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In this paper, we examine the influence of the background’s stochastic excitations on an output power generated by using an
energy harvester. ,e harvester is composed of two magnets attached to a piezoelastic oscillators separated by a distance Δ from
the static magnets fastened directly to the device. We also introduce the parameter α which describes the mass ratio of moving
magnets. We examine the output power for different excitation frequencies, different values of α, and different amplitudes δ0 of
the stochastic force. We also analyze the influence of δ0 and Δ on the effective output power (EOP), the mean value of output
power averaged over the considered frequencies, produced by using the harvester. We have observed that increasing δ0 causes the
growth of generated mean power, especially in the low-frequency regime, while the maximum power near the resonance
frequency remains unchanged. ,e EOP also grows with increasing δ0 for all examined values of α. ,e environment’s stochastic
behavior improves slightly the harvester’s efficiency as compared to the purely harmonic case. Analyzing the dependence of EOP
on Δ, we observed the maximumwhich appears at values of Δ corresponding to the situation when the system starts to work in the
unsynchronized regime.

1. Introduction

In the world of modern electronic devices which are
characterized by very low-power consumption, the energy
harvesting devices seem to be very important and useful
energy sources, especially in vibrating, hard to reach
environments [1–4]. As is well known, the power gen-
erated by using an energy harvester in a simple, idealized
harmonic case is relatively high only at the resonance
frequency. ,is phenomenon hinders the wider use of
such systems. One should take into account that an energy
harvesting devices should be adapted to environments
which are characterized by a broad frequency band. In this
case, the harvesters should also relatively produce large
power [5]. Many attempts to obtain energy harvesters
with an extended frequency bandwidth have been carried
out. To extend the frequency range where the generated
effective output power is relatively high, one should use
the nonlinear systems. Mann and Sims [6] have shown

that the use of magnetic levitation in energy harvesters
allows for the nonlinear system to extend the frequency
bandwidth.

One of the frequently used energy harvester models,
exhibiting the nonlinear properties, is the cantilever ferro-
magnetic beam (beam with magnetic tip mass) which in-
teracts with the magnetic field generated by using the
permanent magnets. ,e piezoelastic device with attached
magnets working in the nonlinear regime is very interesting
from the point of view of its frequency band. ,is type of
device exhibits the possibility of generating broadband so-
lutions. One can use two types of arrangements of magnets
in these devices. In the first case, one uses the magnetic
attraction between harvester’s beam and two permanent
magnets located symmetrically with respect to the beam’s
equilibrium position [7–12]. In the second case, one uses the
piezoelectric cantilever with magnetic tip mass and the
repulsion permanent magnet mounted in the beam’s
equilibrium position [5, 10, 13–17].
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,e energy harvesting device can be adapted to the
vibrating system which in real life vibrates in some
spectrum of frequencies and additionally, the vibrations
have the stochastic origin [7, 9, 11, 13, 14, 18, 19]. Vocca
et al. [13] introduced the stochastic term in the equation of
motion of the moving magnet. ,e noise they considered
was obtained in an experimental way. In turn, Martens
et al. [9] studied the efficiency of vibrating energy har-
vesting systems with stochastic ambient excitations by
solving corresponding Fokker-Planck equations. ,e
stochastic, nonlinear oscillators were also considered in
[14, 20–22].

One of the methods used to obtain more efficient power
generation in the energy harvesting devices is to use an array
of two or more harvesters [23, 24]. Litak and coauthors [25]
considered two piezomagnetoelastic oscillators coupled
using an electric circuit and driven by harmonic excitations.
,ey used the attracting magnets. ,ey have shown that
higher noise levels will favor higher potential barriers, what
leads to higher voltage amplitudes and higher power output.
In our previous paper [24], we also considered the system
consisting of two cantilever beams repelled by using mag-
nets. ,e harvesting device was excited to vibrations only by
the harmonic excitations.

