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Recently, ultra high performance fiber reinforced concrete (UHPFRC) has been developed to attain considerably increased
compressive cracking strength and ductile tensile behavior with high tensile strength through adding straight steel fibers in concrete
mixture. Although benefits with UHPFRC were investigated through experimental program, it is difficult to predict structural
behavior ofUHPFRCmembers since theoretical approaches are limited. In this paper, inverse analysis procedure has been proposed
for a three-point bending test with notched UHPFRC beams so that tensile behavior of UHPFRC could be rationally evaluated.
On the inverse analysis procedure, failure mode of the UHPFRC beam was simplified and the simplified diverse embedment
model (SDEM) was employed. To verify the proposed inverse analysis procedure, UHPFRC beams with a notch were analyzed
with the tensile behavior of UHPFRC evaluated through the inverse analysis procedure. The analytical predictions showed good
agreement with the load-crack mouth opening displacement (CMOD) responses measured through the three-point bending test.
Consequently, it can be concluded that UHPFRC tensile behavior can be rationally evaluated through the proposed inverse analysis
procedure.Theproposed inverse analysis procedure can be useful in relevant research areas such as development of advanced design
approaches or computational methods for UHPFRC members.

1. Introduction

To overcome brittle behavior of concrete after cracking, a
number of researches have been conducted to use fiber rein-
forced concrete as a structural member [1–6]. It is well known
that fiber reinforced concrete can exhibit ductile behavior
even after cracking because of fibers bridging cracks. Fiber
reinforced concrete can be divided into two categories as
presented in Figure 1 [7]: conventional fiber reinforced con-
crete and high performance fiber reinforced concrete (noted
as FRC and HPFRC in the figure, resp.). Conventional fiber
reinforced concrete usually exhibits softening behavior with
a single dominant crack since tensile stress due to fibers is less
than cracking strength of concretematrix. On the other hand,
high performance fiber reinforced concrete exhibits stiffening
behavior withmultiple cracks since tensile stress due to fibers
is larger than cracking strength of concrete matrix.

To predict structural behavior of fiber reinforced concrete
members, a simple model is required to represent the tensile
behavior of fiber reinforced concrete.Through literatures [8–
11], tensile stress attained by fibers was evaluated by consid-
ering random distribution of fiber inclination angle and
fiber embedment length together. In general, it was funda-
mentally assumed that bond stress along fibers was uniform.
Advanced from the previous models, the diverse embedment
model (DEM) [12, 13] and the Simplified DEM (SDEM)
[14] have been developed with consideration of fiber types
such as straight and end-hooked types. Based on the DEM
and SDEM, structural behavior of fiber reinforced concrete
members with rebars could be more rationally predicted
through considering stress distribution in a member and
through development of analysis procedure [15, 16]. Although
many models were developed as summarized here, they were
primarily focused on fiber reinforced concrete exhibiting
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Figure 1: Tensile behavior of concrete, FRC, and HPFRC [7].

softening behavior, whereas theoretical models for higher
performance fiber reinforced concrete are still limited.

Recently, ultra high performance fiber reinforced con-
crete (UHPFRC) has been developed, in which coarse aggre-
gate was not included in mixture [17]. UHPFRC can exhibit
very high compressive strength more than 150MPa and
ductile tensile behavior with well-distributedmultiple cracks.
Owning to the characteristics of UHPFRC, it was investi-
gated through experimental programs [18, 19] that structural
members with UHPFRC exhibited good performance under
flexure or shear even with relatively small amount of rebars.
Although advantages ofUHPFRCwere experimentally inves-
tigated, theoretical approaches to predict structural behavior
of UHPFRC members are very limited.

In this paper, to evaluate tensile behavior of UHPFRC
which is one of the most important aspects in analytical pre-
dictions for structural behavior, an inverse analysis procedure
is proposed so that the tensile behavior of UHPFRC can
be rationally evaluated from three-point bending test results
with UHPFRC beams which have a notch at the bottom of
themid-point section. To verify the proposed inverse analysis
procedure, test results are compared with analytical predic-
tions based on the tensile behavior of UHPFRC evaluated
through the proposed inverse analysis procedure.

