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GRAIN SIZE DEPENDENCE OF THE GAUGE FACTOR OF
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The combined effects of grain boundary, external surface and background scattering (Mayadas and Shatzkes model)
are considered. Theoretical expressions of the transverse and longitudinal strain coefficient of resistance of mono-
crystalline and polycrystalline films are calculated. These general formulae agree with those previously proposed for
infinitely thick polycrystalline films.

1. INTRODUCTION

Several sets of experimental data on the strain
dependence of the electrical resistivity of thin
conductive1-2 or thin metallic3-6 films have been
reported in the past few years. The theoretical aspects
of the changes in electrical resistance with applied
strain have been extensively investigated1-4’6-12 for
thin continuous films whose resitivity exhibit Fuchs-
Sondheimer13 size effect.

Recently it has been observed that in thin
evaporated metal films, the grains have a columnar
shape14-16 and that the grain-boundaries effect on
film resistivity cannot be considered as negligible.
Hence, in order to interpret their experimental data
on aluminum films, Mayadas ans Shatzkes17 have
proposed a conduction model (M-S model) which
takes into account three types of electron scattering
mechanisms: an isotropic background scattering,
a grain boundary scattering and an external surface
scattering. The operative grain-boundaries can be
represented by a series of randomly spaced partially
reflecting planes, perpendicular to the electric field,
whose normals lie in the substrate surface;if the
interplanar spacing d is identified with the average
grain diameter D, the film conductivity of is given by

of Ob [F(oO-A (1)

Here, ob is the bulk conductivity (i.e. the conduc-
tivity of an infinitely thick monocrystalline film)
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H(r,) + a(cos t)-1 [l-lit2 -x/2 (1.2)

and
3

F(a) =l--t+3a2-3aaln(l+-) (1.3)
2 ct

The ct parameter is related to the bulk mean free
path X, to the average grain diameter D and to the
grain boundary reflection coefficient, r, by equation
(1.4)

c (1.4)
D 1-r

The M-S model is particularly relevant to descrip-
tion of the thickness dependence of both resistivity
and its temperature coefficient for thin sputtered
metal films;8-9 we have previously shown18-2 that
such sputtered films exhibit, according to the two-
layers model,2 -23 a fine-grained structure defined by
a constant average grain size. 18-20

Taking the M-S model into account, B. S. Verma
et.al. 11 and Awatar Singh2 have recently published
theoretical studies of the strain coefficient of
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resistivity of thin polycrystalline metal films in two
special cases. In the first case,ix it has been assumed
that the electron scattering from external surface can
be neglected (i.e. the authors have only calculated
the strain gauge factor of infinitely thick polycry-
stalline films); in the second case a simplified
equation, derived from the well-known Fuchs-
Sondheimer relation 3 has been used to express the
film conductivity in the presence of both grain
boundaries and external surfaces scatterings.

However, no general theoretical relations have
been derived for the strain gauge factor of thin
continuous polycrystalline films whose total resistivity
is given by the general M-S relation Eq. (1).

It is the purpose of this paper to calculate the
longitudinal and transverse strain coefficient of
resistance of thin polycrystalline films by including
the influence of the substrate elasticity on the strain
coefficient of films. When the ratio k between the
film thickness t and the bulk mean free path
becomes high (i.e. k becomes infinite) the deduced
general expressions reduce to those derived by B.S.
Verma et al.1 and Awatar Singh12 for infinitely
thick self supporting polycrystalline films.

2. THEORETICAL TREATMENT

2.1 General Relations

The electrical resistance Rf of the film is related to
the film conductivity of by Eq. (2)

LR (2)
of wt

Where, L, w and t are the film length width and
thickness respectively.
A logarithmic differentiation of Eq. (2) gives

dR___dL dof dw at
(3)

Rf L of w t

When a transverse strain dw/w is applied to the
substrate, a longitudinal strain dL/L -Us(dw/w)
will occur where/as is the Poisson’s ratio of the
substrate material. The transverse and longitudinal
stresses are transmitted to the film, but the thickness
direction in the film is stress free. Hence, the well-
known elasticity formulae lead to the strain equations

dt (1-Us) dw
U (4)

t (l-u) w

where U is the Poisson’s ratio of the film material.

