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Aging building structure has become a world problem. -is problem is particularly serious in developing and underdeveloped
countries. -e multihazard resilience and sustainability (e.g., seismic performance) decrease at the aging building. A construction
method for strengthening aging-reinforced concrete buildings by wrapping structural members with carbon fiber sheets has been
proposed and implemented in recent years. Authors aim to develop a seismic retrofitting method of aging concrete structural wall
with a rectangular cross section using carbon fiber sheets. In this paper, authors examined the stress-strain relationship of concrete
elements with rectangular cross sections reinforced by wrapping with carbon fiber sheets. Monotonic uniaxial compression tests
were performed on 21 specimens using the ratio of the long side to the short side and the ratio of the element height to the short
side of the concrete cross section, the weight of the carbon fiber sheet, and the chamfer radius of section corners as variables. -e
tests revealed that (1) the compressive strength decreases and ultimate strain increases as the ratio of the long to short side
(longitudinal ratio) of the cross section increases even in a range the ratio exceeds 2 and (2) the ratio of the element height to the
short side does not significantly affect the stress-strain relationship. Furthermore, authors proposed evaluation formulas for the
constitutive law of concrete elements with rectangular cross sections including the longitudinal ratio which exceeds 2 reinforced
by carbon fiber sheets and confirmed that the formulas can reproduce the test results with good accuracy.

1. Introduction

A construction method for strengthening aging-reinforced
concrete buildings against earthquakes by wrapping struc-
tural members with carbon fiber sheets (CF sheets) has been
proposed and implemented in recent years [1–4]. It was
conventionally believed that seismic reinforcement using CF
sheet jackets (CF reinforcement) is applicable to beam and
column members with circular [5, 6] or nearly square [7–9]
cross sections and beam-column connections [10]. Lorenzis
and Tepfers [5] proposed an evaluation formula for the axial
strain at peak stress of FRP-confined concrete cylinders.
Carey and Harries [6] presented the recommendations for
modeling and designing of axially loaded circular confined
concrete. Zhuang et al. [7] repaired the seriously damaged

RC beam specimens with CFRP and was verified the seismic
performance experimentally. Lee et al. [8] presented the
sectional renovation of RC beam members using CFRP
composites. Ercan et al. [9] clarified experimentally that the
reinforced concrete beam-column connections strengthened
with carbon fiber-reinforced plastic (CFRP) sheets increase
the bearing capacity and ductility. In recent years, new-type
mixed structure connection consisting of the reinforced
concrete column and steel beam (RCS) is developed [10].
Reinforcement with the CF sheet can be applied easily to
mixed structures. So, the method had not been used on walls
or other cross sections with extremely large aspect ratios.-e
authors have proposed seismic retrofitting using the
wrapping method of structural members with CF sheets for
the problem of flexural failure in aging columnless
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multistory shear walls found in the 2010 Chile Earthquake
and others and have verified the method’s effectiveness using
static loading tests [11, 12].

To design the CF reinforcement, the constitutive law of
materials of the concrete element confined by the CF sheet
(i.e., stress-strain relationship) has to be estimated. Most of
the past studies [13–18] propose evaluation formulas for the
constitutive law of CF-reinforced concrete elements with
circular or square cross sections. Pessiki et al. [14] presented
the experimental results of the axial loading behavior of
circular and square concrete specimens confined with fiber-
reinforced polymer (FRP) composite jackets. Nakatsuka
et al. [13] and Lam and Teng [15] proposed a stress-strain
model for carbon fiber sheet-confined concrete with a cir-
cular and square section based on the monotonic com-
pression tests. Harries and Carey [16] investigated the effect
of the gap between the concrete and confining FRP jacket
and proposed a stress-strain relationship considering this
effect. Lam and Teng [17] proposed a stress-strain model of
FRP-confined concrete under cyclic compression loading.
Mahdavi et al. [18] proposed the optimise design procedure
(algorithm) of the seismically retrofitting reinforced con-
crete structures based on the stress-strain relationship of
square column cross section with FRP. Some studies also
consider rectangular cross sections [19–24]. Lam and Teng
[19] andOuyang and Liu [20] proposed a stress-strain model
for the FRP-confined concrete of the rectangular columns.
Wang et al. [22] presented the analysis models of the
reinforced concrete frame (rectangular cross section)
strengthened with carbon fiber-reinforced polymer (CFRP)
sheets. However, the ratio of the long to short side (longi-
tudinal ratio) on these studies is around 2, and wall members
are beyond their scope of application. Triantafillou et al. [24]
used compression test specimens of FRP-confined concrete
elements with the longitudinal ratio exceeding 4. -ey
proposed the evaluation method of a compressive strength
but not a stress-strain relationship (especially postpeak
behavior).

