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In this study, the predefined time synchronization problem of a class of uncertain chaotic systems with unknown control gain
function is considered. Based on the fuzzy logic system and varying-time terminal sliding mode control technology, the predefined
time synchronization between the master system and the slave system can be realized by the proposed control method in this
study. The simulation results confirm the theoretical analysis.

1. Introduction

In recent decades, chaotic synchronization has been a
research hotspot. The main reason is its wide application,
such as in the fields of secure communication, biological
systems, and so on [1-6]. Up to now, there are many
synchronization methods between two chaotic systems,
such as adaptive control [7-11], active control [12-14],
impulsive control [15-17], and sliding mode control
[18-23]. Among them, sliding mode control is deeply
concerned by scholars because of its simple control
principle and good robustness. Under the influence of
unknown parameters and disturbances, two kinds of
sliding mode synchronization methods were studied in
[19]. Subsequently, to realize the state transient perfor-
mance of the controlled system, many terminal sliding
mode control methods were proposed. For example, a
terminal sliding mode control method was employed in
[22] and the synchronization of coronary artery system
was realized. For fractional-order chaotic systems, [23]
proposed a fractional-order terminal sliding mode control
method, which synchronized two uncertain fractional-
order systems. It should be pointed out that the initial
value of the system should not be too far from the sliding
mode; otherwise, the control performance will be affected.

It should also be considered that the gain of the dis-
continuous controller should not be large, which will
increase the serious chattering problem. In order to solve
the above problems, a varying-time terminal sliding mode
control method will be used to realize the predefined time
synchronization of two uncertain chaotic systems.

In this study, the predefined time synchronization of the
main system and the slave system is considered. The main
highlights are as follows: the synchronization of two un-
certain chaotic systems is realized by the varying-time
sliding mode control method, and the case where the
controller gain is unknown is considered. The rest of this
study is organized as follows. Some preliminaries are given
in Section 2. A preset time terminal sliding mode is proposed
and main results are investigated in Section 3. A synchro-
nization example is shown in Section 4. Finally, Section 5
gives a brief conclusion.

2. Preliminaries
The master system is described as

{ézé’ (1)
52 = fl (t’£1>52)>
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where £,&, € R are the states of system (1), and
f1(t.¢,,&,) € R is a nonlinear function.
The slave system is described as

{’71 = 2)
iy = fo(tmsm) + g(tn, m)u

where #,,#, € R are the states of system (2),
f,(t, 1y, 1,) € Risanonlinear function, u € R is the control
input, and g(t,#,,1,) is a control gain function.

Define synchronization errors e; = 1, — &, e, = 11, — &,.
The aim of this study is to design a varying-time terminal
sliding mode control method, so that the synchronization
error e; reaches a small neighborhood of zero in the pre-
defined time. According to (1) and (2), one gets the syn-
chronization error system as

{él =e,, 3)
&= fr(tmm) = F1(68,6) + gt ny)u.

In order to design the controller in this study, the fol-
lowing assumptions need to be made.

Assumption 1. States &, &,, 7, 1, are measurable, and initial
values &, (0) = 7, (0).

Assumption 2. f,(t,&,,¢&,) and f,(t,7,,1,) are unknown
but bounded.

Assumption 3. g(t,n,,4,) is unknown strictly positive and
there exists a positive constant y, such that g(t,7,,%,) > x.

Remark 1. &,(0) = #, (0) in Assumption 1 is to ensure that
the initial value of error system (3) belongs to the sliding
mode, which will be designed later. Assumption 2 ensures
that the fuzzy logic system can be used to estimate the
unknown function.

In order to achieve the aim of this study, the time-
varying terminal sliding mode is considered:

/

e, +Pe; +20t+ 4, +/\3(e1 + At +A2t+oc)qp, t<T,

z =
e, + fe +/\3e?/‘o, t>T,

(4)

where T is a preset time, 0<g/p<1, q and p are the odds,
a, B are the design positive constant, and A, A,, and A, satisty
the following conditions:

(1) In order to ensure that the initial value of system (3)
belongs to the sliding mode (4), i.e.,

Be, (0) + A, + A5 (e, (0) + a)? = 0. (5)

(2) The sliding mode (4) is continuous at t = T, i.e,,
{ 2MT + 24, =0,

6
MT?+A,T +a=0. (6)

(3) In order to ensure that sliding mode (4) can quickly
approach the origin, i.e.,
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Ay > 0. (7)
Let

e+ M+ Mt +a, t<T,
A= (8)

e, t>T.

