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This paper presents a method for dynamic parameter adaptation in the harmony search algorithm (HS) based on fuzzy logic. The
adaptation is performed using Type 1 (FHS), interval Type 2 (IT2FHS), and generalized Type 2 (GT2FHS) fuzzy systems as the
number of improvisations or iterations advances, achieving a better intensification and diversification. The main contribution of
this work is the dynamic parameter adaptation using different types of fuzzy systems in the harmony search algorithm applied
to optimization of the membership functions for a benchmark control problem; in this case it is focused on the ball and beam
controller. Experiments are presentedwith the HS, FHS, IT2FHS, and GT2FHS with noise (uniform random number) and without
noise for the controller, and the following error metrics are obtained: ITAE, ITSE, IAE, ISE, and RMSE, to validate the efficacy of
the proposed methods.

1. Introduction

This paper presents a method based on different types of
fuzzy systems, whose main goal is the dynamic parameter
adaptation in metaheuristic algorithms [1, 2]. These algo-
rithms are now increasingly being used to solve different
problems like optimization of functions, controllers [3, 4],
neural networks [5], and engineering [6, 7], among others.
This work is based on the original harmony search algorithm
which tries to mimic the improvisation process of musicians
in finding a pleasing harmony and has been widely used
to solve complex problems [8, 9]. There are different vari-
ants for the parameter adaptation of HS such as Adaptive
Harmony Search Method for Structural Optimization [10],
Parameter-Setting-Free Harmony Search Algorithm [11], and
Self-Adaptive Global Best Harmony Search algorithm [12].
The main disadvantage of this algorithm is the use of
fixed parameters throughout the iterations and premature
convergence.Themain goal of this work is to use the concepts
of fuzzy sets to design a fuzzy system that adjusts dynamically
harmony memory accepting (HMR) parameters and with its
fuzzy rules controls the exploitation of the harmony search
algorithm. The granular term is used herein to indicate the

number of membership functions to be used in the fuzzy
system. The proposed method called fuzzy harmony search
algorithm (FHS) uses Type 1, interval Type 2, and generalized
Type 2 fuzzy systems for dynamic parameter adaptationwhile
other works have made different methods based on this
algorithm such as [10–23]. The main contribution of this
work is to performdynamic parameter adaptation using Type
1, interval Type 2, and generalized Type 2 fuzzy system in
the harmony search algorithm applied to optimization of the
membership functions of a fuzzy controller for a benchmark
problem. In this case it is focused on the ball and beam
controller, which has the goal to maintain the balance of
the ball in the beam. This problem was considered with the
original and the proposed methods, with noise and without
noise for the controller. This is in order to validate the
effectiveness of the proposed method.

This paper is organized as follows: Section 2 describes
concepts of fuzzy logic systems, Section 3 describes the
concepts of fuzzy logic controllers, Section 4 describes the
original harmony search method, Section 5 describes the
proposed method, Section 6 shows the description of the
ball and beam controller, Section 7 presents experiments and
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Figure 1: General representation of a FLC.

results, Section 8 presents a statistical comparison, and finally
Section 9 offers the conclusions.

2. Fuzzy Logic Systems

Fuzzy logic was conceived by Lotfi. A. Zadeh in 1965, on
the basis of a theory of fuzzy sets, which differs from
the traditional crisp sets, because the degree of belonging
is considered. At present, the use of logic systems (FLS)
has increased, as can be observed in [24–30]. The Interval
Type 2 fuzzy set has a fuzzy membership function, the
membership grade for each element of this set is a fuzzy
set in [0, 1], as can be observed in [31–35]. In generalized
Type 2 fuzzy sets the uncertainty is represented in volume
and is able to handle greater uncertainty in the system. Some
generalized Type 2 advances in the literature are presented in
[36–40].

3. Fuzzy Controllers

A fuzzy logic controller (FLC) is widely used today to
control any plant; the main advantage of using it is that
it does not require knowledge of the mathematical model,
and in the following papers type 1 fuzzy controllers have
been successfully used [41, 42]. In Figure 1 the generic
representation of the FLC is illustrated.

4. Original Harmony Search Algorithm

TheHarmony search (HS) algorithm has been recently devel-
oped as an analogy with the music improvisation process
where music players improvise the pitch of their instruments
to obtain better harmony [9, 43]. This algorithm has 5 steps
that are the following.

Step 1. Initialize the problem and algorithm parameters as
follows:

Minimize F

subject to 𝑥𝑖 ∈ 𝑋𝑖, i = 1, . . . ,N (1)

Step 2. Initialize the harmony memory (HM), HM matrix is
filled with as many randomly generated solution vectors as
the HMS, as follows:

HM =
[[[[[[[[[[[

x11 x12 . . . x1N-1 x1N
x21 x22 . . . x2N-1 x2N... ... ... ... ...

xHMS-1
1 xHMS-1

2 . . . xHMS-1
N-1 xHMS-1

N

xHMS
1 xHMS

2 . . . xHMS
N-1 xHMS

N

]]]]]]]]]]]
(2)

Step 3. Improvise a new harmony from the HM. Equation (3)
represents the HMR, (4) represents the pitch adjustment, and
(5) represents the random selection operators:

𝑥1
← {𝑥1 ∈ {𝑥1, 𝑥2, . . . , 𝑥𝐻𝑀𝑆𝑖 } 𝑤𝑖𝑡ℎ 𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝐻𝑀𝑅,𝑥1 ∈ 𝑋𝑖 𝑤𝑖𝑡ℎ 𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 (1 − 𝐻𝑀𝑅) } (3)

Pitch adjusting decision for 𝑥1
← { 𝑌𝑒𝑠 𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑃𝐴𝑟𝑎𝑡𝑒𝑁𝑜 𝑤𝑖𝑡ℎ 𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 (1 − 𝑃𝐴𝑟𝑎𝑡𝑒)}

(4)

𝑥𝑖 ← 𝑥𝑖 ± 𝑟 ⋅ 𝑏𝑤 (5)

Step 4. Update the harmonymemory vector,𝑥 = (𝑥1, 𝑥2, . . . ,𝑥𝑁).
Step 5. Validate the stopping criterion. The maximum num-
ber of iterations is satisfied; computation is terminated.
Otherwise, Steps 3 and 4 are repeated.

