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The industry has embraced self-compacting concrete (SCC) to overcomedeficiencies related to consolidation, improve productivity,
and enhance safety and quality. Due to the large deformation at the flowing process of SCC, an enhanced Lagrangian particle-
based method, Smoothed Particles Hydrodynamics (SPH) method, though first developed to study astrophysics problems, with
its exceptional advantages in solving problems involving fragmentation, coalescence, and violent free surface deformation, is
developed in this study to simulate the flow of SCC as a non-Newtonian fluid to achieve stable results with satisfactory convergence
properties. Navier-Stokes equations and incompressible mass conservation equations are solved as basics. Cross rheological model
is used to simulate the shear stress and strain relationship of SCC.Mirror particlemethod is used for wall boundaries.The improved
SPH method is tested by a typical 2D slump flow problem and also applied to L-box test. The capability and results obtained from
this method are discussed.

1. Introduction

Industrialization of construction is the main trend in sci-
entific and technical progress in construction, including
the extensive use of prefabricated factory-finished elements
and the conversion of production into a mechanized and
continuously flowing process of assembly and installation of
buildings and structures made of prefabricated assemblies
and elements. It will lead to higher-quality materials and
more cost-effectiveness and energy efficiency for infrastruc-
ture construction. Self-consolidating concrete (SCC) is a
thixotropic mixture, created by tailoring different materials
and securing excellent deformability and adequate resistance
to segregation to insure the exceptional rheology behavior of
concrete [1]. The industry has embraced SCC to overcome
deficiencies related to consolidation, improve productivity,
and enhance safety and quality. To follow up the demanding
for the exceptional flowability of SCC to further improve

its filling behavior and improve the performance of SCC,
it is essential to fully understand its flow behavior and the
infilling characteristics. Such understanding could further
improve the prediction of the infilling behavior of SCC with
the presence of reinforcing steel distributed with high density
or formwork in complex and irregular shapes. To achieve
such purpose, simulation may serve as an effective tool in the
understanding as well as determining the desired rheological
performance of SCC.

While simulation is a mature science in homogeneous
fluids, simulation of the flow of SCC is difficult because of
the need to track the boundaries between the liquid and solid
phases. Few previous studies have focused on finding the rhe-
ological material model for certain paste or concrete [2–4].

In considering the large deformation nature of SCC flow
and great complexity of concrete-infilling behavior, the con-
ventional methods such as discrete element method (DEM)
andfinite elementmethod (FEM)have two critical drawbacks
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including the limitations in modeling free surfaces and
nonguaranteed conservation of mass.The recently developed
Smoothed Particles Hydrodynamics (SPH) method offers
a glimpse of the future of fresh concrete flow simulation.
Although SPH was first developed to study astrophysics
problems [5, 6], it has exceptional advantages in enabling
the simulation of flow and infilling behavior. It has been
used to study wave-structure interactions for Newtonian
flow [7–9]. It has also been successfully used to simulate
non-Newtonian flow such as in metal forming [10], the
impacting droplet [11], blood-vessel interaction [12], and
Couette flow [13]. In one case, it was employed to simulate the
slump of concrete [14]. In comparison with other methods,
the SPH method can solve the two issues encountered in
DEM and FEM. The SPH method has advantages in solving
problems involving fragmentation and coalescence and vio-
lent free surface deformation and has the potential to link
rheology and the infilling behavior of concrete. Therefore,
the particle-based Lagrangian technique-SPH method is a
promisingmethod to simulate the flow of SCC as a non-New-
tonian.

However, the existing SPH still has limitations when
applied to non-Newtonian fluid. Firstly, it cannot measure
the velocity divergence and pressure gradient accurately. Sec-
ondly, it cannot treat the nonslip boundary condition exactly,
which is an issue for SSC. Hence, further enhancement of
the existing SPH method will be the focus of this study
fluid to achieve accurate and stable results with satisfactory
convergence properties. And the improved SPH algorithm
is tested by a typical 2D slump flow problem and then
applied for an L-box flow problem. The SCC is modeled
using Cross rheological model. The capability and results
obtained from this method are discussed. The simulation
provides reasonable good agreement with available data from
the literature. The findings may be of engineering interests in
view of the flowability and pressure caused by fresh SCC on
structures.

