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This article proposes a collocation approach based on a redefined quintic B-spline basis for solving the time-fractional Whitham-
Broer-Kaup equations. The presented method involves discretizing the time-fractional derivatives using an L,-approximation
scheme and then approximating the spatial derivatives using the redefined quintic B-spline basis. The von Neumann technique
has been used to demonstrate that the proposed method is unconditionally stable. The error estimates are discussed and show
that the proposed method is third-order convergent. The results demonstrate the potential of the proposed method as a

reliable tool for solving fractional differential equations.

1. Introduction

Fractional calculus has grown significantly in relevance in
recent years. The fractional derivatives and integrals have been
used in numerous applications in the fields of science and
engineering, including but not limited to fluid mechanics,
chemical physics, electricity, control theory, epidemic diseases,
biomedicine, signal processing, and issues with heat conduc-
tion and diffusion [1-5]. There are several definitions of
fractional-order derivatives, each with a variety of uses [6-10].

The Whitham-Broer-Kaup (WBK) equations are a set of
coupled nonlinear partial differential equations that describe
the propagation of shallow water waves in a channel. Its
fractional counterpart describes shallow water in a porous
medium, which can absorb wave energy and prevent tsu-
namis. Several analytical and numerical methods have been
developed to solve the WBK equations [11-14]. Wang and
Chen [15] applied an analytic iterative technique called the
residual power series method to solve time-fractional WBK
equations. Wang et al. [14] proposed the generalized expo-
nential rational function method to elucidate the basic solu-
tion properties of the WBK equation. Wang et al. [16] used

the generalized projective Riccati equation method to solve
the classical WBK equations. Yasmin [17] used the Yang
decomposition method for fractional-order nonlinear WBK
equations. Sadat and Kassem [18] used Lie point symmetries
for the fractional Riemann-Liouville system to reduce frac-
tional WBK equations to nonlinear fractional ordinary dif-
ferential equations using the prolongation theorem. Wang
and Li [19] provided a streamlined homogeneous balance
technique to investigate the shallow water small-amplitude
WBK model equations. Nonlaopon et al. [20] used the
Laplace homotopy perturbation transform technique to
solve the fractional-order WBK equations. Cao et al. [13]
used the conformal fractional derivative to transform the
nonlinear space-time fraction WBK equation into an ordi-
nary differential equation and then used the complete poly-
nomial discriminant system to find the exact solutions. Ali
et al. [21] applied the Laplace Adomian decomposition tech-
nique to obtain an approximate solution of the nonlinear
coupled system of WBK equations of time-space fractional
order. Shah et al. [22] used the g-homotopy analysis trans-
form method and the natural decomposition method to
solve time-fractional WBK equations. Our paper focuses
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on the homogeneous and nonhomogeneous fractional WBK
equations that take the following form [23]:

0" u(x, t)

ou(x,t)  Ov(x,t)  u(xt)
"

ux1) ax | oax 1

=f(5.1),
(1)

ov(x, t)
0x

ou(x, t) a3u(x, t)

0v(x, )
ox TP ox3

3 +u(x, t)

+v(x, t)

0%v(x, 1)
457 = g(x,t),x €[a, b],t €0, T],

subject to the initial conditions

x€la b,

ua, t) =y, (), u(b,t) =y,(t),
u(at) =y5(t), u(b,t) = I//4(’5)” telo.d, (4)
v(at)=¢,(t), (b 1) =,(1),
ve(a, 1) = ds(t),  vi(bt) = @y(t),

where v, (1), ¥, (£), y5(£), v4(£), ¢, (1), ¢,(1), ¢5(t), and
¢,(t) are supposed to be smooth functions with continuous
first-order derivatives and u(x, t) represents the horizontal
velocity, while v(x, t) denotes the height that deviates from
the equilibrium position. The constants p and g are real
numbers, which are expressed as different diffusion powers,
and d“/dt* is the Caputo derivative operator, where 0 < ar < 1.
When « = 1, the resulting equations are the usual WBK equa-
tions. Importantly, setting p = 1 and g = 0 yields the fractional-
order modified Boussinesq (MB) equation, while setting p =0
and g =1/2 produces the fractional-order approximate long
wave (ALW) equation.

The collocation method is widely used to obtain solu-
tions for partial differential equations [24-27]. Depending
on the situation, it can be useful to find the solution of
fractional partial differential equations (FPDEs) at various
locations within the given problem domain. In such cases,
spline solutions can provide information on spline interpo-
lation between mesh points. The nonpolynomial, cubic,
quadratic, trigonometric, and quintic B-spline methods are
used to solve many fractional-order partial differential equa-
tions [28-32].