When concrete elements with circular cross sections are
reinforced with CF, the confinement effect increases com-
pressive strength and improves ductility capacity as dis-
cussed by Lam and Teng [15]. However, for rectangular cross
sections, the confinement effect is not as large as in round
sections. When the chamfer radius of section corners is
small, ductility improves but the strength may not increase
as discussed by Nakatsuka et al. [13]. Moreover, the con-
fining effect of the CF sheet is further reduced when the
longitudinal ratio is larger as discussed elsewhere [20, 23].
-e maximum ratio of the long to short side on the previous
studies is around 2. -us, the constitutive law cannot be
estimated based on previous studies of concrete elements
when the CF reinforcement is applied to wall members.

In this paper, authors conducted uniaxial compression
tests using the amount of fiber reinforcement, the ratios of
the long side and height with respect to the short side of the
cross section, and the chamfer radius of section corners as
variables in order to shed light on the confinement effect of
CF sheets on rectangular concrete sections and to empiri-
cally show their stress-strain relationships. Furthermore, in

order to apply to rectangular cross sections designed as wall
members as well, authors expanded the constitutive law
suggested in a previous research [13] and derived evaluation
formulas with explicit functions for effective confinement
area and longitudinal ratio of the concrete element.

2. Evaluation Formulas for the Constitutive
Law of CF-Reinforced Concrete

2.1. Monotonically Increasing Model of Stress-Strain
Relationship. ACI Committee 440 [23] gives the stress-
strain relationship shown in Figure 1 for the constitutive law
of materials of concrete elements reinforced with CF. -e
linear quadratic slope E2 and strain at ultimate state εccu in
Figure 1 are calculated from the cross-sectional quantities of
the concrete element and CF sheet used for reinforcement.
In addition to concrete elements with circular and square
cross sections, the scope includes rectangular cross sections
with longitudinal ratios not greater than 2. For the rect-
angular cross sections, the confinement effect of CF rein-
forcement is affected by the chamfer radius of section
corners. In the ACI model, the effective confinement area
ratio αe of the concrete element confined by the CF sheet (see
Figure 2) is estimated by the following equation, which
reflects the evaluation based on the material constitutive law:

αe �
Ae

Ac
�
1 − b/d(d − 2R)2 + d/b(b − 2R)2 /3Ag  − ρg

1 − ρg

,

(1)

where b is the shorter dimension of the cross section, d is the
longer dimension, and R is the chamfer radius of section
corners (see Figure 2). Also, Ac is the area of the cross
section, Ae is the effective confinement area of the CF sheet,
Ag is the total cross-sectional area of the concrete element
(equal to Ac without steel rebars), and ρg is the ratio of
reinforcement.

-e ACI model has a monotonically increasing stress-
strain relationship, in which the stress continues to increase
until the concrete element reaches the ultimate state under
compressive forces (see Figure 1). However, it has been
noted that the stress-strain relationship does not necessarily
increase monotonically when the CF sheet confinement is
inadequate (such as when the chamfer radius is small with
respect to cross-sectional dimensions) or when the longi-
tudinal ratio of the element is large. -is phenomenon is
discussed elsewhere [13, 20].

2.2. Maxima Model of Stress-Strain Relationship.
Nakatsuka et al. [13] proposed a method for evaluating the
constitutive law of materials based on a maxima model, in
which the slope of the stress-strain relationship becomes
negative after reaching compressive strength (Nakatsuka
model). -e stress-strain relationship of the Nakatsuka
model outlined in Figure 3 accommodates both a mono-
tonically increasing model in which the strength uniformly
rises until ultimate strain when the CF sheet ruptures and a
maxima model in which the compressive strength is reached
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in the range of about 0.25 to 0.5% axial strain and the
strength falls thereafter.

-e Nakatsuka model calculates the six components that
define the material constitutive law in Figure 3. σB is the
compressive strength of concrete elements reinforced with
CF calculated using the evaluation formula as follows:

σB � F0 + 4pfEfεfBCσB, (2)

where F0 is the compressive strength of unreinforced plain
concrete, pf is the reinforcement ratio of the CF sheet, and Ef
is Young’s modulus of elasticity of the CF sheet. -e unit of
σB, F0, and Ef are N/mm2. Also, εfB is given by the following
equation:

εfB �

0.01 1 −
1

F0/140(  + 1( 
 , F0 ≤ 60,

0.003, 60<F0 ≤ 80.

