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In the design process, one of the main targets is to reduce the peak values of the contact stresses. This can be attained by layering the
contacting bodies by layers of different material characteristics. Viscoelastic materials are characterized by either a stress relaxation
or a creep deformation; therefore, the contacting bodies can be layered with such materials to attain this target. This paper discusses
effects of the material characteristics of viscoelastic layers upon the unbounded contact configuration. Three material parameters
are considered: the layer/contact solids stiffness ratio, the delayed/instantaneous elasticity ratio, and the material relaxation time.
The results are obtained by using a two-dimensional time-dependent nonlinear computational model, developed by the authors,
capable of analyzing quasistatic viscoelastic frictional contact problems.

1. Introduction

Many mechanical applications involve solid bodies coming
into contact under the action of applied loads. Upon
loading, both normal and tangential contact stresses built
up throughout the contact interfaces. These contact stresses
have a vital role on the tribological behavior of the contact
systems. In the design process, one of the main targets is to
reduce the peak values of these contact stresses. Based on
the function of the contact system and due to the nature
of the viscoelastic materials, layering the contacting bodies
by viscoelastic layers with different material properties can
attain this target.

Many achievements have been developed to model
the linear behavior of viscoelastic materials. Hopkins and
Hamming [1] studied the interrelation of the uniaxial
creep compliance and the relaxation modulus by using the
finite difference method. Lee and Rogers [2] integrated
the Volterra type integrals that arise in viscoelastic stress
analysis problems using a step-by-step scheme. Taylor and
Chang [3] developed an axisymmetric FE model for thermo-
reheologically simple materials based on the virtual work
principle to derive the constitutive equations. All these devel-
oped procedures included no recursive relations, and so they

are limited to problems with only a few degrees-of-freedom.
This shortcoming is overcome by Taylor et al. [4] who
devised a recursive form of the constitutive relationships.
On the other hand, a direct incremental formulation of
the constitutive equations for orthotropic linear viscoelastic
material is presented by Zocher [5] and Zocher et al. [6],
while Dirichlet’s series is adopted by Jurkiewiez et al. [7] to
incrementalize the constitutive equations.

Contact of viscoelastic bodies, with or without friction,
involves many achievements. Chen et al. [8] established a
generalized Maxwell FE model for the analysis of linear
viscoelastic contact problems with friction. Based on the
developed incremental relaxation procedure, the total stress
at any instant is found to be dependent on the past
stress history and the incremental strain. With the classical
Coulomb’s law of friction, Rochdi et al. [9] proved the
existence of a unique weak solution for the quasistatic
problem of frictional contact between a deformable body
and a rigid foundation. The material was assumed to have
a nonlinear viscoelastic behavior. The contact is modeled
with normal compliance. Based on a nonlocal version of
Coulomb’s law of friction, Shillor and Sofonea [10] presented
a weak formulation for the problem of bilateral frictional
contact of a nonlinear viscoelastic body with an obstacle.
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Awbi et al. [11] formulated a nonlinear abstract evolution
problem describing a class of frictional contact problem
between a viscoelastic body and a foundation. The problem
is set as a time dependent differential inclusion. Han and
Sofonea [12] considered a class of evolutionary variational
inequalities arising in the frictional contact problems for
viscoelastic materials. Awabi et al. [13] extended the study of
Shillor and Sofonea [10] to include the quasistatic bilateral
viscoelastic frictional contact conditions with a more general
friction law. In a comprehensive analysis, Han and Sofonea
[14] presented three distinct formulations for viscoelastic
frictional contact problems. In the first formulation, the
contact is bilateral with a slip dependent friction, and in
the second one, the contact is modeled with a normal
compliance with a general version of Coulomb’s law, while in
the third formulation, the contact is described by a general
normal damped response condition with a related version
of Coulomb’s law. In all formulations, both classical and
variational formulations are presented. Campo et al. [15]
studied a quasistatic viscoelastic frictional contact problem
using the classical tresca’s law of friction. The effect of
damage is included into the model and a fully discrete
scheme using the FEM and Euler scheme is introduced.
Mahmoud et al. [16] developed an incremental FE model
to analyze frictionless viscoelastic contact problems. The
model adopted the Wiechert model to simulate the linear
response of viscoelastic materials and the incremental convex
programming method to manipulate contact events. This
model is then extended to handle the frictional contact
problems [17].