5. Fuzzy Harmony Search Algorithm

Theproposedmethod is based on the HS algorithm; in previ-
ous works the behavior of the original harmony search algo-
rithm was studied; tests were performed with the “PArate”
and HMR parameters and making adjustments to the HMR
parameter achieves better results. The value of the HMR
parameter is fixed during the process of improvisation of the
algorithm; based on this it is decided to adjust this parameter
with fuzzy system. The main contribution is to dynamically
change the HMR parameter using type 1 (FHS), interval type
2 (IT2FHS), and generalized type 2 (GT2FHS) fuzzy systems
as the number of iterations advances and with this to achieve
more diversity of solutions. The diagram of the proposed
method is illustrated in Figure 2.
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Figure 2: Flow diagram of the proposed method.
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5.1. Performance Representation of the Type 1 Fuzzy System.
The proposed type 1 fuzzy system (FHS) is composed using
terms of type 1 fuzzy sets, granulated into the three triangular
membership functions in the input and the output, and these
triangular membership functions are represented by

𝑓 (𝑥; ℎ, 𝑖, 𝑗) =
{{{{{{{{{{{{{{{{{

0, 𝑥 ≤ ℎ𝑥 − ℎ𝑖 − ℎ , ℎ ≤ 𝑥 ≤ 𝑖𝑗 − 𝑥𝑗 − 𝑖 , 𝑖 ≤ 𝑥 ≤ 𝑗
0, 𝑗 ≤ 𝑥

(6)

where ℎ and 𝑗 parameters locate the “Corner” of the triangle
and the parameter 𝑖 locates the center. The following equa-
tions represent the knowledge of the input and output of the
fuzzy system.

5.1.1. Input and Output Variables. To build a type 1 fuzzy
system, the input and output linguistic variables are deter-
mined; in this case, there is one input and one output. The
input variable is the Iteration; this variable has the following
membership functions (MFS): Low, Medium, and High. The
fuzzy system has a single output called HMR, which refers to
the harmony memory accepting parameter, and this variable
has the following MFS: Low, Medium, and High. These MFS
are listed in Table 1.

Table 1 shows the equations for constructing the MFS of
the input and output variables of the type 1 fuzzy system.

5.2. Knowledge Representation of the Interval Type 2 Fuzzy
System. The proposed interval type 2 fuzzy system (IT2FHS)
is composed using terms of interval type 2 fuzzy sets,
granulated into the three triangular MFS with uncertain 𝑎
in the input and the output, and these triangular MFS are
represented by

𝜇 (𝑥) = [𝜇 (𝑥) , 𝜇 (𝑥)]
= itritype2 (x, [𝑎1, 𝑏1, 𝑐1, 𝑎2, 𝑏2, 𝑐2])

where 𝑎1 < 𝑎2, 𝑏1 < 𝑏2, 𝑐1 < 𝑐2
𝜇1 (𝑥) = max(min( 𝑥 − 𝑎1𝑏1 − 𝑎1 , 𝑐1 − 𝑥𝑐1 − 𝑏1) , 0)
𝜇2 (𝑥) = max(min( 𝑥 − 𝑎2𝑏2 − 𝑎2 , 𝑐2 − 𝑥𝑐2 − 𝑏2) , 0)𝜇 (𝑥) = max (𝜇1 (𝑥) , 𝜇2 (𝑥)) ∀𝑥 ∉ (𝑏1, 𝑏2)
𝜇 (𝑥) = 1 ∀𝑥 ∈ (𝑏1, 𝑏2)
𝜇 (𝑥) = min (𝜇1 (𝑥) , 𝜇2 (𝑥))

(7)

where 𝑎1, 𝑏1, and 𝑐2 parameters are for the upper MFS and𝑎2, 𝑏2, and 𝑐1 are for the lower MFS. The following equations
represent the knowledge of the input and output variables of
the interval type 2 fuzzy system.

5.2.1. Input and Output Variables. To build an interval type 2
fuzzy system, we used the same general structure of the type
1 fuzzy system and the same linguistic variables mentioned
above; in this case, we have one input and one output. These
MFS are listed in Table 2.

Table 2 shows the equations for constructing the MFS of
the input and output variables of the interval type 2 fuzzy
system.

5.3. Knowledge Representation of the Generalized Type 2
Fuzzy System. The proposed generalized type 2 fuzzy sys-
tem (GT2FHS) is composed using terms of generalized
type 2 fuzzy sets, granulated into the three triangular MFS
with Gaussian in the secondary membership in the input
and the output, and these triangular MFS are represented
by

𝜇 (𝑥, 𝑢) = 𝑡𝑟𝑖𝑔𝑎𝑢𝑠𝑠𝑡𝑦𝑝𝑒2 (𝑥, 𝑢, [𝑎1, 𝑏1, 𝑐1, 𝑎2, 𝑏2, 𝑐2, 𝜌])
𝜇 (𝑥, 𝑢) = exp [−12 (𝑢 − 𝑝𝑥𝜎𝑢 )2] where

𝜇1 (𝑥) = max(min( 𝑥 − 𝑎1𝑏1 − 𝑎1 , 𝑐1 − 𝑥𝑐1 − 𝑏1) , 0) and

𝜇2 (𝑥) = max(min( 𝑥 − 𝑎2𝑏2 − 𝑎2 , 𝑐2 − 𝑥𝑐2 − 𝑏2) , 0)
𝜇 (𝑥) = {{{

max (𝜇1 (𝑥) , 𝜇2 (𝑥)) ∀𝑥 ∉ (𝑏1, 𝑏2)
1 ∀𝑥 ∈ (𝑏1, 𝑏2)

𝜇 (𝑥) = min (𝜇1 (𝑥) , 𝜇2 (𝑥))
𝑝𝑥 = max(min( 𝑥 − 𝑎𝑥𝑏𝑥 − 𝑎𝑥 , 𝑐𝑥 − 𝑥𝑐𝑥 − 𝑏𝑥) , 0) ,
where 𝑎𝑥 = 𝑎1 + 𝑎22 , 𝑏𝑥 = 𝑏1 + 𝑏22 , 𝑐𝑥 = 𝑐1 + 𝑐22
𝛿 = 𝜇 (𝑥) − 𝜇 (𝑥)
𝜎𝑢 = 1 + 𝜌2√3 𝛿 + 𝜀

(8)

where 𝑎1, 𝑏1, and 𝑐1 parameters are for the upper MFS and𝑎2, 𝑏2, and 𝑐2 are for the lower MFS, respectively, where 𝜌
is fraction of uncertainty of the support for the secondary
membership function. The following equations represent the
knowledge of the input and output of the generalized type 2
fuzzy system.

5.3.1. Input and Output Variables. To build a generalized type
2 fuzzy system, we used the same general structure of the type
1 fuzzy system and the same linguistic variables mentioned
above; in this case, we have one input and one output. These
MFS are listed in Table 3.

Table 3 shows the equations for constructing the MFS of
the input and output of the generalized type 2 fuzzy system.
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Table 1: Type-1 membership functions for the input and output variables.