2. Inverse Analysis of UHPFRC
Beams with a Notch

2.1. Section Analysis of UHPFRC Beams with a Notch. One of
the most important characteristics of UHPFRC is postcrack
tensile behavior when structural behavior of members with
UHPFRC is theoretically predicted or investigated. On eval-
uation of tensile behavior of UHPFRC, it is preferred to
conduct three-point bending test for a notched beam with
a rectangular section as adopted by Yang et al. [18] since
the test method is relatively easier than direct tension test
with dog-bone shaped specimens [21]. In the case of the
bending test, the tensile behavior of UHPFRC can be inferred
from test results such as applied load-CMOD (crack mouth
opening displacement) response. Recently, CEB-FIP Model
Code 2010 (MC10) [22] presented a simple model to evaluate

0 Axial strain
at the top

�훿

h

P

�휀c,top

wcr,bot

�휃b

2�휃b

dc

Δc

L/2 L/2

Figure 2: Idealized failure mode of UHPFRC beam [20].

tensile stress-crack width response or tensile stress-strain
response from the three-point bending test results. However,
it was investigated by Lee [20] that effect of fiber type was
not rationally considered on the simple model; tensile stress
of fiber reinforced concrete with straight fibers could be
overestimated while one with end-hooked fibers could be
underestimated when crack width is smaller than 1mm.
Therefore, more rational model is required to be developed
to represent tensile behavior of UHPFRC.

To derive UHPFRC tension model, inverse analysis has
been conducted in this paper, based on section analysis
procedure adopted by Lee [20]. It is noted that the section
analysis procedure was modified from the analysis method
presented by Oh et al. [23] so that effect of a notch at the
bottom of the center in a beam can be rigorously taken into
the account. As illustrated in Figure 2, UHPFRC beam with
a notch was idealized to exhibit a single dominant crack
whichwas developed fromanotch. Because aUHPFRCbeam
specimen subjected to the three-point loading reaches failure
through the formation of a single dominant flexural crack and
opening of a notch, the failure configuration can be assumed
as presented in Figure 2. In this figure, the relationship
between the compressive strain, 𝜀𝑐,top, and the compressive
deformation, Δ 𝑐, at the top fiber along the section with a
notch can be derived as follows:

Δ 𝑐 = ∫𝐿
0
𝜀𝑥,top𝑑𝑥 = 12𝜀𝑐,top𝐿, (1)

where 𝜀𝑥,top is compressive strain at the top fiber in the section
at the distance of 𝑥 from the support and 𝐿 is the pure span
of the specimen.

From the geometric conditions illustrated in Figure 2, the
crack mouth opening displacement at the bottom of a notch
(CMOD), 𝑤cr,bot, is 2𝜃𝑏(ℎ − 𝑑𝑐) where 𝑑𝑐 is depth to neutral
axis from the top fiber. 𝜃𝑏 is rotation angle of cracked beam.
From the geometric condition, 𝜃𝑏 can simply be calculated
from 𝜃𝑏 = Δ 𝑐/(2𝑑𝑐). By incorporating these relationships into
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Figure 3: Crack width, strain, and stress distribution through
the section with a notch; (a) section compatibility and (b) stress
distribution.

(1), the relationship between 𝜀𝑐,top and 𝑤cr,bot can be derived
as follows:

𝜀𝑐,top = 2𝐿 𝑑𝑐ℎ − 𝑑𝑐𝑤cr,bot. (2)

With the above equation, the relationship between strain
and crack width distributions can be rigorously considered
on section compatibility.

2.2. Constitutive Relations for UHPFRC. With the relation-
ship presented in (2), the strain and crack width distribution
through the section with a notch can be evaluated as illus-
trated in Figure 3. Stress distribution along the uncracked
depth in the section with a notch can be evaluated for given
strain distribution. Since UHPFRC exhibits linear stress-
strain response before experiencing the compressive strength
[17], the following linear relationship between stress, 𝑓𝑐, and
strain, 𝜀𝑐, in UHPFRC under compression can be employed
for the prepeak compressive behavior.

𝑓𝑐 = 𝜀𝑐𝜀co𝑓

𝑐 = 𝜀𝑐𝐸𝑐 for 𝜀co ≤ 𝜀𝑐 < 0, (3)

where 𝑓𝑐 is the compressive strength of UHPFRC, 𝜀co is
strain corresponding to 𝑓𝑐 , and 𝐸𝑐 is the elastic modulus of
UHPFRC.

As a similar way, the tensile behavior in UHPFRC before
cracking can be expressed as follows:

𝑓𝑐 = 𝜀𝑐𝐸𝑐 for 0 ≤ 𝜀𝑐 < 𝜀cr, (4)

where 𝜀cr = 𝑓cr/𝐸𝑐 and 𝑓cr is cracking strength of concrete
matrix which can be assumed to be 0.5√𝑓𝑐 when it is not
provided from the test.