Mathematical modeling of the friction throughout the
contact interface based on the classical theories of friction
leads to both physical and mathematical infeasibilities [18].
Physically, classical friction law is only capable of modeling
friction between two rigid bodies, while mathematically,
the normal contact pressure is ill defined. To overcome
unrealistic simulation of the friction throughout the contact
interface, several friction theories have been proposed in
the last five decades to explain the nature of dry friction
between surfaces of deformable bodies in contact. The most
realistic friction model is proposed by Bowden and Tabor
[19] that known as the welding, shearing, and ploughing
theory. According to the welding, shearing, and ploughing
theory, the friction force is attributed to two components:
the adhesion component and the deformation component.
For rough engineering surfaces, the adhesion effect can be
neglected, Tworzydlo et al. [20]. The welding, shearing, and
ploughing theory is the basis for the nonclassical friction
laws. Nonclassical nonlocal-nonlinear friction models are
developed by many researchers, among of them Oden and
Pires [21, 22].

Analytical and numerical models studying the layering
effect upon the contact configuration have been developed
for either elastic or viscoelastic layer. Analytically, solutions
for contact stresses and deformations in both thin and thick
elastic layers are obtained by Johnson [23], Jaffar [24], Barber
[25], and Teodorescu et al. [26], as well as for viscoelastic
layer, Naghieh et al. [27, 28]. These approaches are efficient,
but restricted to certain layer thickness or contact geometry.

Therefore, for most cases one needs to turn to numerical
methods. Jaffar [29] has numerically investigated the contact
problem of an elastic layer and a sinusoidally rigid indenter.
The effect of friction is investigated by using the classical
Coulomb’s law of friction [30]. The analysis is extended
to handle the problem of free rolling with two limiting
cases: full slip and fully stick over the entire contact area
[31]. These investigations showed that the compressibility
of the elastic layer has a great effect on both the surface
roughness of the indenter and on the deformation outside
the contact area, particularly close to the contact ends.
Naghieh et al. [28] extended their work [27] to present
the FE analysis for thin layered elastic and viscoelastic
solids in contact with rigid substrates. Comparison of the
computational results with the analytical ones showed a
significant divergence. This divergence is attributed to the
modeling of the thin layer as a half-space. Goryacheva and
Saseghi [32] investigated the frictional rolling and sliding
contacts of an elastic cylinder and a layered foundation.
The foundation is modeled as a 2D elastic half-space.
The 1D Maxwell model is used to describe the normal
and tangential compliance of the viscoelastic layer. Results
showed that the contact status depends on the load, velocity,
geometrical, and mechanical properties of the contacting
bodies. Moreover, the distribution and size of the slip and
no-slip contact zones are determined for different values
of viscoelastic properties and sliding friction coefficients.
Goryacheva et al. [33] extended the analysis to investigate
the effect of viscoelastic layer on pressure, film thickness,
and friction coefficient in lubricated contacts. Xiao et al.
[34] used the superelastic rubber, with large deformation, to
design a covering-layer structure of driving drum surface of
belt conveyor. The stress and deformation states of driving
drums including superelastic rubber and common covering-
layer are obtained by FE static intensity analysis using
ANSYS.

This paper presents numerical results showing effects
of the viscoelastic layer characteristics upon the contact
configuration. Three material parameters will be considered:
the layer/contact solid stiffness ratio Eeqv/Ec, the delayed/
instantaneous elasticity ratio E1/E∞, and the material relax-
ation time of the layer ρ. The results are obtained by using
a two-dimensional time-dependent nonlinear FE model,
developed by Mahmoud et al. [16, 17], that modified
to account for the layering effect. The model adopts the
Wiechert model, presented by Williams [35], to simulate
the linear response of viscoelastic materials. The resulting
constitutive equations, which have an integral form, are
reformulated into an incremented form [6] suitable for
the FE calculations. The incremental convex programming
method with Lagrange multipliers, developed by Hassan and
Mahmoud [36], is utilized and modified to accommodate
the viscoelastic frictional contact problems. To avoid the
drawbacks associated with the classical friction laws, the
welding, shearing, and ploughing theory is adopted, and
a local nonlinear friction model is developed. To express
frictional resistance at the microslip contact zones, a tan-
gential stiffness is added to the overall stiffness of the
system.
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2. Statement of the Problem

Consider that the two deformable bodies covered by vis-
coelastic layers, shown in Figure 1, are pressed together by
an external normal load Fn and subject to a tangential
load Ft . The materials of the contacting bodies may be
elastic, viscoelastic or even rigid. Layers are assumed to
be perfectly bonded to the contacting bodies. Under such
loading condition, it is assumed that the rolling of one body
relative to the other is prevented. Assume that each of the
contacting bodies occupies a bounded domain Ω in RN , N ≤
3. The boundary Γ is consisted of three disjoint measurable
parts: Γd, Γ f , and Γc. Γd, Γ f , are portions of the boundary on
which displacement and traction are prescribed, respectively.
Γc is the candidate contact zone containing the adjacent
surfaces, which may come into contact upon the application
of loads.

