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Crack closure model has been used in several applications on the prediction of fatigue crack growth life, with expression of crack
opening stress often serving as milestones. A typical difficulty in calculating the crack opening stress is the phenomenon of crack
closure caused by the compressive load effect. Compressive load effect, resulting in the change of residual stress status at the
unloading stage and the decrease of crack opening stress, is a long-term challenge for predicting fatigue crack growth life. We
propose the expression of crack opening stress to predict fatigue crack growth life based on the analysis of compact tensile
specimen with elastoplastic element method. It combines the characteristics of material and load to deal with the phenomenon of
crack closure and uses stress ratio and normalized maximum applied load variable to construct the expression of crack opening
stress. In the study of tensile-compression fatigue crack growth experiments, the proposed expression is proved to improve, by
comparative analysis, the predictive ability on the whole range of experiment data. ,e novel expression is accurate and simple.
Consequently, it is conducive to calculate the crack opening stress under tension-compression load.

1. Introduction

,e fatigue crack growth is a common and important issue
in engineering application, due to the inevitable defects in
materials and structures [1]; and the small defect in material
and structure, which is also considered as a small crack,
propagates into a large one under cyclic load and results in
fracture [2, 3]. A more serious problem is that some engi-
neering structures are subjected to both tensile and com-
pressive loads [4–6]. For example, the landing gear of aircraft
is subjected to cyclic compression load during landing
process [7]. Previous studies have considered that com-
pression load leads to crack closure; namely, compression
load can delay crack growth rate and prolong crack life [8].
Based on the concept of conservative design, the effect of
compression load is not considered in the calculation of
fatigue crack growth life [9]. In order to improve the

accuracy of life calculation for engineering structure sub-
jected to compression load, damage tolerance and durability
design are proposed, in which the calculation of fatigue crack
growth rate is one of the key contents [10, 11]. Due to the fact
that the effective driving force directly reflects the fatigue
crack growth rate, it is necessary to establish an effective
driving force model for crack growth [12–14].

Since Elber put forward the concept of crack closure,
many efforts have been devoted to calculating the effective
driving force based on the mechanism of crack closure
[15–17]. Among them, the plastic-induced crack closure
mechanism is widely used to calculate the effective driving
force of crack growth [18]. Based on the mechanism of crack
closure caused by plasticity, the expression of crack opening
stress is the basis of calculating effective driving force. Due to
the large stress gradient near the crack tip, the analytical
solution of the crack opening stress cannot be obtained by
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fracture mechanics, and the experiment method needs a
large number of samples for statistical analysis [19].
,erefore, the numerical method is widely used to calculate
the crack opening stress [20]. At present, there are four
numerical methods to evaluate crack opening and closing
[21], that is, the displacement of the first node behind the
crack tip, the displacement of the second node behind the
crack tip, the stress transformation of the crack tip, and the
weight function method based on contact stress along the
crack surface. ,e nodal displacement method is the first
method to calculate the opening and closing stresses. It
includes monitoring the displacement of node (usually the
first or second node behind the crack tip) when cyclic load is
applied. Later, the concept of stress change at the crack tip
was proposed to analyze the phenomenon of crack closure.
,en, when the stress at the crack tip node changes from
compression to tension, the externally applied stress is
defined as the crack opening stress. On this basis, it is
proposed that the opening stress is defined as the applied
stress when the stress perpendicular to the crack plane at the
crack tip node changes from compression to tension. For the
weight function method to calculate the opening stress, the
residual stress on crack surface is used to calculate the
(negative) residual stress intensity factor [22, 23]. ,e
negative residual stress intensity factor itself has no physical
meaning, but it can be used to calculate the crack opening
stress by the opening stress intensity. Due to the existence of
plasticity in the unloading part of cyclic loading, the elastic
superposition is no longer effective, so the weight function
method cannot be used to calculate the crack opening stress
under the circumstance of compressive load [24]. ,erefore,
when discussing the crack opening stress under tension-
compression cyclic loading, the crack opening stress is often
calculated based on the transformation of stress and
displacement.

