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Fatigue life prediction is an important part of the reliability and durability analysis of automobile components. Based on Wang
and Brown’s framework, multiaxial random fatigue damage was adopted to predict the fatigue life of half-shaft. *e stress analysis
of half-shaft was resolved analytically to determine the local stress tensor in the potential area of fracture. *e maximum shear
strain fatigue damage parameter and the normal stress fatigue damage parameter were evaluated to predict the fatigue life of half-
shaft. *e results show that the prediction method is reliable and meets the service life and safety requirements.

1. Introduction

In many engineering fields, the structures and components
will crack and be fractured due to the accumulation of fa-
tigue damage [1–3]. *erefore, fatigue has been widely
studied [4–6]. As one of the key transmission parts, the
fatigue durability of half-shaft has already been widely
studied. However, bending or torsion loads are often treated
separately [7, 8]. And most of these studies on half-shaft are
based on uniaxial fatigue theory [9–11].

*e theory of fatigue life under the uniaxial load is
actively investigated by many researchers for decades, and it
is well-accepted for its simplicity. A well-established
workflow of 3 independent components has been set up for
processing random load history. *e components are the
fatigue damage parameter, the rainflow cycle counting, and
the accumulative rule [12]. *e fatigue characteristics of the
material specimen could be tested and examined through
standard procedure [13, 14]. However, in most engineering
practices, the conventional workflow which is designated for
the uniaxial load could not handle multiaxial random loads,
which are inevitable in most application.

*e dilemma faced of research on multiaxial random
loads is far more complex than its counterpart in uniaxial
fatigue. *e most important reason is that the substep
worked well in uniaxial application is no longer independent
and coupled with each other as the rainflow requires uniaxial

input and produces 2-dimensionmal result which only
provides mean and amplitude of load [15]. To overcome the
limitation in using conventional tools in fatigue life pre-
diction under the multiaxial load, Bannantine and Socle
proposed to use the rainflow method to either count the
normal strain or the shear strain individually on the critical
plane [16]. *e critical plane is where the actual crack and
fracture initiate and propagate [17–19]. Wang and Brown
suggested using von Mises strain as the indicator for rain-
flow counting, and the time series need further manipulation
before rainflow count [20]. *eir approach has been tested
and validated by several researchers, compared to the fatigue
life under the proportional or nonproportional load with a
constant path pattern [21, 22]. Other attempts are, for in-
stance, the application of energy-based fatigue damage
parameter [8, 23, 24] or path-independent one [25].

However, the fatigue behavior of components under
the multiaxial load in working condition remains
uninvestigated since the sampled loads are too complex
to be applied directly into the cycle-counting method.*e
load spectrum is one of the most efficient methods for
processing raw load data in order to conduct the fatigue
life test and analyze the fatigue life of components under
working condition [26–28]. According to the collected
random load, the load spectrum could be compiled and
its characteristics could be extracted from the original
signal [29–32].
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In this paper, the fatigue life of half-shaft under both 3-
dimensional random nonproportional forces and moments
was analyzed based on the accumulative multiaxial fatigue
damage. *e paper is organized as follows. In Section 2, the
two-dimensional load spectrum was compiled according to
the collected random load for the fatigue life benchmark test.
In Section 3, the local stress tensor under external forces was
determined by the resultant of torsion, bending, and tensile.
In Section 4, Wang and Brown’s method was applied to
generate the load event from load history and calculate the
fatigue damage for each load event. In Section 5, fatigue life
of half-shaft was predicted with the linear fatigue damage
accumulative rule. Finally, in Section 6, the conclusions were
summarized.

2. Compilation of Load Spectrum

Before predicting the fatigue life, collecting the road load and
compiling the load spectrum are the basis for the bench test.
As shown in Figure 1, a set of load-time histories of left-front
wheel collected by the six-component measuring system are
introduced. *e road load collection test was carried out on
the strengthened pavement of proving ground according to
the reliability endurance test standard. *e test sampling
frequency is 512Hz. *e high-frequency load input could be
recorded during the vehicle operating, which is essential to
the validity of fatigue life prediction. *e six components
collected include the longitudinal force Fx, lateral force Fy,
vertical force Fz, overturning torque Tx, driving torque Ty,
and self-aligning torque Tz.*e load-time history is shown
in Figure 2.

Generally, the compilation of the load spectrum should
be carried out according to certain operation process. *e
peak and valley values are firstly extracted from the collected
random load. *en, by comparing the four adjacent peak
and valley values, the rainflow counting method is used to
count all load cycles including the mean and amplitude value
pairs.

