𝛾2𝑖 𝛽4𝑖 𝑎6𝜋2𝑏2)−1 ,

𝑐(13) = − 𝑤2𝑖 𝜋2𝑎𝑟𝑖 𝛽𝑖𝛾𝑖𝑏2(𝛽4𝑖 + 2𝛾2𝑖 𝛽2𝑖 + 𝛾4𝑖 ) 𝑎2 ,

𝑑(13) = 12
𝑤2𝑖 𝜋2𝑎𝑟𝑖 (𝛽2𝑖 − 𝛾2𝑖 ) 𝑏2(𝛽4𝑖 + 2𝛾2𝑖 𝛽2𝑖 + 𝛾4𝑖 ) 𝑎2 ,

𝑒(13) = 132
𝑤2𝑖 (𝑎𝑟𝑖 2𝛽2𝑖 + 𝛾2𝑖 ) 𝑎2𝜋2𝑏2 ,

𝑓(13) = 132
𝑤2𝑖 𝜋2𝑏2𝑎2𝛾2𝑖 ,

𝑔(13) = 132
𝑤2𝑖 𝜋2𝑎𝑟𝑖 2𝑏2𝑎2𝛽2𝑖 .

(A.2)

The coefficients given in (18a) and (18b) can be expressed as

𝐴1 = 2𝑤1𝑤2𝑎2𝑏2 (91𝑎4 + 80𝑎2𝑏2 + 16𝑏4)81𝑎8 + 720𝑎6𝑏2 + 1888𝑎4𝑏4 + 1280𝑎2𝑏6 + 256𝑏8 ,
𝐴2 = 12

𝑤1𝑤2𝑎2𝑏2 (365𝑎4 + 328𝑎2𝑏2 + 80𝑏4)81𝑎8 + 720𝑎6𝑏2 + 1888𝑎4𝑏4 + 1280𝑎2𝑏6 + 256𝑏8 ,
𝐵1 = 316

𝑤1𝑤3𝑎2𝑏2 (21𝑎4 + 10𝑎2𝑏2 + 𝑏4)16𝑎8 + 40𝑎6𝑏2 + 33𝑎4𝑏4 + 10𝑎2𝑏6 + 𝑏8 ,
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𝐵2 = 116
𝑤1𝑤3𝑏2 (65𝑎4 + 34𝑎2𝑏2 + 5𝑏4)16𝑎8 + 40𝑎6𝑏2 + 33𝑎4𝑏4 + 10𝑎2𝑏6 + 𝑏8 ,

𝐶1
= 6𝑤2𝑤3𝑎2𝑏2 (651𝑎4 + 208𝑎2𝑏2 + 16𝑏4)625𝑎8 + 5200𝑎6𝑏2 + 11616𝑎4𝑏4 + 3328𝑎2𝑏6 + 256𝑏8 ,
𝐶2
= 12

𝑤2𝑤3𝑎2𝑏2 (7813𝑎4 + 2504𝑎2𝑏2 + 208𝑏4)625𝑎8 + 5200𝑎6𝑏2 + 11616𝑎4𝑏4 + 3328𝑎2𝑏6 + 256𝑏8 ,
𝐴3 = −29 𝑤1𝑤2𝑏

2

𝑎2 ,
𝐴4 = − 518 𝑤1𝑤2𝑏

2

𝑎2 ,
𝐵3 = − 364 𝑤1𝑤3𝑏

2

𝑎2 ,
𝐵4 = − 564 𝑤1𝑤3𝑏

2

𝑎2 ,
𝐶3 = − 625 𝑤2𝑤3𝑏

2

𝑎2 ,
𝐶4 = −1350 𝑤2𝑤3𝑏

2

𝑎2 ,
𝐴5 = 116 𝑤

2
1𝑏2𝑎2 ,

𝐴6 = 164 𝑤
2
2𝑏2𝑎2 ,

𝐴7 = 1144
𝑤23𝑏2𝑎2 ,

𝑊𝑐 = 132
𝑎2 (𝑤21 + 4𝑤22 + 9𝑤23)𝑏2 .

(A.3)
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