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In this paper, we propose a stochastic model to describe over time the evolution of stress in a bolted mechanical structure
depending on different thicknesses of a joint elastic piece. First, the studied structure and the experiment numerical simulation are
presented. Next, we validate statistically our proposed stochastic model, and we use the maximum likelihood estimation method
based on Euler–Maruyama scheme to estimate the parameters of this model. )ereafter, we use the estimated model to compare
the stresses, the peak times, and extinction times for different thicknesses of the elastic piece. Some numerical simulations are
carried out to illustrate different results.

1. Introduction

)e bolted structures are widely used in automotive and
aeronautical applications, and they ensure very good rigidity
of the assembly and high level of security. )e dynamic
modeling of bolted structures is the subject of numerous
works in the industrial as well as in the academic com-
munity, and it represents a real challenge for mechanical
engineers. Several studies [1–3] have been carried out to
model this kind of structure, with taking into account the
influence of diverse solicitations such as creep, pressure,
thermal charging, vibration, and fatigue. In this framework,
putting an elastic joint piece between two plates of the as-
sembly allows to obtain a great stability of the structure. )e
purpose of this technique is to absorb the distribution of
stresses causing by the existing of significant vibration
transfer and von Mises stress, from one plate to another.

Our original contribution in this paper consists to model
the influence of the existence of an elastic piece on the
dynamic behavior bolted mechanical structure which is

under the effect of vonMises stress. We start out in Section 1
with a description of the studied bolted structure; then, we
use in first time a finite element (EF) analysis approach to
investigate the parameters that may affect the stress con-
centration in a bolted assembly, depending of different
thicknesses of the elastic piece. )e EF numerical simulation
by ABAQUS software is described, and the results of the
simulations are presented (simulation inputs and obtained
data) in Section 2.

)ereafter, this data are exploited to evaluate the cor-
relation between the stress applied and the thickness of the
joint elastic piece. In other terms, we are modeling sto-
chastically the stress variation over time of a bolted structure
in function of the thickness of a joint elastic piece. )is
correlation is made by a Pearson test.

)erefore, a stochastic model is built, and its parameters
are estimated; this new model allows predicting the point of
stress stability (stress peak) of behavior of bolted structure
studied, its time (stress peak time) and its extinction time.
First step is to verify the stress distribution normality by a
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graphical test, which is carried out by the Q-Q plot
(Quantile-Quantile plot) model; this tool is used to deter-
mine the best fit for the duration of phonemes. )e q-q plot
shows the relationship between the quantiles of expected
distribution and actual data. Also, a Shapiro–Wilk test is
made to demonstrate the distribution normality by the
analytical method.

Section 3 aims to validate the effectiveness of the pro-
posed stochastic model and to estimate its parameter by the
Euler-maximum likelihood estimation method. Section 4 is
dedicated to predict the stress peak and the stress extinction
time and to discuss the results of our modeling. In Section 5,
new simulations are carried out with a steel piece with
different thicknesses, in order to compare their results with
the previous results obtained for the bolted structure with
the joint elastic piece. We finish by a conclusion and some
perspectives.

1.1. State of Art. In the literature, several mathematical
methods have been handled in order to ensure the validity of
bolted structures. )e finite element (EF) analysis has been
used to examine the bolt hole clearance effect on the me-
chanical behavior of a bolted structure [4]. Also, Hashin’s
failure criteria have been used to predict the failure onset
load (see [5, 6]). )ese studies applied principally analytical
methods supported with some included experimental results
and lead to draw several conclusions to model more complex
structures.

Also, several stochastic models have remained an ef-
fective tool to analyze the behaviors of mechanical structures
by taking into consideration the randomness of mechanical
properties. )ese models introduce uncertainties in the
parameters of deterministic models by supposing that they
are subject to environmental fluctuations, which gives more
realism to the results.

Constructing and studying deterministic and stochastic
models belong to themost beneficial methods to estimate the
relation between the input parameters of the structure finite
element model and the response parameters of interest. In
this context, Mccarthy and Gray [7] proposed and analyzed a
deterministic model for predicting the distribution of loads
in multibolt composite joints [8]. In other investigation,
Lacour et al. [9] have modeled the von Mises stress, stiffness,
and displacements by a nonlinear stochastic model at each
degree of freedom.

