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Taking high ductility concrete (HDFC) as a research object, the frost resistance of HDFC in freeze-thaw cycle tests is studied,
accurately predicted, and quantitatively described. Taking the relative dynamic elastic modulus as the evaluation index, the
response surface model and GM (1,1) model were used to study the frost resistance of HDFC, and the advantages and dis-
advantages were evaluated. Design-Expert software was used to establish a response surface model to study the effects of polyvinyl
alcohol fiber (PVA) length, polyvinyl alcohol fiber volume content, and number of freeze-thaw cycles on the frost resistance of
HDFC, and a fitting relationship model between the relative dynamic elastic modulus and these three factors was established. *e
results show that the influence of PVA fiber content on the frost resistance durability of HDFC is higher than that of the PVA fiber
length, but the effect of the external environment on the degree of deterioration for HDFC is greater than the improvement of the
properties of the material itself; that is, the freeze-thaw cycling has a greater effect than the PVA fiber content and length. Grey
system theory was introduced in the HDFC freezing resistance test, and the change rule for the relative elastic modulus and the
average relative error for the GM (1,1) model for varying PVA fiber length and content was determined to be less than 5%. It is
concluded that the freezing resistance prediction accuracy for HDFC based on the GM (1,1) model is higher than that of the
response surface model. *e GM (1,1) model can be used to accurately predict the degree of damage caused by freezing and
melting cycles for HDFC.

1. Introduction

High ductility cement matrix composites are a new type of
structural material with high toughness, high crack resis-
tance, and high frost resistance. *ese materials show strong
crack resistance and strain hardening under tensile and
shear loads and can greatly improve the brittleness of
concrete and have good prospects for development [1–6]. In
the northern part of China, concrete structures are exposed
to extremely harsh environments for extended periods of
time, such as sand erosion, earthquake impact, sulfate
erosion, and freeze-thaw damage. *e loss of freeze-thaw
damage is particularly serious, which affects the service life
of structures and leads to great economic losses [7, 8].
*erefore, it is of great significance to study how to improve
the frost resistance of concrete structures and evaluate the
frost resistance of concrete structures for the reinforcement

and maintenance of concrete structures under extreme
weather conditions [9–13].

With the development of the concrete industry, concrete
durability test methods based on various mathematical
models continue to emerge, accelerating the development of
civil construction industry. Based on response surface
analysis, Wu et al. [14] concluded that freeze-thaw cycles and
sulfate solution lead to the most significant damage to road
concrete with high performance synthetic fiber in freeze-thaw
cycle tests. Li Q et al. [15] established the response surface
model for asphalt concrete fracture toughness and deter-
mined the relationship between the initial fracture toughness
KQ and unstable fracture toughness KS. Based on the GM
(1, 1) model, Gao et al. [16] established a frost resistance
model of stress-damaged lightweight aggregate concrete
under a special extreme environment and obtained high
prediction accuracy. Kang et al. [17] established freeze-thaw
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deterioration model for hydraulic concrete by using the grey
residual GM (1,1) Markov model, which has high accuracy in
the application calculation process. Based on fractal di-
mension theory and the GM (1,1) model, another research
study [18] examined the macroscopic mechanics and mi-
croscopic pore structure of Aeolian sand lightweight ag-
gregate concrete and established the grey GM (1,4) model for
compressive strength.

Yang et al. [19] concluded the attenuation law for
reinforced concrete structures in cold regions under the
action of chloride salt and freeze-thaw cycles, and the
concrete attenuation model obtained by nonlinear fitting
can be used to predict the concrete life well. Yu et al. [20]
studied the freeze-thaw cycle splitting test to simulate the
frost heave characteristics of permeable asphalt concrete
and used the Gray-Markov model to evaluate the
groundwater stability in seasonal freeze-thaw areas, which
has high accuracy. Riza Polat et al. [21] found that hal-
loysite nanoclay, nano-CaO, and nano-SiO2 are partial
substitutes for cement to carry out mechanical properties
and physical tests and found that 3% halloysite nanoclay
has the highest durability and compressive strength. Dong
et al. [11] studied the mechanical properties of concrete
under the action of PE and steel fiber under freeze-thaw
cycling. *e results showed that the freeze-thaw cycle
destroys the interfacial bonding of fibers, which is the main
reason for deformation degradation. Li et al. [22] improved
the durability of cement-based concrete under the com-
bined action of freeze-thaw cycling and salt solution by
reasonably adding AEA and multimineral content, opti-
mizing the mix proportion of concrete by using a genetic
algorithm. Finally, it was verified that the concrete has good
durability under salt freezing. Kianoush Siamardi and
Shahin Shabani [23] evaluated the freeze-thaw durability of
short and long fibers for RCCP specimens, and the optimal
ratio was obtained by fitting the regression model with the
response surface method. Bin Chen and Jun Wang [24]
studied the freeze-thaw damage amount and freeze-thaw
damage model with sodium chlorate and sodium silicate as
compound alkali activators. Cheng [25] studied the me-
chanical properties and durability of three types of high
performance concrete (HPC). *e tests showed that when
the CFBC ash content is 20%, the compressive strength of
HPC at the curing period of 28 d is the highest at 75MPa
and the strength loss after freeze-thaw cycling is the lowest
of 0.17% and 0.81%.