The transverse strain coefficient of resistance of
the film 3’ff, which is also called the transverse gauge
factor, is defined as

dw
Dividing equation (3) by gives

w

1-U \ell
If thick films are considered as unsupported films,

we can calculate the bulk value of the transverse
gauge factor by substituting of by Ob (bulk conduc-
tivity) and/as by U in Eq. (6), hence

db]/(dwTb T -1-\---b// w ) (7)

With the assumption that the variation of Ob and
with w may be entirely attributed to the change in
amplitude of the thermal vibrations of atoms with
applied strain, the strain coefficient of ab and are
expressed as Eq. (4).

dob dw] 2g[2U-1 ]-1

d

where g is the Griineisen’s constant.
From Eq. (7) we deduce

(8.1)

(8.2)

"t’b T 2g(1--2U) (9)
In a similar way, when a longitudinal strain dL/L

is applied to the substrate, the strain equations can be
written

dw dL
Us (10.1)

w L

dt (1-Us) dL
U-- (10.2)

t (l-u) L

Hence, the longitudinal gauge factor defined as

can be expressed by

(1-Us)_(dof /(dL] (12)"/L + Us + U
Z

__
ff) L !
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Therefore, the bulk value of the longitudinal
gauge factor is

7bL 2(/a + 1) + 2g[ 1--2/a] (13)

2.2 The M-SModel

In the Mayadas-Shatzkes model two different types of
thin metal films may be considered: 16’24’3 s,26 the
polycrystalline films whose grain size D is constant
and thickness independent and the monocrystalline
films whose grain size is equal to thickness.

2.2.1 The electrical conductivity When the substrate
is bent to produce a longitudinal (or a transverse)
strain, it is reasonable to expect variations in length
L, width w, thickness t and grain size diameter D of
the film; at the same time the strain introduces a
change in the bulk mean free path X and the bulk
conductivity Oh; the grain boundary electronic
reflection coefficient r is considered as a parameter.

Let us note that the interplanar spacing d which
lies in the direction of the applied electric field
(i.e. in the length L direction) is identified as the
average grain diameter D.

and

Hence, a and 0/-are the functions

a a(X9,r) (14)

of of(Oh ,X9,t,r) (15)

dD dL
with the assumption that

D L

The differential of of can thus be expressed as

dof dob + dX +dD

+ ardt + (16)
t r

Introducing Eq. (1) into Eq. (16) then dividing
by of, we obtain

dof dob [{F F
+ dX+ --dD

o Ob F(a)-A X D

F tA A A
+ dr -IdX + dD + dt
r X D t

+ dr (17)

by solving the derivatives we get

af ob F(oO-A

+Y +.--
t 1-r r

where

x + u
with

bE 3 3or3
G(ot) ot ot + 60t2 +

a 2

(18)

(18.1)

(18.2)

6 rr/2 oo cos2 [1 1]u=--(1-P)fo dO fx dr

) 1-exp (-krH(r,)}
1-2/-1 (r,b)

1-p exp {-krH(r#)}

6 71"12

+--(a--P): fOn
d fl dr

cos2 ,[1 1] exp (-kT"H(r,b))
H:(r#) --- [1-p exp(-krH(r,))]

(18.3)

6 r/2 oo cos2$[ 1]fo f dru(r,9
exp (-krn(r#) }

[1-p exp{-krH(r,) )] 2

6 ra cos2$ [1 1]fo fldr u:
1- exp [-krH(r,))
1-p exp (-krH(r#)}

(18.4)