Along the cracked depth above the notch in the section,
tensile stress of UHPFRC can be calculated as sum of tensile
stresses due to tension-softening effect of concretematrix and
straight fibers (𝑓ct and 𝑓𝑓, resp.) as follows:

𝑓𝑐 = 𝑓ct + 𝑓𝑓. (5)

The tensile stress due to the tension-softening effect of
concrete matrix can be evaluated as follows [9]:

𝑓ct = 𝑓cr𝑒−𝑐𝑤cr , (6)

where the coefficient 𝑐 is 30 for UHPFRC since there is no
coarse aggregate in UHPFRC.

The tensile stress of UHPFRC can be evaluated for a given
crack width which is calculated from (2). From the SDEM
[14], which was simplified from the diverse embedment
model (DEM) [12, 13], tensile stress due to straight steel fibers
can be calculated for a given crack width, 𝑤cr, as follows:

𝑓𝑓 = 𝛼𝑓𝑉𝑓𝐾st𝜏𝑓,max
𝑙𝑓𝑑𝑓 (1 −

2𝑤cr𝑙𝑓 )2 , (7)

where 𝛼𝑓 is fiber orientation factor, usually can be taken to
be 0.5, 𝑉𝑓 is fiber volumetric ratio, 𝜏𝑓,max is pullout strength
of a straight steel fiber, 𝑙𝑓 is fiber length, 𝑑𝑓 is fiber diameter,
and 𝐾st is a factor to represent average pullout stress of
fibers considering random distribution of fibers. 𝐾st can be
calculated for a given crack width from the following:

𝐾st =
{{{{{{{{{

𝛽𝑓3 𝑤cr𝑠𝑓 , for 𝑤cr < 𝑠𝑓,
1 − √ 𝑠𝑓𝑤cr

+ 𝛽𝑓3 √ 𝑠𝑓𝑤cr
, for 𝑤cr ≥ 𝑠𝑓,

(8)

where 𝛽𝑓 is a coefficient to consider effect of fiber slip, which
is 0.67, and 𝑠𝑓 is the fiber slip corresponding to the pullout
strength of a straight steel fiber, which can be taken to be
0.01mm.

2.3. Analysis Algorithm for the Inverse Analysis. Among the
parameters required to conduct section analysis, only the
pullout strength of straight steel fiber, 𝜏𝑓,max, is an unknown
variable. At the beginning of the inverse analysis, therefore,𝜏𝑓,max is assumed, then the section analysis for the section
with a notch can be conducted through an iteration proce-
dure, finding the neutral axis depth for a given crack mouth
opening displacement at the bottomof the notch by satisfying
force equilibrium along the longitudinal axis. On the section
analysis, strain and crack width distribution along the section
can be evaluated from (2) for a given 𝑤cr,bot; then stress
distribution along the section can be evaluated from (3)∼(8).
From the stress distribution, the sectional moment, 𝑀, can
be calculated for the section with a notch. Finally, the applied
load,𝑃, for a given crackmouth opening displacement can be
calculated as follows:

𝑃 = 4𝑀𝐿 . (9)

Consequently, with an initially assumed pullout strength
of a straight steel fiber, 𝜏𝑓,max, the applied load-crack mouth
opening displacement response of UHPFRC beam with a
notch can be evaluated through the section analysis with vari-
ation of crack mouth opening displacement. Then, through
comparing the maximum applied force, 𝑃max, with test result,
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Figure 4: Analysis algorithm for the inverse analysis.

the pullout strength of a straight steel fiber, 𝜏𝑓,max, can be
evaluated. Now the tensile stress-crack width response of
UHPFRC can be evaluated from the SDEM, which has been
presented with (5)∼(8).

Details about the inverse analysis algorithm have been
presented in Figure 4.

3. Verification of the Proposed
Inverse Analysis Procedure

3.1. Subject Members and Materials. In this paper, UHPFRC
specimens tested by Yang et al. [18] have been considered
for verification of the proposed inverse analysis procedure.
In their study, a series of UHPFRC beams with a notch was
fabricated and tested. In the experimental program, the three-
point bending test was conducted to investigate the tensile
behavior of UHPFRC.