With the application of load, the boundary conditions
on the contact interface change continuously. Therefore,
the contact region advances or recedes according to the
type of contact [37]. Moreover, due to the friction effect,
the boundary portion Γc may be decomposed into two
regions: the microslip and the macroslip. For such types of
problems, the time-dependent contact status depends on the
applied load, geometry, and relative material compliance of
both bodies and layers. Such problems belong to a class of
nonlinear variational initial boundary value problems having
inequality types of constraints. Neglecting the inertia term, a
quasistatic problem is defined by the following model:

σji, j + fi = 0 (in Ω),

ui = 0 (on Γd),

Fii = σjinj

(
on Γ f

)
,

(1)

where σji are the stress tensor, fi refers to the body force per
unit volume, ui is the displacement, and nj is the normal
vector to Γ f .

The elastic material is assumed to obey Hooke’s law.
On the other hand, the constitutive relationship for a linear
homogeneous nonaging and isothermal viscoelastic material
can be expressed as [38]

σi j(x, t) =
∫ t

0
Cijkl(t − t′)

∂εkl(x, t′)
∂t′

dt′ (in Ω), (2)

where Cijkl and εkl are the fourth-order relaxation modulus
and the second-order strain tensors, respectively.

To complete the description of the problem, the bound-
ary conditions throughout the contact interface should be
stated. Considering friction, the welding, shearing, and
ploughing theory [39] is adopted to present a more realistic
and reliable friction model. According to this theory, the
frictional stress is composed of two components: adhesion
and grooving components. For rough engineering surfaces,
the adhesion effect can be neglected [20]. Moreover, the
contact interface is composed of two zones: microslip and
macroslip zones. In the microslip contact zone the tangential
contact traction is below the friction capacity. The frictional

capacity depends on the induced contact pressure, the
coefficient of friction, and a certain measure of the welded
junction stiffness. On the other hand, in the macroslip
contact zone, that corresponds to the full sliding state, the
tangential load reaches the friction capacity at the contact
interface. Variation of the tangential contact stress with the
relative tangential displacement is illustrated in Figure 2.

According to Oden and Pires [21], the nonlinear relation
between the frictional stress and the relative tangential
displacement throughout the contact interface can be rep-
resented as

σ̃T = −μ|σn|Φε
(∣∣ũT

∣∣) ũT∣∣ũT
∣∣ , (3)

where σ̃T is the tangential contact stress vector, σn is
the normal contact stress, ũT is the relative tangential
displacement vector, μ is the static coefficient of friction, ε is
a positive parameter that used as a measure to the stiffness of
the welded junction, and Φε is a nonlinear, continuous, and
real-valued function which can be defined by many forms
of functions [21]; one of these functions can be defined as
follows

Φε
(∣∣ũT

∣∣) =

⎧⎪⎪⎨
⎪⎪⎩

∣∣ũT
∣∣

ε
if
∣∣ũT

∣∣ ≤ ε
(
microslip level

)
,

1 if
∣∣ũT

∣∣ > ε
(
macroslip level

)
.

(4)

It is noticed that as ε tends to zero, the local-nonlinear
friction model, defined by (3) and (4), will turn to the
classical Coulomb’s law. Therefore, for frictional contact, the
following contact conditions must be imposed throughout
the contact interface Γc:

un −G ≤ 0, un =
(
u1
i − u2

i

) · nj ,

σn = σi jninj ≤ 0,

σn · (un −G) = 0,

σTi = σi jnj − σnni = −μ|σn|Φε(|uTi|) uTi
|uTi| ,

(on Γc),

(5)

where σn is the contact pressure, σT is the tangential contact
stress, nj is the outward normal vector to the boundary, un
is the relative normal displacement, which is a function of
the displacements u1

i and u2
i of the first and second bodies,

respectively, at the contact interface, G is the current gap
measured along the outward normal vector, and superscripts
1 and 2 denote the first and second body, respectively.

3. The Computational Model

In this section, the computational model simulating 2D
nonlinear quasistatic viscoelastic frictional contact problems
will be briefly outlined. All ingredients, modules and solution
procedure of the model are presented in [16, 17]. In
the general framework of the FEM, the space domain
of the contact system is discretized into finite elements.
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Figure 1: Contact of two-layered deformable bodies.
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Figure 2: (a) Nonlinear function of Φε and (b) variation of the tangential contact stress.

Element equations are evaluated by using Gauss-quadrature
integration scheme [40]. The time domain is also discretized
into time steps. In each time step, a set of increments is
performed to obtain the equilibrium contact configuration
corresponding to that time step.