In turn, Rosselló et al. [26] tried to improve the per-
formance of energy harvesting considering a ring of linearly
coupled, monostable nonlinear oscillators acting as an en-
ergy harvester—through piezoelectric transduction—of
mesoscopic fluctuations, which were modeled as
Ornstein–Uhlenbeck noise. ,e main conclusion of their
work is that “when several harmonic springs are linearly and
bidirectionally coupled to form a ring, it is found that
counterphase coupling can largely improve the performance
while in-phase coupling worsens it.”

,ere were also attempts to investigate the nonlinear
energy harvesters with asymmetric bistable [12, 27] and
tristable potential [28]. As one can see in these papers, the
asymmetric potential bistable energy harvesters are more
likely to achieve high-energy branch with initial condi-
tions in the shallower potential well. Additionally, ex-
periments demonstrate that the output performance will
be improved for the asymmetric potential harvesters if
the initial oscillations are from the shallower potential
well. Similar results are also achieved for the tristable
potential. Cao and coauthors stated “experiment results
reveal that the geometry parameters of the multi-stable
configuration can alter the potential function of tristable
energy harvesters. Moreover, the shallower potential well
depth will enhance the broadband performance and the
capability of harvesting energy from low frequency
ambient vibration.”

In our recent model, at first, we will take into account
the nonlinearity of the system. Additionally, we will an-
alyze the influence of stochastic behavior of the envi-
ronment in which the energy harvesting system is placed.
We will analyze the influence of three parameters on the
electric power generated by the device. ,ese parameters
are the variable distance Δ between the moving and stable
magnets, the mass disproportion parameter α describing

the mass ratio of the moving magnets, and the factor δ0
which transforms the system from the nonstochastic re-
gime to the mixed one, which allows us to consider the
system in a more realistic way. ,is work is based on the
model described in our previous papers [12, 24], where we
have analyzed the electrical power generated by using the
energy harvesting device subjected to the harmonic ex-
citations only. In this paper, we extend the previous ap-
proach for the stochastic behavior of the background
vibrations.

2. Materials and Methods

In this paper, we study the system consisting of two small
magnets attached to the piezoelastic oscillators which move
in the magnetic field produced by using the static magnets
fastened to the device. ,e moving magnets are coupled to
each other with an electrical circuit. ,e whole device is
subjected to vibrations, which may have a harmonic or
stochastic origin. ,e similar system of two cantilever
beams stimulated only by the harmonic excitation force
was considered, e.g., Litak et al. [25] and Kucab et al.
[12, 24]. ,e schematic diagram of our model is presented
in Figure 1.

,e moving magnets with masses m1 and m2, re-
spectively, are attached to the piezoelastic beams and are
separated from the static magnets by an air gap of thickness
Δ. ,e distance Δ is responsible for creating the bistable
state of magnets’ potential energy. As we have shown in our
previous paper [12] in the two cantilever beam systems, the
best power efficiency is achieved when the distances be-
tween beams and magnets are equal (Δ1 � Δ2 ≡ Δ). Such an
optimal arrangement of beams and magnets will be used in
this paper. ,e masses vibrate in the quasi-horizontal di-
rection described by the variables x1 and x2, respectively,
which indicate the displacements of moving magnets from
their equilibrium positions. ,e distance between static
magnets should be large enough to avoid the mutual in-
fluence of the moving magnets and also to avoid the in-
teraction between the moving magnet with the magnetic
field of the second static magnet (i.e., the magnet which is
not directly under the moving one). ,e mass dispro-
portion parameter α is defined by the following relation:
α � m2/m1.

As we mentioned earlier, the kinetic excitation, x0(t),
is applied to the harvester (we use the notation, where the
tilde sign over the symbol indicates the stochastic behavior
of corresponding physical quantity). ,e voltage generated
by the piezoelastic beams is transformed into the energy
produced on the load resistance R coupled to the device
with an electrical circuit. ,e beam resistor transducer is
characterized by the time constant τ � R(C1 + C2), where
C1 and C2 are the beams’ capacitances, presented in
Figure 1 for simplicity as the capacitors. ,e system’s
physics is described by the set of differential equations
which couple the mass displacements of moving magnets
(x1, x2) and the voltage V generated on the electric load.
,e dynamics of the tip masses motion is described by
using Newton’s law:
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m1 €x(t) � −
dU(x,Δ)

dx
− c _x− χV(t) + F(t),

αm1 €y(t) � −
dU(y,Δ)

dy
− c _y− χV(t) + F(t).

