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With the increase of the long-span bridge, the damage of the long-span bridge hanger has attracted more and more attention.
Nowadays, the probability statistics method based on Bayes’ theorem is widely used for evaluating the damage of bridge, that is,
Bayesian inference. In this study, the damage evaluationmodel of bridge hanger is established based on Bayesian inference. For the
damage evaluation model, the analytical expressions for calculating the weights by finite mixture (FM) method are derived. In
order to solve the complex analytical expressions in damage evaluation model, the Metropolis-Hastings (MH) sampling of
Markov chainMonte Carlo (MCMC)method was used.*ree case studies are adopted to demonstrate the effect of the initial value
and the applicability of the proposed model. *e result suggests that the proposed model can evaluate the damage of the
bridge hanger.

1. Introduction

Under the action of cyclic load, the key parts of the structure
will be damaged (Zhou et al. [1]; Sun and Jahangiri [2];
Gobbato et al. [3]). For example, Qiu et al. [4] observed that
the damage failure of high-strength bolt is liable to occur in a
grid structure. Yan et al. [5] found that the fatigue is a
leading cause of the damage of composite and steel bridges.
In order to improve the service life of the structures, it is
essential to evaluate damage for designing of reliable
structures.

Nowadays, two kinds of models have been explored to
evaluate the damage. One is deterministic models and the
other is uncertainmodels, such as the Bayesianmodel. Imam
et al. [6] developed a finite element model (FEM) of a typical
riveted railway bridge to analyze the effect of fatigue. Di
Bona et al. [7] developed the Critical RisksMethod (CRM) to
overcome the shortcomings of traditional techniques, which

considers six factors that are able to ensure its applicability to
a great variety of critical infrastructures. Obviously, for the
physical models, they need accurate physical parameters to
evaluate the damage, which will produce errors because the
parameters are uncertain (BahooToroody et al. [8]). For the
statistical models, they need to do a lot of experiments to get
the damage parameters, which takes a lot of time (Zhou et al.
[9]). Compared to deterministic models, the Bayesian model
is to build uncertain models for fatigue damage evaluation
and is capable of describing the involved uncertainty. For
example, Chen et al. [10] proposed a novel statistical un-
certainty quantification method for fatigue S-N curves with
sparse data based on the Bayesian method. Yuan et al. [11]
used Bayesian inference to predict the fatigue life of a
concrete bridge, which considers various uncertainties as-
sociated with the fatigue damage.

For the Bayesian model updating formulations, they
need an explicit treatment of all the uncertainties, which is
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difficult to solve (Yallee et al. [12]; Yuen et al. [13]; Mu and
Yuan [14]). Wang et al. [15] used the expectation-maxi-
mization algorithm to solve the estimated values of the
parameters in the Bayesian model. Yamaguchi and Okada
[16] proposed a variational Bayes inference method, which
applied the iterative algorithm for optimization, for the
deterministic input noisy model of cognitive diagnostic
assessment. Carlon et al. [17] used the stochastic gradient
descent and its accelerated counterpart, which employs
Nesterov’s method, to solve the optimization problem in
optimal experimental design. *erefore, the damage eval-
uation model is established based on Bayes’ theorem. In
order to analyze the damage degree of structure compre-
hensively, the analytical expressions for calculating the
weights in the damage evaluation model by finite mixture
(FM) method are derived. However, the posterior distri-
bution of weights is difficult to solve based on traditional
methods because the expression of the analytical solution is
very complex.