In this paper, the mixture distribution model was
adopted to analyze the multimodality of load cycles. By
comparing the goodness-of-fit and Bayes information cri-
terion (BIC), the type and number of subdistribution were
determined. *en, the parameters of subdistribution were
estimated using the maximum likelihood estimation
method. Meanwhile, the collected variable amplitude loads
were extrapolated to the full life of vehicle to completely
reflect the stress situation. *e joint probability density of
mean and amplitude value is shown in Figure 3.

*e two-dimensional load spectrum is composed of the
load frequencies in the mean and amplitude ranges.
According to the load cycles and joint probability density,
the load frequency at each load level can be calculated as
follows:

nij � Nc 
li

li−1


lj

lj−1

f(x, y)dy dx, (1)

where nij is load frequency, Nc is total load frequency,
f(x, y) is joint probability density, and li, lj, li−1, and lj−1 are

upper and lower bound of amplitude and mean range at the
load level i and j.

Finally, the two-dimensional load spectrum can be
obtained in Table 1.

3. Stress Analysis Half-Shaft

In the half-shaft assembly of vehicle, the minor axis on the
inside and outside and the major axis are connected by the
constant velocity joint, respectively. *e critical location of
fatigue failure can be determined by calculating the stress of
the half-shaft assembly by FEM or analytically. Since the
half-shaft under investigation here is shaped in a regular
form, we can give the analytical local stress tensor corre-
sponding to the external load as follows. All the location
(x∗, y∗, z∗) is given in the static coordinate system which
originates at the wheel center, and its direction aligns with
the measured wheel force aforementioned.

3.1. Stress under Bending. *e bending moment is the re-
sultant moment of pure bending moment Tx, Fz and the
shear force Tz, Fx. *e local bending moment can be thus
determined as

Mx � Tx + Fz · y
∗
, (2)

where ly is the distance from the infinitesimal to the point of
application of external forces.

*e local normal and shear stress can then be calculated
as equations (3) and (4), respectively:

σyy �
−Mz · x∗

Iz

, (3)

where the second area moment Iz � Ix � (πd4/64), and

σxy �
Fz · S∗

Iz · b
, (4)

where S∗ is the first moment of area belowx∗ and b is the
length of the chord at x∗.

Since the section is circular, similar result in the per-
pendicular direction could be obtained from Tz andFx.

3.2. Stress under Tensile/Compression. *e tensile or com-
pression stress in the y-direction under shaft-axial force Fy

can be easily computed by the following equation:

σyy �
Fy

Ix

. (5)

3.3. Stress under Torsion. For local stress under torsion, the
shear stress τρ at which distance to the shaft rotation center
is ρ∗ can be obtained as follows:

τρ �
Tyρ∗

IP

, (6)

where the polar moment of inertia Ip for circular section is
shown as
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Figure 1: Installation of the six-component measuring system.
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Figure 2: *e load-time history.
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Ip � 
A
ρ2dA �

πd4

32
. (7)

To be clarified that this shear stress is in the local co-
ordinate system nlr which is tangential to the shaft surface,
thus, it is necessary to project it to the system we defined in
xyz. According to the position angle θ∗ � arctan(x∗/z∗), of
the infinitesimal, the stress tensor can be transformed as
follows:

σxyz � Q · σnlr · Q
T
, (8)

where Q is the transform matrix shown as

Q �

cos θ∗ 0 −sin θ∗

0 1 0

sin θ∗ 0 cos θ∗

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦. (9)

*e second column represents the transition in y-axial
remains 1 since the y-direction in xyz is aligned with the
n-direction in nlr. *us, for planar shear stress τrl to be

projected, we can rewrite equation (8) by the component of
local shear stress as

σxz �
sin 2θ∗τrl cos 2θ∗τrl

−cos 2θ∗τrl −sin 2θ∗τrl

 . (10)

3.4. Resultant Local Stress. *e resultant stress is the linear
combination of the stress under each independent channel
of forces, shown in equation (11) and Table 2:

σxyz �

sin 2θ∗Tyρ∗

IP

Fz · S∗

Iz · bz

cos 2θ∗Tyρ∗

IP

−
Fz · S∗

Iz · bz

Fy

Ix

−
Mzx∗

Iz

Fx · S∗

Ix · bx

−
cos 2θ∗Tyρ∗

IP

−
Fx · S∗

Ix · bx

−
sin 2θ∗Tyρ∗

IP

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(11)
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Figure 3: *e joint probability density of mean and amplitude values.

