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Due to the unique hydrothermal environments, the frost heave failure of the concrete lining of water conveyance canals in cold
regions is still frequent. .e deformation of lining after frost heaving and the stress distribution calculated by the mechanical
model can be the reference for the lining design. However, previous research mainly focused on the mechanical model of the
cross-section while having little attention for the longitudinal nonuniform frost heave damage. In this study, a mechanical model
of the bottom lining under the nonuniform frost heave deformation is built based on the Euler–Bernoulli beam and the Pasternak
foundation model, and the analytical solution of the model is obtained. .e internal stress of the lining is analyzed during the
changes of subgrade coefficient, shear rigidity, transition section length, and frost heave amount inside the model. Also, the
calculation process is proved to be correct. .e result shows that dangerous cross-sections are at the start and the end of the
transition sections. .e maximum normal stress and the tangential stress increase when the subgrade coefficient and the frost
heave amount increase and the shear modulus and transition section length decrease..e frost heave amount in the frozen ground
subgrade increases constantly, while the temperature decreases, but at the same time, the shear rigidity of the subgrade increases
with it..e former increases the stress of lining, and the latter decreases it..erefore, during the frost heaving process, the internal
force of lining is coupled with these two elements. By analyzing a water conveyance canal lining under the nonuniform frost heave
in the Xinjiang Tarim irrigation district, themaximumnormal stress of the dangerous lining cross-section is greater than its tensile
strength when the transition section length smaller than 7m at the frost heave amount is 0.031m.

1. Introduction

.e area where the surface temperature is continuously lower
than 0°C throughout the year or the coldest season is called the
frozen ground, and about 50% of the land area on the earth
belongs to the frozen ground [1]. In the process of soil freezing,
the volume of pore water after freezing will increase by 9% to
cause frost heave. Simultaneously, the water in the unfrozen
soil migrates to the freezing edge due to the temperature
gradient and form segregated ice, which will also cause frost
heave [2]..erefore, engineering structures in the cold regions
often suffer from the effects of frost heave damage.

In China, about 52% of the land is in the frozen ground,
such as the Xinjiang Uygur Autonomous Region. It is in the

arid area of the middle-temperature zone and cold and arid
in winter, and a large scale of the area is covered with
seasonally frozen soil [3]. .e days when the maximum
temperature is below 0°C can be up to 130 days, and the
temperature difference between day and night is great. Due
to scarce precipitation and extremely uneven distribution of
the water resources, many reservoirs and long-distance
conveyance canals have been built to meet factory and mine
production, urban life, and farmland irrigation. More than
90% of farmland irrigation water depends on the supply of
conveyance canals [4, 5]. .erefore, the secure operation of
these reservoirs and long-distance conveyance canals is
critical to the production and life of the people in these
regions.
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To reduce leakage, the water conveyance canals are
usually paved with concrete lining on the slope and bottom
of the canals, which significantly improves the water utili-
zation efficiency of the canal system [6, 7]. However, in the
years of the operation process, due to repeated freezing and
thawing, hydraulic scouring, and other external loads effects,
it is inevitable that the lining and joints will rupture and
cause leakage. Leakage during the water delivery period can
cause loss of foundation soil, the collapse of canal slopes, and
instability of lining. During the water outage period in
winter, the water content of the base soil is generally higher
due to the previous leakage, and the subzero temperature
conditions and the higher fine-grained soil content in the
base soil of the canal make the canal foundation have suf-
ficient conditions for frost heave to occur. Also, the tem-
perature in the seasonally frozen soil area drops slowly, the
freezing rate is relatively low, and the water has sufficient
time to migrate to the soil near the lining, which causes a
significant frost heave effect [8]. .e frost heave of the canal
foundation soil in some areas can reach 15 cm [9]. Due to the
mutual restraint between the slope lining and the floor lining
and the upper berm, the frost heave deformation cannot be
released, the resulting frost heave force causes the lining to
break in extreme cases, further aggravating the leakage of the
canal during the water delivery period..is repeated process
leads the water conveyance canal to be in a vicious circu-
lation of “frost heave, lining damage, leakage, and more
severe frost heave.”

