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The three-dimensional generalized dynamics of soft-matter quasicrystals was investigated, in which the governing equations of the
dynamics are derived for observed 12-fold symmetry quasicrystals and possibly observed 8- and 10-fold symmetry ones in soft
matter. The solving methods, possible solutions for some initial- and boundary-value problems of the equations, and possible

applications are discussed as well.

1. Introduction

Fan [1, 2] discussed the soft-matter quasicrystals observed
since 2004 [3-7], gave their dynamics equations, but only
concerned the planar field. All observed soft-matter qua-
sicrystals are two-dimensional quasicrystals so far. The
two-dimensional quasicrystals consist of two kinds of ones,
i.e., the first and second kinds. The first-kind ones have
been studied from the three-dimensional point of view of
the group representation, while the second-kind ones have
been studied from the two-dimensional point of view only.
Therefore, the so-called three-dimensional analysis here is
given only for the first-kind ones. The three-dimensional
field equations are very important and useful, for example,
the flow of the soft matter past a sphere; that is, the
generalized Stokes problem is significant in theory and
application, and it is well known the classical Stokes so-
lution was used by Einstein in 1905 in the Brownian motion
and led to determination of Loschmidt’s number and then
again used by Millikan in 1922 leading to the determination
of the electronic charge. In soft matter, many motions
including the self-assembly of supramolecules are related to
the sphere configuration, etc.

2. Generalized Dynamics of Soft-
Matter Quasicrystals

In Refs [1, 2], the authors pointed out there are quite great
differences between soft-matter and solid quasicrystals, from
the point of view of condensed matter physics, but the
formulation of the generalized hydrodynamics of the solid
ones given by Lubensky et al. [8, 9] can be drawn for the
application by the soft-matter ones, and after some modi-
fications and supplementations, we can set up the gener-
alized hydrodynamics, or generalized dynamics, for
simplicity. The derivation of both dynamics is based on the
generalized Langevin equation and the Poisson brackets, and
there are many similarities to each other. However, there are
main differences in principle between them:

(1) The solid viscosity constitutive equation in references [8,
0;i= b € = (1/2) (OV/0x)) + (OV/ 0xy))is
replaced by the fluid constltutlve equationp;; = —-pé;; it

—pdy; +1;; b0 i = i & = (1/2)
((avk/ax,) + (avl/axk)) so that the constitutive
laws of phonons, phasons, and fluid phonons are as
follows, respectively:
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where u; denotes the phonon displacement vector;
0;; is the phonon stress tensor; ¢;; is the phonon
strain tensor; w; is the phason displacement vector;
H;; is the phason stress tensor; w;; is the phason
strain tensor; V; is the fluid phonon velocity vector;
pij is the fluid stress tensor; p is the fluid pressure;
1;jia is the fluid viscosity coefficient tensor; &;; is the
fluid deformation rate tensor; and C,Jk,,K,Jkl and
Rjju> Rygi; are the phonon, phason, and phonon-
phason coupling elastic constant tensors, respec-
tively. For simplicity, we here only discuss the
const1tut1ve law of simplest fluid, i.e., p;; = i -pd; z +

palj + 27//(51] (1/3)£kk61]) +7 fkkaz]’ 01]
2’7(&] (U3)Edi) +1'Euadipp e = Eunt €+ &,
éij = (1/2)((8Vi/axj) + (aV]-/ax,-)), where 7 is the
first viscosity coefficient and #' the second one,
which is omitted as it is too small (note that the

description here only shows the difference of con-
stitutive laws between the solid and the fluid;

Vi(pVy) =0,
ag; a(tr D_ v () (Vi) + ¥, () (=p83; + i3aVie (V) = (85— V)
9;i =PV
au,-(_gtr, 2-- iV (1) - ru% +Vi,
BRD -, Tt

P=1p) =35 <P0P+P0P +p’),
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however, this does not mean that, in the solid, there
is no pressure).

