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HIV/AIDS and pneumonia coinfection have imposed a major socioeconomic and health burden throughout the world, especially
in the developing countries. In this study, we propose a compartmental epidemic model on the spreading dynamics of HIV/AIDS
and pneumonia coinfection to investigate the impacts of protection and treatment intervention mechanisms on the coinfection
spreading in the community. In the qualitative analysis of the model, we have performed the positivity and boundedness of the
coinfection model solutions; the effective reproduction numbers using the next-generation operator approach; and both the
disease-free and endemic equilibrium points’ local and global stabilities using the Routh-Hurwiz and Castillo-Chavez stability
criteria, respectively. We performed the sensitivity analysis of the model parameters using both the forward normalized
sensitivity index criteria and numerical methods (simulation). Moreover, we carried out the numerical simulation for different
scenarios to investigate the effect of model parameters on the associated reproduction number, the effect of model parameters
on the model state variables, and the solution behavior and convergence to the equilibrium point(s) of the models. Finally,
from the qualitative analysis and numerical simulation results, we observed that the disease-spreading rates, protection rates,
and treatment rates are the most sensitive parameters, and we recommend for stakeholders to concentrate and exert their

maximum effort to minimize the spreading rates by maximizing the protection and treatment rates.

1. Introduction

Infectious diseases investigated and verified in the laboratory
or in the clinic are illnesses caused by pathogenic microorgan-
isms, and pneumonia is an infectious disease caused by micro-
organisms like bacteria, virus, fungus, and parasites; HIV/
AIDS is also an infectious disease caused by viruses [1-3].

Acquired immunodeficiency syndrome (AIDS) caused
by human immunodeficiency virus (HIV), discovered in
1981, is one of the major deadly infectious diseases that
has been spreading through countries in the world [1,
4-7]. Different literatures reported that HIV/AIDS has been
the major health-affected infectious disease and affected
more than seventy million individuals [1, 8, 9]. HIV attacks
white blood cells and is spreading through sexual contact,
sharing needle, and blood contact or by fluids containing
the HIV virus and by vertical transmission from mother to
child at birth [5, 6].

Pneumonia caused by various pathogenic microbial
agents like virus, bacteria, fungi, and parasites is a major
respiratory infectious disease identified as an inflammatory
condition of the lungs [10-12]. Among the pathogenic
microbial agents which have potential in causing pneumonia
infection, bacteria especially Streptococcus pneumoniae have
been reported as the leading cause [10-12]. The bacteria
microbial agents enter the lungs, rapidly multiply its num-
ber, and settle in the air passage called alveoli of the human
being lung; the lung will be filled with fluid and pus, which
makes breathing difficult [10, 12]. Pneumonia is commonly
a highly transmitted disease and a major cause of morbidity
and mortality in both children and adults throughout
nations in the world [13, 14].

Infectious disease studies using mathematical modelling
approaches have been carried out by different researchers
to tackle the basic epidemic problems and for making pre-
dictions of quantitative measures of different prevention
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and controlling strategies and their effectiveness; see litera-
tures [1-13, 15-36]. Even though mathematical epidemiolo-
gists did not give attention like the common HIV/AIDS and
TB coinfection [32, 34, 35] and other coinfections, the
coinfection of HIV/AIDS and pneumonia in one host is a
common phenomenon. Since pneumonia is one of the most
common opportunistic infections for HIV/AIDS-infected
individuals, some scholars have carried out few essential
mathematical epidemiological research studies on the trans-
mission dynamics of HIV/AIDS and pneumonia coinfec-
tion; see literatures [4, 5]. In this study, we have reviewed
some epidemic mathematical modelling approach researches
which are irrelevant to our proposed study and done by
different scholars in the world. Huo et al. [1] presented a
mathematical model approach study on a stage structure
HIV/AIDS transmission dynamics of HIV/AIDS with treat-
ment strategy. The finding of the study stated that the HIV/
AIDS treatment strategy (ART) is the most effective strategy
at the HIV asymptomatic stage of the HIV infection or
before-AIDS stage to minimize its spreading in the commu-
nity. Omondi et al. [9] presented a sex-structured commu-
nity infection model and discuss male and female HIV
infection trends with heterosexual activities. The finding of
the study stated that the HIV/AIDS treatment (ART)
strategy has a significant impact on controlling HIV/AIDS
transmission in the community. Teklu [24] presented a
mathematical modelling approach research on COVID-19
infection in the presence of prevention and control strate-
gies. The results and findings of the study deduced that
applying COVID-19 vaccination, other protection measures,
home quarantine with treatment, and hospital quarantine
with treatment simultaneously is the most effective strategy
to minimize the COVID-19 spread in the community. Teklu
and Mekonnen [4] analyzed HIV/AIDS and pneumonia
coinfection model with treatment at each infection stage.
From the results of the model analysis, they deduced that
applying treatment mechanisms for both the single infec-
tions and coinfection individuals is the most effective
strategy to minimize the coinfection disease-spreading
dynamics. Teklu and Rao [5] proposed and investigated a
compartmental model on the coexistence of HIV/AIDS
and pneumonia with pneumonia vaccination, treatments of
pneumonia, and HIV/AIDS infection control measures.
The finding of the model analysis stated that to minimize
the coinfection disease spread in the community, controlling
pneumonia infection using vaccination and treatment is
more effective than treatment of HIV/AIDS only infection.
The main purpose of this study is to investigate the
impacts of pneumonia protection, pneumonia treatment,
and HIV protection by using condom and HIV treatment
(ART) intervention strategies simultaneously on the trans-
mission dynamics of HIV/AIDS and pneumonia coinfection
in the community. Even though researchers [4, 5] invested
much effort in studying HIV/AIDS and pneumonia coinfec-
tion, they did not consider pneumonia protection, pneumo-
nia vaccination, pneumonia treatment, HIV protection by
using condom, and HIV treatment as prevention and
control strategies simultaneously in their proposed coinfec-
tion model formulation and analysis. And also, the main
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contributions of this study are as follows: the health stake-
holders can use the findings of this modified research study
to tackle the HIV/AIDS and pneumonia coinfection in the
community; potential young researchers can develop their
epidemiological modelling knowledge and skills; and poten-
tial senior researchers can modify the study by incorporating
different modelling and intervention aspects. Based on the
findings of the above-reviewed literatures, we have realized
the gaps and are highly motivated to tackle the problem by
modifying the research study [5]. The remaining part of this
study is structured in the following sequence: the model is
formulated in Section 2 and is analyzed in Section 3; sensi-
tivity analysis, numerical simulation, and conclusions of
the study are carried out in Sections 4 and 5, respectively.

2. Model Description and Formulation

Motivated by various scholars’ mathematical modelling
researches in real-world situations, we proposed a coinfec-
tion integer order model on HIV/AIDS and pneumonia
spreading dynamics. To describe and formulate the proposed
coinfection model, we divide the total human population
considered in this study at a time  and represented by N ()
into nine mutually distinct classifications as follows: the
number of people who are susceptible to either HIV/AIDS
or pneumonia infection represented by S(¢), the number of
people who are protected against pneumonia infection repre-
sented by Pp(t), the number of people who are protected
against HIV infection by using condom is represented
by Hp(t), the number of people who are infected with pneu-
monia is only represented by P;(t), the number of people
who are infected with HIV is only represented by H,(t), the
number of people who are AIDS patients represented by
H,(t), the number of people who are coinfected with HIV/
AIDS and pneumonia is represented by C(t), the number
of people who are treated from HIV/AIDS is represented by
Tya(t), the number of people who are infected with pneu-
monia is represented by P (t); and the total number of indi-
viduals who are considered in this study is represented by

N(t)=S(t) + Pp (t) + Hp(t) + Hy(t) + Hy (1) (1)
+P(t) + C(t) + Pr(t) + Ty (t)-

The force of infection where the susceptible people
acquire HIV/AIDS is defined by

Ml =B v e, voc). @)

where 1 <0 <00 and 1 <9 < oo are the modification param-
eters which increase infectivity of individuals and f3; is the
HIV/AIDS spreading rate.