Table 1: *e two-dimensional load spectrum.

Mean
(N·m)

Amplitude (N·m)
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
8 25 51 88 135 191 258 335 422 519 624 737 854 974 1101 1234

1 −543 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
2 −455 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
3 −368 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
4 −280 34 4 1 0 0 0 0 0 0 0 0 0 0 0 0 0
5 −193 91 11 2 1 0 0 0 0 0 0 0 0 0 0 0 0
6 −105 320 40 10 3 1 0 0 0 0 0 0 0 0 0 0 0
7 −18 998 126 31 11 4 2 1 0 0 0 0 0 0 0 0 0
8 69 1403 177 44 15 6 3 2 1 1 1 1 0 0 1 0 0
9 157 1386 175 43 15 6 3 1 1 1 0 0 1 0 0 0 0
10 245 1038 131 32 11 5 2 1 0 0 0 0 0 0 0 0 0
11 332 244 30 7 2 1 0 0 0 0 0 0 0 0 0 0 0
12 420 233 29 7 2 1 0 0 0 0 0 0 0 0 0 0 0
13 508 102 12 3 1 0 0 0 0 0 0 0 0 0 0 0 0
14 595 15 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
15 683 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
16 771 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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For example, the stress corresponding to the position
angle θ at time� 2 s and time� 20 s is shown in Figure 4. *e
local stress pattern changes as the result of change in external
forces. Figure 4(a) shows at time� 2 s that the local stress is
dominated by the normal stress caused by the bending
moment, while Figure 4(b) shows at time� 20 s that the local
stress is dominated by the shear stress caused by the torsion
moment.

*e major axis of half-shaft is shown in Figure 5, and the
section radius of each part is shown in Table 3.

4. The Fatigue Damage Parameter under
Multiaxial Load

Wang and Brown provided a plausible way of mapping the
multiaxial nonproportional stress to fit to any rainflow-like
cycle counting methods which are initially targeting to solve
uniaxial fatigue load counting. In this paper, the general
framework of Wang and Brown’s method is adopted while
the rainflow counting is taken in replace of the original
method and the load event result of which can still be
interpreted by the fatigue damage parameter [20].

4.1. Major Turning Point Identification and Cycle Counting.
Since cyclic deformation is the essential force of failure, it is
important to take the strain hardening phenomenon into
account.*us, a rational multiaxial cycle countingmethod is
needed. *e von Mises criterion is considered as a good
parameter of defining the trend of local stress regarding the
local energy gaining or losing.

*e equivalent von Mises stress is shown as follows:

σe �
1

�
2

√
1 + ]′( 

�������������������������������������������

εx − εy 
2

+ εy − εz 
2

+ εz − εx( 
2

+ c2xy + c2yz + c2zx 



,

(12)

where the local strains εx, εy, εz, c2
xy, c2

yz, and c2
zx can be

calculated from local stresses.
*e rainflow cycle counting method is then taken on to

the new equivalent strain history. In this paper, standard
workflow of rainflow cycle counting is followed.*e detailed
step and algorithm could be found in [15].

*e result of rainflow counting is shown as a list, and the
start time is ordered in time, but the end time is not since the
time duration of the rainflow counting load cycle event has
no constant interval.

4.2. 1e Fatigue Damage Parameter. In uniaxial fatigue
damage, the mean and amplitude of the cycle are needed to
evaluate the fatigue damage. *e equivalent von Mises stress

is only used as the indicator to identify the loading and
unloading process at each infinitesimal for rainflow cycle
counting. According to the critical plane approach, the
actual fatigue damage components are the local shear stress
and its corresponding normal stress, which could be extract
from the original local stress tensor within the time section
of each load event, other than using the mean and amplitude
of equivalent vonMises stress to evaluate the fatigue damage
parameter. Also when the time sections coincide with each
other, the desired stress is taken only once where the actual
loading and unloading event happened. *e critical plane is
assumed to be perpendicular to the surface in the following
computation [12, 33].