(2) An equation of state p = f (p) should be supple-
mented, and in solid quasicrystals, an equation is
unnecessary. The equation of state belongs to the
thermodynamics of soft matter, so the present
discussion is beyond the scope of pure hydrody-
namics. We used the results from Wensink [10],
with some modifications by the author [1], i.e.,

p= f(P)_3l3—3(P0P+PoP +p°), (2)

where kj is the Boltzmann constant; T the absolute tem-
perature; [ the characteristic size of soft matter; and p,, the
initial value of mass density p.

After the modification and supplementation, we obtain
the governing equations of generalized dynamics of soft-
matter quasicrystals as follows:

8H SH
6”j(r7t)+(Viw]) ) RArTIEYS (t)

(3)
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in which H is the energy functional or the Hamiltonians
for soft-matter quasicrystal systems. For the first kind of
two-dimensional quasicrystals of soft matter, the energy

H=H[Y¥(rt)] = Jid‘*wj

= Hkin + Hdensity + Fel’

g:pV’Feleu+Fw+Fuw’

where 8p = p — p,, A, B are the material constants due to the
variation of the density; F,; denotes the elastic strain energy;
and F,,, F,,, and F,,, represent the strain energies of phonon
coupling, phason coupling, and phonon-phason coupling of
the matter, respectively:

1 d
Fu = JECijklsijSkld r,

1 d
Fw = JEKijklwijwkld r, (5)

d
Fu, = J(Rijklsijwkl + Rklijwijskl)d r.

The derivation of the first 4 equations (the equations of
motion) is based on the Poisson bracket method of condensed
matter physics [11], which was used by Lubensky et al. [8] in
the solid quasicrystal study for the first time. The Chinese
literature on this method can be found in ref. [6] and others
provided by the first author, where there are many additional
details on the derivations of equations of motion of quasi-
crystals. A key application of the Poisson bracket method lies in
the Hamiltonian individual quasicrystal systems, given in the
following sections. It is evident that the derivation based on
Poisson brackets is not concerned about the equation of state,
which is a result of thermodynamics [9].

The modified framework of hydrodynamics described by
(3) is called generalized hydrodynamics, or generalized dy-
namics, for simplicity, which is a heritage and development of
equations of Lubensky et al. created for solid quasicrystals.

3. Soft-Matter Quasicrystals with 12-
Fold Symmetry

The discussion in Ref [6] was only concerned with the planar
field and did not concern the three-dimensional problem of the
dynamics, and equation (3) here holds for one, two, and three
dimensions. Equation (3) is tight but very hard to understand,
and it is not convenient for application in calculations.

At first, we simplify the equations for soft-matter qua-
sicrystals with 12-fold symmetry, which might be the most
important class of soft-matter quasicrystals observed so far.
For this purpose, we must list the three-dimensional con-
stitutive laws on phonons, phasons, and fluid phonons,
respectively, as follows [12-14]:

1
—A

functional or the Hamiltonians are similar to those given
by Lubensky et al. for solid quasicrystals in the following
form:

2
(6’3> + B(‘Sp>v : u]ddr +F,
Po Po

(4)

Oxx = Cll‘gxx + C128yy + C13‘€zz’
ayy = Clzsxx + Cllsyy + C13‘c‘zz’
Ozz = C13$xx + C138yy + C33£zz’

0y, =0, =2Cyue

rz yz?

azx = axz = 2C44£zx’

Oyy = 0y = 2Cgee

xy xy>

H,, = Kjw,, + Kw,,,

H,, = Kw,, +Kw,,

H, =Kuw,,

H,, = (K, +K, + K3)wxy +Ksw,,, | 6)
H,,=Kw

xXz?

H, =Ksw,, + (K; + K, + K)w,,,
. 2 .