Figure 5 shows details about the UHPFRC beams. As
illustrated in the figure, the UHPFRC beams had a height of
100mm, a width of 100mm, a pure span of 300mm, and a
length of 400mm. Each specimen had a notchwith a depth of
10mm which was placed at the bottom of the mid-section in
the pure span. During the three-point bending test, the crack
mouth opening displacement was measured through a clip
gauge attached to the bottom face of the specimen on either
side of the notch.
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Figure 5: Details about the three-point bending test for UHPFRC
[18].

Table 1: Mix proportion of UHPFRC by weight ratio [18].

W/B Cement Silica
fume Filler Fine

aggregate

Water-
reducing
admixture

Steel fiber
volumetric
ratio, %

0.2 1.0 0.25 0.3 1.1 0.02 1.0, 1.5, 2.0

In Table 1, mix proportion of UHPFRC has been pre-
sented. As presented in the table, no coarse aggregates were
provided while fine aggregates consisting of sands with
diameters of less than 0.5mm were added. The water-binder
ratio (W/B) was 0.2 so that high compressive strength could
be achieved. To attain postcrack ductile behavior, straight
steel fibers were provided, which have a diameter of 0.2mm,
a length of 13mm, and yield strength of 2,500MPa. Test
variable was fiber volumetric ratio, which was varied through
1.0, 1.5, and 2.0%.

Representativematerial properties ofUHPFRChave been
presented in Table 2, including compressive strength and
elastic modulus. The notation for the specimens means test
parameters which are shear span-to-depth ratio (S25 and S34
for 2.5 and 3.4, resp.), fiber volumetric ratio (F10, F15, and
F20 for fiber volumetric ratio of 1.0, 1.5, and 2.0%, resp.),
and presence or absence of prestress (P0 and PS for presence
and absence of prestress, resp.). As presented in the table, the
compressive strength and elastic modulus were much higher
than normal concrete without fibers: 167.2∼193.0MPa for the
compressive strength and 43,400∼47,780MPa for the elastic
modulus. It is noted that UHPFRC exhibited almost linear
stress-strain response before experiencing the compressive
strength since no coarse aggregate was provided. In the table,
the maximums on the applied load, 𝑃max, measured through
the three-point bending test have been also presented. It is
noted that 𝑃max in the table was calculated through average of
3∼6 test results for each test group.

3.2. Evaluation of the Tensile Behavior of UHPFRC. In order
to evaluate the tensile behavior of UHPFRC, the pullout
strength of a straight steel fiber has been evaluated through
the proposed inverse analysis with the SDEM. When the
pullout strength was evaluated, the maximum applied load,𝑃max, measured through the three-point bending test was
compared with ones predicted by the inverse analysis, the
pullout strength to get the maximum load predicted by the
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Table 2: Material properties of UHPFRC and the maximum load from the three-point bending test [18].

Specimen Compressive strength, MPa Elastic modulus, MPa Fiber volumetric
ratio, % 𝑃max from the test, kN

S25-F10-P0 174.5 43,550 1.0 48.4
S25-F10-PS 181.3 45,560 1.0 44.0
S25-F15-P0 188.2 45,930 1.5 63.8
S25-F15-PS 183.6 45,850 1.5 64.8
S25-F20-P0 185.5 47,780 2.0 71.4
S25-F20-PS 189.8 45,510 2.0 77.7
S34-F10-P0 168.9 43,400 1.0 47.0
S34-F10-PS 167.2 44,050 1.0 42.3
S34-F15-P0 193.0 46,920 1.5 64.8
S34-F15-PS 189.2 45,280 1.55 66.9
S34-F20-P0 188.5 46,290 2.0 74.3
S34-F20-PS 182.3 45,350 2.0 73.5

Table 3: Pullout strength of a fiber in UHPFRC evaluated through
the inverse analysis.

Specimen Pullout strength, MPa
S25-F10-P0 44.9
S25-F10-PS 40.4
S25-F15-P0 40.5
S25-F15-PS 41.0
S25-F20-P0 34.1
S25-F20-PS 37.9
S34-F10-P0 43.5
S34-F10-PS 38.8
S34-F15-P0 41.0
S34-F15-PS 42.6
S34-F20-P0 35.9
S34-F20-PS 35.6