2. Mathematical Model and SPH Formulation

2.1. Governing Equation. In the current study, the SCC is
assumed as viscous non-Newtonian fluid, which is governed
by the Navier-Stokes (NS) equation.The 2D Lagrangian form
is [14, 17]

∇ ⋅ u⃗ = 0, (1)

𝐷u⃗
𝐷𝑡

= −
1

𝜌
∇𝑝 + g⃗ + 1

𝜌
∇⋅
⇒

𝜏 , (2)

where𝜌 is fluid density, 𝑡 is time, u⃗ = (𝑢, V) is velocity vector,𝑝
is pressure, g⃗ = (𝑔

𝑥
, 𝑔
𝑦
) is gravitational acceleration,𝐷(⋅)/𝐷𝑡

is Lagrangian operator, which is the total time derivative, ∇
is gradient operator, and ⇒𝜏 is shear stress tensor. The shear
stress tensor is related to the strain tensor ⇒𝛾 as

𝜏
𝑖𝑗
= 𝜏
𝑗𝑖
= 𝜇eff𝛾𝑖𝑗, (3)

where 𝜇eff is effective viscosity, 𝜏
𝑖𝑗
and 𝛾
𝑖𝑗
are the components

of ⇒𝜏 and ⇒𝛾 , respectively, and 𝛾
𝑖𝑗
is defined as

𝛾
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For non-Newtonian fluid, the relationship of shear stress
and strain is nonlinear, which means the effective viscosity
is not a constant. This relationship may be modeled by
many numerical models including the Cross model [14], the
Bingham-plastic model [18–20], and the power-law model
[17]. In the current study, the Cross model is used, which can
be expressed as follows [14]:

𝜇eff =
𝜇
0
+ 𝐾𝜇
𝐵
�̇�

1 + 𝐾�̇�
, (5)

where 𝜇
𝐵
is plastic viscosity, 𝜇

0
= 1000𝜇

𝐵
, 𝐾 = 𝜇

0
/𝜏
𝐵
, and 𝜏

𝐵

is yield stress. �̇� is the strain rate and generally defined as the
second invariant of the shear strain as
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In 2D case,
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2.2.The Solution Algorithm. The SCC flow is the incompress-
ible flow and (1) and (2) can be solved by the explicit three-
step projection scheme [17]. At the first step, (2) is solved by
only considering the body force and neglecting other forces.
An intermediate velocity is computed as

u⃗∗
𝑛+1

= u⃗∗
𝑛
+ g⃗Δ𝑡, (8)

where the subscript 𝑛 denotes the time step. At the second
step, the computed intermediate velocity is used to compute
the strain rate, the effective viscosity, and the divergence of
the shear stress:

1

𝜌
∇ ⋅
⇒

𝜏 = S⃗. (9)

At the end of the second step, the second intermediate
velocity is computed by

u⃗∗∗
𝑛+1

= u⃗∗
𝑛+1

+ S⃗Δ𝑡 = u⃗∗
𝑛
+ (g + S⃗) Δ𝑡. (10)

The position is updated as

r⃗∗∗
𝑛+1

= r⃗
𝑛
+ u⃗∗∗
𝑛+1
Δ𝑡, (11)

where r⃗ = (𝑥, 𝑦) is the position vector.The following pressure
Poisson equation is solved to get the pressure, which is needed
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to enforce the incompressibility [21]:

∇ ⋅ (
1

𝜌
∇𝑝) =

∇ ⋅ u⃗∗∗
𝑛+1

Δ𝑡
. (12)

At the third step, the computed pressure is added to (2) to get
a divergence-free velocity field at time 𝑛 + 1:

u⃗
𝑛+1

= u⃗∗∗
𝑛+1

− (
1

𝜌
∇𝑝)Δ𝑡. (13)

The position at 𝑛 + 1 time step is computed as

r⃗
𝑛+1

= r⃗
𝑛
+
1

2
(u⃗
𝑛
+ u⃗
𝑛+1
) Δ𝑡. (14)

2.3. The SPH Formulation. The SPH is an interpolation
method, which transforms the Partial Difference Equation
(PDE) to integration form and allows any function to be
expressed in terms of the value at a set of disordered particles.
Following Gingold and Monaghan [5], a function𝑓(r⃗) at
location r⃗ can be defined by

𝑓 (r⃗) = ∫
Ω

𝑓 (r⃗)𝑊(

r⃗ − r⃗ , ℎ) 𝑑r⃗



, (15)

where the integration is computed over the entire domainΩ,
|r⃗ − r⃗| is the scalar distance between r⃗ and r⃗, ℎ is smoothing
length, and𝑊 is interpolation kernel or kernel (smoothing)
function.