The solution procedure for each increment consists of
five modules. The first one is the construction and solution
of the overall equilibrium equations, considering the contact
constraints, to obtain the incremental displacement and
normal contact force vectors. In this module, an incremental
form of the constitutive equations for viscoelastic materials,
suitable for FE analysis, is developed. Based on the local

nonlinear friction model, the tangential contact stiffness
representing the frictional resistance within the micro-slip
contact zones is calculated and inserted into the global
equilibrium equations. The second module is concerned
with the application of the incremental convex programming
method to detect the contact event and the corresponding
scale factor [36]. Based on such scale factor, the third module
is devoted to the calculation of the incremental and updating
variables: total displacement, relative displacement, normal
contact force, and tangential contact force vectors. Further,
in this module, the active and inactive constraints sets and
its new cardinalities are also updated. The fourth module
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calculates the internal stresses considering the damping effect
for viscoelastic materials. Finally, the fifth module directs the
continuation of the computations. The computations may be
continued in three distinct directions. If there is a possibility
for the existence of a new contact event at the current time
step, a new increment is initiated. On the other hand, if
the current load corresponding to the current time step is
completely consumed or no new contact event is detected,
a new time step is initiated. Finally, if the total load is
completely consumed, the computations are terminated. The
solution procedure assumes that the response of the contact
system is completely known at time t and, j − 1 increments
have been performed to obtain the solution at time t + Δt.

Also, within the time step Δt, Δt
j−1
c is the elapsed time and

Δt
j
r is the remaining time, such that Δt = Δt

j−1
c + Δt

j
r . Prior

to the presentation of these modules, the modeling of the
contact interface should be clarified.

To model the contact interface, the node-to-segment
contact approach, Wriggers [18], is adopted. In this approach
one body is assumed to be a contactor while the other is
a target. The contact interface is composed of contactor
nodes that are candidates to come into contact with the
target segments. The contactor nodes should not penetrate
the target segments. The nonpenetration condition, defined
by the first inequality condition of (5), is tested for each
contactor node on the contact interface. A typical situation
showing a generic contact set consisting of a contactor node
K penetrating a target segment Sl, within the time t, is
depicted in Figure 3(a).

To satisfy the nonpenetration condition, the node K
should be located at a point P, where P is the physical contact
point. The position vector of the contact point P can be
expressed in terms of the position vectors of the nodes K1

and K2, which are connecting the target segment Sl using
the interpolation shape function. The position vector of the
physical contact point P is defined by the parameter tξP [17],
such that

tξP =
2
[(

txk1 − txk2

)
txk +

( t yk1 − t yk2

) t yk
]

(
txk1 − txk2

)2
+
( t yk1 − t yk2

)2

−
(
t
x2
k1
− t

x2
k2

)
−
(
t
y2
k1
− t

y2
k2

)

(
txk1 − txk2

)2
+
( t yk1 − t yk2

)2 ,

(6)

where txk and t yk are the Cartesian components of the
position vector of the contactor node K . txki and t yki are
the Cartesian components of the position vectors of the
target nodes Ki, where i = 1, 2. Based on the equilibrium
of this generic contact set, the contact force distributions for
the contactor node K and target segment Sl are shown in
Figure 3(b).

The direct application of (2) in its form will leads to
the requirement of solving of a set of integrals [6]. To
avoid evaluation of these integrals, an incremental form of
the constitutive equations, which is quite amenable to the
implementation in an FE model, is developed. Now, let the
considered time domain be subdivided into discrete intervals
Δt, such that tn+1 = tn + Δt. Assuming that the stress state

σi j(x, tn) is known at time tn, the stress state σi j(x, tn+1) at
time tn+1 can be expressed as

σi j(x, tn+1) =
∫ tn

0
Cijkl(tn+1 − t′)

∂εkl(x, t′)
∂t′

dt′

+
∫ tn+1

tn
Ci jkl(tn+1 − t′)

∂εkl(x, t′)
∂t′

dt′.

(7)

The stress increment from time tn to time tn+1 is defined as

Δσi j = Δσ ′i j + ΔσRi j , (8a)

where

Δσ ′i j =
∫ tn+1

tn
Ci jkl(tn+1 − t′)

∂εkl(x, t′)
∂t′

dt′,

ΔσRi j =
∫ tn

0

[
Cijkl(tn+1 − t′)− Cijkl(tn − t′)

]∂εkl(x, t′)
∂t′

dt′.