Many water conservancy projects were built in 1950s and
1960s and were limited by the low construction technology
level and conditions at that time; most of the canal foun-
dations used local soil materials containing a large number
of fine particles during the construction process and then
laying concrete lining slabs in the reservoir and large canal in
order to prevent leakage. At the same time, small branch
canals were rarely lined. Due to insufficient understanding of
the frost heaving problem at that time and the long-term
hydraulic erosion and repeated freeze-thaw effects in the
later operation process, these projects are still frequently
having damage issues, one of which is the frost heaving
failure on the lining plate of the concrete lining canal. For
example, Xiao et al. [10] found a serious frost heaving issue
in the water conveyance canals lining in the Tarim irrigation
district in Xinjiang, especially rigid lining canals. Qin et al.
[4] found that the concrete slabs of reservoirs in Xinjiang
were prone to cracks near the water level in winter under the
effect of frost heave force and ice pressure. Sun et al. [11]
found that there were also serious issues of freezing damage
to lining panels in reservoirs and water conveyance canals in
Heilongjiang Province. Tian’s et al. research [12] shows that
the primary cause of the horizontal damage on the concrete
lining of the drainage canal of the Qinghai-Tibet Railway
subgrade is the horizontal frost heave force, and the main
cause of the longitudinal damage is the uneven frost heave
displacement. In some other cold region’s water conservancy
projects, there are also lining damage caused by the frost
heave effect [13–15].

To avoid the abovementioned problems, engineers used
soil replacement, laying thermal insulation, and other

measures to reduce frost heave damage effectively [7, 16].
However, many early built canals could not be rebuilt, and
the problem of frost damage still occurs frequently.
.erefore, many scholars have conducted numerous theo-
retical calculations and experimental studies on the frost
heave failure mechanism of the concrete lining in frozen soil
areas, which provide scientific references for the repair and
treatment of canals with severe frost damage. Li et al. [17]
and Li et al. [18] conducted a numerical simulation of the
frost heave failure mechanism of the lining canals. However,
there were many influencing factors to be considered in the
simulation process, and the calculation process was com-
plicated and cumbersome, which was very inconvenient in
the application of engineering practice. .erefore, it is still
necessary to analyze the force characteristics and failure
mechanism of the lining under frost heave effects through
simple and convenient theoretical calculation methods.
Wang [19] investigated the lining damage of the canals in the
cold regions and found that frost heave deformation was the
main cause of the lining fracture. By a mechanical model, the
lining slab was simplified into a simply supported beam..e
force analysis of the concrete lining with different cross-
section shapes under the simultaneous actions of frost
heaving force, and freezing force was carried out using the
material mechanics method. .e calculation results were
consistent with the field test. .e failure position of the
lining slope and the maximum stress cross-section were at 1/
3 from the bottom of the canal, and the maximum normal
stress of the bottom lining was in the middle position. Since
then, many scholars have used this model to analyze the
force and deformation characteristics of the lining under
frost heave in different conditions [20, 21]. However, the
above method did not consider the deformation coordi-
native of the lining and the base soil deformation during
frost heave. To overcome this defect, researchers calculated
the force characteristics of the lining under frost heave ef-
fects based on the Winkler elastic foundation beam theory
and constructed a judgment criterion for lining frost heave
failure. .e calculation results were consistent with the on-
site monitoring data [10, 22].

However, the abovementioned models are based on the
deformation characteristics of the cross-section of the canals
and studying the failure characteristics of the lining cross-
sections. Due to differences in the geological conditions of
the water conveyance canals subgrade in the longitudinal
direction of the canal line, there will inevitably be uneven
frost heave deformation along the longitudinal direction,
and lining damage will also be caused under extreme
conditions. .ere are few reports on the model and analysis
of the longitudinal deformation and force characteristics of
the lining under frost heave effects. .is study takes the
longitudinal deformation of the water conveyance canal
lining in the cold region under the action of nonuniform
frost heave as the research object, based on the Pasternak
model to establish the mechanical model of the bottom
lining and calculates the key parameters in the model.
Combined with a typical engineering case, the longitudinal
deformation and stress characteristics of the bottom lining
are calculated and analyzed.
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2. Model and Methods