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(3)

ε B is the strain when the stress reaches σB calculated
using the evaluation formula as follows:

εB � ε0 + 10ε0
pfEfεfB

F0
CεB, (4)

where ε0 is the axial strain for the said compressive strength.
EBT is the stiffness of the 2nd region in Figure 3 calculated
using the evaluation formula as follows:

EBT � −0.4E0BT +
1.4E0BT

CEBT pfEf/0.06F2
0  + 1

, (5)

where E0BT is given by the following equation:

E0BT � 6000 − 430F0. (6)

ε T is the strain of the boundary point between the 2nd
region and the 3rd region in Figure 3 calculated using the
evaluation formula as follows:

εT � ε0 −0.016F0 + 2.7(  + ε0 0.00001F0 + 0.0016( CεTpfEf.

(7)

E TR is the stiffness of the 3rd region in Figure 3 calculated
using the evaluation formula as follows:

ETR � −0.25E0BT +
0.55E0BT

CETR pfEf/0.06F2
0  + 1

. (8)

ε R is the ultimate strain of concrete elements reinforced
with CF calculated using the evaluation formula as follows:

εR � ε0 20εfr + 1.2  + ε0 1000εfr − 3 CεR
pfEf

F2
0

, (9)

where εfr is the strain at rupture of the CF sheet. C in
equations (2), (4), (5), (7), (8), and (9) is a cross-sectional
shape factor based on the cross-sectional shape of the
concrete element and is equal to 1.0 in all cases for circular
sections. For square sections, CσB, CεB, and CεT are equal to
0.6, CEBT and CETR are equal to 0.4, and CεR is equal to 1.0.

Nakatsuka et al. [13] performed a number of uniaxial
compression tests on concrete elements with CF rein-
forcement to verify the accuracy of this model. However, the
study only considered concrete elements with circular and
square cross sections, and the chamfer radius R of square-
sectioned specimens was not considered as an experimental
variable.

2.3. Expansion of Evaluation Formulas for the Constitutive
Law in 5is Paper. For evaluation formulas of the consti-
tutive law for concrete elements reinforced with CF, the
Nakatsuka model is advantageous because it can accom-
modate both a monotonically increasing model and a
maxima model. But, it does not take into account the
variation in confinement effect due to changes in chamfer
radius of section corners (i.e., the impact of effective con-
finement area Ae) in rectangular sections. Moreover, it does
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Figure 3: Stress-strain relationship of Nakatsuka model.
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not consider rectangular cross sections. Authors aim to
expand the scope of the Nakatsuka model in this paper.

First, authors set the cross-sectional shape factors C in
equations (2), (4), (5), (7), (8), and (9) as functions of the
effective confinement area ratio αe instead of fixed values.
-e previous Nakatsuka’s work [13] used ϕ150× 300mm
round specimens and 150×150× 300mm square specimens
(with chamfer radius R equal to 30mm for all). For round
sections, the CF sheet exerts a confinement effect on the
entire cross section (i.e., the effective confinement area ratio
αe based on equation (1) is equal to 1.00), and the cross-
sectional shape factors C in the study are all equal to 1.0 (i.e.,
without correction). For square-sectioned specimens, since
the value of the effective confinement area ratio αe fell to
0.75, the cross-sectional shape factors C take the values given
in Section 2.2. Furthermore, since the effect of CF rein-
forcement is lost in the case when the effective confinement
area ratio αe becomes zero, the cross-sectional shape factors
C should also be zero. Accordingly, the cross-sectional shape
factors C of the Nakatsuka model are extended and defined
as follows in this paper:

CσB � CεB � CεT � max
1.6αe − 0.6,

0.8αe,
 (10)

CEBT � CETR � max
2.4αe − 1.4,

0.53αe,
 (11)

CεR � 1.33αe ≤ 1.00. (12)

In order to apply to rectangular cross sections, new
correction factors are defined as functions of the longitu-
dinal ratio (d/b). -ese correction factors are defined and
derived in the latter part of this paper, and their accuracy is
verified against the test results in order to conform with the
experimental results given in Section 3.

3. Uniaxial Compression Tests of the CF-
Reinforced Concrete Element

3.1. Specimen Setup. -e test specimens are shown in Ta-
ble 1, while the material properties of the CF sheet are shown
in Table 2. -ere are five C-series test specimens with cir-
cular cross sections, seven S-series test specimens with
square cross sections, and nine R-series test specimens with
rectangular cross sections for a total of 21 specimens. Fig-
ure 4 shows the configuration of rectangular-sectioned
specimens.