In the usual collocation method, the basis functions are
required to vanish on the boundary where the Dirichlet-
type boundary conditions are specified. However, in the set
of quintic B-splines {Q_,, Q_;, Qy, ***, Qn> Qny1> Qnaa }> the
basis functions Q_,, Q_;, Qq» ***» Qn»> Q1> Q4o do not van-
ish at one of the boundary points. Therefore, it is necessary
to redefine the basis functions into a new set of basis func-
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tions that vanish on the boundary where the Dirichlet-type
boundary conditions are specified. The primary goal of this
work is to propose an efficient computational approach
based on a redefined quintic B-spline (RQBS) algorithm
for obtaining the numerical solution of time-fractional
WBK equations. RQBS functions are essentially a generaliza-
tion of typical quintic B-spline functions that include a free
parameter that gives the ability to adjust the solution curve.
We used the L,-approximation formula to discretize the
Caputo time-fractional derivative, whereas RQBS functions
are used to discretize the spatial derivatives. This approach
is developed for numerical solutions of fractional-order
WBK equations. Moreover, this scheme is equally effective
for homogeneous and nonhomogeneous FPDEs. The
redefined quintic B-spline collocation discretization for the
problem considered leads to a system with the pentadiagonal
matrix.

This paper’s brief outline is as follows. In Section 2, we
provide some basic definitions and lemmas. In Section 3,
we explain the quintic B-spline collocation scheme and its
redefinition. Then, we describe the method and apply it to
the coupled time-fractional WBK equation. Section 4 dis-
cusses the von Neumann technique for ensuring the stability
of the method. Error analysis is discussed in Section 5. In
Section 6, numerical examples are presented to demonstrate
the applicability and accuracy of the proposed method.
Finally, we finished this paper with the conclusion.

2. Basic Concepts

In this section, we will introduce some fundamental defini-
tions of the fractional derivative of order a where « > 0.
Numerous definitions of the fractional derivative can be found
in the literature, but the Riemann-Liouville and Caputo frac-
tional derivatives are the most widely utilized ones.

Definition 1. The Riemann-Liouville fractional derivative of
order a>0,n—1<a<nnelN of a function f € Ca, b), is
defined by

f(@)

1y ]
aDz (t)_F(n—a)WL (t__l_)a—nﬂd . (5)

The fractional derivative used in this study is in the
Caputo meaning, which is defined as follows.

Definition 2 (see [6]). The Caputo fractional derivative of

order a>0,n—1<a<nnelN of a function f € Cla, D], is
defined by

(t—s)"*ds.  (6)

0"u(x, t) B 1 10" u(x,s)
o*  I(n-a) Jo ot"

3. Derivation Method

3.1. Temporal Discretization. Let t, = nt denote the integra-
tion time ¢, > 0; the time-fractional derivative is approxi-
mated by the L,-approximation [30, 33-35], which is valid
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for 0 < a < 1. Explicitly, the time Caputo derivative of order
« is replaced by the L,-approximation at f, which is given
in the following lemma.

Lemma 3 (see [36]). Suppose 0 < a< 1 and g(t) € C*[0, t,], it
holds that

i n —k-1 tk>:|

k=1

1 tn g,() %
F(l—oc)j (t,—t)" dt_F(Z—a) {9(% n19(t) -

1 I-a 27¢
<—|—+
I2-a)| 12 2-a

<t<t,

—(1+2" )} max|g"” ()77,
(7)

where 8¢ = (k+1)"* k'™, q=0

Lemma 4 (see [36]). Let 0< a < 1 and 8% = (k+1)"* - k'@
,k=0,1,--; then, 1=8,>87>--->8; — 0, as k — co.

Following Lemma 3 and some algebraic simplifications,
we can approximate the time Caputo derivative at f,,, as fol-
lows:

a(xUn+1() aoc (
ot* at“

n+1)

S u"- k+1
ot
(T *);
IV™I(x) 0V(%ty) (1) X
ot~ B ot~ B ‘x)kZ:(:) k (9)

) (Vn—k+1(x) _ V”_k(x)) " @(TZ—(x).