Due to the differences in geology and construction condi-
tions and the effects of long-term leakage and freeze-thaw
cycles, the amount of frost heave at different locations in the
longitudinal direction of the lining will be different, leading
to the bending deformation of the lining. Because the slope
lining is laid inclined vertically, the bending stiffness is
relatively larger in the vertical direction, and it is not prone
to cause damage in the longitudinal direction. .e bottom
lining is laid horizontally, and the bending stiffness is small
in the vertical direction. Under the effect of nonuniform
frost heave deformation, the cross-sectional stress is prone to
be too large and leading to damage. .erefore, a mechanical
model is established for the bottom lining. Figure 1 is a
schematic diagram of the nonuniform frost heave defor-
mation of the bottom lining. .e x-direction is the longi-
tudinal direction of the canal (canal line direction), and the
y-direction is the vertical direction. Assuming that the AO
section is the no-frost heave section, the BC section is a frost
heave section, and its maximum frost heave deformation
amount isΔ; the OB section is a frost heave transition section
with a length of l. .e coordinate system is established as
shown in Figure 1; then, the deformation of the entire lining
in the y-direction can be expressed by formula (1).

y0 �

0, x< 0,

Δ
l

x, l>x> 0,

Δ, x> l.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(1)

2.1. BasicAssumptions andConventions. Due to the complex
physical-mechanical properties of frozen soil and various
external factors, the stress and strain of frozen soil are
showing obvious characteristics of nonlinear, irreversible,
and time-varying [22–24]. It must be a tedious work to solve
the interaction between frozen soil and structure by con-
sidering all the influencing factors. To obtain meaningful
data for practical engineering problems, combining the
existing research and engineering practice experience, the
following assumptions and agreements are made [10, 19, 22].

(1) Only consider the vertical deformation of the bottom
lining caused by nonuniform frost heave in the
longitudinal direction, ignore the influence of the
axial force of the bottom lining, and the friction
resistance between the bottom lining and the
foundation soil on the longitudinal deformation, and
simplify the mechanical analysis model as a plane
strain problem.

(2) During the frost heave, the deformation of the lining
and the foundation soil is in a coordinated and
balanced state, and the process of failure of the lining
is considered a quasistatic process..e stress analysis
only considers the limit state at the maximum frost
heave amount.

(3) .e canal foundation is regarded as the elastic
foundation obeying the Pasternak model, and the
lining is regarded as the Euler–Bernoulli beam. .e
final deformation of the bottom lining is the de-
formation amount under restrictions such as slope
lining, lining’s weight, and so on.

(4) .e deformation of the foundation soil only con-
siders the range of frost penetration

2.2. Frozen Soil-Lining Interaction Model. .e elastic foun-
dation beammodel can better reflect the interaction between
the structure and soil. .e Winkler model assumes that the
surface displacement at each point of the soil medium is
proportional to the stress acting at that point [25]. However,
the mechanical activation behavior of the soil in the model is
completely discontinuous, and the soil is completely irrel-
evant to the stresses or displacements of other points, even
the nearest ones on the interface of the foundation, which is
contrary to the actual mechanical activation behavior of the
soil. To overcome the abovementioned defects, the two-
parameter model introduces mutual mechanical action
between the spring elements of the Winkler model to
eliminate its discontinuous behavior [26]. Among many
two-parameter models, the soil behavior model proposed by
Pasternak assumes that there is a shearing interaction be-
tween the spring elements, and this shearing interaction is
achieved by connecting the spring elements to a layer of
vertical elements which can only produce lateral shearing
deformation but not compressible [27]. During the freezing
process of the soil mass, the elastic modulus and shear
strength increase with the decrease of temperature [28].
Moreover, during the deformation of the superstructure, the
foundation must bear a certain amount of shearing force.
.erefore, the Pasternak model corresponds with the actual
engineering situation of the mechanical properties of the
frozen soil than the Winkler model.

Consider the bottom lining as an Euler–Bernoulli
infinite long beam, which adopts the Pasternak model to the
frozen ground, and the differential equation of displacement
under plane strain conditions is [26, 27]

EIy(4)
− Gby

(2)
+ kby � q0, (2)

where b is the effective width, G is the shear stiffness of the
elastic layer, k is the foundation coefficient, E is the elastic

Bottom
lining

Maximum frost 
heave deformation

No-frost heave
position
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y
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Figure 1: Schematic diagram of nonuniform frost heave defor-
mation of bottom lining.
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modulus of the beam, I is the moment of inertia of the beam,
and q0 is the normal load acting on the beam. According to
assumption (6), the normal load acting on the lining is
balanced with part of the foundation counterforce. Only the
deformation of the lining caused by frost heave is consid-
ered. .erefore, equation (2) can be transformed into a
homogeneous type for the solution.