One possible way to overcome this difficulty is to ap-
proximate the posterior probability density function of
uncertain parameters using samples generated by Markov
chain Monte Carlo (MCMC) simulation (Zhao and Ono
[18]; Beck and Au [19]; Lam et al. [20]). Nichols et al. [21]
described a population-based MCMC approach for efficient
sampling of the damage parameter posterior distributions.
Lam et al. [22] applied the MCMC-based Bayesian model
updating method to determine the probability density
functions of the various interstory stiffness values. *e
MCMC method, including but not limited to Nested
sampling (Lark [23]; Jasa and Xiang [24]), Gibbs sampling
(Geman and Geman [25]; Gelfand and Smith [26]), Me-
tropolis-Hastings (MH) sampling (Hastings [27]; Metrop-
olis et al. [28]), and others, is Slice sampling (Faghih-Roohi
et al. [29]; Neal [30]). For example, Ching et al. [31] pre-
sented a new Bayesian model updating approach based on
the Gibbs sampler to update the optimal estimate of the
structural parameters and update the associated uncer-
tainties. Mulder et al. [32] adapted a reversible jump MH of
theMCMC algorithm for circular data to fit a mixture model
with an unknown number of modes. For the Slice sampling,
the most important thing is to select the best initial value,
which can influence the calculation result. For the Gibbs
sampling, it is a simplified algorithm in MH sampling; that
is, it is one of the MH algorithms. *us, the MH sampling of
the MCMC method is used to solve complex posterior
distribution in this study.

In this paper, the main contributions of this work are
threefold: (1) *e damage evaluation model is established
based on Bayes’ theorem. (2) For the damage evaluation
model, the analytical expressions for calculating the weights
by FM method are derived. (3) *e MH sampling of the
MCMC method is applied to solve the complex analytical
expressions in the damage evaluation model. *e rest of this
paper is organized as follows: Section 2 details Bayes’ the-
orem as well as the MCMC method. *e damage model and
the results of the damage evaluation based on Bayesian
inference are given in Section 3. Finally, Section 4 ends with
some conclusions drawn from this study.

2. Application of Bayesian Inference

2.1. Bayesian Inference. *omas Bayes [33] proposed the
Bayesian analysis method and deduced the Bayesian equa-
tion, which can be seen as

p(A|B) �
p(A, B)

p(B)
�

p(B|A)p(A)

p(B)
. (1)

Bayes’ theorem describes the probability of an event
based on the prior experiences and beliefs from specialists
and new field observations (Box and Tiao [34]; Bernardo and
Smith [35]). In light of Bayesian opinion, the deviation of the
parameter should be considered, which can be seen as

f(θ|x) �
f(x|θ)f(θ)

 f(x|θ)f(θ)dθ
∝f(x|θ)f(θ), (2)

where θ is the unknown parameter to be revised; x is the new
field observations; f(θ) is the prior distribution before new
field observations are acquired; f(θ|x) is the posterior dis-
tribution after new field observation is taken into consid-
eration; f(x|θ) is the conditional likelihood function, and the
integration over θ in the denominator serves as a normal-
izing constant.

One of the many applications of Bayes’ theorem is
Bayesian inference, which is a statistical analysis approach
(Wu et al. [36]). In Bayesian inference, Bayes’ theorem is
used to deduce and update properties of an underlying
probability distribution with more evidence and informa-
tion available by computing the posterior probability, which
can be expressed by prior probability distribution and the
likelihood function. For example, when the structure health
monitoring (SHM) data, U� {X1, X2, . . ., Xn}, increase
gradually, the modified parameter, θ, can be updated con-
tinuously based on Bayes theorem.

Generally, the analytical solution for estimating the
unnormalised posterior probability distribution is not
available when the model parameter of being inferred is
large, that is, a high-dimensional problem, and the
unnormalised posterior density is geometrically complex
(Jin et al. [37]). *erefore, the MCMC method needs to be
established and used to solve posterior distribution.

2.2. MCMC. MCMC method, which contains Monte Carlo
integration and Markov chain, is increasingly adopted to
solve the complicated, intractable, and multidimensional
posterior integration in the Bayesian method (Geyer [38];
Andrieu et al. [39]). In the Bayesian method, the probabi-
listic inference needs the calculation of complex integrals or
summations over very large outcome spaces, which can be
expressed by (Ding et al. [40])

E[g(x)] �  g(x)p(x)dx, (3)

where x is random variable; g(x) is the function of x; p(x) is
the probability distribution of x; E[] is the expectation of the
target distribution g(x).
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*e Monte Carlo integration uses a lot of samples to
approximate the expectation of a target distribution. In other
words, a set of samples x(t) are obtained from the target
distribution p(x) and then the expectations of the target
distribution can be calculated based on the summation of
these samples, which can be expressed by

E[g(x)] �
1
n



n

t�1
g x

(t)
  ⟶

n⟶∞
 g(x)p(x)dx. (4)

*e Markov chains start at some state x(1) and use a
transition function p(x(t)|x(t−1)), to determine the next state,

x(2), conditional on the last state, which can be called sto-
chastic process (Green [41]; Wang and Peng [42]).