3.2. Quintic B-Spline Method. This section introduces the
quintic B-spline collocation method. We begin by dividing
the domain [a, b] into N subinterval [x;, x;,,] where a=x,
<X <Xy < -+ <Xy =b with uniform step h=x

j+1
=0,1,--+,N. The quintic B-spline functions Q;(x) for j=

_um k( )> (8)

—x; for j

120 U} =y, + 26y, + 66y} + 26y}, + Vi)
24h ( x) = _V] 2 10)’;"71 + 10)’7“ + V?Jrz’

6h’ (Uxx)‘ =Y+ 2y — 6] + 2y + Vi

20 (Upa)] = ~Vin + 210 = 2V} + Vs

3.3. Redefined Quintic B-Spline Method. To obtain an
approximate solution to systems (1) and (2), we have rede-
fined the quintic B-spline basis functions into a new set of
basis functions that vanish on the boundary points since

Q. (%), Q(x), Qy(x), Qi(x), Qy(x), Quoa(x), Quoy(x),

3
-2,-1,--,M + 1, M + 2 are described by the following rela-
thIlShlpS [32, 37-39]:
(r=2:4)", %€ [xj5%12)s
(e=x15) = 6(x = x1)°, X € [xj %)
) (x_xH)S 6(x—x;- 2)5+15( )5 xe[xp, X})
Qj(x)zw (xj+3—x)5 6(xj — x)5+15( Xj1 x)s, X € [Xp%10)s
(X3 = x)s 6(xji2 = x)5 X € [Xj1 %52)
X3 _x)S’ X € [Xj0%j13)s
0, otherwise.

(10)

The values of Q;(x) and its first three derivatives are
given in Table 1.

Let U(x, t) and V(x, t) be the quintic B-spline approxi-
mations of the exact solutions u(x,t) and v(x,t), respec-
tively, of the system considered in egs. (1) and (2). Since
the set of quintic B-splines forms a basis over the domain
a<x<b, the approximate solutions U(x,t) and V(x,1)
can be written as

N+2

= 2 1(HQ

]——2

(11)

N+2

= 2 p(1Q

=2

(12)

where y,(f) and p(t) are the time-dependent unknown
quantities to be computed and Q;(x) are the quintic B-
spline basis function as shown in Table 1.

Let Uj=U(x;t,) and V}=V(x;t,) be the approxi-
mate solutions of u(x, t) and v(x, t), respectively; then, U7,
V%, and their first three-order derivatives are determined at
the nth time level and the nodal points x; in terms of y}

and pf as

120 V7 = pil, + 26, +66p7 +26p,; + plly,

24h (V ) P; 2 109771 + 10P7+1 +P;l+2’ (13)
13
6h” (V)] = Py + 27, = 6p] + 20, + Pl
2 (V)] = =Py + 2P0 = 2P}y + Pl

Qn(x), Quy(x), and Qy,,(x) are nonzero at one of the
boundary points. The basis functions are redefined as
follows. Allowing the approximate solutions u(x,t) and
v(x,t) given by Egs. (11) and (12) to satisfy the bound-
ary conditions (Eq. (4)) and eliminating y_,(t), y_;(f),
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TaBLE 1: Quintic B-splines and their corresponding derivatives.
X Xj-3 Xj2 Xj-1 Xj Xjr1 Xjr2 X3
1 13 22 13 1
Qj 0 — — — — i 0
120 60 40 60 120
' 1 5 5 1
N ° 2 2 0 12k 3 0
1 1 1 1 1
Q! 0 S S . S S 0
! 6h’ 30’ W 30’ 6h’
Qm 0 _ 1 0 1 — 1 O
! 21 a K 21’
N
Yner(Ds Yaaa(8)s poy(8)s py(8)s Py (), and py,,(t) from _ ~
the resultant equations, we obtain the approximate solutions Vixnt)=W,(x 1) + Z(;P j(t) (%), (15)
=

for u(x, t) and v(x, t) as
where the weight functions W, (x,t) and W,(x,t) are

U(x,t) =W, (x,t) + Z yj(t)éj(x), (14) given by
j=0

(QLxo)wn (1) + Qs (o) w (1)) Qo) = ( QL) (1) + Qual(xo) v (1) ) Q1 (1)

Wil )= Q5 (%0) QL (%0) = QL (%0) Q.1 (o) (16)
 (Qualon)¥a(t) + Quea(¥a(8) Qs () = (Qn)¥al) + Qo (in)¥4 (1)) Q)
Q12 06w) Qe (1) = Qe () Quiz (3) ’
o (i) + @ 0)5(0) Qo) — (Qala)n(8) + Qalen)s(8) ()
26 t) =

Q3 (%) QL4 (%0) = Q5 (%0) Q1 (o) (17)
(QNalion) (1) + Qs (o)1) ) Quen (%) = Qs (on)a(t) + Qua () 4(1) ) Q%)
Q2 () Qs () = Qua () Qua (%) ’