Let β �
������
kb/4EI

4
√

, c �
����
k/G

√
, and ρ � (β/c)2 �

G/
�����
kEI/b

√
. .en, the homogeneous differential equation

corresponding to equation (2) becomes

y
(4)

− 4β2ρy
(2)

+ 4β4y � 0. (3)

2.3. Model Solution. .e solutions of equation (3) can be
divided into three cases, which are ρ> 1, ρ� 1, and ρ< 1. .e
condition of ρ< 1 satisfies most projects, which is also
proved in the following parameter analysis and calculation
of engineering examples [26]. Considering the boundary
condition (1), the solution of the differential equation (3) can
be expressed [28–30]. In the AO section, the frost heave
deformation is 0, and the solution of equation (3) is

y1 � A1e
−φ1x

+ A2e
φ1x

( cos φ2x

+ A3e
−φ1x

+ A4e
φ1x

( sin φ2x.
(4a)

In the BC section, the frost heave deformation is Δ, and
the solution of equation (3) is

y3 � A1e
−φ1x

+ A2e
φ1x

( cos φ2x

+ A3e
−φ1x

+ A4e
φ1x

( sin φ2x + Δ.
(4b)

.e OB section is the transition section, the frost heave
amount is (Δ/l)x, and the solution of equation (3) is

y2 � A5e
−φ1x

+ A6e
φ1x

( cos φ2x

+ A7e
−φ1x

+ A8e
φ1x

( sin φ2x +
Δ
l

x.

(4c)

.e above three equations (4a)–(4c) should meet the
following boundary conditions:

When x⟶∞, then y3 � Δ
When x⟶ −∞, then y1 � 0

Substituting the boundary conditions into equations
(4a)–(4c), the following equation can be obtained.

y1 � A2e
φ1x cos φ2x + A4e

φ1x sin φ2x, (5a)

y3 � A1e
−φ1x cos φ2x + A3e

−φ1x sin φ2x + Δ, (5b)

y2 � A5e
−φ1x

+ A6e
φ1x

( cos φ2x

+ A7e
−φ1x

+ A8e
φ1x

( sin φ2x +
Δ
l

x.
(5c)

.ere are still eight unknown coefficients in equations
(5a)–(5c). .us, the continuity conditions of the points O
and B should also be satisfied.

When x � 0, y1 � y2, y1′ � y2′ , y1″ � y2″, y′′
′
1 � y′′

′
2

When x � l, y2 � y3, y2′ � y3′, y2″ � y3″, y′′
′
2 � y′′

′
3

After substituting the above 8 continuity conditions into
equations (5a)–(5c), simultaneously, the equations to obtain
the equation coefficients A1∼A8 are as follows:

A1 �
Δeφ1l 3φ2

1φ2e
−φ1l

− φ3
2e

−φ1l
+ φ3

1 sin φ2l + φ3
2 cos φ2l − 3φ2

1φ2 cos φ2l − 3φ1φ
2
2 sin φ2l  

4lφ1φ2 φ2
1 + φ2

2  
, (6a)

A2 �
Δe−φ1l 3φ2

1φ2e
φ1l

− φ3
2e

φ1l
− φ3

1 sin φ2l + φ3
2 cos φ2l − 3φ2

1φ2 cos φ2l + 3φ1φ
2
2 sin φ2l  

4lφ1φ2 φ2
1 + φ2

2  
, (6b)

A3 �
Δeφ1l

−3φ1φ
2
2e

−φ1l
+ φ3

1e
−φ1l

− φ3
1 cos φ2l + φ3

2 sin φ2l + 3φ1φ
2
2 cos φ2l − 3φ2

1φ2 sin φ2l  

4lφ1φ2 φ2
1 + φ2

2  
, (6c)

A4 �
Δe−φ1l 3φ1φ

2
2e

φ1l
− φ3

1e
φ1l

+ φ3
1 cos φ2l + φ3

2 sin φ2l − 3φ1φ
2
2 cos φ2l − 3φ2

1φ2 sin φ2l  

4lφ1φ2 φ2
1 + φ2

2  
, (6d)

A5 �
Δ 3φ2

1 − φ2
2  

4lφ1 φ2
1 + φ2

2  
, (6e)