The SCC domainmay be represented by discrete particles
and (15) can in turn be converted to the discretized formusing
the properties of all the particles inside the support domain
as

𝑓 (r⃗
𝑎
) = ∑

𝑏

𝑓 (r⃗
𝑏
)𝑊 (𝑟
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𝑓
𝑏
𝑊
𝑎𝑏
𝑉
𝑏
, (16)

where 𝑏 represents the particle inside the support domain, 𝑓
𝑏

is the value of function 𝑓(r⃗) at location r⃗
𝑏
, 𝑟
𝑎𝑏
= |r⃗
𝑎𝑏
| = |r⃗
𝑎
−

r⃗
𝑏
| is the distance between particle 𝑎 and 𝑏,𝑊

𝑎𝑏
is the kernel

value or contribution, and 𝑉
𝑏
is the volume of particle 𝑏.

In the current study, the quintic kernel function [22] is
used and can be expressed as

𝑊(𝑞) = 𝛼
𝐷
(1 −

𝑞

2
)

4

(2𝑞 + 1) 0 ≤ 𝑞 ≤ 2, (17)

where 𝛼
𝐷
= 7/(4𝜋ℎ

2
), 𝑞 = 𝑟

𝑎𝑏
/ℎ, and ℎ is the smoothing

length.The order of quintic kernel function is higher than the
widely used cubic spline kernel function [14, 17, 23]. Hence,
it has smoother kernel value and the first derivate, which is
important for kernel interpolation and derivate computation.

Many forms have been proposed to evaluate the gradient
anddivergence in the SPH literatures. In the current study, the
velocity divergence is computed by the antisymmetric form to

improve the accuracy [23, 24]:
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→
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is the kernel gradient. The pressure gradient is evaluated
by the symmetric form to conserve the linear and angular
momentum [14, 17, 18]:

∇𝑝
𝑎
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The Laplacian operator in the pressure Poisson equation is
formulated as a hybrid of a standard SPH first derivative with
a finite difference approximation for the first derivative [17,
20]:
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where 𝑃
𝑎𝑏

= 𝑃
𝑎
− 𝑃
𝑏
and 𝜂 = 0.01ℎ is a small number

introduced to keep the denominator no-zero.
The gradient of shear stress is computed similar to the

pressure gradient and can be expressed by
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The smoothing length is an important parameter for SPH
simulation, which influences the accuracy of SPH interpo-
lation. For particles near the free surface, which has less
neighboring particles, due to the absence of particles above
the free surface, the number of neighboring particles is less
than the inner particles. This may cause the accuracy of SPH
interpolation to be reduced. In this paper, the smoothing
length of the particle changes depended on the neighboring
particle number (e.g., 𝑛min = 40) and the smoothing length
expands with the following scheme for each step:

(1) The particle assigns the initial smoothing length
ℎ = 2Δ, where Δ is the particle size. The particle
computes the number of neighboring particles (𝑁)
using smoothing length ℎ.

(2) If 𝑁 > 𝑛min, the particle’s smoothing length for
current step is ℎ = 2Δ.

(3) If𝑁 < 𝑛min, the particle increases the smoothing with
ℎnew = ℎ+Δℎ = ℎ+Δ/100 and computes the number
of neighboring particles𝑁.

(4) The particle will continue to increase the smoothing
length until the smoothing length becomes larger
than 3Δ or the number of neighboring particles
becomes larger than𝑁.