2.2.2 The longitudinal gauge 1’actor Taking into
account the influence of the substrate elasticity on
the gauge factor of the film, we can write

dX dL
(19.1)
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dt (1-Us) dL
/a-- (19.2)

t (1-/a) L

dD dL- (19.3)
D L

In these equations we use

r/-- 2g(1-E/a) (19.4)
Hence, the calculations lead to Eq. (20) assuming

the strain coefficient of grain boundary reflection
parameter r to be negligible

(1-/as)
3’fL +/as+/a + (r/+ 1) + [F(a)-A -t

(1-/as)

2.2.3 The transverse gauge factor When the trans-
verse strain dw/w of the substrate is transmitted to
the film we have

dX dw.
-z/-- (21.1)

X w

dt (1-/as) dw
/a (21.2)

t (l-/a) w

As the applied transverse strain introduces a change
dD/D in the grain size diameter of the form dD/D
dL/L, we assume that

dD dw
-/as

D w

Finally the transverse gauge factor 3’/7 of the film
becomes

(
+ -/as + [F(tx)-A ]-1 {X3’fT--/a (l--/a--------

+ Y [/as_/a (1-/as) ]
(1-#)J } (22)

2.2.4 The grain-boundary transverse and longitudinal
gauge factors When the electronic scattering on
external surfaces in assumed to be essentially specular
(i.e. p =1) Eq. (20) and (22) reduce to

(1-/as)
+ (1 +rt) +3’gL +/as +/a (l_/a"’" F(ot)

(23)

(l-/a*)
+ 0-#,) I+ (24)

where TgL and 3"gT are the longitudinal and transverse
gauge factor respectively.

These equations describe the effect of grain-
boundaries on the strain sensitivity of thin continuous
films ,t 2. Note that Eq. (23) agrees with that derived
by A. Singh 2.

The values of the strain coefficients 3"gT and 3"gL
of a polycrystalline film are constant with film
thickness,T and 3’L (calculated from Eqs. (23)
and (24) with constant values of a).

Variations in the polycrystalline film strain
coefficients TgT andL are shown in Figures and
2. In agreement with A. Singh t2 we observe a marked
dependence of the strain coefficients with the a
values: they decrease with decreasing grain size D and
increasing grain-boundary reflection coefficient r.

For monocrystalline films, the variations in the
gauge factors, respectively 3"gT and 3"gL, are plotted
versus the ratio k of the film thickness t to the bulk
mean free path 3 for different values of the grain-

.5-

FIGURE The transverse gauge factor 3’gT of polycry-
stalline films versus the ot parameter (from equation 1.4).

It has been assumed that the Gruneisen’s constant is
g 2.705 the Poisson’s ratios of the substrate material and
the film material are/as 0.25 and/a 0.4 respectively.
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FIGURE 2 The longitudinal gauge factor TgL of poly-
crystalline films versus the tx parameter [withg 3.08
/.t 0.4 and/.ts 0.25].

FIGURE 3 The transverse gauge factor _gT of monocry-
stalline films versus the reduced thickness k for different
values of the grain boundary reflection coefficient r
[g= 2.705].
or= 0.1
mr= 0.2
or= 0.3
Vr 0.4
Br 0.6

boundary reflection coefficient r (Figures 3 and 4).
The effect of the grain-boundary reflection coef-
ficient r on the longitudinal strain coefficient, as
shown on Figure 5, is marked.

It is reasonable to assume that infinitely thick
polycrystalline or monocrystalline films are
unsupported. Hence, the gauge factors of such films
may be written:

’gL "" + 2la + (rl + 1) +
F(a)

(25)

oo G(a)__ (26)"YgT rl + (n-P)
F(ot)

For monocrystalline films the a parameter is
observed to be a function of thickness t and is found
to be equal to 0 when the thickness becomes infinite.
Thus, for an infinitely thick monocrystalline film it is
easy to verify by making the substitution a 0 into
Eq. (25) and (26) that we obtain the theoretical bulk
values of the strain coefficient, i.e.

"YbL " 2(1 +/a) + r/ (4)

and

k

FIGURE 4 The longitudinal gauge factor Tt,L of monocry-
stalline films versus the reduced thickness k [ff 3.08].