On the one hand, few people have combined the re-
sponse surface model with the GM (1,1) model to study the
frost resistance model of HDFC, and the accuracy of these
two models has not been compared. On the other hand, the
response surface model is more suitable for discussing the
correlation between the factors and the response in the
experiment, and the GM (1,1) model is more suitable for
data analysis with equal time intervals. In this work, a re-
sponse surface model and GM (1,1) model were established
to analyze and predict the frost resistance of HDFC with the
number of freeze-thaw cycles, PVA volume content, and
PVA length as variables. *e simulation accuracy and pros
and cons of the two models are discussed to provide a

theoretical basis and experimental basis for solving the
practical problems faced by cold areas in the north.

2. Experimental Phenomena

2.1. Mix Proportion and Test Scheme Design. According to
the JGJ 55–2011 standard [26], HDFC mixes were designed.
*e concrete mix proportion design for the HDFC is pre-
sented in Table 1. Wuhan Huaxin cement P. O 42.5 R grade
cement was adopted as the cementitious material; river sand
was used as fine aggregate, fineness modulus of 1.85; the first
grade fly ash specially used for scientific research in college
was utilized as fly ash; natural gravel with good particle size
distribution was used as the coarse aggregate, with a particle
size of 5–20mm; solid polycarboxylate superplasticizer was
used to enhance the fluidity of HDFC, and the water re-
duction rate was 25%. High strength and high modulus
polyvinyl alcohol fiber produced by Kuraray, Japan, was
used; the mechanical properties of the fibers are shown in
Table 2.

In this study, the fibers were soaked in mixing water to
ensure complete distribution in the entire mixture and to
prevent balling or tangling. *e initial mixing procedure
included cement and aggregate mixing for one minute, and
then a water mixture with soaked fibers was added to the
solid components and mixed thoroughly in a mixer for
5minutes to achieve a homogeneous mixture. HDFC
mixtures were cast in prismatic (100 ×100 × 400mm)molds.

2.2. Experimental Methods. *e rapid freeze-thaw method
was tested according to the GB T50082-2009 standard [27].
*e freeze-thaw cycles were soaked in water at 20–25°C for
four days in advance and then placed into a rapid freeze-
thaw machine for freeze-thaw cycle testing. *e freeze-thaw
cycle equipment utilized a the concrete rapid freeze-thaw
testing machine produced by Hebei Tianjin Engineering
Instrument, as shown in Figure 1(a). *e mass loss rate is an
important index to measure HDFC damage in freeze-thaw
cycle tests. A high-precision quality detector was used to
measure the test blocks after freeze-thaw cycles. *e mass
loss rate during the freeze-thaw cycle test was then deter-
mined. *e relative dynamic elastic modulus of HDFC was
measured, using a DT-18 concrete relative dynamic elastic
modulus tester at the 25th, 50th, 75th, 100th, 125th, and
150th cycle. *e relative dynamic elastic modulus tester is
shown in Figure 1(b). *e relative dynamic elastic modulus
was calculated with

Ed �
13.244 × 10−4

× WL
3
f
2

a
4 , (1)

where Ed is the modulus of dynamic elasticity of concrete
before the freeze-thaw test (MPa), a is the edge length of the
square cross-section test block, L is the edge length of the
square cross-section test block, W is the mass of HDFC
before the freeze-thaw test (kg), and f is the fundamental
vibration frequency of the specimen under transverse
vibration.
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2.3. Relative Dynamic Elasticity of HDFC. In the freeze-thaw
cycle test, the relative dynamic elastic modulus of each
HDFC specimen varies with the number of freeze-thaw
cycles as shown in Figure 2. Figure 2 shows that the relative
dynamic elastic modulus of HDFC decreases with increasing

number of freeze-thaw cycles. When the number of freeze-
thaw cycles is 0–50, there is no obvious difference or ob-
served dynamic modulus damage of the concrete and
HDFC. A small amount of cementitious materials fell off the
specimen surface. *e relative dynamic elastic modulus

Table 1: Concrete mix proportion design of HDFC.