The abovementioned algorithm has two advantages. The first
is that the particles, especially those near the free surface,
have more neighboring particles, and the accuracy of the
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Figure 1: The initial configuration of the placement for slump flow.

kernel interpolation will be increased. The second is that
the smoothing length is linearly distributed and only 101
smoothing lengthswere used. It is easy to construct the kernel
table and each particle saves the index of the kernel table by
the smoothing length. In the simulation, the kernel properties
(𝛼
𝐷
in (17)) can be easily gotten by indexing the smoothing

table.

2.4. The Boundary Condition. There are several methods to
model the boundary condition including the virtual force
method [14], the fixed wall particle method [9, 14, 17], and
the mirror particle method [21, 24–26]. Compared with the
virtual force method, the mirror particle method can predict
accurate pressure near the wall boundary and it can further
reduce the pressure oscillation [25]. Compared with the fixed
wall particle method, the mirror particles are mirrored from
the fluid particles instead of solving the NS equations. Hence,
the number of particles in the NS equation is less than the
fixed wall particle method and can save the simulation time.
By considering the advantages of mirror particle method, it
is adopted in current study to treat the wall boundary. The
position of the mirror particles is computed by mirroring the
SCC particles.The volume, density, and effective viscosity are
set equal to their reference SCC particles. The velocity of the
mirror particle is set to zero to simulate the partial slip of
wall boundary condition. The pressure of the mirror particle
is computed by 𝑝

𝑚
= 𝑝
𝑠
+ 𝜌
𝑠
r⃗
𝑚𝑠
⋅ g⃗, where the subscripts 𝑚

and 𝑠 denote the mirror and SCC particle, respectively.

3. Applications in SCC Modeling

In this section, the improved SPH model is applied to a
benchmark slump test model to simulate the slum flow of
SCC to demonstrate the capability of the proposed model in
SCC flow modeling. And the model is also used to simulate
the filling ability of SCC by using the L-box test.

3.1. Slump Test. Figure 1 illustrates the configuration of the
slump cone which is used for slump testing according to BS
EN 12350-8. Numerical simulation of the SCC flow is carried
out in two-dimensional configurations.

The SCC is a high performance mix and the density
and rheological properties of SCC used for slump test are
presented in Table 1 [16]. The mixture has a plastic viscosity

Table 1: Density and rheological properties of SCC for simulation
[16].

Density (kg/m3) Plastic viscosity (Pa s) Yield stress (Pa)
SCC 2380 48.4 56.3

at 4 Pa⋅s and yield stress at 200 Pa with the density at
2380 kg/m3.

The simulation domain is discretized by particles with
size Δ = 2mm; in total, 11268 particles are involved in
the simulation. The particle size was selected after the con-
vergence study was done. The time step size is dynamically
adjusted according to the CFL number (equal to 0.2 in
this study). The slump cone movement is important for the
simulation results. In order to keep the consistency with BS
EN 12350-8 standard and considering the numerical stability,
the slump cone is initially located 0.01m above the bottom.
As the simulation starts, the slump cone is fixed at the first
0.1 s. At 𝑡 = 0.1 s, it starts to move upward with fixed speed
of 0.1m/s until the simulation finishes. It is important for the
slump cone to keep the 0.01mdistance from the bottom. If the
slump cone put on the bottom, there will be no free surface in
the domain and the Poisson equation is difficult to solve. The
slump cone starts to move at 0.1 s as assumed.That means the
slump cone initially located at the bottom and in 0.1 s it moves
0.01m to compensate the difference with the standard.

Figures 2–4 show the various stages of the 2D flow
profile during the numerical simulations of slump test of
SCC including the contour of the distribution of the velocity,
pressure, and the shear strain rate, respectively. It is evident
from the results that the improved SPH method is able to
characterize the flow of SCC at different stages. It should
be also noted that the initial profiles of the free surfaces are
affected by themotion of the slump conewith its fast removal.
The available experimental test data from literature [21] is
used for comparison. The model is capable of capturing all
the key characteristics of the SCCflow including the pressure,
velocity, shear strain rate, and viscosity at different locations.
However, only the spread value is available for comparison.
By comparing the spread value from the simulation results
with the test value, the simulation provides reasonable agree-
ment with the experimental results with less than 20% of
discrepancies.