inverse analysis close enough to the test result. Table 3 shows
the pullout strengths evaluated through the proposed inverse
analysis. As presented in the table, the pullout strengths
were evaluated to be 34.1∼44.9 which were much higher
than the suggestions by Voo and Foster [9] in which pullout
strength of a straight steel fiber was assumed to be 1.0
times of matrix tensile strength in specimens with no coarse
aggregate. Since UHPFRC mix proportion is quite different
from conventional concrete or mortar, it can be inferred
that provisions designated for conventional concrete cannot
be employed to evaluate the pullout strength of a fiber in
UHPFRC. In addition, it was investigated that the evaluated
pullout strength for specimens with 2.0% of fiber volumetric
ratio was less than ones with 1.0 or 1.5% of fiber volumetric
ratio. This result is compatible with the test results observed
by Lee et al. [21]; fiber efficiency generally decreased as fiber
volumetric ratio increased. This indicates that the pullout
strength of a fiber is affected not only by fibers and concrete
mixture but also by fiber volumetric ratio, specifically when
fiber volumetric ratio is larger than 1.5%.

From the evaluated pullout strengths of a straight steel
fiber in UHPFRC, the tensile behaviors of UHPFRC were
evaluated, based on the SDEMwhich has been expressedwith
(5)∼(8).The evaluated tensile stress-crack width responses of
UHPFRC have been presented in Figure 6. As a similar way
to the pullout strength of a straight steel fiber in UHPFRC,
the tensile stress of UHPFRC did not proportionally increase
with an increase of fiber volumetric ratio. In addition,
as can be seen in the figures, it was evaluated that the
maximum tensile stress of UHPFRCwas larger than cracking
strength. Therefore, it can be inferred that UHPFRC may
exhibit postcrack strain-hardening behavior with distributed
multiple cracks.

3.3. Comparisonwith theThree-Point Bending Test Results. To
verify the proposed inverse analysis procedure, the section
analysis presented with the gray box with dotted lines in
Figure 4 was conducted for the section with a notch, and
the test results were compared with the tensile stress-CMOD
response predicted by the section analysis in Figure 7.
It should be noted that the UHPFRC tensile behavior in
Figure 6 was employed on the section analysis. As can be seen
in the figure, the tensile stress-CMOD response predicted by
the section analysis showed good agreement with the test
results. In the comparisons, the test results were scattered
from the predictions, but this is mainly caused by the nature
of fiber reinforced concrete; fiber reinforced concrete exhibits
relatively considerable scattering tensile behavior because of
random distribution of fibers [21, 24, 25].

Figure 8 shows an example for stress distribution along
the sectionwith a notch. It is noted that themaximumapplied
loads corresponded to the CMOD around 1.0mm in the
specimens, S25-F10-P0 and S25-F20-P0. As presented in the
figure, stress along cracked region decreases with increasing
the opening displacement. In addition, since S25-F10-P0 and
S25-F20-P0 had the cracking strengths of 6.60 and 6.81MPa,
respectively, it is obvious that maximum tensile stress of
UHPFRCwas larger than cracking strength.These results are
compatible with the SDEM and the proposed method in this
paper.
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Figure 6: Tensile behavior of UHPFRC evaluated through the proposed inverse analysis with the SDEM.

Consequently, it can be concluded that the tensile behav-
ior of UHPFRC can be reasonably predicted by the pullout
strength which is evaluated through the proposed inverse
analysis based on the section analysis with the SDEM.

4. Conclusion

In this paper, an inverse analysis procedure has been pro-
posed to evaluate tensile behavior of UHPFRC from test
results with notched UHPFRC beams subjected to three-
point flexural loading. The proposed inverse analysis pro-
cedure is based on section analysis in which the SDEM is
employed to take into account UHPFRC stress distribution
along the section with a notch. Since pullout strength of a
straight fiber can be directly evaluated from the maximum
load measured through the three-point bending test, tensile
behavior of UHPFRC can be easily predicted with the SDEM.

To verify the proposed inverse analysis procedure,
UHPFRC beams with a notch subjected to three-point flex-
ural loading have been analyzed with the tensile behavior of
UHPFRC evaluated through the proposed inverse analysis
procedure. The analysis results showed good agreement with
the test results expressed to the applied load-CMOD
response. It can be concluded that the tensile behavior of
UHPFRC can be reasonably evaluated from the proposed
inverse analysis procedure.

The proposed inverse analysis procedure can be useful
in evaluating tensile behavior of concrete with other types
of fibers like end-hooked fibers, crimped fibers, and so on.
In addition, through simplification of the proposed inverse
analysis procedure, it is anticipated that this paper can be
useful in developing advanced design approaches or more
rational computational methods for UHPFRC members.
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