(8b)

Adoption of the Wiechert model, Williams [35], to simulate
the linear behavior of viscoelastic materials yields the
following definition of the fourth-order relaxation modulus
tensor:

Cijkl(tn+1 − t′) = C∞i jkl +
M∑

m=1

Cm
ijkle

−((tn+1−t′)/ρmi jkl), (9a)

where C∞i jkl is the tensor of elastic moduli, M is the number
of Maxwell elements used in the Wiechert model, Cm

ijkl and
ηmi jkl are spring constants and the dashpot coefficients of
Maxwell elements respectively, and ρmi jkl is the relaxation time
of Maxwell elements, defined as

ρmi jkl =
ηmi jkl
Cm
i jkl

(
no summation on i, j, k, l

)
. (9b)

Substitution of (9a) and (9b) into (8a) and (8b), with the
assumption that the rate of change of the strain within the
time step to be constant and then evaluating the integrals
yields

Δσ ′i j = C′i jklΔεkl, ΔσRi j =
M∑

m=1

(
e−Δt/ρ

m
i jkl − 1

)
Smi j (tn),

(10)

where

C′i jkl = C∞i jkl +
1
Δt

M∑

m=1

ηmi jkl
(

1− e−Δt/ρ
m
i jkl

)
,

Smi j (tn) = e−Δt/ρ
m
i jkl Smi j (tn−1) + ηmi jkl ε̇kl(tn)

(
1− e−Δt/ρ

m
i jkl

)
.

(11)
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ñ
t x̃P

S1
P

tG

K

tx̃K1

t x̃K

tξP

K1

ξ = +1

Sl−1

Target boundary

Contractor boundary

x

y

(a)

t˜λTK2 K2

K

t˜λTK

tλnK1

K1

tλnK

t˜λTK1

tλnK2

(b)

Figure 3: Modeling of the contact interface, (a) a contactor node K in contact with a target segment Sl and (b) contact forces at the contact
interface.

According to the developed incremental procedure, and for
the jth increment, the last four equations can be written in
the following matrix form:

{
Δσ ′

} j = t+Δt[C′]
j{Δε} j ,

t+Δt{
ΔσR

} j

=
⎧⎨
⎩

M∑

m=1

(
e− Δt

j
c /ρm − 1

)
t+Δt{Sm} j−1

⎫⎬
⎭,

t+Δt[C′]
j=[C∞] +

t+Δt⎡
⎣ 1

Δt
j
r

M∑

m=1

[
ηm
](

1− e−Δt
j−1
r /ρm

)⎤⎦,

t+Δt{Sm} j = e−Δt
j
c /ρm t+Δt{Sm} j−1

+
{[

ηm
] t+Δt{ε̇} j

(
1− e−Δt

j
c /ρm
)}

,

(12)

whereΔtc andΔtr are the consumed and remaining time step,

respectively, which can be defined as Δt
j
c = αjΔt and Δt

j
r =

Δt − Δt
j
c where αj is the minimum scale factor within the

increment j [17].
According to the proposed friction model, the frictional

contact force vector in the micro-slip contact zone is defined
by (3). This equation can be rewritten in the following form:

λ̃T = −μ
∣∣∣λ̃n

∣∣∣Φε
(∣∣ũT

∣∣) ũT∣∣ũT
∣∣ , (13a)

where λ̃n and λ̃T are the normal and tangential contact
force vectors, respectively. In this zone, the tangential contact
force should be compensated by a tangential stiffness. Such
stiffness is incorporated into the equilibrium equation of
the contact system. According to Mahmoud et al. [41], the
tangential contact stiffness due to friction, in the micro-slip
contact zone, can be calculated by the differentiation of the
tangential force defined by (13a) with respect to the relative
displacement; this yields

KT = d λ̃T
d ũT

= μ|λn|
ε

. (13b)

Based on the spatial discretization of the geometry of
the contact interface, illustrated in Figure 3, the tangential
contact stiffness located at the contactor node K at the jth
increment of time t + Δt is defined as

t+ΔtK
j
TK
=

μ
∣∣∣ t+Δtλ

j−1
nK

∣∣∣
ε

. (13c)

Similarly, the tangential contact stiffness located at the target
segment nodes K1 and K2, respectively, at time t is defined as

t+ΔtK
j
TK1
=

μ
∣∣∣ t+Δtλ

j−1
nK1

∣∣∣
ε

, t+ΔtK
j
TK2
=

μ
∣∣∣ t+Δtλ

j−1
nK2

∣∣∣
ε

.

(13d)

The contact problem that presented in this paper is
defined by a quadratic objective function subject to a set
of convex constraints. Therefore, the incremental convex
programming method is adopted to handle such type of
contact problems. With the incremental convex program-
ming method, the original contact model is transformed
into a sequence of constrained submodels. Each one of
these submodels has only one additional constraint more
than the preceding one. Furthermore, each one of these
submodels is manipulated throughout one increment of
load. Each additional constraint is corresponding to one
possible contact event. Accordingly, the percentage of load
that is required for activating or deactivating one constraint
is also detected, while the remaining load is applied to the
next sub-model. Therefore, the transformation occurs in an
incremental adaptive manner such that the total number of
increments, or constrained sub-models, does not exceed the
number of constraints.