Or= 0.I
tar 0.2
Or 0.3

’r 0.4
it= 0.6
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7fL 3/bL +/2s--2/2 +/2
1-/2

+ [F(a)-A]-’ (X (r/+l)

+ Y -1- 1_-- (27)

2 ,I
0 ,1 .2 .h .6

FIGURE 5 Dependence of the longitudinal strain coef-
ficient TgL on grain boundary reflection coefficient r for
different values of the reduced thickness k.

Ok= 0.5

Ak=l
ok=5

For polycrystalline films, we may define the gauge
factors

7ggL and7
of infinitely thick film as

7ggLOo 3/’gL (or constant)

gO0 O0

/gT TgT (0 constant)

2.2.5 The transverse and longitudinal gauge factors
ofunsupported films For films in which the three
types of electron scattering simultaneously occur
(i.e. an isotropic background scattering, a grain
boundary scattering and an external surface scatter-
ing) the general equations 20 and 22 may be
rearranged by introducing the gauge factors of an
infinitely thick films.

It yields, from Eqs. (20) and (22), in the case of
monocrystalline films

1-/28
TJT" ’)’bT +/2 /28 + [F()-A X

1-/2

-/as)(rl-/2s) + Y (/28-/2 (28)

For unsupported films Eqs. (27) and (28) reduce
to the simple forms"

3/’fL TbL + [F(a)-A ]-1 { X (r/+ 1)

Y (/2+1) 1 (27.1)

and

qfT=qtbT + [F()-A]-I {X(r?-/2)) (28.1)

This yields, in the case of polycrystalline films:

7fL 7gL +/28--2/2 +/2

X
+ (r+l) F(-A

1-/2s
l+p

1-/2

1-/2

G__(t)]_y[F(ot)_A]-I
F(ot) J

1-/2s G(o0
-/2

(29)

For unsupported films Eqs. (29) and (30) may be
written"

[ x
"YfL "YgL + (n+ 1)

F(a)-A F(a)]
Y

1+/2

()-A

oo [ x a()]"gfT "ggT + (--P) F(-A F(a)

(3O)

(29.1)

(30.1)
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Eqs. (27) to (30) can be evaluated numerically
with a digital computer.

We can compare the relations to those given by
Singh12 Eq. (13). According to the author, the
longitudinal gauge factor of resistivity is

o(a)]_7=(+1) I+F--j
F(c0

8 k+F(ot)
3

(r-u) (31)

assuming that p o and k1.
Under these assumptions, Eqs. (18.1), (18.2) and

(18.4) reduce to

X, a(ot)-A" + A’ (32)
Y ,, -A’ (33)

where

6 zra cos2b [ 1]A’ --fodCfltt dr (34.1)

(34.2)
For an unsupported polycrystalline film, the

longitudinal gauge factor of resistivity is

Hence, Eqs. (32) and (33) yield

G(oO--A" + A’ ]) +

This equation takes the form of Eq. (36)

[ G(oO+2A’-A"]
[ F(a) ]+ (n-U)

which qualitatively agrees with Eq. (31).

(36)

3. PRACTICAL CONSIDERATIONS

It is the purpose of this section to discuss the
advantage or disadvantages of using as strain devices

thin metal films whose transport parameters can be
described by the Mayadas-Shatzkes model.

Theoretical relations show that relatively thick
monocrystalline films have values of the gauge factors
lower than those of the bulk material. This is in good
agreement with the experimental results of authors
who have studied the strain sensitivity of thin
evaporated metal films with monocrystalline structure.
It has been suggested that these results were probably
due to the grain boundary scattering contribution to
the resistivity; however when the grain boundary
reflection coefficient r remains lower than 0.2, the
difference between bulk and film gauge factor is
about 10% in this range of thickness and no marked
discrepancy could be observed. When the metallic
layer is very thin, the change in electrical resistance
with applied strain is strongly modified by both
grain and external boundaries scatterings; for thin
films whose structure is continuous even for reduced
thicknesses equal to 0.5, the ratio of the bulk to the
film gauge factor decreases with increasing values of
the boundary reflection coefficient r.