𝐿𝑜𝑤 𝜇𝐿𝑜𝑤 (𝑥) =
{{{{{{{{{{{{{{{{{{{

0, 𝑥 ≤ −0.5𝑥 + 0.50 + 0.5 , −0.5 ≤ 𝑥 ≤ 00.5 − 𝑥0.5 − 0 , 0 ≤ 𝑥 ≤ 0.5
0, 0.5 ≤ 𝑥

𝑀𝑒𝑑𝑖𝑢𝑚 𝜇𝑀𝑒𝑑𝑖𝑢𝑚 (𝑥) =
{{{{{{{{{{{{{{{{{{{

0, 𝑥 ≤ 0𝑥 − 00.5 − 0 , 0 ≤ 𝑥 ≤ 0.51 − 𝑥1 − 0.5 , 0.5 ≤ 𝑥 ≤ 1
0, 1 ≤ 𝑥

𝐻𝑖𝑔ℎ 𝜇𝐻𝑖𝑔ℎ (𝑥) =
{{{{{{{{{{{{{{{{{{{

0, 𝑥 ≤ 0.5𝑥 − 0.51 − 0.5 , 0.5 ≤ 𝑥 ≤ 11.5 − 𝑥1.5 − 1 , 1 ≤ 𝑥 ≤ 1.5
0, 1.5 ≤ 𝑥

Table 2: Interval type-2 membership functions for the input and output variables.

𝐿𝑜𝑤
𝜇1 (𝑥) = max(min ( 𝑥 − 0.58−0.08 − 0.58 , 0.41 − 𝑥0.41 + 0.08) , 0)𝜇2 (𝑥) = max (min ( 𝑥 + 0.410.08 + 0.41 , 0.58 − 𝑥0.58 − 0.08) , 0)𝜇 (𝑥) = max (𝜇1 (𝑥) , 𝜇2 (𝑥)) ∀𝑥 ∉ (−0.08, 0.08)𝜇 (𝑥) = 1 ∀𝑥 ∈ (−0.08, 0.08)𝜇 (𝑥) = min (𝜇1 (𝑥) , 𝜇2 (𝑥))

𝑀𝑒𝑑𝑖𝑢𝑚
𝜇1 (𝑥) = max (min ( 𝑥 + 0.830.41 + 0.83 , 0.91 − 𝑥0.91 − 0.41) , 0)𝜇2 (𝑥) = max (min ( 𝑥 − 0.080.58 − 0.08 , 1.08 − 𝑥1.08 − 0.58) , 0)𝜇 (𝑥) = max (𝜇1 (𝑥) , 𝜇2 (𝑥)) ∀𝑥 ∉ (0.41, 0.58)𝜇 (𝑥) = 1 ∀𝑥 ∈ (0.41, 0.58)𝜇 (𝑥) = min (𝜇1 (𝑥) , 𝜇2 (𝑥))

𝐻𝑖𝑔ℎ
𝜇1 (𝑥) = max (min ( 𝑥 − 0.410.91 − 0.41 , 1.41 − 𝑥1.41 − 0.91) , 0)𝜇2 (𝑥) = max (min ( 𝑥 − 0.581.08 − 0.58 , 1.58 − 𝑥1.58 − 1.08) , 0)𝜇 (𝑥) = max (𝜇1 (𝑥) , 𝜇2 (𝑥)) ∀𝑥 ∉ (0.91, 1.08)𝜇 (𝑥) = 1 ∀𝑥 ∈ (0.91, 1.08)𝜇 (𝑥) = min (𝜇1 (𝑥) , 𝜇2 (𝑥))

5.4. Design of the Fuzzy Harmony Search Systems (FHS,
IT2FHS, and GT2FHS). In Sections 5.1, 5.2, and 5.3 the
knowledge of the membership functions to be used in the
FHS, IT2FHS, and GT2FHS fuzzy systems were presented. In
this section the graphical representation of the fuzzy systems
is determined by Figures 3, 4, and 5, respectively, where we
used one input, which is the iteration, and one output, which
is the HMR parameter and is of Mamdani type.

It is decided to make the HMR dynamic parameter using
(9), as the iterations progress:

𝐻𝑀𝑅 = ∑𝑟ℎ𝑚𝑟𝑖=1 𝜇ℎ𝑚𝑟𝑖 (ℎ𝑚𝑟1𝑖)∑𝑟ℎ𝑚𝑟𝑖=1 𝜇ℎ𝑚𝑟𝑖 (9)

where the memory accepting rate is HMR; the number of
rules of the fuzzy system is 𝑟ℎ𝑚𝑟, corresponding to hmr; ℎ𝑚𝑟1𝑖
is the output result for rule i corresponding to hmr; 𝜇ℎ𝑚𝑟𝑖 is the
membership function of rule i corresponding to hmr.

The fuzzy system is of Mamdani type and contains three
fuzzy rules. The rules are summarized in Table 4.

Table 4 represents the idea of increasing the output of the
rules as iterations are progressing. To represent this idea the
following equation was used:

𝐼𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛 = 𝐶𝑢𝑟𝑟𝑒𝑛𝑡 𝐼𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑀𝑎𝑥𝑖𝑚𝑢𝑛 𝑜𝑓 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠 (10)
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Table 3: Generalized type-2 membership functions for the input and output variables.

𝐿𝑜𝑤

𝜇1 (𝑥) = max (min( 𝑥 + 0.5807−0.0806 + 0.5807 , 0.4193 − 𝑥0.4193 + 0.0806) , 0) and

𝜇2 (𝑥) = max (min( 𝑥 + 0.41410.0859 + 0.4141 , 0.5859 − 𝑥0.5859 − 0.0859) , 0)
𝜇 (𝑥) = {{{{{

max (𝜇1 (𝑥) , 𝜇2 (𝑥)) ∀𝑥 ∉ (−0.0868, 0.0859)
1 ∀𝑥 ∈ (−0.0868, 0.0859)𝜇 (𝑥) = min (𝜇1 (𝑥) , 𝜇2 (𝑥))

𝑝𝑥 = max(min( 𝑥 − 𝑎𝑥𝑏𝑥 − 𝑎𝑥 , 𝑐𝑥 − 𝑥𝑐𝑥 − 𝑏𝑥) , 0), Where

𝑎𝑥 = −0.5807 − 0.41412 , 𝑏𝑥 = −0.0806 − 0.08592 , 𝑐𝑥 = 0.4193 + 0.58592𝛿 = 𝜇 (𝑥) − 𝜇 (𝑥)
𝜎𝑢 = 1 + 𝜌2√3 𝛿 + 𝜀
Where 𝜌 = 0.5

𝑀𝑒𝑑𝑖𝑢𝑚

𝜇1 (𝑥) = max (min( 𝑥 + 0.08330.4167 + 0.0833 , 0.9167 − 𝑥0.9167 − 0.4167) , 0) and

𝜇2 (𝑥) = max (min( 𝑥 − 0.08330.5833 − 0.0833 , 1.083 − 𝑥1.083 − 0.5833) , 0)
𝜇 (𝑥) = {{{{{

max (𝜇1 (𝑥) , 𝜇2 (𝑥)) ∀𝑥 ∉ (0.4167, 0.5833)
1 ∀𝑥 ∈ (0.4167, 0.5833)𝜇 (𝑥) = min (𝜇1 (𝑥) , 𝜇2 (𝑥))