With multiphase frictional contact problems, three con-
tact events are encountered. In the first contact event one
potential contact point is currently in separation state (inac-
tive constraint) in the ( j − 1)th sub-model and candidates
to come into contact (active constraint) in the jth sub-
model. This means that an advancing contact occurs. The
second contact event is concerned with one potential contact
point is currently in contact state (active constraint) in the
( j − 1)th sub-model and candidates to come out of contact
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Figure 4: Contact of a layered rigid cylinder with an elastic
substrate.

(inactive constraint) in the jth sub-model. This implies
that a receding contact occurs. The third contact event is
encountered due to the existence of friction. In this contact
event one potential contact point currently in contact and
belonging to the micro-slip contact zone (active constraint)
in the ( j − 1)th sub-model and candidates to transfer to the
macro-slip contact zone (active constraint) in the jth sub-
model.

All major ingredients of the solution procedure are now
clarified; the overall equilibrium equations, considering the
contact constraints, can now be written as follows:

t+Δt⎛
⎝[K] j + [KT] j−1 [Cn] j−1

[Cn] j−1T [0]

⎞
⎠
⎛
⎝ {Δu}

j

{Δλn} j

⎞
⎠

=
t+Δt⎛

⎝{F}
j + [Cn] j−1{λn} j−1 + [CT] j−1{λT} j−1

{G} j−1

⎞
⎠,

(14)

in which the matrix operators t+Δt[Cn]
j−1

and t+Δt[CT]
j−1

are defined as

t+Δt[Cn]
j−1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

− t+Δtñ
j−1T

(
1− t+Δtξ

j−1
k

)
t+Δtñ

j−1T

(
t+Δtξ

j−1
k

)
t+Δtñ

j−1T

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

t+Δt[CT]
j−1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

− t+Δt
T̃

j−1T

(
1− t+Δtξ

j−1
k

)
t+Δt

T̃
j−1T

(
t+Δtξ

j−1
k

)
t+Δt

T̃
j−1T

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(15)

The detailed solution procedure of the two-dimensional
time-dependent nonlinear contact model for handling fric-
tional viscoelastic contact problems and its verification are
found in [17].

4. Numerical Results

This section is devoted to the presentation and discussion
of numerical results of effects of the material characteris-
tics of viscoelastic layers upon the contact configuration.
Three material parameters are considered. The first material
parameter is the layer/contact solids stiffness ratio Eeqv/Ec,
where Eeqv is the equivalent modulus of the layer, defined by
Eeqv = E∞ + E1, and Ec is the modulus of elasticity of the
contact solid. The second one is the delayed/instantaneous
elasticity modulus ratio of the layer E1/E∞. The last material
parameter is the material relaxation time ρ of the layer.
For the sake of generality, all results are presented in
dimensionless form.

Consider the contact problem of the indentation of an
elastic substrate by a nonrolled layered rigid cylinder. The
rigid cylinder is covered by a viscoelastic layer which is
perfectly bonded to the cylinder. This problem is a plane
strain advancing contact problem with a stress relaxation
condition. The geometry, material properties, loading, and
boundary conditions are shown in Figure 4. The rigid cylin-
der is subjected to a prescribed uniform vertical displacement
Dpv of 125 × 10−5 (L). The substrate is subjected to a
prescribed uniform tangential displacement Dpt of 75 ×
10−5 (L). To satisfy the nonrolling motion, only the rigid
cylinder is allowed to move vertically, while prevented from
the motion in the horizontal direction. These conditions are
not applied to the viscoelastic layer that covered the rigid
cylinder. The substrate is made of a linear elastic material,
while the viscoelastic material of the layer is simulated by
the Wiechert model with a single Maxwell element. The
space domain of the problem is modeled by both triangular
and four-node quadrilateral finite elements. The FE grid is
composed of 885 elements and 938 nodes for the layered
rigid cylinder and 1014 elements and 990 nodes for the elastic
substrate. The potential contact interface is modeled by 55
candidate nodes, while the time step is 0.025 (T).

4.1. Effect of the Layer/Contact Solid Stiffness (Eeqv/Ec). To
predict the effect of the layer/contact solid stiffness on the
contact configuration, different layer/contact solid stiffness
ratios, Eeqv/Ec, 0.5 (soft layering) 1.0 and 2.0 (hard layering)
are used, where Ec is the modulus of elasticity of the elastic
substrata. For all layers, a thickness h of 0.5 (L), relaxation
time, ρ of unity, and E1/E∞ of 4 are kept constants. Figures 5
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Figure 5: Effect of Eeqv/Ec on the contact pressure distribution.
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Figure 6: Effect of Eeqv/Ec on the tangential contact stress
distribution.

and 6 illustrate the effect of the layer stiffness on both normal
and tangential contact stresses distributions, respectively, at
different instants of time. With the increasing of the layer
stiffness, both normal and tangential contact stresses increase
while the contact area decreases. This response is due to the
increasing of the stiffness of the contact system. With the
time marching and due to the material relaxation, the contact
area enlarges and in turn the contact stresses relax.