3.2. L-Box Test. In order to understand the filling ability in
addition to the flow characteristics of SCC, the classic L-
box filling test is also simulated by using the improved SPH
method. Figure 5 illustrates the configuration of the physical
L-box test and its dimension. The apparatus consists of
rectangular section box in the shape of an “L,” with a vertical
and horizontal section, separated by a movable gate, in front
of which vertical lengths of reinforcement bar are fitted. The
vertical section is filled with concrete, and then the gate was
lifted to let the concrete flow into the horizontal section.This
test is to measure the filling and passing ability of concrete
to flow through tight obstructions without segregation or
blocking.
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Figure 2: The velocity distribution during slump flow.

The same SCC mix properties as presented in Table 1 are
used for L-box model. The mixture has a plastic viscosity
at 4 Pa⋅s and yield stress at 200 Pa with the density at
2380 kg/m3. Figures 6–8 present the distribution of velocity,
pressure, and strain rate during the flow of SCC in an L-box,
at 0.2 s, 0.6 s, 1.5 s, and 10 s, respectively. It can be observed

that, due to the friction between the SCC and the wall, the
particles very close to the wall surfaces take longer time to
flow. The flowing and filling ability of the SCC can be well
captured by this model.

The simulation domain is discretized by particles with
size Δ = 2mm; in total, 18000 particles are involved in
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Figure 3: The pressure distribution during slump flow.

the simulation. The particle size was selected after the con-
vergence study was done. The time step size is dynamically
adjusted according to the CFL number (equal to 0.2 in this
study).

4. Conclusions
Due to the large deformation at the flowing process of
SCC, an enhanced Lagrangian particle-based method—an
improved SPH method—with its exceptional advantages
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Figure 4: The shear strain rate distribution during slump flow.
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Figure 5: The configuration of the L-box test for SCC [15].

0.6

0.5

0

0.3

0.4

0.1

0.2

z
(m

)

Time = 0.200 s

0.2 0.3 0.50.4 0.6 0.70.10

Vel (m/s)

x (m)

0 0.05 0.1 0.15 0.2 0.25 0.3

(a) 𝑡 = 0.2 sec

0.6

0.5

0

0.3

0.4

0.1

0.2

z
(m

)

Time = 0.600 s

0.2 0.3 0.50.4 0.6 0.70.10

Vel (m/s)

x (m)

0 0.05 0.1 0.15 0.2 0.25 0.3

(b) 𝑡 = 0.6 sec
0.6

0.5

0

0.3

0.4

0.1

0.2

z
(m

)

Time = 1.500 s

0.2 0.3 0.50.4 0.6 0.70.10

Vel (m/s)

x (m)

0 0.05 0.1 0.15 0.2 0.25 0.3

(c) 𝑡 = 1.5 sec

0.6

0.5

0

0.3

0.4

0.1

0.2

z
(m

)

Time = 9.990 s

0.2 0.3 0.50.4 0.6 0.70.10

Vel (m/s)

x (m)

0 0.05 0.1 0.15 0.2 0.25 0.3

(d) 𝑡 = 10 sec
Figure 6: Simulation of L-box testing for SCC with velocity distribution.
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Figure 7: Simulation of L-box testing for SCC with pressure distribution.

in solving problems involving fragmentation, coalescence,
and violent free surface deformation is developed in this
study to simulate the flow of SCC as a non-Newtonian
fluid to achieve stable results with satisfactory convergence
properties. Navier-Stokes equations and incompressiblemass
conservation equations are solved as basics. Cross rheolog-
ical model is used to simulate the shear stress and strain
relationship of SCC. Mirror particle method is used for
wall boundaries. The improved SPH method is tested by a
typical 2D slump flow problem and also applied to L-box
flowing problem. The results obtained from this method

are reasonably agreeing with the experimental data. This
enables the modeling of the flow of SCC by enhancing the
current particle method and also provides an efficient tool to
estimate the lateral pressure of the SCC exerted on structures.
Moreover, it will benefit the industry and practical concrete
applications by using this method to estimate the flowability,
the mould filling performance of concrete, and also the
interactions between the concrete and mould during casting.
The proposedmethod could also become an efficient method
to study the mix design to optimize the workability of the
concrete.
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Figure 8: Simulation of L-box testing for SCC with shear strain rate distribution.
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