-e C series uses the weight of the CF sheet (five types
weighing from 0–600 g/m2; the 400 g/m2 and 600 g/m2

weights are double wrapped 200 g/m2 and 300 g/m2 CF
sheets) as the variable, with the aim of re-examining the
validity of the Nakatsuka model proposed in a previous
Nakatsuka’s study [13].-e S series uses the weight of the CF
sheet (five types weighing from 0–600 g/m2, as in the C
series), the chamfer radius R of section corners (two types at
15mm and 30mm; the 30mm radius test specimen S12-3R
has the same cross-sectional shape as a test specimen in the
Nakatsuka’s previous study), and the height ratio (i.e., ratio

of height h to the short side b; two types at 2 and 3 in this
paper) as variables, with the aim of verifying the validity of
cross-sectional shape factors C that depend on the effective
confinement area ratio αe (equations (10)–(12)). -e R series
uses the longitudinal ratio d/b (four types from 1–4), the
weight of the CF sheet (two types at 200 g/m2 and 300 g/m2),
and the height ratio (two types at 2 and 3) as variables, with
the aim of studying applicability to rectangular cross sec-
tions. -e maximum longitudinal ratio is set to 4 based on
the fact that the distance between the neutral axis of the wall
base cross section subjected to flexural compression and the
wall end on the compression side is 3 to 4 times the wall
thickness in static loading tests of columnless walls rein-
forced with CF in a previous study.

For the names of test specimens, the second character
indicates the value of the longitudinal ratio d/b, the third
character indicates the value of the height ratio h/b, and the
fourth character indicates the CF sheet weight ρf (0: no
reinforcement, 2: 200 g/m2, 3: 300 g/m2, 4: 400 g/m2, and 6:
600 g/m2). Note that, in Table 1, pf is the reinforcement ratio
of the CF sheet, which is the ratio of the sheet thickness t
over the short side b of the concrete cross section. -e fifth
character indicates the chamfer radius (no letter: R� 15mm,
R: 30mm).

3.2. Loading and Measuring System. -e loading used is the
monotonic uniaxial compression system. -e displacement
of the axial direction is measured from four displacement
transducers. -ese are placed at every 90° circumferential
direction of the specimen cross section. -e axial strain of
the specimen is defined as the average of four displacement
transducers.

Table 1: Test specimens.

Specimen
Dimension of concrete CF sheet

b (mm) d (mm) h (mm) R (mm) ρf
(g/m2) pf (%)

C12-0 ϕ150 300

—

— —
C12-2 ϕ150 300 200 0.148
C12-3 ϕ150 300 300 0.223
C12-4 ϕ150 300 400 0.296
C12-6 ϕ150 300 600 0.446
S12-0 150 150 300

15

— —
S12-2 150 150 300 200 0.148
S12-3 150 150 300 300 0.223
S12-4 150 150 300 400 0.296
S12-6 150 150 300 600 0.446
S13-3 150 150 450 300 0.223
S12-3R 150 150 300 30 300 0.223
R22-2 150 300 300

15

200 0.148
R22-3 150 300 300 300 0.223
R23-3 150 300 450 300 0.223
R32-2 100 300 200 200 0.222
R32-3 100 300 200 300 0.334
R33-3 100 300 300 300 0.334
R42-2 100 400 200 200 0.222
R42-3 100 400 200 300 0.334
R43-3 100 400 300 300 0.334
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3.3. Test Results of C-Series Test Specimens. Figure 5 shows
the results of the monotonic uniaxial compression tests on
the C series. In the figure, the vertical axis is the stress σ and
the horizontal axis is the strain ε. -e graph in Figure 5(a)
shows the comparison of test results for the five C-series test
specimens, while graphs 5(b)–5(e) show the comparison of
test results for each of the four test specimens with CF
reinforcement and the Nakatsuka model [13]. For round
specimens with effective confinement area ratio αe of 1.0, all
of the stress-strain relationships are described by the
monotonically increasing model (see Figure 3).

-e failure mode (ultimate strain εR) of specimens was
determined by the rupture behavior of CF sheets. Com-
paring on the basis of the weight of the CF sheet, the
maximum bearing strength and ultimate strain εR of the
concrete element significantly improved with higher CF
sheet weight. Comparing the test results of the CF-rein-
forced test specimens and the Nakatsuka model shown in
Figures 5(b)–5(e), the test values and the evaluation model
are generally in good agreement. Based on these results, it
can be said that the Nakatsukamodel can accurately estimate
the stress-strain relationship of CF-reinforced concrete el-
ements on the condition that the effective confinement area
ratio αe is 1.0.