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(1)

,e equation for the electrical potential V(t) is given by

_V(t) � −
1
τ

V(t) + κ _x + κ _y, (2)

where the overdot sign means the time derivative, c is the
viscous parameter, χ is the piezoelectric coupling constant,
and κ is the position to voltage coupling coefficient. ,e
excitation force, F(t), proposed by us, has the following
form:

F(t) � F0 · 1 + δ0ε(t) sin ωt, (3)

where F0 is the amplitude of the harmonic excitation, ε(t) is
a set of randomly generated numbers (with a mean value
equal to 0, and a standard deviation equal to 1) obeying the
Gaussian distribution, and ω � 2π], where ] is the applied
frequency. ,e angular excitation frequency ω and the
amplitude of excitation F0 are treated by us, for simplicity, as
the parameters.

As we can see in equation (3), the excitation force F(t)

consists of a periodic and stochastic term. Because in the real
vibrating systems, there also occur the vibrations of a sto-
chastic nature (e.g. [13]), the excitation force (3) has an
additional term which modifies the amplitude of harmonic
vibrations. ,e factor δ0 transforms the system from the
nonstochastic regime (δ0 � 0) to the mixed one (δ0 � 1). We
limit the value of δ0 to 1 to have the maximum values of the
stochastic term in equation (3) of the order of 2, i.e., to have
the value of |δ0ε(t)| factor less than 2 for approximately 95%
of randomly generated values. ,e stochastic force can be
realized, e.g., by considering the periodically moving parts
exposed to the random shakes. For example, this can be a
situation of a rotating car wheel moving on the uneven road,
or the helicopter rotor blades rotating in randomly changing
engine conditions.

We are aware of the limitations of this form of stochastic
force. Of course the noisy environmental signals have a wide

spectrum of frequencies, as opposed to periodic signals.
,erefore, using a linear system with a discrete spectrumwill
leave substantial amounts of energy wasted in the rest of the
spectrum of the noisy force. Our model is only the sim-
plification of the real systems, and the obtained results are to
serve as a starting point of the more advanced analysis.

,e potential energy of moving masses is given by [13]

U(x,Δ) �
1
2

keffx
2

+ ax
2

+ bΔ2 
−3/2

. (4)

,e potential energy U(y,Δ) has the same form as in
equation (4) because we assume that the beams have the
same physical properties.

,e parameters keff, a, and b represent the physical
properties of piezoelastic beams, and the Δ parameter
(Figure 1) is responsible for transferring the system from the
linear regime (Δ> 15mm) to the nonlinear (bistable) one.

,e potential energy of the oscillators given by using
equation (4) is shown in Figure 2. ,e minimum values of
the potential energy, different for each curve, were set to zero
(normalized case).

,e distance Δ influences the shape of potential energy
U(x,Δ). For small values of Δ, we obtain two local minima
of the potential energy and one local maximum (the po-
tential barrier) at x � 0. In this case, the system corresponds
to a bistable oscillator. For large values of Δ, we have a linear
system, corresponding to a monostable oscillator with one
local minimum at x � 0. We can obtain the condition for
transition from the bistable system to the linear one cal-
culating the second derivative of potential energy at x � 0.
For d2U/dx2|x�0 > 0, we have the bistable potential, and for
d2U/dx2|x�0 < 0, we have the linear system. At
d2U/dx2|x�0 � 0, we obtain the critical value of transition
from the linear to the bistable system:

Δcr ≡
3a

keff
 

1/5

b
−1/2

. (5)

Taking into account the values of parameters presented
in Table 1, we have Δcr ≈ 11.17mm, at which the potential
barrier starts to “appear” at x � 0.