In order to formulate a stochastic finite element method
for nonlinear material models, the same authors have ap-
plied a discrete approach to develop a constitutive algorithm
which can be implemented on a global level of the context
3D nonlinear stochastic finite element method [10]. In this
work, our proposed modeling is done by the continuous
stochastic model, and it should be noticed that it has not
been treated before in the literature.

2. Experiment Numerical Simulation and Data

2.1. Description of the Studied Structure. For aeronautic and
automotive applications, bolted assemblies are subjected to

traction, compression, torsional torque, and thermal and
centrifugal forces. As presented in Figure 1, the studied
bolted structure is submitted to compressive stress, and an
elastic piece is put between the two steel plates in the as-
sembly area. Figure 1 indicates all the ratings used. )e
parameters related to the substrate are the thickness of the
elastic piece, the width, and the length of the two plates, as
well as the diameter of the hole from the middle to the
contact zone.

2.2. Compression Test Simulation. First, we aim to simplify
the meshing of the finite element (FE) model of the studied
structure, by substituting its geometry with elements having
an equivalent behavior. )e simulations using ABAQUS
software are carried out. ABAQUS is an excellent software
tool which can incorporate the nonlinearity of materials,
geometry, asticity (strain hardening), large displacement,
contact problem, etc. )e geometry of the structure was
created by using the modules Parts and Assembly in
ABAQUS software (see Figure 2).

)e material properties for the different pieces of the
structure have been chosen according to the type of material.
For the materials of construction, the two plates and the bolt
are made of steel, while the elastic piece is made of rubber.
)e material properties of the different pieces of the
structure are detailed in Table 1:

In this simulation, compression loads of 50N/mm2 was
applied to the side face of the upper plate (see Figure 2), and
we modified the thickness of the elastic piece to study the
dynamic response of the structure and then, to model the
von Mises constraint distribution in the lower plate of the
structure, which depends on time and thickness.

All the simulations below are performed using an explicit
dynamic step. )e contact properties between the parts of
the structure are defined. During this meshing, we obtain a
three-dimensional continuum of 8 inclined brick elements.
Finally, we can run the simulation and extract the results.

2.3. Result Finite Element Simulation. Finite element (FE)
analysis is a relatively inexpensive and fast alternative to
physical experiments. Reliable test data are essential to
calibrate an FE model. If the validity of FE analysis is en-
sured, it is possible to model the dynamic response of the
structure with the number of parameters.

)e elastic piece thickness is modified from 0mm to
2mm and for each thickness a numerical simulation is made.
For each simulation step, we apply the same conditions in
order to investigate thickness effect in the distribution of the
vonMises stress applied in the lower plate of the structure.
Figure 3 shows the simulation results for only 7 types of
thicknesses, in order to study the stresses distribution on the
lower plate in function of the thickness of the elastic part.

)e results of the simulations show that the stresses are
concentrated in the contact zone, between the lower plate
and the elastic piece. In the case of the structure without
elastic piece, the stresses are distributed around the holes.
With a thickness of 0mm, it can be seen that the stresses are
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distributed over the entire lower plate and that its distri-
bution reaches its maximum in the periphery of the hole.

For each simulation, an element of the lower plate is
chosen in the contact area where the stress distribution is
maximum. In order to efficiently observe the influence of the
thickness change on the stress evolution and to properly
interpret the results, we make a representation of this stress
as function of time. )e simulation results for 7 thicknesses
are presented in Figure 4.

It can be seen that the stress in the bolted structure with
elastic piece thickness 0, 0.1, 0.7, and 1 is significantly higher
compared to the stress in the structure bolted with elastic
piece thickness 0.4 and 0.9. Accordingly, the simulation
result reveals that there exists any correlation between the
stress evolution and the elastic piece thickness. In order to
confirm the last hypothesis, a Pearson test is carried out.
Table 2 summarizes the results of this test.

As can be see from the results above the p value of the
test is 0.7794, which is bigger than the significance level
α � 0.05.We can conclude that the stress and the joint elastic
piece thickness are not correlated. Officially, the thickness
does not affect the stress.

In the following section, a stochastic model is built, and
its parameters are estimated.

3. Model and Parameter Estimation

3.1. Stochastic Model of Modelisation. )e QQ plot (or
quantile-quantile plot) establishes the correlation between a

given sample and the normal distribution. A 45-degree
reference line is also drawn. In a QQ plot, each observation is
plotted as a single point. If the data are normal, the points
should form a straight line. )e following figure gives the
QQ plot linked to the stress sample of each elastic piece
thickness.