3.4.TestResults of S-SeriesTest Specimens. Figure 6 shows the
results of the monotonic uniaxial compression tests on the S
series. Figure 6(a) shows the comparison of different CF
sheet weights, while Figure 6(b) compares different chamfer
radii R and Figure 6(c) compares different height ratios h/b.
Note that, for test specimen S13-3 with a height ratio of h/
b� 3, the test results are based on the gauge length of the
specific section. For the rectangular specimens in this paper,
all of the stress-strain relationships are described by the
maxima model (see Figure 3).

-e failure mode of specimens was determined by the
rupture behavior of CF sheets as well as the C series.
Comparing on the basis of the weight of the CF sheet, the
plastic deformation capacity of the concrete element rose
with higher weight of the CF sheet, with a particularly

pronounced change in the ultimate strain εR. For the
compressive strength σB, a tendency for the strength to
increase with higher CF sheet weight can also be seen, al-
though the change is not as extreme as in the ultimate strain
εR. Comparing on the basis of chamfer radius shown in
Figure 6(b), the strength reduction after reaching com-
pressive strength σB of test specimen S12-3R (provided with
an equivalent effective confinement area ratio αe � 0.75 as a
test specimen in a previous Nakatsuka’s study [13]) is
comparatively more gradual than that of test specimen S12-3
(αe � 0.57). Comparing on the basis of height ratio h/b in
Figure 6(c), test specimens S12-3 and S13-3 show nearly the
same stress-strain relationship. In this paper, authors argue
that the effect of the height ratio h/b on the stress-strain
relationship of CF-reinforced concrete elements is small.

Table 3 presents the six components that define the
constitutive law of the Nakatsuka model: σB, εB, EBT, εT,
ETR, and εR, for the 15 rectangular specimens reinforced
with CF. -e experimental values (Exp.) in the table are the
values that identify the six components above, taken from
the stress-strain relationships obtained by experiments
according to the previous study. -e estimation values (Est.)
in the table are the values obtained by evaluating the CF-
reinforced test specimens in this paper based on equations
(1) through (12) (i.e., considering the effect of effective
confinement area ratio αe). For F0, the compressive strength
of test specimen S12-0 which equals 38.46MPa is used, while
for ε0, the strain for the same compressive strength which
equals 0.0024 is used.

Figure 7 shows the comparison of the test results for the
six S-series test specimens with CF reinforcement and the
evaluation results based on the constitutive law. -e solid
lines in the figure show the experimental results, the short
dashed lines show the Nakatsuka model (i.e., without
considering the effect of effective confinement area ratio αe),
and the dashed-dotted lines show the constitutive law
proposed in this paper (equations (1)–(12)). -e Nakatsuka
model tends to overestimate the experimental values in the
second region and thereafter. -is may be attributed to the
fact that the Nakatsuka model does not consider the effect of
the effective confinement area ratio αe, which is linked to the
chamfer radius R. In general, the constitutive law proposed
in this paper may be considered as capable of reproducing
the experimental results well. Note that, for test specimen
S12-6, in which the weight of the CF sheet is extremely large,
although the estimation of the stiffness in the third region
ETR is too large, the ultimate strain εR is almost the same as
the experimental value.

-e aforementioned results suggest that the constitutive
law proposed in this paper (i.e., expanded formulas of the
Nakatsuka model), which can take into account the effect of
the effective confinement area ratio αe, can generally

Table 2: Properties of the carbon fiber sheet.

ρf (g/m2) Ef (N/mm2) ff (N/mm2) εfr (%) Specific weight (×106 g/m2) t (mm)
200 251,000 4,445 1.72 1.80 0.111
300 251,000 4,728 1.88 1.80 0.167
ff : tensile strength of the carbon fiber sheet.

b

d

R
h

Figure 4: Dimensions of the test specimen with rectangular cross
section.
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estimate the behavior of square concrete elements reinforced
with CF well. -e accuracy of the estimation is particularly
good when the weight of the CF sheet is 300 g/m2 or less.

3.5. Test Results of R-Series Test Specimens. For the R-series
test specimens, the comparison of the six component values
of the constitutive law identified from experimental results
and the estimation values based on equations (1)–(12)
(without considering the effect of longitudinal ratio d/b) is
shown in Table 3. First, for the compressive strength σB, the
estimation values overestimate the experimental values for