The force of infection where the susceptible people
acquire pneumonia is defined by

7 (Pi(t) + 0C(1)). (3)

z|>

Ap(t) =
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wherel <w <oco is the modification parameter which
increases infectivity and 3, is the pneumonia spreading rate.

To formulate the proposed coinfection model of HIV/
AIDS and pneumonia, let us assume the following: p,, p,,
and (1 - p, — p,) be portions of the total recruited people I
who are entering to the pneumonia-protected class Pp(t),
to the HIV protected class Hp(t), and to the susceptible class
S(t), respectively; pneumonia recovery by treatment is not
permanent, human population is homogeneous and is not
constant, there is no HIV transmission from HIV-treated peo-
ple and no HIV vertical transmission, and there is no simulta-
neous HIV and pneumonia dual-infection transmission.

Based on Tables 1 and 2 and the model descriptions and
assumptions given above, the flow chart for the spreading
dynamics of HIV/AIDS and pneumonia coinfection is illus-
trated in Figure 1.

Based on Figure 1, we derive the system of nonlinear
differential equations of the coinfection model as follows:

ds
qa (1=py —py)I + & Pp+&Hp+ 3P — (Ay +Ap +)S,
dp
d_tP =p, I — (8Ay +&; + p)Pp,
% =p,I' = (& +u+0Ap)Hy,
dH
d_t’ =ApS+0AyPp — (u+T+E& + ¢, Ap)Hp,
dH
ditA =TH; - (u+u, + &+ ¢,Ap)Hy,
dp
d_tI =ApS+0ApHp — (U + py +y + @A) Py,
dC
T QAP+ ¢ ApH + Gy ApH  + pAp Ty — (4 + py +6)C,
dpP

= YPi (urm)Pr

dT
% =& H; +§Hy +0C— (u+ pAp) Ty,

with initial data,

v
oo o o o
—~
»n
~—

1%
£

S

AN AIRC AN
1%

o o o

Adding all the differential equations in the system,
(4) gives

dN

a5 =AT N = (i Hy + P+ s C). (6)

3. Qualitative Analysis of the Model (4)

3.1. Nonnegativity and Boundedness of the Model Solutions.
Since the proposed model (4) deals with human beings, we
need to investigate that each of the model solution variables
is nonnegative and bounded in the region.

r
Q= {(s, Pp,Hp,Hy,Hy, P, C, Py, Tpyy) €R), N < ;}.
(7)

Theorem 1. Nonnegativity.

Depending on the initial data given in equation (5),
each of the model solutionsS(t), Pp(t), Hp(t), H,(t),H,
(t), P(t),C(¢), Pp(t), and Ty,(t) of the system (4) is
nonnegative for t> 0.

Proof. Let the initial data be S(0) >0, P,(0) >0, Hp(0) >0,
H,(0) >0, H,(0)>0,P,(0)>0, C(0)>0, P,(0)>0, and
T4 (0) > 0. Then, t > 0, we need to prove that all the model
solutions S (¢) >0,Pp(t)>0,Hp(¢t) >0, H,(¢t)>0, H,(t) >
0,P,(¢) >0, C(t) >0, Pp(t) >0, and Ty, (t) > 0.

Now, let us define the following set: T=sup {t>0:8§
(t) >0, Pp(t)>0,Hp(t) >0,H,(t) >0, H,(t) P;(t) >0, C(¢)
>0,P,(t)>0and Ty ,(t) >0}. Because the model state
variables  S(t), Pp(t), Hp(t), H;(t), H,(t) P;(t),C(¢),
R, (t)and Ty, (t) are continuous, we deduce that 7> 0.

If 7=00, then nonnegativity holds. But, if 0 <7 < 0o,
S(t)=0 or P, (t)=0 or Hy(7)=0 or H;(1)=0,H,(7) =
0or P(t)=0o0r C(r)=0 or Py(1)=0 or Tpy,(0)=0.

Rearranging the first equation of the model (4) gives us

ds
— +Ag+Ap+u)S=(1-p, —p,)I +&Pp+e,Hp+nPr.

dt
(8)

We apply the method of integrating factors, and after
some computations, we determined the result S(z) = M, S(0)

# M, g expl B (1 py )T+ Py(t) 4 &,Hp (1)

+7P,(t))dt >0,

where-

M, = exp ¢ [ A @A) S 60y 50, P, () > 0, Hp(t) >

0, P, (t) > 0,and by the meaning of 7,5(7) > 0, hence S(z) #0.
Similarly, rearranging the second equation of the system

(4) gives us (dPp/dt) + (8Ay + &, + u)Pp=¢,I', and we have

got  Pp(7)=M,Pp(0) + M, |7 expj<£‘+”+8A”(t)>dtp1Adt >0,

where M, = exp_(s‘rwﬂfo(m”(w)) >0,Pp(0) >0, by defini-
tion of 7, Pp(7) >0, hence P,(7) # 0.

Similarly, one can determine the results; Hp(7) >0
hence Hp(7) # 0, H;(7) > 0 hence H;(7) # 0, P;(7) > 0 hence
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TABLE 1: Parameters used in the model formulation.
Parameter Interpretation
U Natural mortality rate
r People recruitment rate
£ Pneumonia protection loss rate
& HIV protection loss rate
0 HIV/AIDS and pneumonia coinfected people
treatment rate
D, 0, Modification parameters
[ Modification parameter
U, Death rate by pneumonia disease
2 Death rate by AIDS disease
Y Pneumonia treatment rate
& HIV-infected treatment rate
& AIDS patient treatment rate
B, HIV/AIDS spreading rate
B, Pneumonia spreading rate
P Portion of recruitment rate
P, Portion of recruitment rate
n Pneumonia immunity loss rate
pw, @, 9 Modification parameters
Us Death rate by the coinfection
TABLE 2: Variables used in the coinfection model.
Variable Epidemiological meaning
S Susceptible people
Pp People who are protected against pneumonia
Hp People who are protected against HIV/AIDS
H; HIV-infected individuals
H, AIDS patients
P, Pneumonia-infected people
C People coinfected with HIV/AIDS and pneumonia
Py People treated from pneumonia
Tya HIV/AIDS-treated people

P,(7)#0, C(1) >0 hence C(t) #0, P;(7) >0 hence Py (1)
#0, and Ty, (7) >0 hence Ty, (1) #0. Thus, by definition
of 7 given above, T = 00, and hence, each of the model (3)
solutions is nonnegative. |

Theorem 2 Boundedness. Each of the model solutions given
in the region Q (7) is bounded in RS.

Proof. In the absence of infections, the sum of all the differ-
ential equations given in (6), and by the nonnegativity
condition in Theorem 1, we have (dN/dt) <I' — uN. Based
on the concept of the standard comparison theorem, we
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determined the result [(dN/I' = uN) < [ dt, and integrating
both sides gives us the result —(1/p)In (I'-uN) <t+c,
where ¢ is some constant, and after some computations, we
have the result

0< N (t) <(I'/u). Therefore, the model (4) solutions
with positive initial data given in (5) are bounded. O

3.2. Qualitative Analysis HIV/IAIDS Infection Submodel.
Now, make the state variables corresponding to
pneumonia-only infection of the coinfection model (4) as
Pp,=P;=C=P;=0, we have the HIV/AIDS infection
submodel given by

gz (1-py) T +&Hp = (Ay +u)S,
dH
TtP =p,I" = (& + u)Hp,
dH
d—tI:)tHS— (u+& +1)Hj, 9)
dH
ditA =7H; - (u+p; +§,)Hy,
dT
dI:A =& H +§ Hy —uTy,,

where Ay (t)=(B,/N,)(H;(t) + aH,(t)) and N, =S+ Hp +
Hy+Hy + Tyy.

3.2.1. Local Stability of Disease-Free Equilibrium Point. The
HIV/AIDS submodel (8) disease-free equilibrium (DFE) is
computed by making each equation of the dynamical system
(8) equal to zero where there are no infections and treated
groups. Therefore, the submodel (8) DFE is given by EY, =
(S°, Hp, HY, HYy, Tjp,) = (D) (g3 + (1 = p,) ey + 1), (P17
& +1),0,0,0).