𝑝𝑥 = max(min( 𝑥 − 𝑎𝑥𝑏𝑥 − 𝑎𝑥 , 𝑐𝑥 − 𝑥𝑐𝑥 − 𝑏𝑥) , 0), where𝑎𝑥 = −0.0833 + 0.083322 , 𝑏𝑥 = 0.4167 + 0.58332 , 𝑐𝑥 = 0.9167 + 1.0832𝛿 = 𝜇 (𝑥) − 𝜇 (𝑥)
𝜎𝑢 = 1 + 𝜌2√3 𝛿 + 𝜀
Where 𝜌 = 0.5

𝐻𝑖𝑔ℎ

𝜇1 (𝑥) = max(min ( 𝑥 − 0.4220.922 − 0.422 , 1.422 − 𝑥1.422 − 0.922) , 0) and

𝜇2 (𝑥) = max (min( 𝑥 − 0.58861.088 − 0.5886 , 1.588 − 𝑥1.588 − 1.088) , 0)
𝜇 (𝑥) = {{{{{

max (𝜇1 (𝑥) , 𝜇2 (𝑥)) ∀𝑥 ∉ (0.922, 1.088)
1 ∀𝑥 ∈ (0.922, 1.088)𝜇 (𝑥) = min (𝜇1 (𝑥) , 𝜇2 (𝑥))

𝑝𝑥 = max(min( 𝑥 − 𝑎𝑥𝑏𝑥 − 𝑎𝑥 , 𝑐𝑥 − 𝑥𝑐𝑥 − 𝑏𝑥) , 0), where𝑎𝑥 = 0.422 + 0.58862 , 𝑏𝑥 = 0.922 + 1.0882 , 𝑐𝑥 = 1.422 + 1.5882𝛿 = 𝜇 (𝑥) − 𝜇 (𝑥)
𝜎𝑢 = 1 + 𝜌2√3 𝛿 + 𝜀
Where 𝜌 = 0.5

Table 4: Rules for the fuzzy systems (FHS, IT2FHS, and GT2FHS).

Iteration HMR
Low Medium High

Low Low - -
Medium - Medium -
High - - High
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Figure 3: Plot of the type 1 proposed method (FHS).
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Figure 5: Plot of the generalized type 2 proposed method (GT2FHS).

where the current iteration is divided by the maximum of
iterations, obtaining a percentage as the number of iterations
progress.

6. Case of Study

This section explains in detail the operation of the ball and
beam controller which has been used to test the effectiveness
of the proposed method.

6.1. Ball and Beam Controller. The objective of this control
model is to achieve the balance of the ball in the beam, where
it is allowed to roll with one degree of freedom along the
length of the beam. A lever arm is attached to the beam at
one end and a servo gear at the other. As the servo gear turns
by an angle 𝜃, the lever changes the angle of the beam by𝛼. When the angle is changed from the horizontal position,
gravity causes the ball to roll along the beam.According to the
Euler-Lagrange method, the mathematical model of motion
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Table 5: Variables of ball and beam system.

Symbol Definition Value
m Mass of the ball 0.11 kg
R Radius of the ball 0.015 m
d Lever arm offset 0.03 m
g Gravitational acceleration 9.8 m/s∧2
L Length of the beam 1.0 m
J Ball’s moment of inertia 9.99 e-6 kg.m∧2
r Ball position coordinate
Alpha Beam angle coordinate
Theta Servo gear angle

Table 6: Simulation results without perturbation in the controller.

Performance Index Methods
HS original FHS IT2FHS GT2FHS

RMSE 1.53E+00 1.57E+00 1.56E+00 1.52E+00
ITAE 8.87E+05 1.01E+06 1.01E+06 8.39E+05
ITSE 2.02E+06 2.62E+06 2.62E+06 1.67E+06
IAE 1.78E+03 2.02E+03 2.02E+03 1.68E+03
ISE 4.06E+03 5.25E+03 5.25E+03 3.34E+03

Gear

Ball Beam

rL

d

Lever Arm



Figure 6: Process of the ball and beam (BB) system.

for the ball and beam system is presented in (11) and the beam
angle (𝛼) can be expressed in terms of the angle of the gear (𝜃),
presented in (12).

0 = ( 𝐽𝑅2 + 𝑚) ̈𝑟 + 𝑚𝑔 sin 𝛼 − 𝑚𝑟∝̇2 (11)

∝= 𝑑𝐿𝜃 (12)

A controller is designed for this system so that the ball’s
position can be manipulated. The representation of this is
illustrated in Figure 6.

The variables and constants in this case are defined in
Table 5.

This controller contain four inputs which are 𝑖𝑛1, 𝑖𝑛2, 𝑖𝑛3,
and 𝑖𝑛4, respectively, and are granulated into two generalized
bell membership functions. The outputs are linear functions
composed of 16 linear equations. Figure 7 shows the structure

of the fuzzy system for this controller and Figure 8 shows the
plant of the ball and beam system.This controller is of Takagi
Sugeno type and uses 16 fuzzy rules, which are presented with
more detail in Box 1.

7. Experiments and Results

The results obtained by optimizing the input membership
functions using the proposed method with FHS, IT2FHS,
and GT2FHS fuzzy systems are presented.This methodology
was applied to the ball and beam controller, where the
goal is to maintain the balance of the ball in the beam. 30
experiments with the HS method have been performed and
also experiments with perturbation andwithout perturbation
in the controller were carried out with the FHS, IT2FHS, and
GT2FHS fuzzy harmony search algorithms.Thenoise applied
for this controller is with a Gaussian distribution with a level
of 0.05. The perturbation was obtained with (13). In this case
it is decided to use this type of noise since in the previous
work [13] we obtained favorable results by applying this same
level of perturbation to the water tank, temperature, and the
mobile robot controller.