,e most interesting case occurs when the average
mechanical energy of the moving magnet is comparable to
the value of potential energy barrier at x � 0. We can es-
timate the value of Δ taking into account the stable (non-
resonance) case, i.e., when the excitation frequency is low.
,e calculations show (δ0 � 0) that xmax � F0/keff ≈ 6.6mm,
and hence, Umax � 1/2keffx

2
max ≈ 0.58mJ. ,is value of en-

ergy barrier corresponds to Δcr ≈ 7mm. As was shown in
our previous paper [24], the effective output power has
nonzero values for the whole range of considered fre-
quencies for Δ � 7mm, while for Δ � 5mm, the effective
output power is “cutoff” for low-frequency regime.

3. Results and Discussion

We perform the computations using the parameters used in
[24], where the corresponding nonstochastic system has
been examined. ,ese parameters are presented in Table 1.

C1

m1 m2

C2

R

X~0(t)

Δ

Figure 1: Schematic of the device in the current study.
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We will examine the influence of stochastic excitations
on the output power generated by using the considered
device at different values of the mistuning parameter α. As is
shown in our previous paper [24], the decrease in the air gap
thickness between moving and stable magnets to values less
than Δ< 5mm raises a strong potential barrier which pre-
vents the passage of the magnets through the x1 � 0, x2 � 0
points (at considered value of applied excitation force) to
another side of the potential well. ,erefore, the value of
maximum power generated by using the device in this re-
gime is much smaller compared to the case, when the
magnet can pass the potential barrier. So, in this paper, we
use the values of the parameter Δ � 5mm (bistable case) and
Δ � 15mm (monostable case).

To describe the influence of the stochastic excitations on
the moving magnet motion, we use a set of 100,000 random
real numbers obeying a normal distribution function. ,e
set of random numbers used by us, with the mean value
equal 0 and a standard deviation equal to 1, which is pre-
sented as the probability density histogram, is shown in
Figure 3.

In Figure 4, we present the mean electrical power as a
function of frequency ] for different values of mass dis-
proportion parameter α and for different values of δ0 factor.
,e mean power is given by the relation P � 〈V2〉/R, where
the 〈V2〉 term describes the mean squared voltage generated
on the electric load R.

As we can see in Figure 4, increasing the value of δ0
factor, i.e., enhancing the stochastic behavior of the external
force, causes an increase in the mean output power P. ,e
increase of P with increasing value of δ0 is especially strong
in the low-frequency regime where, for harmonic excita-
tions, the output power vanishes. As was mentioned in [24],
for low frequencies of harmonic excitation force, the po-
tential barrier (which is the characteristic for small values of
Δ) stabilizes the pendulum in one equilibrium position. ,e
strong stochastic excitations allow the potential barrier to be
overcome by the moving magnet. For the resonance fre-
quency and in the high frequency regime, the contribution
from stochastic excitations to the output power is relatively
small.

To compare the device’s efficiency in the broad frequency
range, we show in Figure 5 the effective output power 〈P〉 as
a function of the parameter δ0 for different values of α. ,e
effective output power is obtained as the average of the mean
power over the considered excitation frequencies, ], varying
from 0 to 15Hz.

As we can see in Figure 5, the effective output power
grows with increasing δ0 for all values of mistuning pa-
rameter α considered in this paper. ,e value of α> 1 causes
that the system has two resonance frequencies which are
visible in Figure 4. ,e increase of α also slightly broadens
the range where the output power is relatively large. On the
contrary, the total output power decreases with growing
value of the mistuning parameter.

For comparison, in Figure 6, we present the corre-
sponding results at Δ � 15mm, i.e., when the device works
in the linear regime (monostable case), characterized by the
quadratic potential.

,e comparison of the effective output power as a
function of the parameter δ0 for different values of α for the

0 2 4–2–4
0

0.2

0.4

0.3

0.1

Figure 3: ,e probability density histogram of 100,000 random
numbers used in our computations. ,e dashed line represents a
normal distribution function with the mean value equal to 0 and a
standard deviation equal to 1.
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Figure 2: ,e potential energy U of oscillators versus oscillating
mass displacements x1, x2 for different values of air gap thickness ∆.
Inset: the potential energy versus parameter ∆ at x� 0 in the
normalized case (solid line) and without normalization (dotted
line).