Using the same method stated in [22] on the HIV/AIDS
submodel (8), we have computed the matrices F and V by

ﬁ—bSO ﬁ—t(xso 0
Ny Ny
F=1 0 0
0 0 0
Biex+ Bi(1-p,y)  Biga+ fipa(l-p,) 0
L tu Lty
- 0 0 ol
0 0 0
pu+& +7 0 0
V= -7 pt+p +& 0. (10)
-& =&, U
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Ficure 1: The flow chart of the HIV/AIDS and pneumonia codynamics spreading dynamics with forces of infections Ay (¢) and A,(t) given

in (2) and (3), respectively.

The HIV/AIDS submodel (8) basic reproduction number
is the largest eigenvalue in magnitude of the next generation
matrix FV~! and is computed as

R0 = Bi(p(1-p,) +&)

Bipa(l = p,) + Bea)
B G e | (1

(tp +8)(ute)

The threshold quantity %9, (basic reproduction number)
of the HIV/AIDs submodel (8) is the expected number of sec-
ondary HIV infections produced by single infected human
during its entire period of infectiousness throughout the whole
susceptible community, and the HIV/AIDS submodel disease-
free equilibrium point E% = (S°, HY, HY, HY, T%,, )= (I'/u((e,
+u(l—-p,)ley, + 1)), (p,I'ley + 14),0,0,0) has a local asymp-
totic stability whenever %Y <1, and unstable whenever
R0 > 1.

3.2.2. Endemic Equilibrium Point (S) Existence and Uniqueness.
In this subsection setting, the right-hand side of the HIV/
AIDS-only dynamical system given in equation (9) is equal to

zero, and after a number of steps of computations, we have
determined the endemic equilibrium point(s) given by

S*_ Dl H*
Dy(p+Ay)’ g

- DytAy

- D,D;D, (u+2pn)

_ DDAy + Dyt Ay
D,Dypu(p+ Ayy)

*
;and Ty,

>

where Dy =&, +ul(1-p,), Dy=(g5+u), Dy=(u+§,
+7), Dy=(p+p +&).

Now, substitute H; and H} in the HIV/AIDS force of
infection given by Aj; = (B,/N})(H; + aH} ), and computing
for A;;, we have determined that

=-D3Dyp

Ya= Dy Dyrul (1= (By (u(1 = py) + &)/ (u+ & +7)(u+ &) = (Bipax(1=py) + Brea@) (i +8,) (B + &)

—D;Dyp

= >0
D\ D,tul’ (1 - %Y)

(13)



if and only if %Y, > 1.

Thus, based on the final result Aj; > 0, there is a unique
positive endemic equilibrium for the HIV/AIDS submodel
given in equation (9) if and only if %%, > 1.

Lemma 3. The HIV/AIDS monoinfection model given in
equation (9) has a unique endemic equilibrium solution if
and only if RY > 1.

3.2.3. DFE Global Asymptotic Stability

Lemma 4 (The Castillo-Chavez et al. criteria stated in [23]).
If the HIV/AIDS submodel can be written as

dX—IXV
E_ ( > ))

dv 0o
=X V)LH(X0) =0,

where X € R™ be the components of noninfected individuals
and V € R" be the components of infected individuals includ-
ing treated class, and E% = (X°,0) denotes the disease-free
equilibrium point of the dynamical system (7).

Assume (i) for (dX/dt) =1(X’ 0), Y? is globally asymp-
totically ~ stable (GAS). (i) J(X,V)=BV -] (X,V)
,J (X, V)20 for (X,V)e€Q, where B=D,J(X’0) is an
M-matrix, i.e., the off-diagonal elements of B are nonnega-
tive, and Q, is the region in which the system makes biologi-
cal sense. Then, the fixed point EY =(X’,0) is globally
asymptotically stable equilibrium point of the system (8)
whenever RY; < 1.

Lemma 5. The HIV/AIDS submodel disease-free equilibrium
point  EY, = (T/u(ey+ u(1—p,)le, + ), (p,T/e, + ), 0,0,0)
is globally asymptotically stable if RY, < 1 and the two suffi-
cient conditions given in Lemma 4 are satisfied.

Proof. To prove Lemma 5, let us apply Lemma 4 on the HIV/
AIDS infection submodel (8), and we have determined the
following matrices:

ax (1=-p)I' +&Hp— (Ay +p)S
—==1X.V)= :
&I = (& + u)Hp
AgS—(u+&, +1)H;
v
W:](XJ/): TH;— (u+p +&)H, |

S H+ & Hy —uTyy
(1-p)I'+ £2H0P - P‘SO]

Y C P‘)Hg

1(X°,0) = l
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where

X0 (4, H0) - (r ( +u(l —p2>> Pl ) 16)

u\ o+u ) ety

is globally stable which satisfies condition (i) of Lemma
4 and

0 0
/3;]—80_(.“+51+T) ﬁ}\‘;(;s 0
B=D,J(x°0)=| !
v(X50) T ~(p+u +E&) 0
51 52 —H
(17)

After a number of steps of computations, we have
determined the result given by

ry ﬁ1so 131“50 B Ba

J (X, V) Lt bty > S H,-'HS-"L"H,S
, 1 Ny TN AN N
JXV)=|T,XV)|= 0

_jVS(X’ V) 0

I s s

B.H; <F(1) - N_1> + BaH, <F‘f - N_1>

- 0
| 0

(18)

From the definitions of state variables and total pop-
ulation, we can justify the inequality S<N, that implies
SIN, <S°/N? and hence ] ,(X,V)=>0, which satisfies
criteria (ii) of Lemma 4; thus, the HIV/AIDS submodel
(8) disease-free equilibrium point EY, = (S°, H%, HY, H,
Tha) = (Dlp(ey + p(1=py)les + ), (p, /ey + ), 0,0,0) s
globally asymptotically stable if %Y, < 1.

Epidemiologically, it means whenever %Y, < 1, the HIV/
AIDS-only disease dies out while the total population
increases. O

3.3. Qualitative Analysis of Pneumonia Infection Submodel.
Now, making all the state variables corresponding to
HIV/AIDS infection in the full model (4)
asHp,=H;=H,=C=Ty, =0, we have the pneumonia
submodel given by

ds
dt

dp
d—tP:pIF— (&, +u)Pp,

=(1=p)I +&Pp+nPpr—(Ap+u)S,

(19)
dp
d—tlz/XPS— (+p,+y)Pp

dP
d—tT:)’Pl_(HH?)PT’
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with force of infection illustrated by

Ap= fj—zp,(t), (20)

and with initial data S(0) >0, P,(0)>0,P;(0)>0,P(0)
>0, total number of human beings involved is given by
N,(t) = S(t) + Pp(t) + Py(t) + Pr(t).

3.3.1. Local Stability of Disease-Free Equilibrium Point. The
pneumonia submodel (19) disease-free equilibrium point is
computed by making the model equations equal to zero,
where P; = P;- = 0. Thus, the pneumonia submodel disease-
free equilibrium point is given by E% = (S°, P%, P9, P%) = (I'/
ple, +u(1—py)le, + ), p /ey +,0,0).

The pneumonia submodel (19) basic reproduction num-
ber is the estimated number of new pneumonia-infected
individuals produced by one infectious individual in a com-
munity. Similarly, using the same criteria stated in [22], we
computed the pneumonia reproduction number given
by Rp =B, (u(1=p)) + &)/ (1 +p, +y)(u+ &)

The pneumonia submodel (19) basic reproduction
number is defined as the estimated number of secondary
infected individuals produced by single infectious individ-
ual during its entire period of infectiousness throughout
the whole susceptible population, and using the same cri-
teria, the disease-free equilibrium point given by E% = (S°,
Py, P}, Pr) = (Dl(e, + (1 = py)ley + ), (i T'le, + 1), 0,0)
is locally asymptotically stable whenever %} < 1 and unstable
whenever %9, > 1.