𝑦 (𝑖) = 𝑦 (𝑖) + 0.05 ∗ 𝑟𝑎𝑛𝑑𝑛 (13)

Table 6 summarizes the values obtained for each criterion
considering 1000 units of time. For calculating ITAE a sam-
pling time of Ts = 0.1 s was considered. Figure 9 illustrates the
perturbation applied to the controller. The root mean square
error (RMSE) is the objective function of the controller,
although there are other control metrics that were also used
which are the following: ISE (Integral of Squared error), IAE
(Integral of the Absolute value of the Error), ITSE (Integral of
Time-weighted Squared Error), ITAE (Integral of the Time
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1. If (in1 is in1mf1) and (in2 is in2mf1) and (in3 is in3mf1) and (in4 is in4mf1) then (out is outmf1) (1)
2. If (in1 is in1mf1) and (in2 is in2mf1) and (in3 is in3mf1) and (in4 is in4mf2) then (out is outmf2) (1)
3. If (in1 is in1mf1) and (in2 is in2mf1) and (in3 is in3mf2) and (in4 is in4mf1) then (out is outmf3) (1)
4. If (in1 is in1mf1) and (in2 is in2mf1) and (in3 is in3mf2) and (in4 is in4mf2) then (out is outmf4) (1)
5. If (in1 is in1mf1) and (in2 is in2mf2) and (in3 is in3mf1) and (in4 is in4mf1) then (out is outmf5) (1)
6. If (in1 is in1mf1) and (in2 is in2mf2) and (in3 is in3mf1) and (in4 is in4mf2) then (out is outmf6) (1)
7. If (in1 is in1mf1) and (in2 is in2mf2) and (in3 is in3mf2) and (in4 is in4mf1) then (out is outmf7) (1)
8. If (in1 is in1mf1) and (in2 is in2mf2) and (in3 is in3mf2) and (in4 is in4mf2) then (out is outmf8) (1)
9. If (in1 is in1mf2) and (in2 is in2mf1) and (in3 is in3mf1) and (in4 is in4mf1) then (out is outmf9) (1)
10. If (in1 is in1mf2) and (in2 is in2mf1) and (in3 is in3mf1) and (in4 is in4mf2) then (out is outmf10) (1)
11. If (in1 is in1mf2) and (in2 is in2mf1) and (in3 is in3mf2) and (in4 is in4mf1) then (out is outmf11) (1)
12. If (in1 is in1mf2) and (in2 is in2mf1) and (in3 is in3mf2) and (in4 is in4mf2) then (out is outmf12) (1)
13. If (in1 is in1mf2) and (in2 is in2mf2) and (in3 is in3mf1) and (in4 is in4mf1) then (out is outmf13) (1)
14. If (in1 is in1mf2) and (in2 is in2mf2) and (in3 is in3mf1) and (in4 is in4mf2) then (out is outmf14) (1)
15. If (in1 is in1mf2) and (in2 is in2mf2) and (in3 is in3mf2) and (in4 is in4mf1) then (out is outmf15) (1)
16. If (in1 is in1mf2) and (in2 is in2mf2) and (in3 is in3mf2) and (in4 is in4mf2) then (out is outmf16) (1)

Box 1: Fuzzy rules for the ball and beam controller.

multiplied by the Absolute value of the Error), and SNR
(Signal to noise ratio), respectively, presented in

𝑅𝑀𝑆𝐸 = √ 1𝑁
𝑁∑
𝑡=1

(𝑥𝑡 − 𝑥𝑡)2 (14)

𝐼𝑆𝐸 = 𝑁∑
𝑡=1

(𝑥 (𝑡) − 𝑥 (𝑡))2 (15)

𝐼𝐴𝐸 = 𝑁∑
𝑡=1

|𝑥 (𝑡) − 𝑥 (𝑡)| (16)

𝐼𝑇𝑆𝐸 = 𝑁∑
𝑡=1

𝑡 ((𝑥 (𝑡) − 𝑥 (𝑡))2) (17)

𝐼𝑇𝐴𝐸 = 𝑁∑
𝑡=1

𝑡 (𝑥 (𝑡) − 𝑥 (𝑡)) (18)

𝑆𝑁𝑅𝑑𝐵 = 10log10 (𝑃𝑠𝑖𝑔𝑛𝑎𝑙𝑃𝑛𝑜𝑖𝑠𝑒 ) (19)

To optimize the input membership functions, (20) was used
where the 𝑏 parameter is usually positive, the 𝑎 parameter
is the width of the function, and the 𝑐 parameter locates the
center of the curve.

𝑓 (𝑥; 𝑎, 𝑏, 𝑐) = 11 + |(𝑥 − 𝑐) /𝑎|2𝑏 (20)

The harmony representation that was generated to carry out
the optimization of the input membership functions of the
ball controller is illustrated by Figure 10.

Figure 10 indicates the structure of the harmony with
which the points of the membership functions are optimized
for each input; in this case there are four inputs with two
gbellmembership functions. The output of the ball and beam
controller contains 16 linear functions that are described in
Box 2, and these outputs are not optimized.

The parameters used are as follows: 100 iterations, PArate
0.75, HMR 0.95 (only for the HS, in the FHS, IT2FHS, and
GT2FHS methods, this parameter changes dynamically with
fuzzy system), and HM 30. Table 6 shows the simulation
results obtained using the ball and beam controller without
perturbation in the controller and Table 7 shows the sim-
ulation results obtained using the ball and beam controller
under perturbations. Tables 6 and 7 show an average of 30
experiments for each method.

Table 6 summarizes the results obtained for each method
without perturbation: Fuzzy HS with Type 1 (FHS), Fuzzy HS
with interval type 2 (IT2FHS), and FuzzyHSwith generalized
type 2 (GT2FHS). The averages of the results obtained with
each of the methods are illustrated in Figure 11.

Table 7 shows the results obtained with 30 carried
experiments for each method with perturbation: Fuzzy HS
with Type 1 (FHS), Fuzzy HS with interval type 2 (IT2FHS),
and Fuzzy HS with generalized type 2 (GT2FHS).The results
of each error in each method are an average of the 30
experiments carried out.The SNR used for the three methods
are 7.3531 dB for Type 1, 8.1232 dB for Interval Type 2, and
8.1232 dB for Generalized Type 2 for the ball and beam
controller.

The averages of the results obtained with each of the
methods are illustrated in Figure 12.

Figure 13 illustrates the behavior of equilibrium for each
method without noise in the controller and Figure 14 the
behavior of equilibrium for each method with noise in the
controller, (a) FHS, (b) IT2FHS, and (c) GT2FHS. The blue
line represents the set point and the pink line represent the
ball position.

It can be observed that when applying noise to the
controller the generalized type 2 FHS method was achieved
to obtain a better balance.

The best result is achieved by applying perturbation to the
ball and beam controller using the generalized type 2 FHS.
In this experiment, the best RMSE of 1.5827 is obtained; the
distribution of membership functions is shown in Figure 15.



10 Advances in Operations Research

in1mf1

in1

in1mf2

in2mf1 in2mf2

in3mf1 in3mf2

in4mf1 in4mf2

Fis Ball and Beam
Sugeno

f (u)

−1.5 −1 −0.5 0 0.5 1 1.5

0

0.2

0.4

0.6

0.8

1

D
eg

re
e o

f m
em

be
rs

hi
p

−1 −0.5 0 0.5 1 1.5−1.5

in2

0

0.2

0.4

0.6

0.8

1

D
eg

re
e o

f m
em

be
rs

hi
p

−0.1 0 0.1 0.2−0.2

in3

0

0.2

0.4

0.6

0.8

1

D
eg

re
e o

f m
em

be
rs

hi
p

−0.2 0 0.2 0.4−0.4

in4

0

0.2

0.4

0.6

0.8

1

D
eg

re
e o

f m
em

be
rs

hi
p

Figure 7: Plot of the ball and beam fuzzy system controller.