Remark 2. The derivation of A?? with respect to time t may
appear singular problem, and we modify A7P7'A as

APV (e, 420t +1,) Lfort<TandA#0,
ATPTA = 0 Jfort<TandA =0,
ATP e, ,fort>Tand A#0,
0 Jfort>TandA = 0.
9
3. Main Result

Since &,,&,,7,,n, are measurable, unknown functions
f1t¢.8), f,(t.n,n,), and g(t,4,,1,) can be estimated
by fuzzy logic systems [24, 25]. For f, (¢, &1, &,), 5 (11, 1,),
and g(t,#4;,4,), there exist H;ITgofl(Eljz), Hf*z (pfz(m,nz),
and Gg*T(pg(ql,nz), such that

fH6ELE) = 9;1T¢f1 (§1,6,) + €f) (§1,55),
fatonsm) =0;"g, (nom) +er,(nom),  (10)
gt ) =05 9, (s 12) + €, (11 12),

where sfl(fl,fz), s, (1) ar}d 8%(171,172) Tare the
bounded fuzzy estimation errors, 67", 67", and 6, " are the
ideal weight vectors, and ¢/ (§,,€,), ¢4 (11,7,), and

¢4 (111, 1,) are the Gaussian functions.
From (3) and (4), the derivative of z with respect to t can
be obtained as

2= foltbnum) = f1(68L8,) + ey + g(tmy,1y)u

2, + )L%A"/q’lA, t<T

A3%AP/‘1‘ A t>T

=00, (1)~ 0579 (6,6 + ey + &7, (m1:12)
— & (&,8) + G;T?’g (111> 12) e + g (171511 )u

21, + A%Al”q‘ A, t<T,

/\%A"/q_ A t>T.

(11)

Now, design the controller as
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u=u,+u,

~T
0,94 (11:12)
e ~T 2
(Ggwg(npnz)) +1

- T ~T -
-0 95, (nm2) + 07 95 (§18) —kiz = Pe,

21, - A%AP’T A t<T

+ (12)

N AaPaTA ST

L s

~T
eg(Pg (11, m2)1
2 .
<9g¢g (111,112)) +1

>

Ilsi
"y = |IT|sign (z) ,

S ((55%(111,'12))2 + l)x

where k; is a design positive constant, and éfl’ 6 ¢, and @g
are the estimations of 9*‘2 6}2, and 0;. The parameter ad-
aptation laws of 0 andf 8y, are given by

0 = yfl(_zq)fl (fl’ 52) - 8f16f1)’

01, =v5,(205, (1:m2) = 8.,8,,), (13)

é g Yg(zue(Pg (711’ ’72) - agég)’

where y;, ys,, g 05, 05, and §, are the design positive
constants. Let e(t) = & (§1,8,) + e (1, 1,) + &5 (11, 112) .
Obviously, e(t) is bounded, i.e., there exists a positive
constant £*, such that |e(t)] < ¢*.

Theorem 1. Under Assumptions 1-3, if the time-varying
terminal sliding mode (4), controller (12), and parameter
adaptive laws (13) are employed, then all signals in (14) are
bounded.

Proof. Consider the following Lyapunov function:
1 11~ 1

V, =2 +—6§ O +—

LI ST 8

where 6, = 0}1 —'Hfl, O = 9;2 -0, and Hg =0, -0,
From (11), derivation of V; with respect to t yields

T~ 1 -7~
8,0, + ,792%’ (14)

. 1 1= 1 —r=
Vi=zi-—8.0,-—08
! y 005y 00y,
6707, (1:m:) =07 07 (£1,6) + ey + ()]

+0, 19, (1> 1 )ute + g (8111 )i

21, + /\3%&”/'1" A t<T

A%AP"F A t>T

1 -1 = 1 -1 = 1 -1~
~—8,0,-—0,0,-—8,0,
yf1 ' ' yfz ’ ’ Yg

~T ~T

szq’fz (nom,) = efl(/’fl (§1,85) + Pey +e(t)
=T ~T —~T
0,05, (1:1m2) = 07 97, (§1,8,) + 0,0, (1> 1)1

=T
+eg¢g (’11’ ’72)”2 + g9 (t’ M ’12)”3

21, + /\%AM"IA, t<T

IAPTIA ST
L p _
112 112 1 1=
~— 8,0, -—0,0,-—0,0,
yf1 1 yfz ’ Yg
(15)

Substituting (12) and (13) to (15) yields

! 9(t’ 711”72)|Z”|7T|

v 1 () + )