Table 1: ,e parameters used in our model.

Variable name Variable value Variable unit
α 1.0÷1.2 —
δ0 0.0÷1.0 —
Δ 5; 15 mm
c 22 · 10−3 kg/s
χ 1.1 · 10−3 N/V
τ 33.6 · 10−3 s
R 300 · 103 Ω
κ 4.15 · 103 V/m
m1 18 · 10−3 kg
keff 26.6 N/m
a 2.82 · 107 J−2/3m−1

b 3.19 · 106 J−2/3m−1

F0 176.6 · 10−3 N
Note: —, dimensionless variable.
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Figure 4: ,e mean power generated on the electric load R as a function of frequency ] for different values of the mass disproportion
parameter α and for different values of the stochastic factor δ0 (Δ � 5mm).
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Figure 5: ,e device’s effective output power as a function of the parameter δ0 for different values of the mass disproportion parameter α
(Δ � 5mm).
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monostable (Δ � 15mm) and bistable (Δ � 5mm) regimes
is presented in Figure 7. As we can see, the results obtained at
Δ � 15mm are qualitatively the same as those at Δ � 5mm.
Introducing the two-minima potential slightly improves the
device’s efficiency for almost all considered values of the
stochastic amplitude δ0.

In Figure 8, we present the influence of the distance Δ on
the effective output power generated on the electric load R.

As we can see in Figure 8, for the values of parameter
Δ< 4mm, i.e., when the moving magnet cannot overcome
the potential barrier and it vibrates only on the one side of
the static magnet, the effective output power is very small,
whereas it grows rapidly with increasing Δ. For Δ ∼ 5mm,
the value of 〈P〉 reaches maximum and then drops slightly
with increasing Δ. ,e maximum value of the effective
output power appears when the kinetic energy of the moving
magnet is comparable to the value of the potential barrier at
x � 0. In this case, the system works in the nonlinear regime.

In Figure 9, we present the dependence of the effective
output power on the electric load R. ,is dependence helps

explaining the effects of coupling between the oscillators on
the oscillators harvested power.

As we can see in Figure 9, the optimal value of resistance,
for which the generated output power is maximum, is of the
order of R ∼ 300 kΩ. ,e resistance coupling between os-
cillators causes that the system to behave like the classical
power source.

To demonstrate the synchronization of beams, we
consider the relative displacements x−y of the oscillators in
terms of the standard deviation σ(x−y) in function of
applied frequency ]. In Figure 10, we present the dependence
of σ(x−y) on the applied frequency ] for the load resistance
equal to R � 300 kΩ. ,is dependence will explain the effects
of coupling between the oscillators on the oscillator
dynamics.

As we can see in Figure 10, there are the frequency regions
where the oscillators are moving in the opposite direction. For
these frequencies, there appears the splitting of the de-
pendence of effective output power versus frequency (Fig-
ures 4 and 6) and the effective output power decreases.
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Figure 6: ,e mean power generated on the electric load R as a function of excitation frequency ] for different values of the mass
disproportion parameter α and for different values of δ0 factor (Δ � 15mm).
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It is worth to note here that the relative displacements
x−y of the oscillators in terms of standard deviation
σ(x−y) for R � 30 Ω andR � 3GΩ are very similar (almost
the same). Due to this fact, we think that the coupling via the
load resistance does not influence the oscillators dynamics in
a significant way.

To analyze the influence of the load resistance coupling
on the effective frequency range, we have considered two
types of dependencies.,e first one presents the dependence
of the frequency range ]1/2 (in Hz), for which the effective
output power is greater than half of its maximum value,
versus the load resistance. ,e second one presents the
dependence of the frequency range ]10 (in Hz), where the
effective output power is greater than 10mW, versus the load
resistance. ,ese dependencies are presented in Figure 11.