8. Statistical Comparison

To validate the effectiveness of the proposed method, a
statistical test was applied; in this case the Z-test was used.
The claim, parameters, and data for the hypothesis testing are
as follows:

𝜇1 = 𝑃𝑟𝑜𝑝𝑜𝑠𝑒𝑑 𝑚𝑒𝑡ℎ𝑜𝑑 𝑤𝑖𝑡ℎ perturbation

𝜇2 = 𝑂𝑡ℎ𝑒𝑟 𝑚𝑒𝑡ℎ𝑜𝑑 𝑤𝑖𝑡ℎ𝑜𝑢𝑡 perturbation (21)

Sample 1 (𝜇1) would be the GT2FHS, IT2FHS, and FHS
methods with perturbation and sample 2 (𝜇2) would be the
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Table 7: Results with perturbation in the controller.

Performance Index Methods
FHS IT2FHS GT2FHS

RMSE 1.55E+00 1.52E+00 1.49E+00
ITAE 1.00E+06 1.01E+06 8.09E+05
ITSE 2.59E+06 2.63E+06 1.50E+06
IAE 2.01E+03 2.03E+03 1.62E+03
ISE 5.18E+03 5.26E+03 3.01E+03
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Figure 9: Noise applied to the controller.

GT2FHS, IT2FHS, and FHS methods without perturbation.
The mean of the proposed method with perturbation is less
than the mean of the other method without perturbation
(Claim). The hypotheses would be as follows:

𝐻𝑜 : 𝜇1 ≥ 𝜇2𝐻𝑎 : 𝜇1 < 𝜇2 (𝐶𝑙𝑎𝑖𝑚)𝐴𝑙𝑝ℎ𝑎 (𝛼) = 0.05
Level of confidence = 95%

Sample Size (n) = 30
𝐶𝑟𝑖𝑡𝑖𝑐𝑎𝑙 𝑉𝑎𝑙𝑢𝑒 (𝑍𝑜) = −1.645

(22)

The Z-value is obtained by the following equation

𝑍 = (𝑋1 − 𝑋2) − (𝜇1 − 𝜇2)(𝜎1 − 𝜎2) (23)

Once the Z-value and P value have been calculated, we
can say that there is enough evidence for all values below the
critical value Z or -1.645; we can reject the null hypothesis
and we can state that the mean of the proposed method with
perturbation is lower than the mean of the other method
without perturbation with a 95% of confidence and this Z-
value is shown in Table 8.

Table 8 shows the results of the mean, standard devi-
ation, and the Z-value and P value obtained; in the 3
cases significant evidence is obtained when comparing the
proposed method with perturbation against the method
without perturbation.With this we can verify thatwhenusing
uncertainty, a better stability is achieved in the ball and beam
controller.
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Figure 10: Harmony for the optimization of the MFS.