MH sampling is a typical sampling in the MCMC, which
is intended to create a chain so that the steady distribution
precisely is the target distribution [28]; Hastings [27]. *e
proper proposal distribution q(x) is chosen; samples from
target distribution p(x) will be generated.

In MH sampling, the acceptance probability α can be
calculated by

α � min 1,
p θ∗( 

p θ(t−1)
 

q θ(t− 1)
|θ∗ 

q θ∗|θ(t−1)
 

⎛⎝ ⎞⎠. (5)
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Figure 1: Bridge hanger.
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Figure 2: Observed frequency data: (a) case study 1, (b) case study 2, and (c) case study 3.
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3. Application of Bayesian Inference to
Evaluate Damage

3.1. Bayesian Inference for Damage Evaluation. Generally,
the stiffness of the bridge hanger will be damaged when the
bridge hanger is destroyed by fatigue damage. In other

words, the observed frequency data include an unknown
damage parameter θ, θ� E/E0, E is the value of true stiffness,
and E0 is the value of theoretical stiffness. *e prior dis-
tribution of the parameter, θ, is often considered to follow
Gauss distribution N(μ, σ2), that is, the proper proposal
distribution, in MH method, which can be seen as

Table 1: Weights in the three cases.

Case study 1 Case study 2 Case study 3
FM method True value FM method True value FM method True value
0.9999 1 0.9305 0.9 0.6978 0.7
0.0001 0 0.0492 0.1 0.2037 0.2
0 0 0.0203 0 0.0985 0.1
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Figure 3: Influence of initial value: (a) initial value� 0.2, (b) initial value� 0.6, (c) initial value� 1, and (d) sampling process.
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f(θ) �
1
���
2π

√
σ
exp −

(θ − μ)
2

2σ2
 . (6)

Because each test is independent, the likelihood function
can be expressed by (Guo and Li [43])

f(x|θ) � 
N

i�1
f ωi|θ( f ϕi|θ( , (7)

εω � ωi − ωi(θ), (8)

where ωi is the ith measured frequency; ωi(θ) is the ith
calculated frequency; εω is the modal error. εω is often
considered to follow Gauss distribution N(0, covω), which is
the target distribution in the MH method.

*en, f(ω|θ) can be expressed by

f(ω|θ) � 2πcovω( 
− 1/2

exp − ωi − ωi(θ) 
Tcov−1

ω ωi − ωi(θ)  .
(9)

Finally, the posterior probability density function of
parameter θ can be seen as

f(θ|x) � exp
−
1
2



N

i�1
ωi − ωi(θ) 

Tcov−1
ω ωi − ωi(θ) 

⎧⎨

⎩

⎫⎬

⎭

+[θ − μ]
Tcov−1

σ [θ − μ]

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

.

(10)

Considering that the observed frequency data of bridge
hanger usually have characteristics of the multimodality, the
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Figure 4: Case study 1: (a) single method, (b) FM method, and (c) sampling process.
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FMmethod is used. *erefore, ωi(θ) can be expressed by the
FM method:

ωi(θ) � 
n

m�1


h

k�1
wkβ

2
m

����
θE0I

ρA



,
m � 1, 2, 3, . . . , n

k � 1, 2, 3, . . . , h

⎛⎝ ⎞⎠,

(11)

cos βml(  · ch βml(  � 1, (12)



h

k�1
wk � 1, (13)

where ρ is the density of material, kg/m3; I is the moment of
inertia of an area, m4; A is the cross-section area, m2; l is the
geometric length; wk is the kth weighting factor.

*e Lagrange method, which is effective for solving the
conditional extremum problem, is used to solve the pa-
rameter wk, expressed by

Table 2: Final result of MH sampling.