V, = —k,2* -

~T = =T = =T=
+ Ze(t) + 8f16f16f1 + 8f26f26fz + 656g6g

< - kZZZ + ZS(t) + 8f15§1§f1 + 8/[2@;2@& + 696:@5
(16)

Since the following inequalities hold:



1 *
ze(t) gzzz +e,

*T
007,05, <5 (7,0, + 0370, ). (17)

( 6,8/,+0;. 9f)

substituting (12) into V, yields

Of 1
1_ (k —7>z2— 19f19f1

where R* = ¢* +6f/26*T0f +6f/20f 0% . Selecting k,,
8, and §,, such that 1, = mln{ 2ky = 1/2,y4, 6f V5, 6f§>0
then

6,8,,8;,<

O 1 ~
foiT :
L R, ()

V,< -4V, +R". (19)

According to (19), we can conclude that all signals in (14)
are bounded. This completes the proof. |

Remark 3. For t>T, e, =€, =z—fe; - )\36?/17, with the
boundedness of z; there exists unknown constant b*, such
that |z| <b*. Let V, = 1/2¢2, and one has

V,=e€

= 91( - Pe, - 391 ) (20)

1
< —(ﬁ—;)el AP 1,

Let $>1/4 and define

*2
=de/|1,e?P! b_ (21)
11743%1 —1 » >

where v € (0,1). Obv1ously, if e€Q, V,<-
AP 1 b2 < — L,e??*! <0, V, will monotonically de-
crease only to enter Q Therefore, we obtain the conver-
gence range of the tracking error e;.

4. Numerical Simulations

In this section, the chaotic gyroscope system [26] is taken as
an example to show the effectiveness of the proposed
method (12). For the master system (1), define f, (¢,&,¢&,) =
~10% (1- cos &,)*/sin*¢, + sin &, — 0.5, — 0.05¢ 3 + 35.7 sin
(2t)sin &,. For the slave system (2), define f, (¢, %;,1,) =
-10%(1-  cos #,)*/sin®y, +sin &~ 0.51, — 0.0513 + 35.5
sin(2t)sin #,, g(t,#;,1,) = 5 + sin #,. Obviously, g (¢, #,,
#,)>x=3. 'The initial values & (0)=-1, &(0)=1,
17, (0) = 2, and #, (0) = 1. The fuzzy membership functions
are selected as

¢(p) = eXP[—— <’$225]) ] (22)

wherep =¢&,,&,, 11,1, j = 1,2,3,4,5. First, select a group of
parameters as T =2,k; =3,q=3,p=5,=3,0a =51, =
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Figure 1: Time response trajectory of e; by using the proposed
method (12) with T = 2s.
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Figure 2: Time response trajectories of & and #; by using the
proposed method (12) with T = 2s.

~5/4, A, =5,1; = 14/2°”%, and the simulation results are
shown in Figures 1-3. Figures 1 and 2 show that the state &,
of master system (1) and the state #, of slave system (2) are
synchronized after T = 2s. In order to overcome the in-
fluence of unknown gain g (¢, #;, 11,), Figure 3 shows that the
controller u fluctuates at T = 2s, and then, the controller has
a small chattering phenomenon.

Extend the predefined time to T = 5s, and parameters
modify as A, = —1/5,1, = 2,A; = 11/2*°; other parameters
remain unchanged. The simulation results are shown in
Figures 4-6. Figures 4 and 5 show that states &, and #, are
synchronized after T = 5s (Figure 6). The controller u also
has a small fluctuation at ¢t = 5s, and the chattering phe-
nomenon is very small.

Obviously, the proposed control method (12) in this
study can ensure the synchronization between master
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FIGURE 3: Time response trajectory of controller u by using the proposed method (12) with T = 2s.
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FIGURE 4: Time response trajectory of e; by using the proposed method (12) with T = 5s.
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Ficure 5: Time response trajectories of &, and #, by using the proposed method (12) with T = 5s.
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FIGUure 6: Time response trajectory of controller u by using the
proposed method (12) with T' = 5s.

system (1) and slave system (2) at a predefined time and can
also overcome the influence of unknown gain g(t, #;, %,).

5. Conclusion

In this study, the predefined time synchronization problem
of uncertain chaotic systems was investigated. The fuzzy
logic system was used to estimate the unknown function. A
time-varying sliding mode was constructed. The proposed
varying-time terminal sliding mode control method in this
study made all signals bounded and the synchronization
error entered a small neighborhood of zero after the pre-
defined time. Simulation results show the effectiveness of the
method.
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