Pux=-pP+ 2’/lgxx - grlfkk’

. 2 .
Py =-p+21§,, - g’?fklo

. 2 .
Pe=-PpP+ zﬂgzz - gnfkk’

pyz = Znéyz’
Pax = 276
pxy = zﬂéxy'

Then, the equations of dynamics of soft-matter quasi-
crystals of 12-fold symmetry are given as follows by omitting
the higher order terms of 'V, (u;(8H/bu;)) and
V; (wj (6H/6w]-)) listed in equations (3):
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in which V? = (9°/0x?) + (0°/0y?) + (8°/02%); V> = (9°/
9x?) + (9°/0y?);V = i(3/0x) + j(3/dy) + k (3/0z2); V=
iVe+jV,+kV, w=iug+ju, +ku; Cpp,Cpp G, Cs,
CyyCgs = (Cy; — C1,)/2 are the phonon elastic constants;
and K, K,, K3, K, are the phason elastic constants (refer to
[14]); # which is the fluid dynamic viscosity; I, and I',, which
are the phonon and phason dissipation coefficients; and A
and B which are the material constants due to variation of
mass density, respectively.

Equations in (7) are the final governing equations of
dynamics of soft-matter quasicrystals of 12-fold symmetry
in the three-dimensional case with field variables u,,u,,
U, w,w,, Ve,V Vo, p, and p, the amount of field vari-
ables is 10, and the amount of field equations is 10 too;
among them, (7a) is the mass conservation equation,
(7b)-(7d) are the momentum conservation equations,
(7e)-(7g) are the equations of motion of phonons due to
the symmetry breaking, (7h) and (7i) are the phason
dissipation equations, and (7j) is the equation of state,
respectively. The equations are consistent with mathe-
matical solvability, and if there is lack of the equation of
state, the equation system is not closed and has no meaning
mathematically and physically. This shows the equation of
state is necessary.

These equations reveal the nature of wave propagation of
fields uw and V with phonon wave speeds ¢, =
VQRA+C -B)lp,c, =¢c5=+/(C;; —C},)/2p and fluid
phonon wave speed ¢, = 1/ (0p/dp), and the nature of the
diffusion of the field w with the diffusive coefficientD = 1/T,
from the view point of hydrodynamics.

4. Soft-Matter Quasicrystals with 8-
Fold Symmetry

Apart from the observed 12- and 18-fold symmetrical soft-
matter quasicrystals, the 8-fold symmetrical soft-matter qua-
sicrystals may also be observed in the near future. This kind of
solid quasicrystal is very stable, which is important especially as
there are strong coupling effects between the phonons and
phasons, and it is interesting to study their mechanical and
physical properties and mathematical solutions. We considered
the plane of quasiperiodicity to be the x y-plane, if the z-axis is
the 8-fold symmetry axis. Next, for the possibility of soft-matter
octagonal quasicrystals in soft matter, there is the final gov-
erning equation system of the generalized dynamics, after some
derivations by similar steps as in the previous section, but we
must list the constitutive law [12-14] first as

5
Oue = Cl16y + C12€yy +C36,, + R(wxx + wyy), ]
0,y = Craéee +Cryyy + Cise,, - R(wxx + wyy),
0rr = Craty + C13£yy +Cy3¢,,
ayz = Ozy = 2C44£yz’
Ozx = 0xz = 2C44£zx>
Oyy = 0y = 2Cg6€y, — Rw,y, + Rw
H,, =Kuw, +Kw, +R(e, —¢,)
H, =Kw,.,+Kuw,, + R(sxx - syy),
Hyz = K4wyz’
H,, = (K, +K, +Kj3) wy, + Ksw,,, - 2Re,, - (8)

H,,=K,w

Xz

H, =Ksw,, + (K, + K, + K;)w,, +2Re,,
. 2 .

Pxx =P+ zﬂfxx _grlgkk’
. 2 .

pyy =-p+ ZI/IEyy _grlfkk’

. 2 .
Pz=-pP+ 2’7€zz - g’?fkk’

Pyz =218,
Pax = 2
ny = zrléxy'

With these basic relations, the governing equations of
three-dimensional dynamics of soft-matter quasicrystals
with 8-fold symmetry are as follows:
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in which V2 = (0%*/0x%) + (82/8)/ ) + (0%/022); VZ them, (9a) is the mass conservation equation, (9b)-(9d) are

(@10x%) + (3%/0y*);V = i (2/3x) + j(3/Dy) + k(2/dz); V, =

i(0/0x) + j(0/0y); V=iV, +jV, +kV; u=iu+
Juy tku;  w=iw, + jwy; Cyp,C, C3,Cayy Cyy, Cgg =
(C;; —Cyp)/2 are the phonon elastic constants;

K,,K,,K;, K, are the phason elastic constants; R is the
phonon-phason coupling constant; # is the fluid dynamic
viscosity; I', and T, are the phonon and phason dissipation
coefficients; and A and B are the material constants due to
variation of mass density, respectively.