Code
Volume and
length of
PVA fiber

Dosage (kg/m3)

Cement Fly ash Coarse aggregate Fine aggregate Water Water-reducing agent

HDFC0-0 0 0 450 495 950 425 355 10
HDFC6-1 6 1.0% 450 495 950 425 355 10
HDFC6-1.5 6 1.5% 450 495 950 425 355 10
HDFC6-2 6 2.0% 450 495 950 425 355 10
HDFC9-1 9 1.0% 450 495 950 425 355 10
HDFC9-1.5 9 1.5% 450 495 950 425 355 10
HDFC9-2 9 2.0% 450 495 950 425 355 10
HDFC12-1 12 1.0% 450 495 950 425 355 10
HDFC12–1.5 12 1.5% 450 495 950 425 355 10
HDFC12.2 12 2.0% 450 495 950 425 355 10

Table 2: *e performance index of PVA fiber.

Length (mm) Diameter (μm) Tensile strength (MPa) Dynamic elastic modulus (GPa) Elongation (%) Density (g/cm3)
6, 9, 12 39 1600 40 7 1.3

Rubber test box Temperature detector Freeze-thaw machine

AntifreezeHDFC

(a)

Display screen
Director

Signal transmitter Signal receiver

HDFC

(b)

Figure 1: Test equipment diagram. (a) Freeze-thaw cycle machine. (b) Dynamic elastic modulus tester.
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damage for the concrete is 8.5%; when the PVA content is
1.5% and the length is 9mm, the minimum relative dynamic
elastic modulus damage is 4.1%.When the number of freeze-
thaw cycles reaches 50–100, the damage to the relative
dynamic elastic modulus begins to become obvious, and
more cementitious materials fall off the specimen surface.
*e relative dynamic elastic modulus damage for concrete is
13.9%; when the PVA content is 1.5% and the length is
9mm, the minimum relative dynamic elastic modulus
damage is 9.6%. When the number of freeze-thaw cycles
reaches 100–150 times, the relative dynamic elastic modulus
damage is the most serious, and much of the specimen
surface falls off. *e concrete begins to show a large number
of fine cracks, and these cracks will accelerate the damage to
the concrete due to the freeze-thaw cycling. However, the
PVA fiber inside the concrete inhibits the development and
extension of cracks, showing that the relative dynamic elastic
modulus damage of HDFC is smaller than that of concrete.
*e relative dynamic elastic modulus damage for concrete is

28.1%, and the minimum relative dynamic elastic modulus
damage is 17.9% when the PVA content is 2% and the length
is 12mm.

2.4. Mass Loss Rate for HDFC. In the process of freeze-thaw
cycling, the quality loss for concrete is an important indi-
cator to reflect the degree of freeze-thaw damage for con-
crete. *e relationship between the mass loss rate and the
number of freeze-thaw cycles was obtained through ex-
periments, as shown in Figure 3. *e mass loss rate for
HDFC is far less than that for concrete. When the number of
freeze-thaw cycles reaches 150, the mass loss rate for con-
crete does not reach 5%; that is, the concrete is not damaged.
At the beginning of the freeze-thaw cycle, the quality of the
concrete will increase slightly, and the quality growth will
gradually decrease with the increasing of fiber content.
When the PVA fiber content is 1.5%, the quality growth is
the smallest. When the number of freeze-thaw cycles reaches
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Figure 2: *e change law of relative dynamic elastic modulus of HDFC. (a) HDFC6-1-HDFC6-2. (b) HDFC9-1-HDFC9-2.
(c) HDFC12-1-HDFC12-2.
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50, the loss rate of the specimens begins to rise. Because the
internal fiber in the specimen has the effect of an overarching
connection, there will be no obvious cracks, and the overall
performance remains good. With the freezing and thawing
test, the internal crack damage for concrete will gradually
drive the spalling of external aggregate and cementitious
materials. *e loss rate of the specimen is greater than the
increase in internal pore water content, and the quality of the
specimen begins to decrease. When the number of freeze-
thaw cycles reaches more than 100, many internal fine cracks
expanded into wide cracks and coarse aggregates begin to fall
off, but the structure for HDFC is not loosened and still has a
certain strength.