Figures 7 and 8 display the effect of the layer stiffness
on the relaxation rate of the central normal and tangential
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Figure 7: Effect of Eeqv/Ec on relaxation of the central contact
pressure.
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Figure 8: Effect of Eeqv/Ec on relaxation of the central tangential
contact stress.

contact stresses, respectively. It is noticed that as the layer
stiffness increases, both the instantaneous and steady-state
values of the central contact stress also increase. This
behavior is due to the increasing of the stiffness of the contact
system. Also, as the layer stiffness decreases, the steady state
is reached in a relatively shorter time, that is, using of soft
viscoelastic layer accelerates the steady state.

Figure 9 shows the effect of the layer stiffness on the
relative tangential displacement at different instants of time.
It is clear that, at low time, all the contacting nodes have
relative displacements less than the value of the parameter
ε; hence all contact nodes are in a micro-slip contact
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Figure 9: Effect of Eeqv/Ec on the relative tangential displacement distribution.

mode. With the time marching, it is found that the relative
displacements are slightly increasing, due to the decreasing
of the tangential stiffness, but still in the micro-slip contact
mode. This implies that there is no significant effect of
the layer stiffness on the macro-slip action even with time
marching. Although there is no remarkable effect of the layer
stiffness on the relative displacement throughout the contact
interface, relative displacements and in turn the transition
from the micro-slip to macro-slip contact zone are controlled
by two factors. The first factor is the parameter ε which
measures the stiffness of the welded junction in the micro-
slip contact zone. This parameter is experimentally measured
for any contact system [21]. The second factor is the applied
tangential load.

4.2. Effect of the Layer Delayed/Instantaneous Elasticity Mod-
uli Ratio (E1/E∞). The effect of the delayed/instantaneous
elasticity moduli ratio E1/E∞ of the viscoelastic layer on
the contact configuration is predicted. Layers with different
values of E1/E∞ of 0.5, 1.0, and 2.0 are used. For all layers,
the relaxation time ρ of unity (T), thickness h of 0.5 (L), and
Eeqv/Ec of 0.5 (soft layering) are kept constant. Furthermore,
the equivalent modulus of the layer Eeqv = E1+E∞ is also kept
constant. Figures 10 and 11 illustrate the effect of this ratio on
both the normal and tangential contact stresses distributions,
respectively, at different instants of time. It is shown that
either normal or tangential contact stress increases and the
contact area decreases as the ratio E1/E∞ increases. With the
time marching, both of the contact stresses relax and the
contact area slightly increases due to the effect of the material
relaxation.

Figures 12 and 13 display the effect of the ratio E1/E∞
on the relaxation rate of the central normal and tangential
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Figure 10: Effect of E1/E∞ on the contact pressure distribution.

contact stresses, respectively. It is noticed that there is no
effect on the values of the instantaneous contact stresses,
while the steady-state values of the stresses increase as E1/E∞
increases and the required time to reach it decreases. Fur-
thermore, it is found that the steady state is reached rapidly
as the E1/E∞ ratio increases; that is, using of viscoelastic layer
with high delayed elasticity modulus accelerates the steady-
state. Thus, keeping the value of Eeqv to be constant the ratio
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Figure 12: Effect of E1/E∞ on relaxation of the central contact
pressure.

E1/E∞ has a remarkable effect on the steady state value of the
contact stresses while this effect is vanished at low times.

Figure 14 shows the effect of the ratio E1/E∞ on the
relative tangential displacement at the contact interface. It is
clear that all the contacting nodes are in the micro-slip mode
and there is no significant effect of the ratio E1/E∞ on the
macro-slip action even with time marching.
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Figure 13: Effect of E1/E∞ on relaxation of the central tangential
contact stress.

4.3. Effect of the Layer Relaxation Time (ρ). To predict the
effect of the relaxation time of the layer on the contact
configuration, layers with different values of relaxation
time ρ of 0.5, 1.0, and 2.0 (T) are used. For all lay-
ers, a thickness of 0.5 (L), Eeqv/Ec of 0.5 (soft layering),
and E1/E∞ of 4 are kept constants. Also, all layers have
the same value of the delayed modulus of elasticity, E1.
Hence the variation in the relaxation time depends only
on the variation of the viscosity coefficient η. Figures 15
and 16 illustrate the effect of the layer relaxation time
on both normal and tangential contact stresses distribu-
tions, respectively, at different instants of time. Contact
stresses decrease and the contact area increases as the
layer relaxation time decreases. With the time marching
and due to the material relaxation, both of the contact
stresses relax with different rates and the contact area
increases.