We can remark from Figure 5 that all points lie ap-
proximately along this reference line, and we can assume
the normality of the stress sample linked the given elastic
piece thicknesses. Visual inspection, as described in
previously, is generally unreliable. A significance test
comparing the sample distribution to a normal distri-
bution can be used to determine whether or not the data
shows a significant deviation from the normal distribu-
tion. )ere are several methods for assessing normality,
including the Kolmogorov–Smirnov (K-S) normality test
and the Shapiro–Wilk test. )e Shapiro–Wilk test is
widely recommended for normality testing and provides
better power than K-S test. It is based on the correlation
between the data and the corresponding normal scores
(see Ghasemi and Zahediasl [11]). )e following table
summarizes the results of the Shapiro–Wilks test for all
the samples of stresses with different elastic piece
thicknesses.

According to Table 3, for each elastic piece thickness, the
p value >0.05 indicates that the corresponding stress dis-
tribution is not significantly different from the normal
distribution. In other words, we can assume normality of all
the distribution. )us, if x(t) is the one-dimensional vari-
able that represents the stress density linked to a piece elastic
thickness per second, so

x(t) � c0 exp −
1
2

t − μ
σ

 
2

 , (1)

where c0, μ, and σ are constant characteristics. By deriing
x(t) along time, we obtain

Figure 2: Numerical experiment of bolted structure compression test.

Table 1: Material properties of the structure components.

Young modulus
E (MPa) Poisson ratio Density

(T/mm2)
Steel plates 210e3 0.3 7.8e− 9
Elastic piece 100 0.46 9.45e− 10
Bolt 210e3 0.3 7.8e− 9

Elastic piece

100

40
100

Front view
scale : 1: 1

(a)

40
25

2

5

5

Left view
scale : 1: 1

(b)

Figure 1: )e overall drawing of the studied structure with elastic piece.
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dx(t) �
1
σ2

(μ − t)x(t)dt, (2)

and we suppose that the parameter μ is subject to random
fluctuations. We replace μ by μ + ρ(dB/dt) in equation (2),
where B(t) is a standard one-dimensional Brownian mo-
tions and ρ is the intensity of the perturbation.We obtain the
following stochastic model:

dx(t) �
1
σ2

(μ − t)x(t)dt +
ρ
σ2

x(t)dB(t). (3)

3.2. Parameter Estimation. Let [0, T] a time interval and
(ti)0≤ i≤K be a subdivision of this interval. We suppose that
the step Δi � ti − ti−1 � Δ for all i ∈ (0, 1, . . . , K). )e nu-
merical approximation of model (3) by Euler–Maruyama
scheme gives

x ti(  � x ti−1( 
1
σ2

μ − ti−1( x ti−1( Δt + x ti−1( ξi,

0≤ i≤K,

(4)
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Figure 3: Results of experiment numerical simulation: (a) thickness� 0, (b) thickness� 0.1, (c) thickness� 0.4, (d) thickness� 0.7,
(e) thickness� 0.9, and (f) thickness� 1.
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Table 2: )e results of the Pearson test of correlation between the stress and the elastic piece thickness.

)ickness Stress

)ickness
Pearson correlation 1 −0.0906

Sig.(bilateral) 0.7794
N 10 10

Stress
Pearson correlation −0.0906 1

Sig.(bilateral) 0.7794
N 10 10
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Figure 5: Continued.
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where ξi ∼ N(0, (ρ2/σ4)Δ). We suppose that
xi � x(ti)≠ 0, 0≤ i≤K, so the variables

Yi �
xi − xi−1 − 1/σ2  μ − ti−1( xi−1Δ

xi−1
, 0≤ i≤K, (5)

are independent and identically distributed (iid) and that all
follows the law N(0, (ρ2/σ4)Δ). )us, the density function of
any Yi is

f ξi, θ(  �
1

ρ/σ2 
����
2πΔ

√ exp −
σ4

2ρ2Δ
xi − xi− 1 − 1/σ2(  μ − ti− 1( xi− 1Δ

xi−1
 

2
⎛⎝ ⎞⎠, (6)
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Figure 5: QQ plots testing the normality of the stress’s distribution: (a) thickness� 0, (b) thickness� 0.1 (c) thickness� 0.4,
(d) thickness� 0.7, (e) thickness� 0.9, and (f) thickness� 1.