𝑜𝑢𝑡𝑚𝑓
1
: 0.6116 𝑖𝑛1𝑚𝑓1 + 1.474 𝑖𝑛2𝑚𝑓1 − 9.67 𝑖𝑛3𝑚𝑓1 − 4.046 𝑖𝑛4𝑚𝑓1 + 0.0262

𝑜𝑢𝑡𝑚𝑓
2
: 0.851 𝑖𝑛1𝑚𝑓1 + 1.969 𝑖𝑛2𝑚𝑓1 − 7.396 𝑖𝑛3𝑚𝑓1 − 6.165 𝑖𝑛4𝑚𝑓2 + 0.474

𝑜𝑢𝑡𝑚𝑓
3
: 0.8899 𝑖𝑛1𝑚𝑓1 + 2.234 𝑖𝑛2𝑚𝑓1 − 9.99 𝑖𝑛3𝑚𝑓2 − 1.865 𝑖𝑛4𝑚𝑓1 + 1.426

𝑜𝑢𝑡𝑚𝑓
4
: 0.7339 𝑖𝑛1𝑚𝑓1 + 1.969 𝑖𝑛2𝑚𝑓1 − 7.381𝑖𝑛3𝑚𝑓2 − 4.688 𝑖𝑛4𝑚𝑓2 − 0.8804

𝑜𝑢𝑡𝑚𝑓
5
: 0.7343 𝑖𝑛1𝑚𝑓1 + 2.234 𝑖𝑛2𝑚𝑓2 − 12.85 𝑖𝑛3𝑚𝑓1 − 6.11 𝑖𝑛4𝑚𝑓1 − 1.034

𝑜𝑢𝑡𝑚𝑓
6
: 1.413 𝑖𝑛1𝑚𝑓1 + 1.969𝑖𝑛2𝑚𝑓2 − 9.485𝑖𝑛3𝑚𝑓1 − 6.592𝑖𝑛4𝑚𝑓2 + 1.159

𝑜𝑢𝑡𝑚𝑓
7
: 1.225 𝑖𝑛1𝑚𝑓1 + 2.234 𝑖𝑛2𝑚𝑓2 − 12.8 𝑖𝑛3𝑚𝑓2 − 3.929 𝑖𝑛4𝑚𝑓1 + 0.3662

𝑜𝑢𝑡𝑚𝑓
8
: 0.9853 𝑖𝑛1𝑚𝑓1 + 1.969 𝑖𝑛2𝑚𝑓2 − 9.291 𝑖𝑛3𝑚𝑓2 − 5.115 𝑖𝑛4𝑚𝑓2 − 0.195

𝑜𝑢𝑡𝑚𝑓
9
: 0.9853 𝑖𝑛1𝑚𝑓2 + 1.969 𝑖𝑛2𝑚𝑓1 − 9.292 𝑖𝑛3𝑚𝑓1 − 5.115 𝑖𝑛4𝑚𝑓1 + 0.195

𝑜𝑢𝑡𝑚𝑓
10
: 1.225 𝑖𝑛1𝑚𝑓2 + 2.234 𝑖𝑛2𝑚𝑓1 − 12.8 𝑖𝑛3𝑚𝑓1 − 3.929 𝑖𝑛4𝑚𝑓2 − 0.3662

𝑜𝑢𝑡𝑚𝑓
11
: 1.413 𝑖𝑛1𝑚𝑓2 + 1.969 𝑖𝑛2𝑚𝑓1 − 9.485 𝑖𝑛3𝑚𝑓2 − 6.592 𝑖𝑛4𝑚𝑓1 − 1.159

𝑜𝑢𝑡𝑚𝑓
12
: 0.7343 𝑖𝑛1𝑚𝑓2 + 2.234 𝑖𝑛2𝑚𝑓1 − 12.85 𝑖𝑛3𝑚𝑓2 − 6.11 𝑖𝑛4𝑚𝑓2 + 1.034

𝑜𝑢𝑡𝑚𝑓
13
: 0.7343 𝑖𝑛1𝑚𝑓2 + 1.969 𝑖𝑛2𝑚𝑓2 − 9.381 𝑖𝑛3𝑚𝑓1 − 4.688 𝑖𝑛4𝑚𝑓1 + 0.8804

𝑜𝑢𝑡𝑚𝑓
14
: 1.506 𝑖𝑛1𝑚𝑓2 + 2.234 𝑖𝑛2𝑚𝑓2 − 12.99 𝑖𝑛3𝑚𝑓1 − 1.865 𝑖𝑛4𝑚𝑓2 − 1.426

𝑜𝑢𝑡𝑚𝑓
15
: 1.161 𝑖𝑛1𝑚𝑓2 + 1.969 𝑖𝑛2𝑚𝑓2 − 9.396 𝑖𝑛3𝑚𝑓2 − 6.165 𝑖𝑛4𝑚𝑓1 − 0.474

𝑜𝑢𝑡𝑚𝑓
16
: 1.015 𝑖𝑛1𝑚𝑓2 + 2.234 𝑖𝑛2𝑚𝑓2 − 12.67 𝑖𝑛3𝑚𝑓2 − 4.046 𝑖𝑛4𝑚𝑓2 − 0.0262

Box 2: Sugeno coefficients in the outputs.
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Figure 11: Representation of results for each method without
perturbations.

9. Conclusions

In this work the dynamic parameter adaptation with type
1, interval type 2, and generalized type 2 fuzzy system
for the harmony search algorithm is presented. Parameter
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Figure 12: Representation of results for each method with pertur-
bations.

adaptation is responsible for optimizing the values of input
membership functions of the ball and beam controller, where
the objective is to maintain the balance of the ball in the
beam. This methodology was applied with the original HS
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Table 8: Results for the statistical test.

FHS with perturbation FHS without perturbation Z-Value P Value
Mean STD Mean STD
1.55E+00 1.31E-02 1.57E+00 1.33E-02 -22.09 0

IT2FHS with perturbation IT2FHS without perturbation Z-Value P Value
Mean STD Mean STD
1.52E+00 3.21E-02 1.56E+00 1.46E-02 -4.9 5e-07

GT2FHS with perturbation GT2FHS without perturbation Z-Value P Value
Mean STD Mean STD
1.49E+00 8.22E-03 1.53E+00 1.99E-02 -10.12 0
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Figure 13: Behavior of equilibrium for each method without perturbation.
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Figure 14: Behavior of equilibrium for each method with perturbation.
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Figure 15: Best Distribution membership function found by GT2FHS.

algorithm and with the proposed FHS algorithm with noise
and without noise for the controller. A perturbation of
0.05 was used to check the stability of the method, since
theoretically if more uncertainty is handled in a problem
it must have more stability. The results obtained from the
30 experiments for each method show that when pertur-
bation is applied stability is achieved; we can observe that
using generalized type 2 fuzzy system with perturbation or
without perturbation for the controller. The optimization of
this problem is able to obtain better results than with the
other methods presented in this paper. It can be verified
that when using perturbation for the controller results are
improved.

Data Availability

The data will be available upon request.

Conflicts of Interest

The authors declare that there are no conflicts of interest
regarding the publication of this paper.

References

[1] X. S. Yang, “Flower pollination algorithm for global optimiza-
tion,” in Unconventional Computation and Natural Computa-
tion, J. Durand-Lose and N. Jonoska, Eds., vol. 7445 of Lecture
Notes in Computer Science, pp. 240–249, Springer, Berlin,
Germany, 2012.

[2] S. Arora and S. Singh, “An improved butterfly optimization
algorithm with chaos,” Journal of Intelligent & Fuzzy Systems:
Applications in Engineering and Technology, vol. 32, no. 1, pp.
1079–1088, 2017.

[3] C. Caraveo, F. Valdez, and O. Castillo, “Optimization Mathe-
matical Functions for Multiple Variables Using the Algorithm
of Self-defense of the Plants,” in Nature-Inspired Design of
Hybrid Intelligent Systems, vol. 667 of Studies in Computational
Intelligence, pp. 631–640, Springer International Publishing,
Cham, 2017.

[4] F. Valdez, P. Melin, and O. Castillo, “Evolutionary method
combining particle swarm optimization and genetic algorithms
using fuzzy logic for decision making,” in Proceedings of the
2009 IEEE International Conference on Fuzzy Systems, pp. 2114–
2119, Republic of Korea, August 2009.

[5] T. Wang, H. Gao, and J. Qiu, “A combined adaptive neural
network and nonlinear model predictive control for multirate



Advances in Operations Research 15

networked industrial process control,” IEEE Transactions on
Neural Networks and Learning Systems, no. 99, 2015.

[6] J. Yi, X. Li,M. Xiao, J. Xu, and L. Zhang, “Construction of nested
maximin designs based on successive local enumeration and
modified novel global harmony search algorithm,” Engineering
Optimization, vol. 49, no. 1, pp. 161–180, 2017.

[7] H. Y. Zhang and L. J. Zhang, “Tuned mass damper system of
high-rise intake towers optimized by improved harmony search
algorithm,” Engineering Structures, vol. 138, pp. 270–282, 2017.

[8] Z. W. Geem, J. H. Kim, and G. V. Loganathan, “A new heuristic
optimization algorithm: harmony search,” Simulation, vol. 76,
no. 2, pp. 60–68, 2001.

[9] Z. W. Geem, “State-of-the-Art in the Structure of Harmony
Search Algorithm,” in Recent Advances In Harmony Search
Algorithm, vol. 270 of Studies in Computational Intelligence, pp.
1–10, Springer Berlin Heidelberg, Berlin, Heidelberg, 2010.

[10] O. Hasa�ebi, F. Erdal, and M. P. Saka, “Adaptive harmony
searchmethod for structural optimization,” Journal of Structural
Engineering, vol. 136, no. 4, pp. 419–431, 2010.

[11] Z. W. Geem and K.-B. Sim, “Parameter-setting-free harmony
search algorithm,” Applied Mathematics and Computation, vol.
217, no. 8, pp. 3881–3889, 2010.

[12] Q.-K. Pan, P. N. Suganthan, M. F. Tasgetiren, and J. J. Liang,
“A self-adaptive global best harmony search algorithm for
continuous optimization problems,” Applied Mathematics and
Computation, vol. 216, no. 3, pp. 830–848, 2010.

[13] C. Peraza, F. Valdez, M. Garcia, P.Melin, andO. Castillo, “A new
fuzzy harmony search algorithm using fuzzy logic for dynamic
parameter adaptation,”Algorithms, vol. 9, no. 4, Paper No. 69, 19
pages, 2016.