3. Frost Resistance of HDFC Based on Response
Surface Methodology

3.1. Factor Level and Response. Response surface method-
ology (RSM) as a statistical method has been widely used in
various industries. RSM can reflect the influence of each
process variable on the target quantity in the experiment, can

also reflect the interaction betweenmultiple variables, and can
include the combination of statistical mathematics technol-
ogy. Finally, the relationship between variables and responses
is reflected by a contour line map and three-dimensional
images. However, RSM is rarely used in the study of the frost
resistance durability of concrete.

PVA fibers significantly improve the frost resistance of
concrete, in order to further study the influence of PVA
fibers on the frost resistance of concrete. RSM was used to
analyze the experimental results with the volume content
of PVA as the A factor, the PVA length as the B factor, the
number of freeze-thaw cycles as the C factor, and the
relative dynamic elastic modulus as the R response. *e
factor coding and level are shown in Table 3. Design-
Expert software was used to test and analyze the frost
resistance of HDFC, and the quadratic response surface
equation was selected to discuss the influence of three
factors on the frost resistance of concrete, and the central
design method was used to design the response surface
method. *e experimental results are shown in Table 4.
*e response surface equation considering all the
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Figure 3: *e relationship between mass loss rate and number of freeze-thaw cycles: (a) HDFC6-1-HDFC6-2. (b) HDFC9-1-HDFC9-2.
(c) HDFC12-1-HDFC12-2.
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coefficients of the first term, the second term, and the
second cross term is given as follows:

R � β0 + 
k

i�1
βiXi + 

k

i�1
βiiX

2
i + 

k

i＞j

βijXiXj + ε Xi, Xj, . . . , Xm ,

(2)

where R is the response, Xi is a variable factor, β0, βi, βii, βij

are regression coefficients of the constant, primary, sec-
ondary, and cross terms, k is the number of variables, and ε
represents the error (test error and fitting error).

3.2. Response Surface Model Establishment. Design-Expert
software was now used for multivariate fitting analysis of the
test data in Table 4, the regression model of the ternary
single-phase surface (3). At the same time, the reliability,
significance, and effectiveness of the model were analyzed. P
and F values were used to express the validity and signifi-
cance of the surface regression models. *e pure error
represents the degree of error between the fitted regression
model and the experimental data.*e coefficient of variation
C.V was used to judge the reliability of the model. R2 was
used to judge the fitting effect.

R � 117.47 − 24.42A − 0.79B + 0.088C + 0.76AB + 0.028AC

+ 0.0023BC + 4.79A
2

− 0.048B
2

− 0.0015C
2
,

(3)

where R is the response (relative dynamic elastic modulus),
A is the content of PVA fiber content, B is the length of the
PVA fiber, and C is the number of freeze-thaw cycles.

Variance analysis of the relative dynamic elastic modulus
regression model for HDFC based on the response surface
model is given in Table 5. *e following conclusions can be
drawn. *e F value of the model is 28.29, and the output of
the P value is 0.001 which is less than 0.05, indicating that the
model has good effectiveness and reliability. *e P value for
the pure error is 0.0601 which is greater than 0.05, indicating
that the error between the regression model and the ex-
perimental data is small and has a high correlation. *e
coefficient of variation C.V is 1.64%, and this value is less
than 5%, indicating that the model has high reliability. *e
correlation coefficient R2 � 0.9732, and the fitting degree and
accuracy are very high. *is indicates that this model can be
well used to explain and predict the influence of the relative
dynamic elastic modulus response under the interaction of
PVA content, PVA length, and number of freeze-thaw
cycles.

3.3. Analysis of the Model Results. *e RSM scheme was
imported into Design-Expert software, which can better
predict the change relationship for R with the three factors
and can be used to draw contourmaps and three-dimensional
response surface maps, as shown in Figures 4–6.