It is worth to note here that the images in Figure 11(a)
are presented on a different scale than the corresponding
images in Figure 11(b).

As we can see, the effective frequency range ]1/2 is almost
the same for δ0 � 0.0 and δ0 � 1.0 in a broad range of
considered resistances (Figure 11(a)). It also has similar values
for given R for different values of parameters α and Δ. ,e
difference in behavior appears in the dependence of effective
frequency range ]10 (Figure 11(b)). In this case, the values of
]10 are much greater for δ0 � 1.0 than that for δ0 � 0.0 for the
values of R ∈ (100 kΩ; 1000 kΩ). We can see that the max-
imum value of the effective frequency range is achieved for the
parameters Δ � 5mm, α � 1.0. We can also see that the
tendency of decreasing of the value of ]10 when Δ and α
increase is opposite for ]1/2. In this case, the effective frequency
range increases with the growth of α. ,e effective frequency
range is maximum for the value of R ∈ (200 kΩ; 400 kΩ).

All the computations in this work were done with the
Mathematica® package. We used the Runge–Kutta algo-
rithm [29]. ,e simulation time, to reach the self-consistent
solution, was chosen to be of the order of one hour when the
time interval for sampling the solution was divided into
approximately ten million steps. All the average values in
numerical integrations were obtained using theMonte Carlo
method with the number of steps of the order of one million.
,e random numbers were generated by using the random
number generator included in the Mathematica® package
(the same generator was also used in computing the Monte
Carlo integrals).

4. Conclusions

We have examined the electric power generated by using the
energy harvesting device attached to a vibrating source in the
case when harmonic excitations are mixed with the sto-
chastic ones. ,e obtained results were compared to the
harmonic case. ,e bistability of the system was achieved by
the relatively small distance between moving and stable
magnets (Δ � 5mm), so the harvester worked mostly in the
nonlinear regime. We have analyzed the total mean power
generated on the resistance R as a function of excitation
frequency in the harmonic and mixed stochastic regimes.
,e set of initial conditions corresponding to the stable
initial positions of the moving magnets at t � 0 (i.e., the
positions for which the potential energy reaches its mini-
mum) was used.

Increasing the amplitude δ0 of the stochastic force, we
have observed the growth of generated mean output power
P, especially in the low-frequency regime. It is interesting
that the maximum power near the resonance frequency
remained unchanged with the growth of δ0.

,e effective output power 〈P〉 was increasing with
increasing strength of the stochastic excitation for all ex-
amined values of the mistuning parameter α, which by itself
did not increase the efficiency of the harvester. It was shown
that a stochastic behavior of an environment improves
slightly the efficiency of the energy harvesting device as
compared to a purely harmonic case.

Analyzing the dependence of effective output power on
the parameter Δ, we observed the maximum appearing at
values of Δ corresponding to the case when the system starts
to work in the unsynchronized regime.
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Figure 9: ,e effective output power generated on the electric load as a function of the load resistance; (a) Δ � 5mm, δ0 � 0.0; (b)
Δ � 15mm, δ0 � 0.0; (c) Δ � 5mm, δ0 � 1.0; (d) Δ � 15mm, δ0 � 1.0.
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We also analyzed the dependence of the effective output
power on the electric load R. We have found that the optimal
value of resistance, for which the generated output power is

maximum, is of the order of R ∼ 300 kΩ. ,e resistance
coupling between oscillators causes the system to behave like
the classical power source. To demonstrate the effects of
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Figure 11: ,e effective frequency range of the oscillators versus the load resistance R.
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coupling between the oscillators on the oscillators dynamics,
we considered the relative displacements x−y of the os-
cillators in terms of standard deviation σ(x−y) in function
of applied frequency ]. ,ere are the frequency regions
where the oscillators are moving in the opposite direction. In
this case, there appears the splitting of the dependence of
effective output power versus frequency and the effective
output power decreases. Numerical analysis showed that the
load resistance does not influence the oscillator dynamics in
a significant way.

,e computations also showed that the effective
frequency range is maximum for the value of R ∈
(200 kΩ; 400 kΩ).
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