A6 �
Δe−φ1l

−φ3
1 sin φ2l + φ3

2 cos φ2l + 3φ1φ
2
2 sin φ2l − 3φ2

1φ2 cos φ2l  

4lφ1φ2 φ2
1 + φ2

2  
, (6f)
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A7 �
Δ φ2

1 − 3φ2
2  

4lφ2 φ2
1 + φ2

2  
, (6g)

A8 �
Δe−φ1l φ3

1 cos φ2l + φ3
2 sin φ2l − 3φ1φ

2
2 cos φ2l − 3φ2

1φ2 sin φ2l  

4lφ1φ2 φ2
1 + φ2

2  
. (6h)

After obtaining the solution of the differential equation
(3) of the bottom lining, the rotation angle (θ), bending
moment (M), and shearing force (Q) of the lining can be
calculated.

θ � y′, (7)

M � −EIy″, (8)

Q � Qc + Qs � −EIy″′ + Gby′. (9)

In equation (9), the first term of shear force is the
shearing force of the lining slab, and the second one is the
shearing force of the elastic foundation.

2.4. Model Parameters

2.4.1. Foundation Coefficient k. Generally, the foundation
coefficients can be obtained through experiments or cal-
culating the mechanical parameters of the foundation soil
[25]. However, the interaction between the frozen soil
ground and the lining is that the displacement of the surface
of the foundation occurs with the frost heave. However, due
to the external constraints, part of the frost heave dis-
placement is restricted, resulting in frost heave force on the
structures. .erefore, the relationship between frost heave
force and frost heave displacement can be regarded as the
relationship between the pressure on the foundation surface
and the displacement at that point. Xiao et al. [10] calculated
the lateral deformation of the canal lining and obtained the
foundation coefficient considering the interaction process
between the lining and the foundation during the frost heave
deformation process which can be expressed as

k �
Ef

Hf

, (10)

where Ef is the elastic modulus of frozen soil, and Hf is the
depth of frozen penetration.

.is is the same as the foundation coefficient calculation
method of Kanie et al. [28] in calculating the nonuniform
frost heave of oil pipelines in the frozen soil layer.

In the usual melted soil foundation, Tanahashi [26]
simplified Vesic’s formula and recommended to calculate
the foundation coefficient under the condition of one-di-
mensional plane strain by the following formula:

k′ �
(1 − μ)Ef

(1 + μ)(1 − 2μ)H
. (11)

When taking the Poisson ratio μ� 0.2, 0.25, 0.3, and 0.35,
the ratio k′/k calculated by equations (10) and (11) is shown
in Figure 2. H is the depth of an elastic layer. It can be seen
that the ratio of the foundation coefficient obtained by the
two calculation methods approaches one as the Poisson ratio
decreases. .e Poisson ratio of the frozen soil decreases as
the temperature decreases [23], indicating that the frozen
soil coefficient calculation method obtained in this study is
in accordance with the engineering reality.

2.4.2. Foundation Shear Stiffness G. .ere are many
methods to determine the shear stiffness (G) of the foun-
dation, but the results are different. For example, Tanahashi
[26], Song et al. [31], and Li [32] used the following formula
to calculate the shear stiffness of the foundation:

G �
Eft

6(1 + μ)
, (12)

where t is the thickness of the shear layer.
It can be seen that with the difference in the thickness of

the shear layer, the variation range of the foundation shear
stiffness is very large. In actual engineering, the thickness of
the shear layer is related to various factors such as soil
physical properties, beam properties and dimensions, ex-
ternal load characteristics, and so on. .erefore, a constant
foundation shear stiffness is unable to be selected [33]. To
facilitate calculation and analysis, Ma et al. [34] determined
simply the relationship between the foundation stiffness
coefficient and the foundation coefficient by the following
formula:

R �
G

k
. (13)

When R is 0, the model degenerates into a Winkler
elastic foundation beam model.

3. Parameters Analysis

It can be seen from equations (2) and (3) that the internal
force of the lining is affected by the foundation coefficient k,
the shear modulusG (R), the transition length l, and the frost
heave displacement Δ. .is section will analyze and discuss
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the internal force of the lining under the effects of the
abovementioned parameters.