3.3.2. Existence and Uniqueness of Endemic Equilibrium
Point. The endemic equilibrium points of the pneumonia
submodel given in equation (19) are computed by making
the right-hand side of the system as zero, and after some
computations, we have determined that

TK,K(p,K\ K, +¢,p,K;) [5??: - 1]

gt = (1-p)TK KK, +,p, TK, K
K KoK (Ap + p) = Kyydp

>

p* = T P = (1-p)ITK \K,K3Ap +&,p TK, KA,
P~ 1 41— * %
K, K1K22K3(/\P +u) - K KonyAp
. (L=p)TK\KK3pAp +&,p, TK K5pA,
h =

K KK (Ap + ) = K KL KsnyAp
(21)
where K) =&, +u, Ky =y +pu+p,, and Ky = pu+7.

We substitute P; stated in equation (21) in equation
(20), we computed as N; A, = 3,P; and gives us the result

(1-p))TK Ky’ K3? +6,p, TK, K3? + p, TK, 2 K32
+p KKy + (1= p )TK KoK = py TG KyAp
+&.p, TKG K3 A5 + (1= py )TK K KapAp + &p TK K pAp
= By(1 = p))TK, K,K;? = Byeyp KK = 0.
(22)

Rearranging (22), we have derived the nonzero linear
equation.

B\ + By =0. (23)
where
B, =p, 'K, K5(K, K5 —17y)
+ (1= p)I'K KK (K5 +y) (24)
+&p I'KyK5(K5+7) >0,
By =TK,K;*((1-p))K,K, +¢,p,K,) [1 - %g} <0
(25)

if and only if &} > 1since each parameter has a positive
value. Computing the expression in equation (23), we have
obtained the result given by

B
Ap=-0 -
Bl

if and only if %% > 1 since each of the parameters is positive.
Thus, the pneumonia submodel given in equation (19) has a
unique positive endemic equilibrium point only
whenever %% > 1.

Lemma 6. The pneumonia submodel given in equation (19) has
a unique positive endemic equilibrium if and only if R% > 1.

3.3.3.  Global Asymptotic
Equilibrium Point

Stability  of Disease-Free

P ITKG K (KoK = ny) + p, K KO K (K +y) +&p TKGKG (K5 +y)

>0 (26)

Lemma 7. The pneumonia submodel (19) disease-free equi-
librium point given by the expression

Ep =((1-p)I (e +u) +ep,Llule; + ), (p,L/e; +p),s
0,0) is globally asymptotically stable if and only if RY < 1
and the two sufficient conditions given in Lemma 4 holds.

Proof. Using the criteria stated by Lemma 4 above on the
pneumonia submodel (19) and setting X € R? be the compo-
nents of noninfected individuals and V eR? be the



components of infected individuals including recovery class.
Then, we have determined the following matrices:

dx (1=p)I +&Pp+nPr—(Ap+u)S
=X V)= ,
il = (& +u)Pp
v ApS= (v +p+u,)P,
E: ](X) V) = )
YP = (u+1)Py

(I-p)T +&Pp—uS
1(X,0) = l ]

oI = (& +u)Pp

B,S
S*+PY

. —(yru+p) 0

B=DyJ(X",0) =

Y —(u+n)
(27)

After we perform some calculations, we have determined
that

. J (X, V)
J (X V)=
T 2(X,V)

B,S’P; _ B,PiS
S+P% N,

0
S0 S
p(_- =

P ’(shpg N2>

0

Since <5°, P, <Pg, one can show that S-S°<1, P,
- P?J <1, and] VI(X, V) > 0; thus, the disease-free equilib-
rium point ES = ((1-p,) (e, +u) +&,p, Tlu(e, + ), (p, T/
& +1),0,0) of the pneumonia monoinfection model (19)
is globally asymptotically stable if %} < 1. Epidemiologi-

Riyp = max { R}, Ry}

Prua(l - p;) + Bi&0)
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cally, it means whenever %% < 1, the pneumonia-only dis-
ease dies out while the total population increases. O

3.4. Qualitative Analysis of Pneumonia and HIV/AIDS
Coinfection Model. In Sections 3.2 and 3.3, we analyzed the
HIV/AIDS and pneumonia single infection models, respec-
tively, and based on the results on these submodels now con-
sidered and analyzed the full HIV/AIDS and pneumonia
coinfection model in the bounded region Q2 illustrated in
equation (7).

3.4.1. Stability of Disease-Free Equilibrium Point. The full
coinfection model (4) disease-free equilibrium point is com-
puted by setting each of the equations in the model equal to
zero in the absence of infections and treatment such that
H,=H,=P,=C=P; =Ty, =0. Thus, after some calcula-
tions, we have determined the HIV/AIDS and pneumonia
coinfection disease-free equilibrium point given by

EYp = (S°, Py, Hy, H), HY, P],  C°, P, TY,)
_ (I=p,—p) (e +p)(&y + ) +epy T+ 6,0, (&) + 1)
(e +p) (e +p)

,0,0,0,0,0,0).

el p,I
g tu & U
(29)

Similarly, using the same criteria stated in [22], the coin-
fection model (4) basic reproduction number denoted by
Ripis to be determined as

[ Bi(u(l-p,) + &) Bipa(l —p,) + Bi&0) ]
Wb nEre) | Wit E)Ere) ‘ 000
0 Br(p(1-py) +&) 000 0
. (Htp +y)(pte)
Fvo= 0 0 000 0|
0 0 00 0 0
0 0 00 0 0
0 0 000 0]
(30)

The coinfection model (4) basic reproduction number is
the dominant eigenvalue in magnitude of the next genera-
tion matrix F.V~! given by

- [BLO0 )
(& +1)(pte)

By(u(1-py) +&) } (31)
Is

(tp +&)(ute) (utp+y)(ute
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where %Y, represent the HIV/AIDS-only basic reproduction
number, %Y represents the pneumonia only basic reproduc-
tion number, and %Y, represents the coinfection basic
reproduction numbers, respectively.

In the similar manner of the single infections, the basic
reproduction number of HIV/AIDS and pneumonia coin-
fection is defined as the estimated number of secondary
infectious produced by one coinfected individual during its
entire period of infectiousness in the whole susceptible pop-
ulation, and the disease-free equilibrium point given by

0 0 DO 170 170 770 p0 0 DO 70
EHP:<S P,,Hp, H;, Hy, P}, C, PT’THA)

_ (I=p,—p)T (e +p) (& + ) +epy T + &0, (&) + H)
(e +u)(ey+p)

,0,0,0,0,0,0)

er pF
e+ ety
(32)

is locally asymptotically stable if and only if %Y, <1 and
unstable if &Y, > 1.

3.4.2. Endemic Equilibrium of the Model (4). The full coin-
fection model (4) endemic equilibrium points are deter-
mined by setting each differential equation equal to zero,
and we obtained the result given by

§* = (1=py =po)I + & Pp+&Hp + 1Py
(A +Ap+ )
P;: e x PlF 5>
(O +& +u)
* pZF
Hy=— 2
(8ey + p+ oAp)

A5S* + OAL P}
(H+& +T+¢Ap)
_ TH]

(Bt + &+ dyAp) )
ApS* +8A,Hj

*_

;=

S (ytututory)
c o QAP + ¢, A HT + ¢, A5 H*+pA*TI*M
(B+p;+0)
._ YR
T (u+n)
. _&H+&H;+6C
A (PAp + 1)

The coinfection model (4) we proposed is highly non-
linear, and hence, the explicit computation of the endemic
equilibrium point(s) in terms of the illustrated model
parameters is difficult analytically; however, based on the

previous analyses of the HIV/AIDS and pneumonia sub-
models, the endemic equilibrium point(s) represented by
Efp =(S*, P}, Hy, Hy ,HY, Py, C*, Py, Ty, ) exists whenever
9??{ >1 and 9??, >1, ie, %?ﬂ, > 1. The stability is shown
in the numerical simulation part.

3.4.3. Possibility of Existence of Backward Bifurcation for the
Coinfection Dynamical System (4). Let S=v,, Pp=v,, Hp =
vy, Hy=v,, Hy=v5, P =vs, C=v,, Pr=vg, and Ty, =V,
and the total human population is given by N=v, + v, +
V3 + Vg + Vg, Vg + Vo Vg + V.