Equations in (9) are the final governing equations
of dynamics of soft-matter quasicrystals of 8-fold symmetry
in the three-dimensional case with field variables u,,u,,
U, we,w,V,,V,,V,,p,and p, the amount of field variables
is 10, and the amount of field equations is 10 too; among

the momentum conservation equations, (9¢)-(9g) are the
equations of motion of phonons due to the symmetry
breaking, (9h) and (9i) are the phason dissipation equations,
and (9j) is the equation of state, respectively. The equations
are consistent with mathematical solvability, and if there is
lack of the equation of state, the equation system is not closed
and has no meaning mathematically and physically. This
shows the equation of state is necessary.

These equations reveal the nature of wave propagation
of fields u and V with phonon wave speeds ¢, =
VQ2A+Cy, = B)lp,c; =c; =/(C;; -C,)12p and fluid
phonon wave speed ¢, = +/(dp/dp), and the nature of the
diffusion of the field w with the diffusive coefficient D =
1/T,, from the view point of hydrodynamics.
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5. Soft-Matter Quasicrystals with 10-
Fold Symmetry

The 12-fold symmetrical soft-matter quasicrystals were
observed, with a possibility that 10-fold symmetrical soft-
matter quasicrystals will be discovered thereafter. These
kinds of solid quasicrystals are very stable, which pro-
motes important interest. In particular, as there are
strong coupling effects between the phonons and

Uxx = Cllexx + C12€yy + C13£zz + R(wxx + wyy)’

0,y = Craéee +Cpyyy + Cise,, - R(wxx + wyy),

g

0y, =0,y =2C4e

rz yz?

Q
Il

zx Oxz = 2C44 €20

xy

H,, =Kuw, +Kw,, + R(sxx - eyy),

H, =Kw,.,+Kuw,, + R(sxx - eyy),

H, =Kuw,,

ny = Klwxy - szyx>

H, =Kw

xz>

H,. =-Kw,, + Kjw,, +2Re,,,
. 2 .
Pax =P+ 208 - 3 €k
. 2 .
pyy=-p+2n§,, - gnfkk,

. 2 .
Pz=-pP+ 2’7£zz - gﬂfkk’

Py, = 2’7€yz’
Pax =206

pxy = zﬂéxy'

zz = C13£xx + C13£yy + C33€zz’

Oy = Oy = 2Cg68,, — R(wxy - wyx),

phasons, it is interesting to study their mechanical and
physical properties and mathematical solutions. If we
consider the plane in the plane to be a quasiperiodic
plane, and if the z-axis is the 10-fold symmetry axis, then
after derivation similar to those in previous sections, we
can obtain the final governing equation system for the
kinds of soft-matter quasicrystals, but we must list the
constitutive laws for phonons, phasons, and fluid pho-
nons [12-14] first as

- (10)




So that we obtain the governing equations of 10-fold
symmetry quasicrystals in soft matter as

9p
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in  which V2= (0%/0x?) + (3°/0y?) + (0°/022); V2 =
(0*/0x%) + (9°/0y?);V = i(3/0x) + j(3/3y) + k(3/0z);
V=iV, +jV,+kV; uw=iu +ju,+ku; Cpp,CppCis,
Cs3,Cyy, Co = (Cq; — Cy,)/2 are the phonon elastic con-
stants; K, K,, K5, K, are the phason elastic constants; R is
the phonon-phason coupling constant; # is the fluid dy-
namic viscosity; T, and I',, are the phonon and phason