all test specimens in which the longitudinal ratio d/b is 2 or
more. On the contrary, the strain at point of constant sloping
εT and ultimate strain εR tend to be underestimated. -e
ultimate strain εR relative to the failure mode is defined as the
point when rupture occurs in the CF sheet. Figure 8 shows
examples of the ultimate state of the test specimens due to
CF sheet rupture. All of the test specimens with a longi-
tudinal ratio d/b of 2 or more had concrete on the long side
bulging out of plane at the final stage. -is behavior is quite
pronounced in the R42-3 test specimen shown in
Figure 8(d). Figure 9 shows the failure mode of rectangle
specimen R42-3. -e rupture of the CF sheet occurred at the
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Figure 6: Comparing the test results for theC-series specimens. (a) CF sheet weight. (b) Different chamfer radiiR. (c) Different height ratios h/b.
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Figure 5: Test results for the C-series test specimens and the Nakatsuka model. (a) Comparing on the basis of CF sheet weight.
(b) Comparing test results and Nakatsuka model of specimen C12-2. (c) C12-3. (d) C12-4. (e) C12-6.
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corner of the specimen. In the ultimate state, both surfaces of
the long side swelled to the out of plane. Along with this
behavior, large tension was acting on the long side CF sheets.
-is implies that the link between the longitudinal ratio d/b
and magnitude of ultimate strain is related to this failure
behavior.

-e aforementioned results suggest that, for CF-rein-
forced concrete elements with rectangular sections, although
compressive strength σB fell compared to square sections,
plastic deformation capacity tends to improve.

4. Constitutive Law for Rectangular
Cross Sections

4.1. Discussion of Test Results. With regard to the tendency
for compressive strength σB to fall with increasing lon-
gitudinal ratio d/b, a similar behavior has been observed
for plain concrete without CF reinforcement. Yamamoto
and Koike [25] carried out a number of uniaxial com-
pression tests on rectangular concrete element specimens
with longitudinal ratios d/b less than 6 and gave the fol-
lowing equation for the reduction factor ασB of com-
pressive strength σB estimation according to longitudinal
ratio d/b:

ασB �
d

b
 

−0.1

. (13)

Based on this, authors applied the following equation in
lieu of equation (2) as the evaluation formula for com-
pressive strength σB of CF-reinforced concrete elements in
this paper:

σB � ασB F0 + 4pfEfεfBCσB . (14)

Moreover, authors evaluated the strain at compressive
strength σB using the following equation, considering that, to
a certain extent, a proportional relationship with com-
pressive strength σB exists:

εB � ασB ε0 + 10ε0
pfEfεfB

F0
CεB . (15)

It has also been observed that, with respect to the strain
at point of constant sloping εT, which defines the boundary
between the second and third regions and was shown to
deteriorate in the test specimens and the ultimate strain εR of
the specimens determined by the CF sheet ruptures, the
magnitude of strain tends to increase as the longitudinal
ratio d/b becomes larger. In the test results of this study, the
experimental values of test specimens with longitudinal ratio
d/b� 4 generally reached about twice the estimation values
of equations (1)–(12). In contrast, the estimation values for
stiffness in the second region EBT and stiffness in the third
region ETR tend to overestimate the experimental values.

Figure 10 shows the ratios of cross-sectional shape
factors CEBT, CεT, CETR, and CεR inversely estimated from
experimental values over estimation values from equations
(10)–(12) for the four components EBT, εT, ETR, and εR of the
R-series test specimens. In the figure, the vertical axis is the
ratio of experimental over estimation values Cexp/Cest and
the horizontal axis is the longitudinal ratio d/b. Similar to the
previous discussion, the ratio Cexp/Cest tends to fall with
increasing longitudinal ratio d/b with respect to EBT in
Figure 10(a) and ETR in Figure 10(c). Conversely, the ratio
Cexp/Cest also becomes large as the longitudinal ratio d/b
increases for εT in Figure 10(b) and εR in Figure 10(d). In this
paper, authors modified the evaluation formulas for four
components: EBT, εT, ETR, and εR from equations (5), (7), (8),
and (9) to the following in order to take the longitudinal
ratio d/b into account:

EBT � −0.4E0BT +
1.4E0BT

αEBTCEBT pfEf/0.06F2
0  + 1

,

(16)

αEBT � −0.2
d

b
  + 1.2, (17)

Table 3: Comparison of the test results and the constitutive law using the Nakatsuka model with six components.

Specimen
σ B (Mpa) ε B × 10−2 E BT (Mpa) ε T ×10−2 E TR (MPa) ε R × 10−2

Exp. Est. Est.
Exp.

Exp. Est. Est.
Exp.

Exp. Est. Est.
Exp.

Exp. Est. Est.
Exp.

Exp. Est. Est.
Exp.

Exp. Est. Est.
Exp.