Case 1 Case 2 Case 3
Single method 0.7978 1.0917 2.5897
FM method 0.7963 0.7926 0.7827
True value 0.8 0.8 0.8
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Figure 5: Case study 2: (a) single method, (b) FM method, and (c) sampling process.
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QFM � 
N

i�1
ωi − ωi(θ)( 

2
+ λ 

h

k�1
wk − 1⎛⎝ ⎞⎠, (14)

zQFM

zwk

� λ − 2 

N

i�1
ωi − ωi(θ)(  · 

N

m�1
β2m

����
θE0I

ρA


⎧⎨

⎩

⎫⎬

⎭ � 0,

(15)

zQFM

zλ
� 

h

k�1
wk − 1 � 0. (16)

3.2.Numerical Simulation Study. In this part, there are three
case studies constructed to test the proposed damage

evaluation method of bridge hanger based on Bayes’ theo-
rem. For the bridge hanger, its diameter is 0.077m, modulus
of elasticity is 1.9 × 108 kpa, bulk density is 7850 kN/m3, and
Poisson’s ratio is 0.3, which can be seen in Figure 1.

*e damage parameter in the three case studies is 0.8 and
the observed frequency data can be seen in Figure 2. As can be
seen in Figure 2(a), the observed frequency data are the first-
order frequency in case study 1. As can be seen in Figure 2(b),
the observed frequency data are composed of the first-order
frequency and the second-order modal frequency. As listed in
Table 1, the weights of them are 0.9 and 0.1, respectively, in
case study 2. As can be seen in Figure 2(c), the observed
frequency data are composed of the first-order frequency, the
second-order modal frequency, and the third-order modal
frequency. As listed in Table 1, the weights of them are 0.7, 0.2,
and 0.1, respectively, in case study 3.
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Figure 6: Case study 3: (a) single method, (b) FM method, and (c) sampling process.
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In this paper, the chain length of the MH method is 2000.
Particularly, the influence of the initial value, that is, 0.2, 0.6,
and 1.0, on theMH sampling process based on the FMmethod
is analyzed in case study 1, which can be seen in Figure 3. As
can be seen in Figure 3(d), the different initial values have
different calculation time for the sampling convergence seg-
ment but have no effect on the final results of sampling.

As can be seen in Figure 4, the final result of the MH
sampling based on single method is 0.7978 and the final
result of the MH sampling based on the FM method is
0.7963, which can be seen in Table 2. As listed in Table 1, the
weights of the first-order frequency, second-order modal
frequency, and third-order modal frequency are 0.9999,
0.0001, and 0, respectively, based on the FM method.
*erefore, the MH sampling based on single method or the
FM method can effectively evaluate the damage value of
bridge hanger in case study 1.

In case study 2, the final result of the MH sampling based
on single method is 1.0917 and the final result of the MH
sampling based on the FM method is 0.7926, which can be
seen in Figure 5. As listed in Table 1, the weights of the first-
order frequency, second-order modal frequency, and third-
order modal frequency are 0.9305, 0.0492, and 0.0203, re-
spectively, based on the FM method. Obviously, the MH
sampling based on the FM method can effectively evaluate
the damage value of bridge hanger.

In the case study, the final result of theMH sampling based
on single method is 2.5897 and the final result of the MH
sampling based on the FMmethod is 0.7827, which can be seen
in Figure 6. As listed in Table 1, the weights of the first-order
frequency, second-order modal frequency, and third-order
modal frequency are 0.6978, 0.2037, and 0.0985, respectively,
based on the FM method. Obviously, when the observed
frequency data have the characteristics of multimodality, the
result of the MH sampling based on the FM method is better
than the result of the MH sampling based on single method.

4. Conclusions

*is paper established a damage evaluation model and the
analytical expressions for calculating the weights by FM
method are derived. And after obtaining accurate frequency
monitoring data, the method proposed can be used to identify
the stiffness damage of the bridge hanger in this paper. *e
main conclusions drawn from this study are summarized as
follows: (1) Different initial values have different calculation
time for the MH sampling convergence segment but have no
effect on the final results of the MH sampling. *erefore, the
accurate results can be inferred based on big data. (2) *e
calculation accuracy of the FM method is better than single
method when the observed frequency data have the char-
acteristics of multimodality. In the damage evaluation model,
the MH sampling based on the FM method can accurately
evaluate the damage of bridge hanger.
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