*e analysis in Figure 4 shows that the change in the
HDFC response R is not obviously affected by the A and B
factors when the C factor is fixed.*e performance along the
length of the PVA fiber axis and PVA fiber content trend is
relatively flat, but the trend of the A factor is slightly steeper
than that of the B factor. *erefore, the effect of factor A on
the HDFC response R is slightly greater than that of factor
B. As shown by the contour map, A element and B factor
contour densities are similar, which indicates that factors A
and B have similar effects on the R response for HDFC.

From the three-dimensional response surface and
contour map shown in Figure 5, it is obvious that the re-
sponse R of HDFC is strongly influenced by the A and C
factors. In the three-dimensional response surface diagram,
the trend along factor C is significantly steeper than that
along factor A. With the increasing of fiber content from 1%
to 2%, the trend of the HDFC response R is first decreased
and then increased, but the degree of change is not obvious.
In the contour map, the density of the ordinate is higher than
that of the abscissa. *e contour map and response surface
diagram also show that the external environment has a
greater effect on the damage to HDFC than the material
itself. *at is to say, the influence of the C factor on the
response R is greater than that of the A factor.

As shown by the analysis in Figure 6, the three-di-
mensional response surface curve shows that the response R
for HDFC has a relatively steep trend along factor C and a
relatively flat trend along factor B. In the contour map, the
density of the ordinate is greater than that of the abscissa.
Both images show that the influence of the C factor on the
response R of HDFC is greater than that of the B factor. *is
shows that the external environment has a greater effect on

Table 3: Code and level of experimental factors.

Factor
Level

−1 0 1
PVA fiber content/A 1 1.5 2
Length of PVA fiber/B 6 9 12
Freeze-thaw times/C 50 100 150

Table 4: Experimental design and results.

Codes
Experimental design

Test result Ed (%)
A (%) B (mm) C (times)

1 1.5 6 150 78.49
2 1.5 12 150 77.04
3 1.0 12 100 90.31
4 2.0 12 100 91.47
5 1.0 9 50 95.19
6 2.0 9 50 94.12
7 1.5 6 50 96.57
8 1.5 12 50 93.95
9 2.0 9 150 82.57
10 1.0 9 150 80.87
11 1.5 9 100 91.71
12 1.5 9 100 90.35
13 2.0 6 100 90.46
14 1.5 9 100 91.1
15 1.0 6 100 93.88
16 1.5 9 100 89.55
17 1.5 9 100 91.11
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the degradation of HDFC than the material itself. In
summary, the order of the significant degree of factor in-
teraction is AC>BC>AB. Figures 7–9 show the residual
normal distribution diagram, the distribution diagram for
the predicted value and real values, and the distribution
diagram for the residual and predicted values for the re-
sponse surface model, respectively. It can be clearly observed
that the residual normal distribution graph and the graph for

the predicted and real values are basically distributed on
both sides of a straight line.*e distribution of data points in
the distribution map of residual and predicted values is
scattered and shows no obvious regularity. It can be con-
cluded that the fitting data according to the response surface
model conforms to the original law and the model has high
accuracy in reflecting the change rule for the prediction
response with three factors.

Table 5: Variance analysis of HDFC relative dynamic modulus regression model.

Source Sum of squares Df Mean square F value P value
Model 545.09 9 60.57 28.29 0.0001
A 0.33 1 0.33 0.16 0.7054
B 5.80 1 5.80 2.71 0.1438
C 465.74 1 465.74 217.56 ＜0.0001
AB 5.24 1 5.24 2.45 0.1615
AC 1.92 1 1.92 0.90 0.3754
BC 0.46 1 0.46 0.21 0.6585
A2 6.04 1 6.04 2.82 0.1368
B2 0.79 1 0.79 0.37 0.5637
C2 59.99 1 59.99 28.02 0.0011
Residual 14.98 7 2.14 - -
Pure error 2.77 3 4.07 5.87 0.0601
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4. GM (1,1) HDFC Freeze-Thaw Damage Model

*e GM (1,1) model is based on the initial sequence, first-
order cumulative sequence, and background value [28]. *e
fitting curve was constructed by using the least squares
method, and the albinism differential equation was estab-
lished to solve the time response equation. *e grey de-
rivative information covering principle was used to solve the
specific expression for the power functions. According to the
minimum sequence for the average fitting relative error, the
optimal weight was selected by automatic iteration to
construct the background value, and the related properties of
the power functions are discussed. *e data sequence in the
development prediction model with equal time intervals
should be established. *e GM (1,1) model requires that the
data sequence changes gently and conforms to the nature of
an exponential function and uses the residual correction
model to correct the data to improve the prediction accu-
racy. *erefore, the GM (1,1) model is very suitable for
processing and predicting the freeze-thaw cycle tests with
equal time intervals.