3.1. Effects of Foundation Coefficient k. It can be seen from
formula (10) that when considering the interaction between
frost heave deformation and frost heave force of the bottom
lining, the foundation coefficient is related to the elastic
modulus and the depth of frozen penetration. In the fol-
lowing parameter analysis, the typical frozen depth in Xin-
jiang, China, can be selected as 2m [35]. .e elastic modulus
of the frozen soil layer is closely related to the physical
properties, moisture content, and temperature of the soil mass
[23]. Because the coarse-grained soil is frost heaving insen-
sitive soil, the main cause of frost heaving deformation is silty
clay. According to the data of Wang et al. [36] and the water
transferring project from the Irtysh River to Urumqi, the
selected foundation coefficients are 2.5×103, 13.8×103,
33×103, 45×103, and 58×103 kN·m−3 for analysis. Other
relevant parameters are EI� Ebh3·12−1� 58666 kN·m2,
b� 4m, h� 0.2m, E� 2.2×106 kPa, R� 1, l� 10m, and
Δ� 0.02m. .e maximum normal stress on the cross-section
is calculated by σmax � Mymax/I, and the maximum shear
stress on the cross-section of the lining slab is calculated by
τmax � 3Qs/2A. .e calculation results are shown in
Figures 3–5.

Figure 3 shows the distribution of lining deflection and
rotation angle along the longitudinal direction for different
foundation coefficients. It can be seen from Figure 3(a) that
the deflection of the lining completely coincides when
foundation coefficients are different. At the beginning (x� 0)
and endpoint (x� 10) of the transition section, the deflection
did not suddenly become 0 but smoothly transitioned to 0.
.e deflection in the frost heave section is 0.02m consistent
with the set boundary conditions. It can be seen from
Figure 3(b) that the foundation coefficient has a certain effect
on the rotation angle of the beam. With the increase of the
foundation coefficient, the changing trend of the rotation
angle is more intense. At the midpoint of the transitional

section (x� 5), the rotation angle is 0. At the same time,
Figure 3 shows that the deflection and rotation angle of the
lining are in line with the actual engineering experience, and
the calculation method and process in the previous section
are verified to be correct.

Figure 4 shows the distribution laws of the maximum
normal stress and the maximum shear stress of the lining
slab along the longitudinal direction at different foundation
coefficients. From the figure, the dangerous points where the
maximum stress is located is at the beginning and the
endpoint of the transition. With different foundation co-
efficients, the maximum normal stress and maximum shear
stress at the attachment of the dangerous points change
intensely, and the change at other positions is relatively slow.

Figure 5 shows the variation law of the maximum
normal stress and maximum shear stress of the dangerous
section of the bottom lining with the changing foundation
coefficient. It can be seen that as the foundation coefficient
increases, the maximum normal stress and the maximum
shear stress increase nonlinearly, and the growth rate
gradually decreases, satisfying the power function
relationship.

3.2. Effects of Shear Stiffness G. .e change in shear stiffness
reflects the interaction between the spring elements of the
soil mass. At the same time, it can reflect the continuity of
foundation deformation to a certain extent [25]. According
to formula (13), the change in shear stiffness can be
expressed by the coefficient R. In this section, R� 1, 0.8, 0.5,
0.01, and 0 are used for analysis. When R is 0, the model
degenerates into the Winkler model. Other parameters are
k� 33000 kN·m−3, l� 10m, and Δ� 0.02m. Figure 6 shows
the distribution situation of deflection and rotation angle of
the bottom lining at different values of R. It can be seen that
as the R decreases, the maximum normal stress and shear
stress at the beginning and endpoint of the transition section
increase because the load on the shear layer decreases lead to
the lining bears more load.

Figure 7 shows the variation law of maximum normal
stress and shear stress of dangerous section of bottom lining
with different R values. It can be seen that as the R value
increases, the two stresses significantly decrease, the maxi-
mum normal stress decreases by 24.4%, and the maximum
shear stress decreases by 37.2%, indicating that the shear
resistance of frozen soil ground has a significant impact on
the stress distribution characteristics of the lining. .e frost
heave amount increases continuously while the temperature
decreases, while the shear stiffness of the foundation will also
increase with it. .e former increases the lining stress, while
the latter reduces the lining stress, so the internal force of the
lining changes couple mutually with them during the frost
heave process.