Compression load is an important factor affecting the
opening stress [25]. Based on the mechanism of crack closure,
Schijve, Koning, Newman, and Lang proposed some em-
pirical formulas for calculating the crack opening stress,
where the stress ratio, maximum stress intensity factor, and
residual stress were taken as control parameters. Later, a two-
parameter model with the combination of stress intensity
factor amplitude, maximum applied load, crack tip opening
displacement, and crack tip constraint condition was pro-
posed [26, 27]. Most of the primary crack opening stress
formulas were limited to stress ratio of single-parameter
model and crack opening displacement of two-parameter
model. When the peak and valley values of tension-com-
pression cyclic loads are large, the calculation ability of these
crack opening stress formulas decreases. ,ere are two main
reasons for the decline of computing power. One reason is
that the opening stress model based on the positive stress ratio
of cyclic tensile load is not suitable for the negative stress ratio
of tensile-compression cyclic load [28]. Another reason is that
the plastic-induced crack closure is related to not only the load
characteristics but also the material characteristics [29]. For
these reasons, many efforts have been made to establish an
effective expression to predict the crack opening stress under
tension-compression cyclic load.

In this work, a novel methodology is proposed to cal-
culate crack opening stress based on the mechanism of
plastic-induced crack closure, considering the effect of
compressive load. ,e proposed crack opening stress model
is applicable to predict fatigue crack life under cyclic loading.
In order to verify the applicability of the proposed crack
opening stress model, the crack growth experiment data of
CT specimen are quoted, and the elastoplastic finite element
model is established.,rough the elastoplastic finite element
analysis of the CT specimen, the effects of maximum load,
stress ratio, and yield stress on crack opening stress are
investigated; and the explicit expression is established for the
calculation of crack opening stress. Besides, the proposed
model is used to predict the fatigue crack life of CT speci-
men. Compared with the result of experiment and literature,
it is shown that the crack opening stress model can be
applied to predict the fatigue crack life under cyclic loading
[30]. ,erefore, we succeed in predicting fatigue crack life
with the proposed crack opening stress model and im-
proving the accuracy of predicting effective stress amplitude.

2. Methodology

2.1.*eoreticalConsiderations. ,e essence of residual stress
near crack tip is the plastic behavior of material, and the
plastic behavior of materials is induced by the applied load
[31]. ,e plastic behavior of materials can be expressed by
elastic modulus, yield stress, and strain hardening; also the
applied load can be expressed by peak value, valley value,
and stress ratio. ,e purpose of analyzing plastic closure
behavior is to calculate crack opening stress, which changes
the effective stress amplitude, and the crack opening stress is
a key factor for the prediction of crack growth life. In this
work, the crack surface is assumed to be completely open,
when the node stress of crack tip changes from compressive
stress to tensile stress. Accordingly, when the crack tip stress
is zero, the applied load is defined as the crack opening
stress, that is, crack opening stress.

According to the literatures, stress ratio, maximum load,
and yield stress have great influence on the crack opening
stress [32, 33]. For the plastic crack closure under cyclic
loading, it is also considered that the effect of compressive
load on crack opening stress cannot be ignored. ,erefore,
the stress ratio, peak value, and valley value are selected to
reflect the influence of load characteristics on crack opening
stress, and the yield stress and hardening effect are selected
to reflect the influence of material characteristics on crack
opening stress. ,e relationship between crack opening
stress and these factors can be expressed as

σop ∼ f(Mat, Load), (1)

where Mat ∼ g(σs, n) and Load ∼ h(R, σmax, σcom).
For cyclic loading, the load characteristics can be

expressed by any combination of two factors: stress ratio,
peak load, valley load, average stress, and stress amplitude.
For the purpose of convenient calculation, the stress ratio,
peak load, and compressive load are chosen to find an ef-
fective expression for calculating crack opening stress.
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2.2. Finite Element Analysis. ,e calculation code of the
elastoplastic finite element for CT specimen is coded by
APDL language of ANSYS 16.2. ,e geometric dimension of
CT specimen is established according to ASTM-E399, as
shown in Figure 1; and the width of specimen is chosen as
reference size; W � 76mm.