Figures 17 and 18 show the effect of the layer relaxation
time on the relaxation rate of central contact stresses. It is
found that there is no effect on the relaxation time of the
viscoelastic layer on the instantaneous steady-state values of
contact stresses. Only the time required to reach the steady
state is increased with the increasing of the relaxation time
of the layer. Therefore, using of viscoelastic layer with low
relaxation time accelerates the steady state.

Figure 19 shows the effect of the layer relaxation time on
the relative tangential displacement at the contact interface at
different instants of time. It is clear that the contact interface
experiences a micro-slip mode rather than a macro-slip one.
Therefore, there is no significant effect of the layer relaxation
time on the relative displacements throughout the contact
interface.
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Figure 14: Effect of E1/E∞ on the relative tangential displacement distribution.
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Figure 15: Effect of ρ on the contact pressure distribution.

5. Conclusions

A numerical parametric study has been done to detect
effects of the material characteristics of viscoelastic layers,
covering the contacting bodies, on the contact configura-
tion. Three material parameters of viscoelastic layers are
considered: the layer/contact solid stiffness ratio Eeqv/Ec,
the delayed/instantaneous elasticity ratio E1/E∞, and the
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Figure 16: Effect of ρ on the tangential contact stress distribution.

material relaxation time ρ. Effects of these parameters on
the contact configuration as contact stresses distribution,
extent of the contact area, relaxation of the contact stresses,
and relative tangential displacements throughout the contact
interface are completely detected. Effects of the material
characteristics of viscoelastic layers on the contact status can
be summarized as follows.
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Figure 17: Effect of ρ on relaxation of the central contact pressure.
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Figure 18: Effect of ρ on relaxation of the central tangential contact
stress.

Characteristics of viscoelastic layers affect the contact
stresses and contact areas significantly. Layering with soft
viscoelastic layers (Eeqv/Ec < 1) decreases the contact stresses
and increasing the contact area. On the other hand, using
of hard layers (Eeqv/Ec > 1) results in an opposite response.
Keeping the equivalent modulus Eeqv of the viscoelastic layer
to be constant, decreasing the delayed/instantaneous elastic-
ity ratio E1/E∞ reduces the contact stresses and increases the
contact area. This response is clearly noticed with the time
marching. Keeping the instantaneous modulus of elasticity
E1 to be constant, decreasing the relaxation time ρ of the

−0.08 −0.04 0 0.04 0.08

Contact Length (L)

ρ = 0.5(T)

ρ = 1(T)

ρ = 2(T)

−56

−52

−48

R
el

at
iv

e
ta

n
ge

n
ti

al
di

sp
la

ce
m

en
t

(L
)

Time = 0.25(T)

×10−5

(a)

ρ = 0.5(T)

ρ = 1(T)

ρ = 2(T)

−0.12 −0.08 −0.04 0 0.04 0.08 0.12

Contact length (L)

−8

−4

0

4

×10−4

R
el

at
iv

e
ta

n
ge

n
ti

al
di

sp
la

ce
m

en
t

(L
)

Time = 12.5(T)

(b)

Figure 19: Effect of ρ on the relative tangential displacement
distribution.

viscoelastic layer reduces the contact stresses and increases
the contact area. This response is remarkable at low times.

Relaxation of the contact stresses is influenced by the
viscoelastic layer properties. The layer/solid stiffness ratio
Eeqv/Ec has a significant effect on both instantaneous and
steady-state values of contact stresses. Using of soft vis-
coelastic layers reduces both instantaneous and steady state
values of contact stresses. Also, decreasing the ratio Eeqv/Ec
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accelerates the steady state; that is, with soft viscoelastic
layers contact stresses reach their steady-state values more
rapidly than with hard layer. Keeping the value of Eeqv to
be constant, the delayed/instantaneous elasticity ratio E1/E∞
has an insignificant effect on the instantaneous value of
contact stresses. However, decreasing this ratio reduces the
steady-state values of contact stresses. Furthermore, with
large values of the ratio E1/E∞ the response of the viscoelastic
layer approaches the elastic response, and therefore contact
stresses reach their steady-state values more rapidly. Keeping
the values of Eeqv and E1 to be constant, the layer relaxation
time ρ has no effect on effect on both instantaneous and
steady-state values of contact stresses. However, with small
values of the relaxation time of the layer contact stresses reach
their steady state values more rapidly.

The three material properties under consideration
Eeqv/Ec, E1/E∞, and ρ have insignificant effect on the relative
tangential displacement throughout the contact interface.
The micro-slip contact mode is dominant; that is, no contact
zones experience gross-sliding mode. However, this response
is affected by both the applied side load and the parameter
ε which measures the stiffness of the welded junction in the
micro-slip contact zone.
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