As the values of infinitely thick polycrystalline
films gauge factors are similar to the )’g values it isg
easy to verify that values of thin polycrystalline
film gauge factors are determined by the a parameter
values. Then low values of gauge factors are expected
for thin and even for relatively thick polycrystalline
films which keep high values of the a parameter
(a > 3). It is instructive to evaluate the numerical
values of longitudinal gauge factor for polycrystalline
films related to differents values of the a parameter
and reduced thickness k; when tx 3 and k is
equal to 0.5 and 5 respectively the ratio 37L /’)’b
becomes approximatively equal to 0.4 and 0.5; these
values increase to 0.61 and 0.76 when a decreases to
0.5. Finally we can summarize by observing that
polycrystalline films exhibit poor strain transmission.
From this point of view it seems that such films
constitute a poor application for strain gauge in
regard with other devices such as semiconductor28 ,29

5,30or discontinuous metal films, for which several
authors have measured gauge factor in the range
10-5028,29 or in the vicinity of 100s’3

However, in practice, the difficulty of obtaining
reproducible and thermally stable thin film strain
gauges has limited their application. In thin film
strain gauge applications, the temperature stability,
the reproducibility and reliability of operation are
effectively of prime importance over a working
temperature range.

Generally,27 the temperature coefficient of the
gauge factor 3’ is expressed as
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If De is related to the change in strain e (i.e.
)e ,. dL/L or dw/w), we can write

As the temperature coefficient of resistance
(T.C.R.) is defined by

equation (39) gives2

(38)

-/3 + (39)
RI’DT -e T

For metal films in the thickness range 00 to 1300 A,
Verma and Juretschtke have shown that R/ is
independent of temperature. Hence Eq. (:39) rdus
to- .

This result is of great interest when considering
the choice of the material to include in the strain
device; for continuous tn metal film strain gauge,
it is clear that a good temperature stability may be
expected if the film material eibits a low T.C.R.
t us note that the T.C.R. # of an infinitely

thick polycstalline film is relafed to the bulk
T.C.R. b by Eq. (40)

a(a)
[3gg/[Jb +

F(a)
(40)

Values of the ratio fl/3b versus t are reported on
Figure 6. The inspection of Figure 6 shows that the
f’dm T.C.R. decreases with increasing values of tx and
that, for example, a relatively thick polycrystalline
film (tx 5, k 5) having a gauge factor ratio

’Yf/3/’b "’ 0.5 should have a T.C.R. ratio 3f/3b of
about 0.11, (instead of 0.8 for thin film in which
Fuchs-Sondheimer conduction occurs).

It is not the purpose of this section to discuss the
temporal stability of thin film strain gauges, but at
this stage it is necessary to compare the thermal
stability of different materials which constitute strain
gauges. The exponential dependence of the carrier
concentration in semiconductors films and in the
same manner the semiconductor nature of activated

0
01 .05 .1 .5 1

FIGURE 6 The reduced infinitely thick polycrystalline
f’ilm T.C.R. gg/b versus the o parameter.

conduction process in discontinuous metal films
should yield large negative values of the T.C.R.
Consequently such films will exhibit very poor
thermal stability and will require temperature
compensation which may be achieved by using a
thermistor or a temperature compensating Wheat-
stone bridge. On the contrary, in polycrystalline
films which exhibit relatively large values of a,
the predicted low values of3 are effectively
observed ( 10-a K- )a and a better thermal
stability is expected. This makes polycrystalline films
interesting for strain gauge application even if we
measure a low value of the gauge factor.

It is clear that monocrystalline films require a
similar analysis.

4. CONCLUSION

Starting from Mayades-Shatzkes equations a theo-
retical study of the gauge factor of thin metallic films
shows two main features: a poor strain transmission
but a good thermal stability which depends on the
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technical procedure (grain size, grain-boundary
reflection coefficient,...); this point should be
extensively studied in the future.
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