An elastic-perfectly plastic model is given to the material
of steel, where the modulus of elasticity is 200GPa, the yield
stress is 300MPa, and Poisson’s ratio is 0.3. ,e eight-node
quadrilateral element (PLANE 183) is used to establish the
two-dimensional finite element model. Moreover, nodes to
rigid line contact pair are established on the crack surface
and notch boundary to prevent the crack from penetrating,
namely, the negative displacement of nodes on crack surface
[34]. ,e parameters of contact pairs are obtained from trial
calculation with the command of CNCHECK, so as to
improve the contact parameters in the final model. Con-
sidering the symmetry of geometry and load, a half of CT
structure is meshed, as shown in Figure 2.

,e finite element model is meshed with the method of
increasing refinement, which can reflect the large stress
gradient near the crack tip and also can control the scale of
finite element model [35]. Firstly, the Irwin plastic zone
model of equation (2) is used to estimate the size of plastic
zone; then the transition zone of mesh size is established to
obtain the refined mesh. Since half of the CT specimen is
used, a symmetrical constraint is applied on the plane of
symmetry as shown in Figure 3, where the loading force is
applied to the loading hole, according to ASTM-E399.
Additionally, fixed constraints are applied on the rigid line to
prevent the penetration behavior of crack and notch zone.

rp � β
K

σy
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1
2π

for plane stress

β �
1
6π

for plane strain
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(2)

,e criterion of crack opening is mainly based on the
stress and displacement state of the crack tip node in nu-
merical analysis [36], namely, the first node behind the crack
tip, the second node behind the crack tip, and the contact
nodes of the crack surface, as shown in Figure 4. Among
them, the stress state of crack tip node is widely used as the
criterion of crack opening.,e displacement of the first node
behind the crack tip has also been used to evaluate the crack
opening state [37]. Considering the premature closure of the
first node behind the crack tip, the displacement of the
second node behind the crack tip has been used to evaluate
the crack opening state. Considering that the node state on
crack surface depends on the subdivision degree of the mesh,
the contact stress of crack surface is used to calculate the
crack opening stress. In this paper, the crack opening stress
is calculated with the linear interpolation method by
monitoring the stress state of crack tip node.

,e convergence analysis of the finite element model is
conducted under the loading condition of R � 0 and
Pmax �80MPa. According to the method of increasing re-
finement, the number of nodes in the plastic zone is

increased from 5 to 30, and the incremental Step 5 is used to
study the mesh convergence. When the number of nodes in
the plastic zone is greater than 20, the numerical results have
no obvious change. ,erefore, there are 20 nodes in the
plastic zone at the crack tip, and the minimum element size
is 0.6 μm. Consequently, the refined finite element model of
the half CT specimen has 78 000 elements and 87 000 nodes.
Further reducing the element size will increase the calcu-
lation time. Meanwhile, according to McClung and Sehi-
toglu, the minimum element size of crack tip in finite
element simulation should be one twentieth of the size of
plastic zone [38]. ,erefore, it is appropriate to arrange 20
nodes in the plastic zone.

3. Results

3.1. Correlation between Opening Stress and Stress Ratio.
,e stress ratio and the maximum tensile load are selected as
variables, and the opening stress is calculated by the estab-
lished elastic-plastic finite element model. ,e maximum
tensile load is between 80 and 240MPa with equal interval of
40MPa, and the stress ratio is changed from 0 to −0.5 with
equal interval of 0.1. In order to compare the opening stress
under different maximum tensile loads, the corresponding
opening stress is normalized by the maximum tensile load,
and the obtained opening stress curve is shown in Figure 5.