Table 3: Normality test between the von Mises stress and the thickness of elastic piece.
)ickness (mm) 0 0.1 0.4 0.7 0.9 1.0
p test 0.280 0.278 0.265 0.264 0.240 0.264
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where θ � (μ, σ2, ρ)T. )e Euler-ML estimator θ of θ is
concerned to find the parameter vector θ that maximizes the
log-likelihood function:

logL θ, ξi(  � −K log
ρ
σ2

����
2πΔ

√
  −

σ4

2ρ2Δ


K

i�1

xi − xi− 1 − 1/σ2(  μ − ti− 1( xi− 1Δ
xi−1

 

2

. (7)

)e MLEs μ, ρ, and σ2 for the parameters μ, ρ, and σ2
verify

μ � argmax
μ

log L θ, ξi( ( ,

ρ � argmax
ρ

log L θ, ξi( ( ,

σ2 � argmax
σ2

log L θ, ξi( ( ,

(8)

i.e.,

z logL θ, ξi( 

zμ
�

z logL θ, ξi( 

zρ
�

z logL θ, ξi( 

zσ2
� 0. (9)

By resolving this problem, we found the estimators μ, ρ,
and σ2 of μ, ρ, and σ2:

μ �
T − ZF

Z − KF
, (10)

σ2 �
KΔμ − ΔZ

X − K
, (11)

where

X � 
K

i�1

xi

xi−1
,

Y � 
K

i�1

xiti−1

xi−1
,

Z � 
K

i�1
ti−1,

T � 
K

i�1
t
2
i−1,

F �
Y − Z

X − K
.

(12)

For ρ, we have

ρ �

σ2
���
KΔ

√

���



K

i�1




xi − xi− 1 − 1/ σ2  μ − tti− 1( xi− 1Δ
xi−1

⎛⎝ ⎞⎠

2

.

(13)

)us, the stochastic model

x ti(  � x ti−1(  +
1
σ2

μ − ti−1( x ti−1( Δ +
ρ
σ2

x ti−1( ξti
,

x t0(  � x0,

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(14)

can describe the evolution of von Mises stress in a time
interval [0, T].

In the remainder of this paper, it is assumed that the
mechanical action is suppressed when the stress reaches the
point of stability (peak of the stress).

4. Simulations and Discussion

Depending on experimental sample (xi)0≤ i≤K of each
thickness, we calculate the linked estimators μ, σ2, and ρ
using formulas (10), (11), and (13). Table 4 gathers the
results.

As example, the estimating model for the elastic piece
thickness 0.2mm is

x ti(  � x ti−1(  + 5.69 1.19 − ti−1( x ti−1(  + x ti−1( ξi, 0≤ i≤K,

x t0(  � 0.05.


(15)

In the following simulations and table, the peak stress
(stress point of stability) and its peak time are stochastically
estimated using model (14). We recall that when the stress
reaches the point of stability, it is assumed that the me-
chanical action is suppressed. )e stress extinction time is
also estimated.

As indicated in Figure 6 and Table 5, we can analyze
these results in two levels; first, the stress peak time and the
extinction time are not correlated with the elastic piece
thickness, but the variance of their evolution are very small.
In other words, the elastic piece thickness affects slowly the
stress peak time and the stress extinction time, although
there exist no correlation between the elastic piece thickness
and the other two variables. In the second level, the stress
peak is also not correlated with the elastic piece thickness; on
top of that the variance of the evolution of this variable with
change of the elastic piece thickness is very large.

In general, the mechanical loads applied to the upper
plate are transferred to the lower plate and this transfer is
reflected in the concentration of stresses on the lower plate.
According to the result of Figure 3, the stress is well dis-
tributed on all the lower plate in the case of absence of the
elastic piece; however, its presence concentrates the stress in
the lower plate in the contact area around the hole. )us, the
elastic part allows to concentrate the stresses in the contact
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Table 4: Euler-maximum likelihood estimation of the parameters μ, σ2, and ρ for different elastic piece thicknesses.