Moreover, by the vector

T :
(V15 Vo> V35 Vis Vs, Vs Vo5 Vg, V) -, the dynamical system (4)

representation V=

will be rewritten as (dV/dt)=H(V) with H=
(hy, hyy by hyy b, B oy g, )T and

dv,

P (I=py—p)l +evy + v +1vg— (Ay + Ap + p) vy,
dv

d_t2 =hy=p,I' = (OAy + &, +p)v,,

dv

d_t3 =hy=p, I — (&, + U+ 0Ap)vs,

dv,

T hy=Agv, +OAgv, — (+ T+ & + P Ap)vy,

dv

d_ts =hs=tvy— (p+u + &+ $Ap)vs,

dvg

ar he = Apvy + 0Apvy = (y + ph + phy + PA) Vs

dv,

qr h; = @Ayve + 1 Apva + Gy Apvs + pApvy — (p + py + O) vy,

dv

T: =hg =yvs— (+n)vs,

dv.

7: =hg =& vy +&vs5 + Ov; — pApvy — v,

(34)

where Ay = (B,/N)[v, + avs + 9v;] for 1< p, <co and A =

(B,/N)[vg + wv;] for 1 <w < co.
Then, the Jacobian matrix of the new dynamical system
given in (22) at Ejyp, represented by J(EY;) and determined by

H & & E E, Ey Ey n 0
0 —(e,+u) 0 Es E, 0 E, 0 0
0 0 —(&,+4) O 0 Ey E, 0 0
0 0 0 Ey E, 0 E, 0 0
J(Epw) =] © 0 0 T —(utp+E) 0 0 0 o |,
0 0 0 0 0 Ey, Ey 0 0
0 0 0 0 0 0 —(u+u,+6) 0 0
0 0 0 0 0 y 0 —(u+n) 0
0 0 0 £ & 0 0 0 -
(35)

where E; = - (/31/N0)V1’ 2= (ﬁla/No)Vl’ 3= (.Bz/NO)
_(ﬁ1/NO)‘9V1 (ﬁz/NO)‘UVp 5= (ﬁllNO)VZ’EG_(ﬁ/
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No)a"”’g’E7:_(ﬁ1/NO)P1Vg’E8— (ﬁz/NO)Vs’ 9= (ﬁz/NO

Jwvy, Eyg = (/31/N0)V1 (ﬁllNO)‘SVz (u+7+8&), E;y = (B,
/NO)‘XVl (ﬁl/NO)‘SVz’ 2= (/31/N0)9V1 (/31/N0)6‘9Vg> E5
= (By/NOW + (B/NOIWS = (y + e+ 4y),  Eyy = (Bo/N") )

+ (B,/N®)wws.

Let us assume %% > %Y, without loss of the generality,
and %)p = 1, ie., &% = 1. Moreover, let B, = f* be a bifurca-
tion parameter. Solving for B, using %% =1 as &% = (B, (u
(I-p)+e)/(u+u,+y)(u+e)) =1, we determined as
B =By = ((u+p + )+ )/ (u(1=p)) +2,)).

Then, we compute the eigenvalues of the Jacobian matrix
J(EYp) at EYp, for B, =", and we determined the eigen-
values given by A, =—u<0 or A, =—(g; +u) <0 or Ay=—
(e, +4) <0 or Ay =E;=(B/NDW) + (B/N)OVy — (u+7
+&)=(u+T+&)AY, -1]<0 if B <1 or ;=0 or
As =Eys = (By/NO)W + (By/NO)WS = (y+p+py) = (y+p+
P)[BY—1]<0 if Rp<1 or A,=—(u+d;+6)<0 or Ag

—(u+n)<0 or Ay=-pu<0. From the computations,
we observed that all the eigenvalues are negative if Ry,
< 1. We apply the centre manifold theory stated in [31], to
illustrate that the dynamical system (4) undergoes the phe-
nomenon of forward bifurcation at %% = 1. For the eigenvec-
tors of the Jacobian J g for the case 5?013 =1, the right
eigenvectors at f3, =

given by y = (1, ¥, V3 Vi Vs Yoo Vs Vo Vo) are

B* corresponding to the zero eigenvalue

_ B (utn)ys + (& +u) (4 +1)Eys + (e + p)nyys
' p(ey + ) (u+1) 2
=0,y,= & +‘u)’5’)’4—0)’5 Y5> 0,y
K
=0,y,= ‘u—w”sJ’s =0,y5=0.
(36)

Left eigenvectors corresponding to the zero eigenvalue
atf3, = 85 that holds y.z =1, given by

Z2= (21529 23 24> Z5» 2> Z7» 2> Zg) and 2| =2, =23 = Z,

:Z6:Z7:ZSZZ9:OandZSZZ5>O~
(37)

After many steps of calculations and simplification, we
determined the bifurcation coefficients given by a and b as

9%h5(0,0)

9%h5(0,0
a= ZZSylySW s(0.0)

+225)3)5 “ov,ov =2B5z5y5[y1 + 3]

—&ByVs(u ) — (& + 1) (+ 1)ByVi — (&2 + )ny — p(p + 1)Byvs)|

=285z e +u)(u+n)

(38)
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Thus,

2 [B2Bos(um) + (22 + ) (+ WPV + (22 + )y + i+ MBYS] _

a=-2p5z:y:
Fazers wlag + ) (p+n)
0°h;
b= 5}’5# z5ys (V3 +7) > 0.

(39)

Therefore, using the criteria stated in [31], the HIV/AIDS
and pneumonia coinfection dynamical system (4) do not
exhibit the phenomenon of backward bifurcation whenever
Rip = A% = 1. Thus, there is no positive endemic equilibrium
point rather there is only the coinfection model disease-free
equilibrium point in the region at which %}, < 1.

4. Sensitivity and Numerical Analysis

In this section, we need to verify the qualitative analysis
results performed in Section 3, and we have performed
several sensitivity and numerical analyses. In this study, to
obtain more relevant model parameters illustrated in
Table 3, we have observed and reviewed different research
studies based on the mathematical modelling on infectious
diseases, and for some other parameters, we assumed realis-
tic values for the purpose of sensitivity and numerical anal-
yses and illustrations.

4.1. The Coinfection Model Sensitivity Analysis

Definition 8. Let z be variable; then, the normalized forward
sensitivity index of z which depends differentially on a
parameter 9 is defined as SEI D(9) = (0z/09) * (9/z) [27].

The sensitivity indices we have calculated in this subsection
allow to investigate the relative significance of various
parameters in the proposed HIV/AIDS and pneumonia
coinfection spreading dynamics. The parameter which has
larger magnitude than that of all other parameters is the
most sensitive parameter. Now, we can compute the sensi-
tivity indices in terms of the model basic reproduction
numbers %Y, and %Y since B, = max { RV, RS}

Applying the baseline parameter values given in Table 3,
we have derived Tables 4 and 5 to show the sensitivity indi-
ces of the model parameters.

In this study, with the baseline parameter values given in
Table 3, we have computed %Y =1.91 which implies that
HIV/AIDS spreads in the community, and we also have
determined the indices in Table 4. Sensitivity analysis results
show that the HIV/AIDS spreading rate 3, has the highest
impact on the HIV/AID only infection basic reproduction
number (e%%).

Similarly, using baseline parameter values given in
Table 3, we have computed %% =3.86 which implies that
pneumonia is spreading throughout the community, and
we also have computed the sensitivity indices as shown in
Table 5. Sensitivity analysis results show that the foremost
sensitive positive parameter is the pneumonia spreading
rate 3,. Using Tables 4 and 5, biologically, we can conclude
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TaBLE 3: Parameter values used for sensitivity and numerical
analyses.

Parameter Value Reference

r 1000 humans/day [21]

Y (1/64.5 x 365)/day (6]

& 0.005/day (7]

&, 0.0004/day (7]

t 0.00034/day (7]

t, 0. 057/day [13]

0 0.0021/day Assumed

D, D, 1 no unit Assumed

8,0 1 no unit Assumed

& 0.0023/day [25]

Us 0.15/day Assumed
1 no unit Assumed

" 0.1/day [13]

B 0.3425/day (6]

B, 0.0115/day [13]

P 0.597/day (7]

P, 0.006/day [7]

& 0.13/day [5]

y 0.2/day [13]

@, 0w 1 no unit Assumed

TABLE 4: Sensitivity indices for &Y, = %Y.