,e numerical results are shown in Figure 5 with the
form of data points. It can be seen that the level of crack
opening stress decreases with the increase of the maximum
tensile load. Besides, the crack opening stress levels decrease
with the increase of negative stress ratio, under five different
levels of maximum tensile load. Namely, the compression
load can reduce the crack opening stress. Moreover, the
crack opening stress is negative when the maximum tensile
load is greater than 160MPa and the negative stress ratio is
greater than 0.3. ,e crack opening stress curves under five
levels of maximum tensile loads show the characteristics of
quadratic trinomial with respect to stress ratio. ,erefore,

α = 0.2~0.5
h = 4‰ W 2 x Φ0.25 W
P = σAPP ·0.25 W

1 W

0.1 W
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Figure 1: ,e geometric dimension of CTspecimen. ,e specimen
is established according to ASTM-E399, in which W is taken as
reference size. ,e crack length is in the range of 0.2 to 0.5 times of
W. ,e loading force is transformed into the applied pressure
according to the size of the loading hole.
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the following quadratic trinomial is used to fit the crack
opening stress curves under different maximum loads:

σop

σmax
�
σop 0

σmax
+ b1R + b2R

2
. (3)

We have that σop 0 is the crack opening stress when the
stress ratio is zero. ,e coefficients of fitting expression for

40 nodes 100 nodes
Enlarged in local view
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Transition zone

30 nodes30 nodes 20 nodes
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Figure 2: ,e finite element model of CTspecimen. According to the size of plastic zone, the specimen is divided into seven intervals along
the length direction. Based on the benchmark node of crack tip, 20 nodes are arranged in the plastic zone before crack tip node, and 30 nodes
are arranged in the adjacent transition zone, as shown in the enlarged local view. In the rest of four intervals, the number of nodes per unit
length is gradually reduced. (a) Global mesh dimensions; (b) local mesh dimensions.
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Figure 3: Schematic of boundary and constraint. (a) Due to the
symmetry of structure, it is necessary to impose symmetrical
constraints on the symmetrical plane. (b) To prevent the crack
surface from penetrating, a contact pair is established with the
crack and notch through the rigid line; therefore, it is necessary to
impose fixed constraints on the rigid line.

Crack tip node
1st node
2nd node

Specimen

Rigid lineContact pair Bounded

Figure 4: ,e criterion of crack opening stress. ,e difference of
crack opening stress criterion lies in monitoring different nodes on
the crack surface. ,e CT specimen is shown in the form of line
with dots, and the nodes monitored by different criteria are dis-
tinguished by node color.
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Figure 5: Opening stress curve. With the same amplitude of
maximum load, the opening stress decreases with the increase of
compressive load (i.e., the increase of negative stress ratio). ,e
decrease of opening stress can be described by quadratic poly-
nomial of stress ratio, as shown by five types of dashed line. When
the maximum load is greater than 160MPa, the opening stress will
be negative with the increase of compressive load. It means that the
crack opens during the unloading stage of compressive load. It
means that the crack opens during the unloading stage of com-
pressive load.
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crack opening stress curve under eachmaximum tensile load
are given in Table 1.

,e fitting coefficients of quadratic trinomial in the table
are obtained under the condition that the determination
coefficient and correction determination coefficient are
greater than 0.98, which indicates that the fitting effect is
good. Furthermore, by comparing the reduction rate of
crack opening stress with stress ratio under five kinds of
maximum tensile loads, it is found that the reduction rate is
positively related to the maximum tensile load. ,erefore, it
is necessary to analyze the influence of maximum tensile
load on crack opening stress.

3.2. *e Effect of Maximum Tensile Load. To analyze the
effect of the maximum tensile load, the fitting value of the
variables in equation (3) with the change of the normalized
maximum tensile load is plotted in Figure 6.