)ickness (mm)
Parameter estimation

μ σ2 ρ
0 1.18468927 0.01167707 0.22097886
0.1 1.18581822 0.01228712 0.22727400
0.2 1.180558422 0.008790051 0.225317436
0.3 1.181756874 0.009602489 0.221970306
0.4 1.182099792 0.009846698 0.215053257
0.5 1.18509170 0.01187883 0.22262422
0.6 1.18583600 0.01242017 0.22572033
0.7 1.18519627 0.01178613 0.22318094
0.8 1.182537373 0.009997622 0.221740906
0.9 1.2522960 −0.2012549 −0.8309588
1.0 1.18519627 0.01178613 0.22318094
1.1 1.182297143 0.009987085 0.217539627
1.2 1.181672416 0.009427385 0.218533872
1.3 1.181976021 0.009628434 0.218214562
1.4 1.18539929 0.01215588 0.22313173
1.5 1.18322684 0.01045432 0.22340075
1.6 1.1852761 0.01204753 0.22369206
1.7 1.18501296 0.01188262 0.21906066
1.8 1.181932970 0.009618655 0.216498734
1.9 1.181091762 0.009271733 0.224089725
2.0 1.18589145 0.01253209 9.22427855
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Figure 6: Continued.
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Figure 6: Simulation of the stress density for some joint elastic piece thicknesses using their corresponding estimating models.
(a) )ickness� 0, A1 (16, 70236), (b) thickness� 0.1, A2 (16, 51191), (c) thickness� 0.4, A3 (17, 259276), and (d) thickness� 0.7, A4 (16,
65108).

Table 5: Results of the simulation: stress peak value, stress peak time, and stress extinction time.

Elastic piece thickness (mm) Stress peak (N/mm)2 Stress peak time by second Stress extinction time by second
0 70237 17 22
0.1 51191 16 24
0.3 3376175 16 22
0.4 259276 17 20
0.7 65108 16 22.2
1.0 61803 18 23.5
1.3 319817 16 21
1.5 172692 17 21
1.7 55142 15 21
2.0 39104 16 19
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Figure 7: Stress evolution as function of time and thickness of the steel piece at an element of the lower plate.
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area or in the assembly area, where there is the bolt and its
action. )is helps to reduce the damage of the structure
because the assembly area is one of the hardest part in this
structure.

On the contrary, as deduced in the correlation and
stochastic model results, the change in the thickness of the
elastic piece does not influence the evolution of stress in the
case of the presence of mechanical actions or in the case of
their absence.)e noninfluence of the thickness on the stress
evolution as a function of time in a finite element of the
structure is caused perhaps by the material properties of this
elastic piece.

)e paper of Saxena et al. [12] allows us to consider the
last hypothesis. In fact, their paper shows that the stress
evolution depends on the piezoelectric layer length and the
thickness variation of the plate, which has the same material
properties of the global structure and affects the stress
evolution.

4.1. Dynamic Behavior of Bolted Structure with Steel Piece.
In order to verify this hypothesis, we carry out the same
simulations on the ABAQUS Software, but this time, we
replace the elastic piece by a steel piece which has the same
material properties of the structure. )e results of this
numerical simulation as well as the correlation test are
presented in Figure 7 and Table 6.

)e stress evolution is presented as function of time in a
lower plate element and the change of the steel piece are
strongly correlated. )is result is confirmed by the Pearson
correlation test in Table 6 (the p value is <0.05).

)is result is consistent with the hypothesis that we have
previously proposed. )erefore, the noncorrelation between
the stress evolution and the change in the thickness of the
elastic piece is mainly caused by the material properties of
the latter.

5. Conclusion

In this paper, an experiment numerical simulation has been
conducted to study the von Mises stress evolution into a
bolted structure in presence of an elastic piece. )e ex-
periment changes the thickness of the elastic piece to deduce
its effect in the evolution of the stress. )e results of this
investigation are various. First, the presence of the elastic
piece makes possible to concentrate the stress in the as-
sembly area in the lower plate.)e second result also showed
that there is no correlation between the stress evolution and

the change of the thickness. )is uncorrelation is caused by
the difference of material properties between the elastic piece
and the other pieces of the structure.

A stochastic model has been built from the graph of the
stress evolution as well as by a normality test, and its
pentameters have been estimated by the Euler-Maximum
Likelihood estimation method. )e model has been used to
predict the stress peak, the stress peak time, and the stress
extinction time into the bolted structure. )e proposed
stochastic model remains a relevant model which gives good
predictions of the last three parameters by changing the
thickness of the elastic piece despite the fact that there is no
correlation between the change in thickness and the stress
evolution.

As a perspective, we can consider this work as a basis for
several future studies, for example,

(i) Build a stochastic model or a time series that pre-
dicts the evolution of the stress in function of the
time and the thickness of the elastic piece

(ii) Study the mechanical reliability of bolted structures
with and without elastic part

(iii) Search the optimal joint configuration that ensures
the stability and reliability of the bolted structure
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