3.3. Effects of Different Transition Length l. Due to the dif-
ferences in geological conditions including water, heat, and
load during construction and operation, the frost heave
characteristics of the canal foundation soil at different po-
sitions in the longitudinal direction are different, causing the

0.18 0.20 0.22 0.24 0.26 0.28
μ

0.30 0.32 0.34 0.36 0.38
1.0

1.1

1.2

1.3

1.4

1.5

1.6

1.7

k′
/k

Results

Figure 2: Values of k′/k for different Poisson ratios.
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transition section length to change. In this section, the
transition section length is 5, 10, 15, and 20m for analysis.
Other parameters are k� 33000 kN·m−3, R� 1, and
Δ� 0.02m.

Figure 8 shows the distribution law of the maximum
normal stress and the maximum shear stress of the bottom
lining cross-section at different transition lengths. It can be
seen that as the transition section length increases, the
maximum normal stress and shear stress of the dangerous
section decrease, which is in line with the actual engineering
situation.

Figure 9 shows the effect of different transition section
lengths on the maximum normal stress and shear stress of
the dangerous section. It can be seen that as the transition
section length increases, the maximum stress and shear
stress decrease significantly and change nonlinearly.

3.4. Effects of Different Frost Heave Amount Δ. .e canals in
the cold regions will inevitably face the frost heaving issues.
Different soil properties, temperature, and moisture con-
ditions cause different frost heave amounts. It is pointed out
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Figure 3: Effects of different foundation coefficients on the distribution of lining deflection (a) and rotation angle (b).
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Figure 4: Distribution law of maximum normal stress (a) and maximum shear stress (b) of bottom lining under different
foundation coefficients.
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in the standard designing specification for antifrost heaving
of the canal project that the concrete lining can be allowed to
generate a certain amount of frost heave displacement
during the canal construction, and the purpose of reducing
frost heave force and costs has achieved [37]. However, in
the actual construction and operation process, due to the
inevitable leakage and possible external water supply, the
frost heave of the foundation soil of the canal may exceed the
allowed design value, causing damage to the lining. In this
section, 0.01, 0.02, 0.04, 0.06, and 0.08m of frost heave

amounts are selected for analysis. Other parameters are
k� 33000 kN·m−3, R� 1, and l� 20m.

Figure 10 shows the maximum normal stress and shear
stress of the lining cross-section under different frost heave
amounts. It can be seen that the frost heave amount has a
significant effect on the stress of the dangerous section.

Figure 11 shows the effect of different frost heave
amounts on the maximum normal stress and shear stress of
the dangerous section. It can be seen that the maximum
normal stress and shear stress increase linearly with the
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σ m
ax

 (k
Pa

)

0 10000 20000 30000 40000 50000 60000

900

1000

1100

1200

1300

1400

1500

1600

k (kN/m3)

Results
Fitting line

σmax = 257x0.16

R2 = 0.99527

(a)

τ m
ax

 (k
Pa

)

0 10000 20000 30000 40000 50000 60000
k (kN/m3)

Results
Fitting line

τmax = 0.78x0.36

R2 = 0.99193

10

15

20

25

30

35

40

45

(b)

Figure 5: Variation law of maximum normal stress (a) and maximum shear stress (b) of the dangerous section with the changing
foundation coefficients.

8 Advances in Materials Science and Engineering



increase of frost heave amount. When the frost heave
amount is 0, the maximum stress is also 0.

4. Engineering Case

In the Tarim irrigation district of Xinjiang, more than
2355 km of canals have been constructed. Due to the
abundant surface water and relatively shallow embedment
depth, the canal lining has severe frost heave failure [10]..e
typical cast-in-place canal lining is concrete lining (C15),

with a slab thickness of 0.08m and a bottom width of 2m.
.e minimum temperature of the frozen soil layer on the
slope and the canal’s bottom in winter is −14.7°C and −9.4°C,
respectively. .e elastic modulus of the frozen soil layer
takes the value of the minimum temperature in winter,
which is safe, and the frozen depth of the canal is about 1m.
According to site observations, the maximum frost heave
displacement at the bottom canal is 0.022m. However, as the
groundwater level changes, the maximum frost heave dis-
placement may increase. According to estimates, when the
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Figure 8: Distribution law of maximum normal stress (a) and maximum shear stress (b) of the cross-section at different transition
section lengths.
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groundwater level is 3.0, 3.5, 4.0, 4.5, and 5.0m, the max-
imum frost heave amounts are 0.031, 0.022, 0.015, 0.01, and
0.005m, respectively [10].