It can be seen that both the first degree and the second
degree b2 in equation (3) are positively correlated with
the normalized maximum tensile load and show expo-
nential variation; and the intercept σop_0/σmax of the
polynomial is also exponential to the maximum tensile
load. However, contrary to the rule that the coefficients
of b1 and b2 increase with the increase of the maximum
tensile load, the polynomial intercept σop_0/σmax de-
creases with the increase of the maximum tensile load.
,erefore, equation (4) is used to fit the relationship
between the polynomial coefficients and the normalized
maximum tensile load.

y � a · exp
d

σmax/σs + c
 . (4)

We have that σmax/σs is the normalized maximum tensile
load normalized by yield stress. ,e coefficients of equation
(4) are given in Table 2.

,e fitting coefficients of the exponential expression in
Table 2 are obtained under the condition that both the
determination coefficient and the adjusted determination
coefficient are greater than 0.97, which indicates that the
fitting effect is good. Considering that the variation law and
numerical values of b1 and b2 are similar, also the coefficients
of the exponential expression are close. ,erefore, the av-
erage value is used to modify the expression for calculating
the effect of the maximum tensile load.

y � a · exp
−0.3215

σmax/σs + 0.0246
 . (5)

,erefore, a is 2.249 8 in the exponential relationship
between b1 and the maximum tensile load, and a is 2.076 4 in
the exponential relationship between b2 and the maximum
tensile load. According to the fitting coefficients in Table 2,
the following formula is obtained to calculate σop 0/σmax:

y � a · exp
0.3215

σmax/σs + 0.0246
 . (6)

Correspondingly, the fitting coefficient a for σop 0/σmax
becomes 0.105 8 in the modified exponential expression; and
the determination coefficient and the adjusted determina-
tion coefficient are greater than 0.95, which indicates that the
fitting effect is good. To sum up, there is the following
expression:

Table 1: Fitting coefficients of quadratic trinomial.

σmax/σs b1 b2 σop 0/σmax

0.2 0.545 9 0.487 3 0.412 5
0.3 0.841 4 0.813 2 0.306 7
0.4 1.032 0 0.954 0 0.246 9
0.5 1.217 5 1.133 9 0.205 0
0.6 1.357 4 1.226 2 0.179 2
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Figure 6: Correlation between polynomial coefficients and max-
imum applied stress. Both polynomial coefficients b1 and b2 are
exponential to the maximum applied stress, as shown by the square
and circular points. ,e polynomial intercept σop_0/σmax is also
exponential to the maximum applied stress, as shown by the tri-
angle points. However, contrary to the increasing trend of b1 and
b2, σop_0/σmax showed a decreasing trend with the increase of
maximum applied stress.

Table 2: Fitting coefficients of exponential expression.

Coefficient a c d
σop_0/σmax 0.105 8 0.024 6 0.321 5
b1 2.482 3 0.069 2 −0.405 6
b2 1.841 6 −0.020 0 −0.237 3
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σop/σmax � σop 0/σmax + b1R + b2R
2
,

σop 0/σmax � 0.1058 exp
0.3215

σmax/σs + 0.0246
 ,

b1 � 2.2498 exp
−0.3215

σmax/σs + 0.0246
 ,

b2 � 2.0764 exp
−0.3215

σmax/σs + 0.0246
 .
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(7)

3.3. Application of the Crack Opening Stress Model. To verify
the application of the new method, equations (7) and (8) are
used to calculate the crack growth life under constant
amplitude load. Firstly, the opening stress is calculated by
equation (7); then the crack growth rate is calculated by
equation (8), and finally the crack growth life is obtained by
numerical integration in Python 3.8.

da/dN � C ΔKeff 
m

,

ΔKeff � Y(a)Δσeff

���
Πa

√
,

σeff � σmax − σop.

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(8)

Herein, the calculations are conducted under the same
conditions as in [39]. ,e crack opening stress is compared
with the result of Schijve formula [40]; and the calculation
results are shown in Table 3.