+

and the basis functions Qj(x) as

Qil(xo)Qj(xO) -Q, (XO)QJ,'(xo) Qiz(xo)Qj(xo) - Q-z(xo)le‘(xo) .
Qi(x) - 7 ; Q,(x ; ; . =0,1,2
/) Q (%) Q1 (%0) — QL (%) Q1 (%) " Q5 (%) Q1 (%0) — QL (%) Q1 (%) ® !
Q%) =14 Q) 3<j<N-3
QII\I+2(xN)Qj(xN) - Qusz (xN)Qj,'(xN) Qzlm(xN) Qj(xn) — Quii (Xn) Q;("N) .
Qi(x) -~ = 7 Qui (X) + = . Quo(x)y j=N-2,N-1,N.
J( ) Quaa (0n) Qi (%) = Qo (%) Quz (%) e Qua(*n) Qut (¥n) = Qi (¥nv) Qua (%) R

(18)
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Substituting the values of Q; from Table 1 into Egs. W, (x,t) ==3(25¢,(t) + 13h ¢5(1))Q_,(x)
(16)-(18), we get 3
LML
(19)
Wi(x 1) ==3(25y,(t) + 13hy5(1)) Q,(x) *3 2 (562() = h4(1) Quar ()
%(5 ¥i(1) + hys(1) Q. (%) +3(13h ¢4(t) = 25 ¢, (1)) Quaa (%),
+ 2 (5900 () Qua (3 ~
and Q;(x) as
+3(13hy,(t) = 259, (1)) Qusa (%)
' 3 ' ;
Qi(x) +3(13h Qj(x)) +25Q)(x) ) Qa(x) - 5 (A Q%) +5Q(x) ) Qu(x)  j=0.1.2
Qi(x) =14 Qx), 3<j<N-3, (20)

3.4. Description of Numerical Method. In order to apply the
suggested method using the redefined set of quintic B-splines
basis functions Q; (x) to systems (1)-(4), we write the system

by approximate solutions U*! = W, (x;, t,,,) + Zjl\ioyj(tn +1)
Qj(’ﬁ') = (Wl)?+1 + Zj\lo)’;ﬁléj( x;) and VI =W, (x,t,,,)
+Zj1\i0pj(tn+l)Q]( )= (Wz)n+1 +Z] OPJ+1Q (x;) at (n+1)

time level and nodal points x;,i=1,2, -+, N as follows:

auUn+l 1 1 1 1
S (VU (V)P g(U) =
aav?ﬂ n n n n n
ot (UV ) +1 (VU ) “ q(vxx)i+l +P(Uxxx)i+l =9 +1’
(21)

where f17 = £, (x, t,.,) and g7 = £, (¥, .,

The Caputo fractional derivatives are discretized using
the L,-approximation as described in Egs. (8) and (9), and
the nonlinear terms (UU,)!"', (UV,)!", and (VU,)!!
are linearized using the linearization form given by Rubin
and Graves [40], (UU )" = UMY (U )"+ UN(U) - U
(U,);s we get

n
ry Sz(U?’k“ - U?’k) F U (U, + UNU,)
k=0

b(22)
—UNU)+ (V) +q(U )t =1,
n
Y S (Vi Vi) R U v+ U (V)
k=0 1 1 (23)
= UV + VI (U + V(U = VI(U,)!
- q(vxx)n+1 +p(Uxxx):'H1 = g:Hl

3 ! ! .
%) = 5 (5Q () ~hQi(n) ) Qe (%) +3(25 Qy(xx) = 135 Qf(xy) ) Quia(x)y j=N-2,N =L N.

where r=(7)*/(I'(2 -
(23), we get

«)). After simplifying Eqs. (22) and

(r+ (U ) )Un+1 + Un(U )n+1 + (V )n+1 +q( )n+1

= (r+ (U U} =1 Y SE(UF* Ui ™) + 7,
( x)z i k i i i
k=1

(24)
( ) n+1 Un+1 + Vn(U )n+l
( X>n+1 ( ):1+1 +p(U}CXX):'1+1
( (U;)Vi+ U (Vo) (25)
—r i (S (V?—kﬂ _ V?—k) + gln+1

k=1

Using Egs. (14) and (15) in Egs. (24) and (25), we obtain
(”’ (Ux)?) <(W1)?+1 + Zy}““@(x,)) +U} <(W1x)?+l + ZY?HQ;,'(":')>
=0 =0
N (<w2x>,."“ ' zpyﬂé,'-(x,») +q(<wm)r+l . zy;?*lo;'(x,-))
Jj=0
(T’+ (U ) Un —TZ(S“(U“ k+1 Un k) f”“,
( ( ) )((W )n+1 + Z n+1Q (xl > +(V < n+1 + ZV”H . )
+ V;’ ((Wlx)nﬂ + Zynﬂ ) + Un( sz n+1 + zpnﬂ )>

N
q(( el Y P (x, ) ( Lo )] +ZV}““Q (x,)>
j=0

n

rz (Vn k+1 V:l*k) +g:1+1_

k=1

=(r+(U)HVI+UHV)!