[14] C. Peraza, F. Valdez, and O. Castillo, “An Adaptive Fuzzy
Control Based on Harmony Search and Its Application to
Optimization,” in Nature-Inspired Design of Hybrid Intelligent
Systems, P. Melin, O. Castillo, and J. Kacprzyk, Eds., vol. 667,
pp. 269–283, Cham: Springer International Publishing, 2017.

[15] C. Peraza, F. Valdez, and O. Castillo, “An Improved Harmony
Search Algorithm Using Fuzzy Logic for the Optimization
of Mathematical Functions,” in Design of Intelligent Systems
Based on Fuzzy Logic, Neural Networks and Nature-Inspired
Optimization, P. Melin, O. Castillo, and J. Kacprzyk, Eds., vol.
601, pp. 605–615, Cham: Springer International Publishing,
2015.

[16] C. Peraza, F. Valdez, and P. Melin, “Optimization of intelligent
controllers using a type-1 and interval type-2 fuzzy harmony
search algorithm,” Algorithms, vol. 10, no. 3, Paper No. 82, 17
pages, 2017.

[17] C. Peraza, F. Valdez, and O. Castillo, “Improved Method Based
on Type-2 Fuzzy Logic for the Adaptive Harmony Search Algo-
rithm,” in Fuzzy Logic Augmentation ofNeural andOptimization
Algorithms: Theoretical Aspects and Real Applications, vol. 749
of Studies in Computational Intelligence, pp. 29–37, Springer
International Publishing, Cham, 2018.

[18] K. Das Sharma, A. Chatterjee, and A. Rakshit, “Design of a
Hybrid Stable Adaptive Fuzzy Controller Employing Lyapunov
Theory and Harmony Search Algorithm,” IEEE Transactions on
Control Systems Technology, 2010.

[19] Z. W. Geem, “Multiobjective optimization of water distribution
networks using fuzzy theory and harmony search,” Water
(Switzerland), vol. 7, no. 7, pp. 3613–3625, 2015.

[20] T. Mahto and V. Mukherjee, “A novel quasi-oppositional har-
mony search algorithm and fuzzy logic controller for frequency

stabilization of an isolated hybrid power system,” International
Journal of Electrical Power & Energy Systems, vol. 66, pp. 247–
261, 2015.

[21] K. Ameli, A. Alfi, and M. Aghaebrahimi, “A fuzzy discrete
harmony search algorithm applied to annual cost reduction in
radial distribution systems,” Engineering Optimization, vol. 48,
no. 9, pp. 1529–1549, 2016.

[22] K. Pandiarajan and C. K. Babulal, “Fuzzy harmony search
algorithm based optimal power flow for power system secu-
rity enhancement,” International Journal of Electrical Power &
Energy Systems, vol. 78, pp. 72–79, 2016.

[23] A. Jalili and N. Ghadimi, “Hybrid harmony search algorithm
and fuzzy mechanism for solving congestion management
problem in an electricitymarket,”Complexity, vol. 21, no. S1, pp.
90–98, 2016.

[24] L. A. Zadeh, “Fuzzy sets,” Information and Computation, vol. 8,
pp. 338–353, 1965.

[25] T. Terano, K. Asai, and M. Sugeno, Fuzzy Systems and Its
Applications, Academic Press, Boston, Mass, USA, 2nd edition,
1992.

[26] L. A. Zadeh, “Fuzzy logic,”The Computer Journal, vol. 21, no. 4,
pp. 83–93, 1988.

[27] R. Mart́ınez, O. Castillo, and L. T. Aguilar, “Optimization
of interval type-2 fuzzy logic controllers for a perturbed
autonomous wheeled mobile robot using genetic algorithms,”
Information Sciences, vol. 179, no. 13, pp. 2158–2174, 2009.

[28] L. A. Zadeh, “The concept of a linguistic variable and its
application to approximate reasoning—part III,” Information
Sciences, vol. 9, no. 1, pp. 43–80, 1975.

[29] L. A. Zadeh, “The concept of a linguistic variable and its
application to approximate reasoning—Part II,” Information
Sciences, vol. 8, pp. 301–357, 1975.

[30] L. Astudillo, P. Melin, and O. Castillo, “Introduction to an
optimization algorithm based on the chemical reactions,” Infor-
mation Sciences, vol. 291, pp. 85–95, 2015.

[31] J. M.Mendel, “A quantitative comparison of interval type-2 and
type-1 fuzzy logic systems: First results,” in Proceedings of the
2010 6th IEEE World Congress on Computational Intelligence,
WCCI 2010, Spain, July 2010.

[32] N. N. Karnik, J. M. Mendel, and Q. Liang, “Type-2 fuzzy logic
systems,” IEEE Transactions on Fuzzy Systems, vol. 7, no. 6, pp.
643–658, 1999.

[33] N. N. Karnik and J. M. Mendel, “Operations on type-2 fuzzy
sets,” Fuzzy Sets and Systems, vol. 122, no. 2, pp. 327–348, 2001.

[34] J. M. Mendel, “On KM algorithms for solving type-2 fuzzy set
problems,” IEEE Transactions on Fuzzy Systems, vol. 21, no. 3,
pp. 426–446, 2013.

[35] D. Wu and J. M. Mendel, “Enhanced Karnik-Mendel algo-
rithms,” IEEE Transactions on Fuzzy Systems, vol. 17, no. 4, pp.
923–934, 2009.

[36] C. I. Gonzalez, P. Melin, J. R. Castro, and O. Castillo, “Edge
detection methods based on generalized type-2 fuzzy logic
systems,” SpringerBriefs in Applied Sciences and Technology, no.
9783319539935, pp. 21–35, 2017.

[37] O. Castillo and L. Amador-Angulo, “A generalized type-2 fuzzy
logic approach for dynamic parameter adaptation in bee colony
optimization applied to fuzzy controller design,” Information
Sciences, vol. 460, pp. 476–496, 2018.

[38] C. I. Gonzalez, P. Melin, J. R. Castro, and O. Castillo, “Gen-
eralized Type-2 Fuzzy Edge Detection Applied on a Face



16 Advances in Operations Research

Recognition System,” in Edge Detection Methods Based on Gen-
eralized Type-2 Fuzzy Logic, SpringerBriefs in Applied Sciences
and Technology, pp. 37–41, Springer International Publishing,
Cham, 2017.

[39] M.Hao and J.M.Mendel, “Similaritymeasures for general type-
2 fuzzy sets based on the 𝛼-plane representation,” Information
Sciences, vol. 277, pp. 197–215, 2014.

[40] F. Liu, “An efficient centroid type-reduction strategy for general
type-2 fuzzy logic system,” Information Sciences, vol. 178, no. 9,
pp. 2224–2236, 2008.

[41] J. R. Castro, O. Castillo, and P.Melin, “An Interval Type-2 Fuzzy
Logic Toolbox for Control Applications,” An Interval Type-2
Fuzzy Logic Toolbox for Control Applications, pp. 1–6, 2007.
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