Compared with the plastic zone size 3.2619μm,
according to equation (2), the error of numerical result is
6.8%, and, compared with the fatigue crack growth life
380192cycles from [39], the error of the novel expression
result is 5%.Moreover, the crack opening stress calculated by
Schijve formula is 0.45, and the error of the novel expression
result is 8.3%. ,erefore, equation (7) is credible within the
scope of this work.

4. Discussion

,e effect of compression load on reducing crack opening
stress is shown in Figure 5 by stress ratio and maximum
tensile load. Based on the relationship of quadratic trinomial
between crack opening stress and stress ratio, equation (3) is
obtained for calculating crack opening stress. ,e equation
shows that the crack opening stress decreases with the in-
crease of compression load (i.e., the increase of negative
stress ratio), which is the same as the conclusion of previous
research. Also equation (3) has a similar form to Newman’s
formula of crack opening stress.

,e residual tensile stress, which formed in unloading
stage of compressive load, promotes the crack opening.
When the maximum tensile load is greater than 160MPa and
the negative stress ratio is greater than −0.3, the crack opens
at the compressive unloading stage with the increase of
compression load. Due to the plastic flow of material, the
residual stress formed in the unloading stage of compressive

load promotes crack opening, which is similar to the pre-
vious conclusion. However, the residual tensile stress does
not increase continuously with the increase of compression
load. As shown in Figure 5, the crack opening stress curve
tends to be horizontal with the increase of negative stress
ratio. ,e reason is that the residual tensile stress is limited
by the plastic deformation near crack tip in the stage of
tensile loading, and the crack closure limits the plastic de-
formation under compressive loading. ,erefore, the re-
sidual tensile stress in the unloading stage of compressive
load makes the crack open, and the crack opening stress
tends to be stable with the increase of compressive load.

,e maximum applied tensile load determines whether
the crack can open in the unloading stage of compressive
load. ,e residual compressive stress caused by the
unloading of tensile loadmakes the crack close ahead of time
and delay the opening; namely, the amplitude of effective
stress decreases. However, the residual tensile stress caused
by unloading of compressive load slows down the effect of
tensile load; that is, the effective stress amplitude increases. It
can be seen from Figure 5 that the maximum tensile load is
related to the crack opening behavior at the unloading stage
of compressive load. When the maximum tensile load is
greater than 160MPa, the crack will open in the unloading
stage of compressive load. ,erefore, it is reasonable to put
the maximum tensile load into equation (3).

As Table 3 shows, the results calculated by equation (7)
with numerical model are credible. Equation (7) reflects the
material characteristics and load characteristics; therefore
the calculated crack growth life is accurate, as shown in
Table 3. ,e simplified equation (7) is easier to apply than
equations (4) and (3); also the determination coefficient and
adjusted coefficient are greater than 0.95, which means that
the fitting effect is good. For the convenience of application,
0.321 5 and 0.024 6 in equation (8) can be further approx-
imated to 0.3 and 0.03, and the approximate formula for
calculating crack growth life needs further verification.

5. Conclusions

,is work aims at the estimation of crack opening stress
under cyclic load with negative stress ratio. Based on the
elastoplastic element analysis of CT specimen under cyclic
load, the following conclusions can be drawn:

(1) A novel expression of crack opening stress is pro-
posed, including the effect of compression load on
crack opening stress.

(2) ,e novel expression reflects the material charac-
teristics and load characteristics and can be used to

Table 3: Verification of Equation 7.

Contrast
item

Calculated
result Cited result Relative error

(%)
rp 3.0372μm 3.2619μm 6.8

N 361 182 cycles 380192
cycles 5.0

σop/σmax 0.412 5 0.450 8.3
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calculate crack opening stress in the loading stage of
tensile load and especially can be used to calculate
crack opening stress in the unloading stage of
compressive load.

(3) ,e results of comparative analysis show that the
expression is accurate and easy to apply and also can
be used to calculate crack opening stress and crack
growth life under compression load.
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