Sensitivity index Value

SEID(B,) 1

SEID(e,) +0.01

SEID(p,) -0.67

SEID(u,) +0.38

SEID(7) +0.31

SEID(§,) -0.56

SEID(&,) -0.45

SEID(«) +0.37

TaBLE 5: Sensitivity indices for %, = 9.

Sensitivity index Values

SEID(S,) +1

SEID(u,) +0.01

SEID(y) -0.60

SEID(g;) 0.21

SEID(p,) -0.72
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that the most sensitive parameters are the HIV/AIDS and
pneumonia spreading rates.

In this subsection, we performed numerical simulation
illustrated in Figure 2 to investigate the HIV/AIDS and
pneumonia coinfection model parameters sensitivity indices
with respect to the coinfection reproduction number, and
from the result, we observed that both the HIV and pneu-
monia spreading rates 3, and 3,, respectively, are epidemio-
logically the most sensitive parameters having a direct
proportionality with the HIV/AIDS and pneumonia repro-
duction numbers, respectively. Furthermore, the HIV infec-
tion protection portion (p,) and pneumonia infection
protection portion (p,) and treatment rates are more sensi-
tive parameters having an indirect proportionality with the
associated reproduction number.

4.2. The Coinfection Model Numerical Simulations. In this
part, we carried out simulations for the HIV/AIDS and
pneumonia codynamics by using the parameter baseline
values given in Table 3 mainly to verify the qualitative anal-
ysis performed throughout Section 3. To investigate the
numerical results of the constructed coinfection model (4),
the initial data should have nonnegative values because the
number of people in each class cannot be negative. In this
subsection, the numerical simulations were conducted with
MATLAB by applying the Runge-Kutta ODE45 method.
Throughout this subsection, we examine the behavior of
the coinfection model solutions and their convergence to
the corresponding equilibrium points, investigate the
impact of the model parameters on the diseases spreading
in the community, and more specifically examine the
effect of protection and treatment strategies on the dis-
eases spreading dynamics. In order to simulate the
HIV/AIDS and pneumonia coinfection model (4), set
the nonnegative initial data (S(0), Pp(0), Hp(0), H;(0),
H,,(0), P,(0), C(0), P£(0), Ty, (0)) = (1500, 350, 250, 150,
100, 200,90,85,70).

4.2.1. Simulation to Show Behaviour Solutions Whenever
RYp < 1. The numerical trajectories given in Figure 3 show
the behavior of the coinfection model solutions over time
whenever %, < 1. From this numerical result, we can justify
the qualitative results proved in Section 3.3.1. The HIV/AIDS
and pneumonia dynamical system (4) effective reproduction
number is calculated as Ry, = 0.46. We also observed that
after 100 days, the coinfection dynamical system solutions
converge to the disease-free equilibrium point if %Y, = max
{ R, A%} = max {0.46,0.87 } =0.87< 1. Epidemiologi-
cally, it means that the coinfection outbreaks in the population
will be eliminated in the near future.

4.2.2. Simulation to Show Solution Trajectories Whenever
RY, > 1. In this subsection, we have carried out the numerical
simulation of the coinfection dynamical to examine the solu-
tion trajectory behavior whenever %Y, = 3.86 > 1. Figure 4
shows that the simulation trajectories will converge to the
model endemic equilibrium point whenever the coinfection
model computed effective reproduction number is R, =
max { %Y, %%} = max {1.91,3.86 } = 3.86 > 1. It means that
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FIGURE 2: Simulation of sensitivity indices of parameters with respect to &Y%,
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F1GURE 3: Simulation of the dynamical system (4) solutions at %Y, = 0.46 < 1.

the HIV/AIDS and pneumonia coinfection model (4)

solutions approach to its endemic equilibrium point if %Y,
=3.86>1.

4.2.3. Simulation to Show the Impact of HIV Spreading Rate
on Pneumonia Transmission. Numerical simulation illus-
trated in Figure 5 investigates the impact of HIV spreading
rate 3, on the number of coinfected people denoted by C.

From the result, we observed that when we increase the value
of 3, then the number of coinfected people in the population
increases. Whenever HIV spreading rate 3, increases from a
value 0.00001 to a value 0.8, then the HIV/AIDS and pneumo-
nia coinfection population denoted by C is highly increases,
and thus, we recommend for the stakeholders to exert their
optimum effort on decrease the HIV spreading rate with
applying suitable intervention mechanisms.
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FIGURE 4: Simulation of the coinfection system (4) at &%, = 3.86 > 1.

3500

3000 A

2500 A

2000 A

1500 -

1000 -

Number of co-infectious population C

500 +

— B,=0.00001
— B,=0.60000
— j3,=10.80000

15 20 25 30

Time in days

F1GURE 5: Effect of HIV spreading rate 3, on the coinfection C.

4.2.4. Simulation to Investigate the Impact of Pneumonia
Spreading on the Coinfection. Numerical simulation illus-
trated in Figure 6 investigates the impact of pneumonia
spreading rate 8, on the number of coinfectious people
denoted by C. From the result, we observed that increasing
the value of 3, leads to an increase of the number of coinfec-
tious people in the population. Consequently, increasing pneu-

monia transmission rate 3, from 0.00001 to 0.8 leads to a
highly increase of HIV/AIDS and pneumonia coinfection C.

4.2.5. Treatment Impact on the Number of HIV-Infected
Population. In this subsection, we perform numerical simu-
lation illustrated in Figure 7 to investigate the impact of HIV
treatment (antiretroviral therapy or ART) rate (§;) on the
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F1GURE 6: Effect of pneumonia spreading rate 3, on the coinfection C.
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FiGure 7: Effect of treatment on HIV-infected population.

HIV-infected population denoted by H,. From the numeri-
cal simulation result, we observe that whenever we increase
the value of HIV treatment (antiretroviral therapy or ART)
rate (&) from 0.3 to 0.8, the number of HIV-infected popu-
lation is going down throughout the community.

4.2.6. Treatment Impact on the Number of AIDS Patients. In
this subsection, we perform numerical simulation illustrated
in Figure 8 to investigate the impact of HIV treatment (anti-
retroviral therapy or ART) rate (£,) on the AIDS patient
population denoted by H,. From the numerical simulation
result, we observe that whenever we increase the value of

HIV treatment (antiretroviral therapy or ART) rate (£,)
from 0.3 to 0.8, the number of AIDs patient population is
going down throughout the community.

4.2.7. Treatment Impact on HIV/AIDS and Pneumonia
Coinfection. In this part, we simulate the state variable which
represents HIV/AIDS and pneumonia coinfection dynamics
illustrated in Figure 9. From the result, we observed that
whenever the treatment rate 6 is going up, then the number
of HIV/AIDS and pneumonia population decreases in the
community. Epidemiologically, it means whenever the
stakeholders of human being health increase treatment
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Ficure 9: Effect of treatment rate 6 on the coinfection C.

intervention strategies from the rate 0.4 to the rate 0.8, this
implies that the number of HIV/AIDS and pneumonia coin-
fected individuals is going down.

4.2.8. Impact of the HIV/AIDS Spreading Rate f3, on RY,.
Simulation illustrated in Figure 10 investigates the influence
of the HIV/AIDS spreading rate f3; on the effective repro-
duction number %Y. Since increasing the HIV/AIDS
spreading rate leads to increase, the HIV/AIDS transmission
in the community health stakeholders shall introduce effec-

tive intervention strategies to minimize the value of f3; less
than 0.829.

4.2.9. Impact of Portion of Protection against HIV Infection
p, on RY%. The numerical simulation represented in
Figure 11 illustrated that the portion p, of the human
recruitment rate that entered to the HIV/AIDS protected
class using condom intervention strategy has a significant
effect on %%. From the result, we observed that increasing
the value of p, leads to a decrease in the spreading rate of
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FiGure 10: Effect of HIV/AIDS spreading rate 8, on &Y.
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Ficure 11: Effect of protection intervention portion p, on %%.