*erefore, the fatigue damage of each load cycle event is
evaluated by the following equations:

Δε
2
σmax �

σ′2f
E

⎛⎝ ⎞⎠ 2Nf 
2b

+ σ′εf
′ 2Nf 

b+c
, (13)

where Δε is the strain range in each load event,σmaxis the
maximum normal stress in the same event,Nf is the number
of stress cycles, σf

′ is fatigue strength coefficient, εf
′ is the

fatigue ductility coefficient, b is fatigue strength exponent, c
is the fatigue ductility exponent, and E is tensile elastic
modulus, and

Δc
2

1 +
σn,max

σy

  �
τ∗2f

G
  2Nf 

b
+ c
∗
f 2Nf 

c
, (14)

where Δc is the maximum shear strain range and σn,max is
the maximum normal stress on the maximum shear plane.
All the stress or strain in each cycle can be thus extracted
from the rainflow cycle counting result.

Infinitesimal located on the surface of different radius at
each section in Table 3 was computed for searching the
predicted fracture point.

*e 40Cr steel, or 5140 in AISI, is a kind of commonly
used half-shaft material, and its fatigue performance pa-
rameters are shown in Table 4 [34]. *e detailed specs of this
material could be found in [34]. *e same of the properties
of other steel could be found in [35].

4.3. Fatigue Life Prediction of Half-Shaft. *e complicated
working condition causes the fatigue fracture of the half-
shaft after the continuous impact of the road load.*erefore,
predicting effectively the fatigue life of half-shaft and im-
proving the quality are necessary for the reliability. In this
paper, the linear fatigue cumulative damage theory, as the
Miner rule, is adopted to predict the fatigue life of half-shaft.
*e Miner rule assumes that the fatigue damage caused by

Table 2: Half-shaft local stress components under propagation of the external load.

External load channel Type σxx σyy σzz σyz σxz σxy

Fy Tensile/compression ∗
Ty Torsion ∗ ∗ ∗
FxTz Bending ∗ ∗
FzTx Bending ∗ ∗
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each load cycle is independent and can be superposed lin-
early. *e fatigue failure occurs when the cumulative fatigue
damage is 1. *erefore, the cumulative fatigue damage

parameter D and the fatigue life T can be calculated as
follows:

D � 
n

i�1

1
2Nf,i

, (15)

T �
1

D′
, (16)

where D is the fatigue damage parameter associated with
each load event, Nf,i is the number of load cycles until
failure of the ith load event, and T is the number of full
blocks of damage until the part fails.

At last, the accumulative fatigue damage parameter of
the multiaxial random load in a single load block is 1.94 ×

10− 6 and every load block lasts for 127 s. According to
equation (16), the fatigue life can be calculated as 15,463
hours at the weakest point in the half-shaft assembly. *e
result exceeds the service life of noncommercial vehicles and
meets the safety requirement of transmission parts.
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Figure 4: *e stress associated with different position angle θ. (a) At time� 2 s and (b) at time� 20 s.
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Figure 5: *e major axis of half-shaft.

Table 3: *e radius by each section of the half-shaft.

Number Radius (mm)
A 13.5
B 12
C 13
D 11.75
E 14.3
F 13
G 13.3
H 11.5
I 13.35

Table 4: *e fatigue performance parameters of 40Cr steel.

σf
′ (MPa) εf

′ b C E (MPa)

1544.91 1.5106 −0.0796 −0.7123 218000
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5. Conclusions

*is paper mainly analyzes the fatigue life prediction of half-
shaft under the multiaxial random load based on Wang and
Brown’s method. *e von Mises equivalent stress is gen-
erated for rainflow cycle counting. *e fatigue damage
parameter of each individual load event is than computed.
*e linear accumulative rule is used to predict the fatigue life
of the half-shaft. *e main highlight is summarized as
follows:

(1) *e load spectrum of the half-shaft under the
multiaxial random load in working condition is
compiled, which provides the basis for the bench-
mark test is applied as the external excitation instead
of originated load history in the fatigue life
prediction.

(2) *e stress analysis of half-shaft is carried out ana-
lytically. Any stress tensor within the geometry of
half-shaft could be computed from the resultant of
bending, torsion, and tensile forces and moments.

Nomenclature

B: Fatigue strength exponent
C: Fatigue ductility exponent
D: Cumulative fatigue damage
E: Tensile elastic modulus
G: Shear elastic modulus
Ip: Polar moment of inertia
Nf: *e number of stress cycles
Nf,i: *e number of load cycles until failure
R: Radius of half-shaft section
T: Fatigue life
Δε: Cycle strain
εa: Strain amplitude
εf
′: Fatigue ductility coefficient

ρ: Radius
σe: von Mises equivalent stress
σf
′: Fatigue strength coefficient

σm: Mean stress
τmax: Shear stress at the section edge ρ � R

τp: Shear stress
θ: Rotation angle.
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