4.1. GM (1,1) Model. *e establishment process of the GM
(1,1) model in this paper is to accumulate the relative dy-
namic elastic modulus loss of HDFC degradation to generate
the a serial model.*e freeze-thaw damage for HDFC can be
predicted by serial processing.*e original nonnegative data
sequence is X(0):

X
(0)

� X
(0)
1 , X

(0)
2 , . . . , X

(0)
n . (4)

*e first-order cumulative calculation of is X(0) con-
ducted. Generating a first-order cumulative sequence 1 -
AGO as X(1),

X
(1)
k � 

k

i�1
X

(0)
1 + X

(0)
2 + · · · + X

(0)
k , k � 1, 2, . . . , n, (5)

X
(1)

� X
(1)
1 , X

(1)
2 , . . . , X

(1)
n . (6)

*e sequence Z(1) adjacent to the mean value can be
obtained by piecewise summation of (6). Z(1) is the back-
ground value of GM (1,1) model.

Z
(1)
k � 0.5 X

(1)
k−1 + X

(1)
k , k � 2, 3, . . . , n, (7)

Z
(1)

� Z
(1)
2 , Z

(1)
3 , . . . , Z

(1)
n . (8)

Next, albinism differential equation is established:

dX
(1)

dt
+ aX

(1)
� b, (9)

where the parameter a is the development coefficient, and
the parameter b is the grey action. *e least square method
and MATLAB were used to determine the parameter values.

α[a, b]
T

� B
T
B 

−1
B

T
Y, (10)

Y �

X
(0)
2

X
(0)
3

⋮
X

(0)
n

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

B �

−Z
(1)
2

−Z
(1)
3

⋮

1
1
⋮

−Z
(1)
n 1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(11)

*e HDFC relative dynamic elastic modulus prediction
model of the GM (1,1) model can be obtained by solving the
albinism differential equation.


X

(1)
k � X

(0)
1 −

b

a
 e

−a(k−1)
+

b

a
. (12)

4.2. Relative Dynamic Elastic Modulus Prediction Model of
GM (1,1). Based on the freeze-thaw tests, the first cumu-
lative value (1-AGO) and background value of the relative
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Figure 9: Residuals vs. predictions.
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dynamic elastic modulus of HDFC are shown in Table 6.*e
HDFC relative dynamic elastic modulus prediction model
and model parameters a and b for PVA fibers with different
lengths and different dosages were calculated using formulas
(4) – (12), as shown in Table 7.

5. Comparison and Error Analysis of theModels

5.1. Error Comparison between the GM (1,1) Model and Re-
sponse Surface Model. Replace k� 25, 50, 75, 100, 125, and
150 with the relative dynamic elastic modulus prediction

model in Table 7. By substituting the predicted results 
X

(1)
k

into the first-order cumulative calculation model, 
X

(0)
k can

be obtained. Based on the GM(1,1) model of different PV
fiber lengths and contents under the influence of different
freeze-thaw cycle times, the corresponding relative dynamic
elastic modulus initial prediction value and relative error can
be calculated as shown in Figure 9. Based on the response
surface model research method, the fitting regression
analysis for the relative dynamic elastic modulus for HDFC
under the multifactor composite effect of PVA length, PVA
content, and freeze-thaw cycles was considered to obtain the
relationship between the various factors and response. *e
factors in (3) can be solved based on the response surface
model for the HDFC relative dynamic elastic modulus
prediction value and the relative error between the real
values as shown in Figure 10.

Figure 10 shows that the relative error between the
relative dynamic elastic modulus predicted by the GM (1,1)
model with different PVA fiber contents and lengths is small.
Moreover, the relative error does not change significantly
with the increasing of freeze-thaw cycles, with a maximum
average relative error of 4.3% and a minimum average
relative error of 0.7%, and the average relative error is less
than 5%. *is indicates that the GM (1,1) model has high
reliability for predicting the relative dynamic elastic mod-
ulus of HDFC to reflect the frost resistance of HDFC. *e
relative error of response surface model is generally higher
than that of the GM (1,1) model. With the increasing
number of freeze-thaw cycles, the relative error reflected by
the response surface model will increase. *e maximum
average relative error of the response surface model is 6.2%,
and the minimum average relative error is 5.4%; that is, the
average relative error is greater than 5%. In summary, the
overall accuracy of the GM (1,1) model for predicting the
relative dynamic elastic modulus and frost resistance of
HDFC is higher than that of the response surface model.
*erefore, the GM (1,1) model has high reliability for the
prediction of the relative dynamic elastic modulus and life
cycle management of HDFC.