Xiao et al. [10, 38] monitored and calculated the hori-
zontal deformation of the lining, but the longitudinal de-
formation caused by nonuniform frost heave has not been
studied. .erefore, the longitudinal deformation is analyzed
according to the calculation method in this study. .e se-
lected parameters are E� 2.2×104MPa, Ef � 2.35MPa,
k� 2.35MPa·m−1, R� 1, G� 2.35MPa·m, EI� 1.877MPa,
and l� 10m.

Figure 12 shows the effect of different frost heave
amounts on the maximum normal stress and shear stress of
the dangerous section of the lining. It can be seen that with
the increase of frost heave amounts, the maximum normal
stress and shear stress of the dangerous section increase
linearly, and the growth speed at the transition section of 5m
is greater than that at the transition section of 10m. .e
maximum tensile stress of C15 concrete lining is
1.27×103 kPa [39], and the designing tensile stress is
0.91× 103 kPa. .erefore, when the transition section is 5m
and the frost heave amount reach 0.022m, the lining is about
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Figure 10: Distribution law of maximum normal stress and maximum shear stress of the lining cross-section under different frost
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to at the limit state, which is close to the maximum allowable
frost heave amount for designing specification. When the
transition section is 10m and the frost heave amount reach
0.043m, the lining is at the limit state, which is greater than
the maximum allowable frost heave amount for designing
specification. .e maximum shear stress of the cross-section
is far less than the ultimate shear strength and is in a safe
state.

Figure 13 shows the effect of different transition lengths
on the maximum normal stress and shear stress of the
dangerous section when the frost heave amount Δ� 0.031m.
It can be seen that as the transition section length increases,
the maximum normal stress and shear stress decrease sig-
nificantly. When the transition section length is 7m, the
maximum normal stress is lower than the ultimate tensile
stress of the lining. When the transition section length is
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9.8m, the maximum normal stress is lower than the de-
signing tensile stress of the lining. .erefore, it is recom-
mended to design expansion joints with a longitudinal
separation of at least 7m in the canal design process to
relieve the internal stress of the lining.

5. Conclusion

To analyze the longitudinal mechanical characteristics of the
canal lining in the cold regions under nonuniform frost
heave, based on the Pasternak elastic foundation beam
model, the longitudinal deformation model of the bottom
lining is established. .e changing law of the maximum
tensile stress and shear stress in the lining are analyzed when
the key parameters k, G, L, and Δ change in the model.
Finally, in conjunction with engineering example, the effects
of frost heave amounts and transition section lengths on the
safety of a typical canal lining in the Tarim irrigation area in
Xinjiang are analyzed. .e following conclusions are
obtained:

(1) Due to the low bending rigidity of the concrete
lining, the bottom lining along the longitudinal di-
rection is simplified. .e longitudinal lining is
regarded as a beam, and the force acting on the lining
is simplified. .e Pasternak elastic foundation beam
model of the bottom lining under the action of
longitudinal nonuniform frost heave is established,
and the analytical solution of the model is given.

(2) Calculate the influence of factors such as foundation
coefficient, foundation shear modulus, transition
section length, and frost heave amount on the in-
ternal force of the lining. .e dangerous section of
the lining is at the beginning and endpoint of the
transition section. .e maximum normal stress and

shear stress of the dangerous section increase as the
foundation coefficient and frost heave amount in-
crease and the shear modulus and transition section
length decrease.

(3) .e frost heave amount continuously increases while
the temperature of frozen soil foundation decreases,
but the shear stiffness of the foundation will also
increase with it. .e former increases the lining
stress, while the latter reduces it, so during the frost
heave process, the internal force of lining changes are
coupled with them.

(4) .rough the analysis of the longitudinal deformation
of the lining of a water delivery canal under non-
uniform frost heave action in the Tarim irrigation
district of Xinjiang, when the local maximum frost
heave amount is 0.031m and the transition section
length is less than 7m, the maximum normal stress
of the dangerous lining section is greater than its
maximum tensile strength. .us, it is recommended
to set expansion joints with a separation of at least
7m on the floor lining of this section of the channel.

Because it is relatively difficult to monitor the longitu-
dinal frost heave deformation of the lining, the calculation
results in this study cannot be verified by experimental data
at present. However, the comparison with the actual engi-
neering phenomenon shows that the analytical solution is
correct. In the follow-up work, on-site monitoring of lon-
gitudinal deformation and indoor model tests will be carried
out to further study the model.

Data Availability
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cluded within the article.
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