HIV/AIDS in the population. And we recommend for the
health stakeholders to introduce the portion of human
recruitment portion p,; more than 0.79 makes the effective

reproduction number value %Y, below unity.

4.2.10. Impact of HIV Infection Treatment &, on %Y. Simu-
lation illustrated in Figure 12 shows that the HIV treatment
rate &, has a significant effect on %Y. From the result, we
observed that whenever we increase the HIV treatment rate
&,, then the HIV spreading rate decreases in the population.
We recommend for the health stakeholders to exert their

optimum effort to introduce the HIV treatment rate £, more
than the value 0.97 to make %Y, less than unity.

4.2.11. Impact of Pneumonia Spreading Rate 3, on RS,
Numerical simulation illustrated in Figure 13 examined
the effect of pneumonia spreading rate 3, on the effective
reproduction of pneumonia 5. From the figure, we
observed that increasing the value of f3, leads to increase
the effective reproduction number of the pneumonia, and
whenever f3,<0.149, then &) < 1. Thus, stakeholders of
public health shall exert optimum effort to minimize the
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F1GURE 13: Effect of pneumonia transmission rate 3, on %5.

spreading rate f3, for prevention and controlling of pneu-
monia spreading throughout the population. Epidemiolog-
ically, it means that whenever the pneumonia spreading
rate increases, then the pneumonia disease increases in
the community, and the disease will be eliminated from
the population if 3, <0.154.

4.2.12. Impact of Portion p, of Pneumonia Protection on R5.
Numerical simulation illustrated in Figure 14 shows that
the portion p, of pneumonia protection of the human
recruitment rate has an influential impact on 5. From
the result, we observed that increasing the portion of

pneumonia protection decreases the pneumonia spreading
throughout the population. Thus, for stakeholders, we rec-
ommend to introduce the portion p, of the human
recruitment greater than 0.803 and to make the value of
R}, below one.

4.2.13. Impact of Pneumonia Treatment Rate y on RS,
Numerical simulation represented in Figure 15 illustrated
that the treatment rate y of pneumonia has a crucial indirect
role on %Y. From the result, we observed that whenever the
pneumonia treatment rate increases, then the pneumonia
spreading in the population decreases. Thus, we recommend
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for health stakeholders to exert their optimal effort to maxi-
mize treatment rate y more than the value 0.76 and making
the value of %), less than unity.

5. Conclusions

This study presented the HIV/AIDS and pneumonia coin-
fection dynamical system analysis to investigate protection
and treatment intervention mechanisms’ impacts on the
coinfection spreading dynamics. Using parameter values
adopted from published literatures, we have determined
some basic results from the HIV/AIDS and pneumonia
coinfection dynamical system qualitative and numerical
analysis stated as follows: the proposed coinfection model
has six equilibrium points; the HIV/AIDS submodel
disease-free and endemic equilibrium points that are both

globally and locally asymptotically stable whenever its effec-
tive reproduction number is less than one which indicates
that the HIV/AIDS submodel do not exhibits the phenome-
non of backward bifurcation; the pneumonia only disease-
free and endemic equilibrium points that are both globally
and locally asymptotically stable whenever its effective
reproduction number is less than one which indicates that
the pneumonia submodel do not exhibits the phenomenon
of backward bifurcation; and the HIV/AIDS and pneumonia
coinfection model disease-free and endemic equilibrium
points that are both globally and locally asymptotically sta-
ble whenever its effective reproduction number is less than
one which indicates that the HIV/AIDS submodel do not
exhibits the phenomenon of backward bifurcation. The
qualitative and quantitative sensitivity analyses reveal that
the disease-spreading rates, protection rates, and treatment
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rates are the most sensitive parameters at which the stake-
holders should give emphasis on these parameters and exert
their maximum effort to control the transmission of the dis-
eases in the community by applying suitable intervention
measures. The coinfection model numerical simulation per-
formed verified the qualitative results by investigating the
impacts of some model parameters on the models associated
with effective reproduction, the model state variables, and the
behavior of the coinfection model solutions regarding con-
vergence to the model equilibrium points. From the result,
we recommend to the health stakeholders to minimize the
disease-spreading rates and to maximize the protection and
treatment rates for reducing the effective reproduction num-
bers below one. Finally, since the model formulation in this
study is not exhaustive, any potential researcher can modify
this study in various ways, such as by incorporating optimal
control strategies, stochastic method, fractional order
approach, environment effects, age structure, or validating
models by collecting real data.

Data Availability

Data used to support the findings of this study are included
in the article

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Authors’ Contributions

The author has read and approved the final manuscript.

References

[1] H.-F. Huo and R. Chen, “Stability of an HIV/AIDS treatment
model with different stages,” Discrete Dynamics in Nature
and Society, vol. 2015, Article ID 630503, 9 pages, 2015.

[2] M. Martcheva, An Introduction to Mathematical Epidemiol-
ogy, vol. 61, Springer, New York, NY, USA, 2015.

[3] T.T.Mekonnen, “Mathematical model analysis and numerical
simulation for codynamics of meningitis and pneumonia
infection with intervention,” Scientific Reports, vol. 12, no. 1,
p- 2639, 2022.

[4] S. W. Teklu and T. T. Mekonnen, “HIV/AIDS-Pneumonia
Coinfection Model with Treatment at Each Infection Stage:
Mathematical Analysis and Numerical Simulation,” Journal
of Applied Mathematics, vol. 2021, Article ID 5444605, 21
pages, 2021.

[5] S. W. Teklu and K. P. Rao, “HIV/AIDS-pneumonia cody-
namics model analysis with vaccination and treatment,” Com-
putational and Mathematical Methods in Medicine, vol. 2022,
Article ID 3105734, 20 pages, 2022.

[6] N. Ringa, M. L. Diagne, H. Rwezaura, A. Omame, S. Y.
Tchoumi, and J. M. Tchuenche, “HIV and COVID-19 co-
infection: a mathematical model and optimal control,” Infor-
matics in Medicine Unlocked, vol. 31, article 100978, 2022.

[7] J. K. Nthiiri, G. O. Lavi, and A. Mayonge, “Mathematical
model of pneumonia and HIV/AIDS coinfection in the pres-
ence of protection,” International Journal of Mathematical
Analysis, vol. 9, no. 42, pp. 2069-2085, 2015.

19

[8] A. Babaei, H. Jafari, and A. Liya, “Mathematical models of
HIV/AIDS and drug addiction in prisons,” The European
Physical Journal Plus, vol. 135, no. 5, 2020.

[9] E.O. Omondi, R. W. Mbogo, and L. S. Luboobi, “Mathemati-
cal analysis of sex-structured population model of HIV infec-
tion in Kenya,” Letters in Biomathematics, vol. 5, no. 1,
pp. 174-194, 2018.

[10] O.a.]. Otieno, M. Joseph, and O. Paul, “Mathematical model
for pneumonia dynamics with carriers,” International Journal
of Mathematical Analysis, vol. 7, 2013.

[11] S. Saber, A. M. Alghamdi, G. A. Ahmed, and K. M. Alshehri,
“Mathematical modelling and optimal control of pneumonia
disease in sheep and goats in Al-Baha region with cost-
effective strategies,” AIMS Mathematics, vol. 7, no. 7,
pp. 12011-12049, 2022.

[12] M. Kizito and J. Tumwiine, “A mathematical model of treat-
ment and vaccination interventions of pneumococcal pneu-
monia infection dynamics,” Journal of Applied Mathematics,
vol. 2018, Article ID 2539465, 16 pages, 2018.

[13] G. T. Tilahun, O. D. Makinde, and D. Malonza, “Modelling
and optimal control of pneumonia disease with cost-effective
strategies,” Journal of Biological Dynamics, vol. 11, Supplement
2, pp. 400-426, 2017.

[14] S.]. Aston, “Pneumonia in the developing world:Characteristic
features and approach to management,” Respirology, vol. 22,
no. 7, pp. 1276-1287, 2017.