5.2. Accuracy Analysis of the GM (1,1) Model. To better
analyze the prediction accuracy and reliability of the GM
(1,1) model, the following indices can be used to analyze the
prediction accuracy. *e accuracy of the model is deter-
mined by the mean variance C, relative error a, and small
error probability P.*e static critical value of the established

model is shown in Table 8. z(k) is the residual of the original

sequence X(0) and the prediction model 
X

(1)
k .

Relative error α：

α �
X

(1)
k −


X

(1)
k

X
(1)
k




× 100%. (13)

Mean variance ratio C：

C �
σ2
σ1

, (14)

where σ1 is the mean variance of original data and σ2 is the
residual mean variance.

σ1 �
1
n



n

k�1
X

(0)
− X , (15)

σ2 �
1
n



n

k�1
(z(k) − z ). (16)

Absolute correlation degree ε:

εij �
1 + si


 + sj





1 + si


 + sj



 + si − sj




, (17)

si


 � 

n−1

k�2
X

(0)
k +

1
2
X

(0)
n




, (18)

sj



 � 
n−1

k�2
X

(1)
k +

1
2
X

(1)
n




, (19)

si − sj



 � 
n−1

k�2
X

(0)
k − X

(1)
k  +

1
2

X
(0)
n − X

(1)
n 




. (20)

Probability of small error：

z(k) � X
(0)

−

X

(1)
k , (21)

P � P |z(k) − z |< 0.6745σ1}. (22)

According to equations (13)–(22), the mean variance C,
absolute correlation degree ε, relative error α, and small
error probability P of the GM (1,1) model can be obtained.
*e results of C, ε, α, and P values calculated using the
relative dynamic elastic modulus prediction model under
the combined action of PVA fiber length and dosage are
shown in Table 9. Table 9 shows that both the small error
probability P and the mean square error ratio C of the HDFC
relative dynamic elastic modulus prediction model are
primary standards, which meet the accuracy prediction level
of the GM (1,1) model. *e average correlation degree ε of
the model is higher than 0.9 at the primary standard, in-
dicating that the model has high correlation. If the devel-
opment coefficient a <0.3, the prediction of the relative
dynamic elastic modulus in the GM (1,1) model is suitable
for medium and long term prediction, and the prediction
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accuracy is high. *e development coefficient a in the
prediction model fitted by the GM (1,1) model is far less than
0.3, so the GM (1,1) model can be used to predict the freeze-
thaw damage for HDFC over the whole life cycle [29].

6. Results and Discussion

(1) In a freeze-thaw cycle test, HDFC and concrete
exhibit different degrees of deterioration, but
HDFC shows better frost resistance than concrete.
Regardless of the results of relative dynamic
elastic modulus or the shedding of cementitious
materials on the surface of concrete, HDFC is
better than concrete. Under varying number of
freeze-thaw cycles, the relative dynamic elastic

modulus damage of HDFC is lower than that of
ordinary concrete. When the PVA content is 2%
and the length is 12 mm, the frost resistance of
HDFC is the best.

(2) *rough a response surface model established using
Design-Expert software and the analysis of the re-
sidual error, real value, and predicted value image, in
the process of freeze-thaw cycle testing, the influence
of freeze-thaw cycles on the damage to the concrete
is stronger than that of PVA fiber content and length,
and the damage rate is greatly reduced with the
addition of PVA fiber compared with concrete.
However, the whole process of freeze-thaw damage
remains unchanged; that is, the external environ-
ment has a greater effect on the degree of degradation

Table 6: *e background value of the relative dynamic elastic modulus of HDFC is 1-AGO.