S12-2 42.21 39.92 0.95 0.38 0.26 0.69 −2760 −2302 0.83 0.65 0.54 0.83 −1304 74 −0.06 1.06 1.01 0.95
S12-3 43.83 40.66 0.93 0.37 0.27 0.73 −2084 −870 0.42 0.73 0.57 0.78 −247 637 −2.58 1.35 1.45 1.07
S12-4 41.89 41.38 0.99 0.50 0.28 0.57 −591 33 −0.06 0.78 0.60 0.76 −92 991 −10.7 1.79 1.66 0.93
S12-6 45.55 42.85 0.94 0.42 0.31 0.73 −1005 1143 −1.14 0.91 0.64 0.71 261 1428 5.47 2.45 2.53 1.03
S13-3 41.46 40.66 0.98 0.30 0.27 0.92 −2836 −870 0.31 0.48 0.57 1.19 −235 637 −2.71 1.44 1.45 1.01
S12-3R 43.93 41.36 0.94 0.49 0.28 0.58 −985 10 −0.01 0.80 0.59 0.74 120 982 8.21 1.44 1.79 1.24
R22-2 36.61 39.80 1.09 0.37 0.24 0.70 −2669 −2674 1.00 1.14 0.54 0.47 −860 -72 0.08 1.22 0.96 0.79
R22-3 36.85 40.44 1.10 0.42 0.27 0.64 −2630 −1214 0.46 1.07 0.56 0.53 −198 502 −2.53 1.91 1.35 0.71
R23-3 36.71 40.44 1.10 0.40 0.27 0.67 −3349 −1214 0.36 0.82 0.56 0.68 −453 502 −1.11 1.09 1.35 1.23
R32-2 39.80 40.63 1.02 0.34 0.27 0.79 −2259 −914 0.40 1.01 0.57 0.56 −1094 619 −0.57 2.35 1.33 0.56
R32-3 39.01 41.72 1.07 0.54 0.29 0.54 −2376 356 −0.15 1.12 0.61 0.54 −582 1118 −1.92 2.16 1.97 0.91
R33-3 39.87 41.72 1.05 0.32 0.29 0.90 −2866 356 −0.12 1.01 0.61 0.60 −134 1118 −8.38 2.15 1.97 0.92
R42-2 40.05 40.57 1.01 0.37 0.27 0.73 −3172 −1002 0.32 1.01 0.57 0.56 −750 584 −0.78 1.94 1.30 0.67
R42-3 38.59 41.64 1.08 0.50 0.29 0.58 −1391 281 −0.20 2.00 0.60 0.30 −127 1089 −8.58 3.07 1.93 0.63
R43-3 32.60 41.64 1.28 0.39 0.29 0.74 −2249 281 −0.12 1.02 0.60 0.59 −370 1089 −2.94 1.87 1.93 1.04
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(a) (b) (c) (d)

Figure 8: Ultimate state of test specimens. (a) S12-3. (b) R22-3. (c) R32-3. (d) R42-3.

CF sheet rupture

Figure 9: Failure mode of rectangle specimen R42-3.
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Figure 7: Test results for the S-series test specimens, the Nakatsuka model, and the proposed constitutive law in this paper. (a) S12-2. (b)
S12-3. (c) S12-4. (d) S12-6. (e) S13-3. (f ) S12-3R.
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εT � ε0 −0.016F0 + 2.7( 

+ ε0 0.00001F0 + 0.0016( αεTCεTpfEf,
(18)

αεT �
d

b
, (19)

ETR � −0.25E0BT +
0.55E0BT

αETRCETR pfEf/0.06F2
0  + 1

, (20)

αETR � −0.5
d

b
  + 1.5≥ 0.5, (21)

εR � ε0 20εfr + 1.2  + ε0 1000εfr − 3 αεRCεR
pfEf

F2
0

, (22)

αεR � 0.1
d

b
  + 0.9. (23)

-e dashed lines in Figure 10 indicate the correction
factor α, which represents the effect of longitudinal ratio d/b
based on equations (17), (19), (21), and (23) above. Table 4
presents the error of the proposed equation to the experi-
mental results. For αEBT, αETR, and αεR, the correction factors
given above generally capture the characteristics of the
experimental results. For αεT, the correspondence with the
experimental results was not reasonable. -e evaluation
value from (19) mostly corresponds to the lower limit of the
experimental results. At the Nakatsuka model, the strain at
the point of constant sloping εT is specified as the point at
which the tangential slope of an infinitesimal area in the
stress-strain relationship becomes nearly constant. However,
if the stress-strain relationship is such that the tangential
stiffness after reaching compressive strength σB keeps on

changing continuously, as in the case of the S12-3R test
specimen, then εT is overestimated when obtained from
experimental results.-erefore, the estimation of αεT is set at
around the lower limit of experimental results in this paper.
When using the lower limit value for αεT, the stress-strain
relationship is underestimated (safe side).