[15] M. Naveed, D. Baleanu, A. Raza, M. Rafig, A. H. Soori, and
M. Mobhsin, “Modeling the transmission dynamics of delayed
pneumonia-like diseases with a sensitivity of parameters,”
Advances in Difference Equations, vol. 2021, no. 1, 2021.

[16] C. W. Kanyiri, L. Luboobi, and M. Kimathi, “Application of
optimal control to influenza pneumonia coinfection with anti-
viral resistance,” Computational and Mathematical Methods in
Medicine, vol. 2020, Article ID 5984095, 15 pages, 2020.

[17] F. K. Mbabazi, J. Y. T. Mugisha, and M. Kimathi, “Global sta-
bility of pneumococcal pneumonia with awareness and satu-
rated treatment,” Journal of Applied Mathematics, vol. 2020,
Article ID 3243957, 12 pages, 2020.

[18] M. L. Ossaiugbo and N. I. Okposo, “Mathematical modeling
and analysis of pneumonia infection dynamics,” Science World
Journal, vol. 16, no. 2, pp. 73-80, 2021.

[19] J. Y. T. Mugisha, J. Ssebuliba, J. N. Nakakawa, C. R. Kikawa,
and A. Ssematimba, “Mathematical modeling of COVID-19
transmission dynamics in Uganda: implications of compla-
cency and early easing of lockdown,” PLoS One, vol. 16,
no. 2, article 0247456, 2021.

[20] S. Y. Tchoumi, M. L. Diagne, H. Rwezaura, and J. M.
Tchuenche, “Malaria and COVID-19 co-dynamics: A mathe-
matical model and optimal control,” Applied Mathematical
Modelling, vol. 99, pp. 294-327, 2021.

[21] I. Ahmed, E. F. Doungmo Goufo, A. Yusuf, P. Kumam,
P. Chaipanya, and K. Nonlaopon, “An epidemic prediction
from analysis of a combined HIV-COVID-19 co-infection
model via ABC-fractional operator,” Alexandria Engineering
Journal, vol. 60, no. 3, pp. 2979-2995, 2021.

[22] V. den Driessche, “Reproduction numbers and sub-threshold
endemic equilibria for compartmental models of disease trans-
mission,” Mathematical Biosciences, vol. 180, no. 1-2, pp. 29-
48, 2002.

[23] C. Castillo-Chavez, Z. Feng, and W. Huang, “On the computa-
tion of ro and its role on,” Mathematical Approaches for



20

(24]

(25]

[26]

(27]

(28]

(29]

(30]

(31]

(32]

(33]

(34]

(35]

(36]

Emerging and Reemerging Infectious Diseases: An Introduction,
vol. 1, p. 229, 2002.

S. W. Teklu, “Mathematical analysis of the transmission
dynamics of COVID-19 infection in the presence of interven-
tion strategies,” Journal of Biological Dynamics, vol. 16, no. 1,
pp. 640-664, 2022.

J. Lutera, D. Mbete, and S. Wangila, “Co-infection model of
HIV/AIDS-pneumonia on the effect of treatment at initial
and final stages,” IOSR Journal of Mathematics, vol. 14, no. 5,
pp. 56-81, 2018.

S. R. Bandekar and M. Ghosh, “A co-infection model on TB -
COVID-19 with optimal control and sensitivity analysis,”
Mathematics and Computers in Simulation, vol. 200, pp. 1-
31, 2022.

N. Chitnis, J. M. Hyman, and J. M. Cushing, “Determining
important parameters in the spread of malaria through the
sensitivity analysis of a mathematical model,” Bulletin of
Mathematical Biology, vol. 70, no. 5, pp. 1272-1296, 2008.

S. W. Teklu and B. B. Terefe, “COVID-19 and syphilis co-
dynamic analysis using mathematical modeling approach,”
Frontiers in Applied Mathematics and Statistics, vol. 8, p. 140,
2023.

S. W. Teklu and B. B. Terefe, “Mathematical modeling investi-
gation of violence and racism coexistence as a contagious dis-
ease dynamics in a community,” Computational and
Mathematical Methods in Medicine, vol. 2022, Article 1D
7192795, 13 pages, 2022.

S. W. Teklu and B. B. Terefe, “Mathematical modeling analysis
on the dynamics of university students animosity towards
mathematics with optimal control theory,” Scientific Reports,
vol. 12, no. 1, article 11578, 2022.

C. Castillo-Chavez and B. Song, “Dynamical models of tuber-
culosis and their applications,” Mathematical Biosciences and
Engineering, vol. 1, no. 2, pp. 361-404, 2004.

R. Aggarwal and Y. A. Raj, “A fractional order HIV-TB co-
infection model in the presence of exogenous reinfection and
recurrent TB,” Nonlinear Dynamics, vol. 104, no. 4,
pp. 4701-4725, 2021.

A. Tanvi, A. Rajput, and M. Sajid, “Modeling the optimal
interventions to curtail the cluster based COVID-19 pandemic
in India: efficacy of prevention measures,” Applied and Com-
putational Mathematics, vol. 20, pp. 70-94, 2021.

Tanvi and R. Aggarwal, “Estimating the impact of antiretrovi-
ral therapy on HIV-TB co-infection: optimal strategy predic-
tion,” International Journal of Biomathematics, vol. 14, no. 1,
article 2150004, 2021.

R. Aggarwal, “Stability analysis of a delayed HIV-TB co-
infection model in resource limitation settings,” Chaos, Soli-
tons & Fractals, vol. 140, article 110138, 2020.

S. W. Teklu and B. S. Kotola, “A dynamical analysis and
numerical simulation of COVID-19 and HIV/AIDS co-
infection with intervention strategies,” Journal of Biological
Dynamics, vol. 17, no. 1, article 2175920, 2023.

BioMed Research International



	Investigating the Effects of Intervention Strategies on Pneumonia and HIV/AIDS Coinfection Model
	1. Introduction
	2. Model Description and Formulation
	3. Qualitative Analysis of the Model (4)
	3.1. Nonnegativity and Boundedness of the Model Solutions
	3.2. Qualitative Analysis HIV/AIDS Infection Submodel
	3.2.1. Local Stability of Disease-Free Equilibrium Point
	3.2.2. Endemic Equilibrium Point (S) Existence and Uniqueness
	3.2.3. DFE Global Asymptotic Stability

	3.3. Qualitative Analysis of Pneumonia Infection Submodel
	3.3.1. Local Stability of Disease-Free Equilibrium Point
	3.3.2. Existence and Uniqueness of Endemic Equilibrium Point
	3.3.3. Global Asymptotic Stability of Disease-Free Equilibrium Point

	3.4. Qualitative Analysis of Pneumonia and HIV/AIDS Coinfection Model
	3.4.1. Stability of Disease-Free Equilibrium Point
	3.4.2. Endemic Equilibrium of the Model (4)
	3.4.3. Possibility of Existence of Backward Bifurcation for the Coinfection Dynamical System (4)


	4. Sensitivity and Numerical Analysis
	4.1. The Coinfection Model Sensitivity Analysis
	4.2. The Coinfection Model Numerical Simulations
	4.2.1. Simulation to Show Behaviour Solutions Whenever RHP0<1
	4.2.2. Simulation to Show Solution Trajectories Whenever RHP0>1
	4.2.3. Simulation to Show the Impact of HIV Spreading Rate on Pneumonia Transmission
	4.2.4. Simulation to Investigate the Impact of Pneumonia Spreading on the Coinfection
	4.2.5. Treatment Impact on the Number of HIV-Infected Population
	4.2.6. Treatment Impact on the Number of AIDS Patients
	4.2.7. Treatment Impact on HIV/AIDS and Pneumonia Coinfection
	4.2.8. Impact of the HIV/AIDS Spreading Rate β1 on RH0
	4.2.9. Impact of Portion of Protection against HIV Infection p2 on RH0
	4.2.10. Impact of HIV Infection Treatment ξ1 on RH0
	4.2.11. Impact of Pneumonia Spreading Rate β2 on RP0
	4.2.12. Impact of Portion p1 of Pneumonia Protection on RP0
	4.2.13. Impact of Pneumonia Treatment Rate γ on RP0


	5. Conclusions
	Data Availability
	Conflicts of Interest
	Authors’ Contributions