Codes Freeze-thaw times
0 25 50 75 100 125 150

HDFC0-0 Background value — 148.3 243.5 334.9 423.2 508.0 585.2
1-Ago 100 196.8 290 379.7 466.8 549.2 621.2

HDFC6-1 Background value — 149.2 246.3 341.3 433.2 522.1 603.5
1-Ago 100 198.4 294.3 388.3 478.2 565.8 641.2

HDFC6-1.5 Background value — 149.0 246.3 341.9 433.9 521.8 604.3
1-Ago 100 197.9 294.7 389.2 478.5 565.0 643.5

HDFC6-2 Background value — 148.7 243.9 336.2 427.2 515.8 599.4
1-Ago 100 197.3 290.5 381.9 472.4 559.2 639.6

HDFC9-1 Background value — 149.0 245.6 339.4 430.4 518.4 639.5
1-Ago 100 198.0 293.2 385.6 475.2 561.6 642.5

HDFC9-1.5 Background value — 148.6 245.2 340.0 432.6 522.7 606.5
1-Ago 100 197.2 293.2 386.7 478.4 566.9 646.2

HDFC9-2 Background value — 149.6 246.2 338.3 427.5 514.7 599.1
1-Ago 100 199.1 293.2 383.5 471.6 557.8 640.4

HDFC12-1 Background value — 149.2 245.9 339.4 430.7 519.3 601.9
1-Ago 100 198.4 293.3 385.5 475.8 562.7 641.0

HDFC12–1.5 Background value — 148.9 244.7 337.1 426.9 513.5 594.2
1-Ago 100 197.8 291.7 382.6 471.4 555.7 632.7

HDFC12.2 Background value — 148.4 244.5 339.1 431.8 522.7 609.3
1-Ago 100 196.8 292.2 386.1 477.6 567.8 650.8

Table 7: Prediction model and coefficient of relative dynamic elastic modulus of HDFC.

Codes Parameters a and b Relative dynamic elastic modulus prediction model

HDFC0-0 a� 0.0516, b� 106.1338 
X

(1)
k � −1956.86e− 0.0516k + 2056.86

HDFC6-1 a� 0.0447, b� 107.2912 
X

(1)
k

� −2300.25e− 0.0447k + 2400.25

HDFC6-1.5 a� 0.0415, b� 106.4648 
X

(1)
k � −2465.42e− 0.0415k+ 2565.42

HDFC6-2 a� 0.0331, b� 102.4197 
X

(1)
k � −2994.25e− 0.0331k + 3094.25

HDFC9-1 a� 0.0343, b� 103.6657 
X

(1)
k � −2922.32e− 0.0343k + 3022.32

HDFC9-1.5 a� 0.0352, b� 104.4933 
X

(1)
k � −2868.56e− 0.0352k + 2968.56

HDFC9-2 a� 0.0345, b� 103.1350 
X

(1)
k � −2889.42e− 0.0345k + 2989.42

HDFC12-1 a� 0.0395, b� 105.2368 
X

(1)
k � −2564.22e− 0.0395k + 2664.22

HDFC12–1.5 a� 0.0430, b� 105.0253 
X

(1)
k � −2342.45e− 0.0430k + 2442.45

HDFC12–1.5 a� 0.0284, b� 98.25320 
X

(1)
k � −3359.62e− 0.0284k + 3459.62
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Figure 10: Accuracy comparison between GM (1,1) model and response surface model. (a) HDFC6-1. (b) HDFC9-1.5. (c) HDFC9-2.
(d) HDFC12-2.

Table 8: Model established index critical value.

Critical value of the index
Accuracy class

Primary standard Secondary standard *ree-level standard Four-level standard
C 0.35 0.50 0.65 0.80
P 0.95 0.80 0.70 0.60
ε 0.90 0.80 0.70 0.60
α 0.01 0.05 0.10 0.20
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for HDFC than the material itself. It is concluded
that the order of significance for the factor inter-
action is AC>BC>AB.

(3) By introducing the grey system theory, the average
relative error in the relative dynamic elastic modulus
prediction model fitted by the GM (1,1) model is less
than 5%. *rough comparative analysis, it can be
found that the prediction accuracy of the GM (1,1)
model for the relative dynamic elastic modulus of
HDFC is higher than that of the response surface
model. By analyzing the critical value of each index,
the GM (1,1) model shows high prediction accuracy
and reliability. *is model can be used to predict the
freeze-thaw damage for HDFC over the whole life
cycle and provide a theoretical basis and experi-
mental basis for the practical problems faced by the
northern cold regions.
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