4.2. Comparison of Test Results and the Proposed Constitutive
Law. Figure 11 shows the comparison of the test results for
the nine R-series test specimens and the proposed consti-
tutive law estimated from equations (1), (3), (6), and (10)
through (23). In the figure, the vertical axis is the stress σ,
and the horizontal axis is the strain ε. -e solid lines in the
figure show the experimental results, the short dashed lines
show the Nakatsuka model (i.e., without considering the
effects of both effective confinement area ratio αe and
longitudinal ratio d/b), and the dashed-dotted lines show the
constitutive law proposed in this paper (i.e., considering the
effects of both effective confinement area ratio αe and
longitudinal ratio d/b). Similar to the S-series test specimens,
the Nakatsuka model greatly overestimates the experimental
values in the second region and thereafter. On the contrary,
the evaluation formulas for the constitutive law proposed in
this paper are generally able to trace the progress of ex-
perimental results regardless of the longitudinal ratio d/b.
However, for some specimens, the initial stiffness of the
proposed model is stiffer than the experimental results as
shown in Figure 11. -e evaluation of initial stiffness that
measures infinitesimal displacement is very sensitive and is
always associated with errors and uncertainties. In the fu-
ture, the parametric study and/or the evaluation of dis-
persion about initial stiffness range is essential.

For the 15 test specimens of square and rectangular
cross sections with CF reinforcement in this study, the
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Figure 10: Correction factor for longitudinal ratio of nine R-series test specimens. (a) EBT and αEBT. (b) εT and αεT. (c) ETR and αETR. (d) εR
and αεR.
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energy consumed by the test specimens until reaching the
ultimate state was in the range of 60% to 148% of
the proposed evaluation formulas in this paper, with an
average of 111% and standard deviation of 27.2%. If this is
limited to the R-series test specimens with rectangular
cross sections, the average is 104% and standard deviation
is 30.8%. All of the above results show that the evaluation
formulas for the constitutive law of CF-reinforced con-
crete elements proposed in this paper can generally es-
timate the stress-strain relationship, even for rectangular

cross sections with widely different lengths on the long
and short sides.

5. Conclusions

Monotonic uniaxial compression tests were performed on 21
specimens of concrete elements reinforced by wrapping with
carbon fiber sheets.-e following are our findings within the
scope of the specifications of specimens used in the tests
(specimen dimensions and CF sheet weight):

Table 4: Properties of the carbon fiber sheet.

αEBT αεT αETR αεR
Average (exp. result/proposed method) 1.03 2.79 0.84 1.10
Standard deviation of error 0.28 1.83 0.21 0.37
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Figure 11: Test results for the R-series test specimens, the Nakatsuka model, and the proposed constitutive law in this paper. (a) R22-2.
(b) R22-3. (c) R23-3. (d) R32-2. (e) R32-3. (f ) R33-3. (g) R42-2. (h) R42-3. (i) R43-3.
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(1) As the aspect ratio of the concrete section increases,
the compressive strength decreases, while on the
contrary, the ultimate strain determined by the
rupture of the carbon fiber sheet increases and
ductility capacity improves.

(2) For the experiments in this study, there were no
changes observed in the stress-strain relationships of
concrete elements reinforced with the carbon fiber
sheet as the ratio of height in the direction of axial
compression of the element over the short side of the
cross section changes.

(3) For rectangular cross sections, the effective con-
finement area of the CF sheet changes depending
on the chamfer radius of section corners. In this
paper, authors expanded a previously suggested
constitutive law by Nakatsuka et al. [13] and de-
rived evaluation formulas as functions of the ef-
fective confinement area ratio for the concrete
elements under study. -e proposed formulas are
generally able to estimate the behavior of concrete
elements reinforced with carbon fiber with good
accuracy, and the accuracy of the estimation is
particularly high when the weight of the sheet is
300 g/m2 or less.

(4) In order to apply to rectangular cross sections with
widely different lengths on the long and short sides,
authors proposed correction factors for the consti-
tutive law evaluation formulas as functions of the
cross-sectional aspect ratio. Taking these correction
factors into account, the formulas proposed in this
paper are able to trace the experimental results well,
while the energy consumed by the concrete element
until the carbon fiber sheet ruptures is generally
reproduced.

As described above, the CF sheet has the ability to
improve the seismic performance of rectangular cross-sec-
tion concrete such as a structural wall member, and it is
possible to evaluate the effect of retrofitting. -ese research
results can contribute to the improvement of resilience and
sustainability of the building structure through retrofit of
aging concrete.

-e experimental test results about the concrete material
are associated with errors and uncertainties. In the future,
the evaluation of dispersion (e.g., errors and uncertainties) is
essential. Authors will apply a parametric study using the
FEM model in the next step.
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