(11)

dissipation coefficients; and A and B are the material con-
stants due to variation of mass density, respectively.
Equations in (11) are the final governing equations of
dynamics of soft-matter quasicrystals of 10-fold symmetry in
the three-dimensional case with field variables u,,u,,
U, we,w,, Ve, Vo, Vo, p,and p, the amount of field variables
is 10, and the amount of field equations is 10 too; among
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them, (11a) is the mass conservation equation, (11b)-(11d)
are the momentum conservation equations, (11e)-(11g) are
the equations of motion of phonons due to the symmetry
breaking, (11h) and (11i) are the phason dissipation equa-
tions, and (11j) is the equation of state, respectively. The
equations are consistent with mathematical solvability, and
if there is lack of the equation of state, the equation system is
not closed and has no meaning mathematically and phys-
ically. This shows the equation of state is necessary.

These equations reveal the nature of wave propagation of
fields uw and V with phonon wave speeds ¢, =
VQ2A+Cy —-B)lp,c, =c3=+(C;; —C},)/2p and fluid
phonon wave speed ¢, = 1/(dp/dp), and the nature of the
diffusion of the field w with the diffusive coefficient D =
1/T,, from the view point of hydrodynamics.

6. Solving Procedure and Some
Preliminary Results

The variables u,, u,, u_, w,, w,,V,,V, and V_ represent the
fields of corresponding elementary excitations, which with
fluid pressure p and mass density p follow equations in (7),
(9), and (11) for different soft-matter quasicrystal systems; to
determine these hydrodynamic quantities, one must solve
the equations under appropriate initial and boundary
conditions [15-20].

The solving of equations in (7) (or (9), or (11)) coupled
with initial and boundary conditions is very difficult; the
computation is very complex and can be done only by
numerical methods. We used the finite difference method.
The computation is stable, and this shows the equations and
the formulation are correct. The preliminary results exhibit a
large distinction of dynamic behaviour between soft-matter
and solid quasicrystals; for example, for soft-matter quasi-
crystals, the compressibility 8p/p,~10~* — 10~® by numer-
ical solutions, while for solid quasicrystals, §p/p,~10"!* in
ref. [21]; meanwhile, for soft-matter quasicrystals, the ratio
between fluid stress and elastic stress p;;/0;;~1 is shown in
ref. [21], and the ratio between solid viscous stress and elastic
stress o; 0,;~10"" for solid quasicrystals is demonstrated in
Reference [21].

As the solutions require the assistance of mathematical
physics and computational physics and need a large volume
for presentation, many details have not been included due to
space limitations.

7. Conclusion and Discussion

The three-dimensional equation systems of generalized
dynamics of 8-, 10-, and 12-fold symmetry two-dimensional
quasicrystals in soft matter were derived. This improves the
work of the first author previously for the planar field.

The solutions of the initial- and boundary-value prob-
lems of these nonlinear partial differential equations have
provided fruitful results describing mass distribution, de-
formation, and motion of soft-matter quasicrystals, which
present great differences in behaviour physically from those
of solid quasicrystals.

In the theoretical system, the present dynamics is the
heritage and development of the hydrodynamics of solid
quasicrystals by Lubensky et al. 8, 9].

This article reports only on the three-dimensional ver-
sion of field equations for the first kind of two-dimensional
soft-matter quasicrystals, and it did not concern about the
second kind of two-dimensional soft-matter quasicrystals,
which are more complex and can be referred to [20].

More recently, ref. [22] reported a molecular dynamics
modelling on possible quasicrystals of 12-fold symmetry in
smectic B liquid crystals, and the work pointed out there
might be a problem on the existence of phason degrees of
freedom based on the observation in the modelling. This is
an interesting question. In our practice [18, 21], the effect of
phason degrees of freedom is very weak due to the
decoupling between phonons and phasons in 12-fold
symmetry quasicrystals based on the computation with
constitutive equations in (6). However, the effect of phason
degrees of freedom is very evident due to the coupling
between phonons and phasons in 8- and 10-fold symmetry
quasicrystals based on our computations [21].
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