(26)
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where (V/X\/Jl)lwrl and (W)
the weight functions

n+l .
;  are the resulting terms from

N N
Y ((r+ (U1 Qyx) + U Q) +aQ] (x) ) ;™ + Y Q)
j=0 j=0
" o> ntl n n+l n+l
_ (T‘+(U )n)Un_rZSz(Un—kﬂ_Un—k) _W”“ +fn+1 Wli - (r+(UX)i)(W1)i + U:l(WlX)f
- x/i i i i 1i i
k=1 + (WZx):Hl + q(Wlxx):lH’
(27)
W"*l _ U YW n+1 U™(W n+l1
2 = (r+( x)i)( )i U (W)
N _ _ _ 1 1
Z((r+ (U)N)Qi(x;) + UrQi(x;) - q(,'\)]'-'(xl-))p}“l —q(Wa)i™ + (V)i (W) (29)
J=0 N + V?(Wlx)?ﬂ +p(W1xxx)?+l'
* (VR VIQE) s ) g
Jj=0 ~
" Using Eq. (20) and Table 1 for the coefficients Q;(x;),
= n Vn n V n_ 8“ V',"_k"'l — Vf'_k ~ ~ m
(r+ (U7 Vi + UV, rk; k( i i ) Q]’./(xl-), QJ'»(xi), and Q; (x;), we may rewrite systems (27)
A g and (28) as follows:
2i i 2
9
Tq,ygﬂ + qu?ﬂ + g)’;ﬂ — ]’legH,
99 39 3 9gh h =0 (30)
_Tp g+1 _ prqﬁl _ Zp gt+1 _ %P(r)ﬁl _ 5thT+l _ %PZH — h3G61+1’
47h 3h 7
1, n+l1 1, n+1 1, n+1 1, n+l n+l n+l n+l n+l 2 pn+l
a +a +a +a -— + — + — + — =h*F{",
1Yo 21 3Y2 1V3 192 Po 3 P1 64 2 24 P3 1 -1 (31)
ayet oyt gyt r st v dipgt + el + diphtdy it = G,
A A A A A h 5h 5h h
1 1 1 1 1 1 1 1 1 _ 12 sl
A5Yi TAYEL F AV Y i © g T P P P agPm SET L N )
Y+ gVt + Gyt Y Gy +dspl +dgpl! + dpitt + dyplt!t + dopltty =BG,
h 27h 3h 47h
N-1.n+l | N-1_ptl , N-1.ntl | N-1, ntl 1 1 1 1_ 12l
A Yoz ta Ynatayn Yo tays vy - ﬁpgrts Ty N2~ §P?\1+—1 @PK; =h"F', =N-1, (33)
clo VNS el YN el YR A YR i RS AT e, e+ R =GR,
9
Iyt s+ St =R
3 39 99 h 9gh =N (34)
p p p q q 3
Z)’?vtlz 7)’?\7}1 TY?\TH - jp?vtlz =5qhpi - —-pi =G,
where
G = (r+ (U)) VI + ULV —r Y S (Vi — vk
| s ) Sa(rovr)
= (r4 (U U =1 Y Sp (U =0 = w e ~W, gt i=0,1, N,

k=1
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and the following coeflicients

= e - 1T,
o= 2 (e« 2200 1a
= O () 205,
i=%((ux>?+r)+%h+g,
_ 35K 4TRVD 49p

— + s
192+ 1 192 16
L3V Lo

"
32 4 Y 32 8

>

C;:ipﬁ )n+27V§‘h2_ﬂ,
320+ 1 64 16

b=t G2,

4= 2 (e - 2
dé:%((Ux):‘+r)+3UTh+%,

B O (e« T

di:%« e -2,

e - T P ey O
= (e« L e e« SR
ey -2y,
A R R}
-2 (W eg a2 e e S
5 = () - B L

No1_ 69N R 27U% b 5q

11 —m« x)Nfl )’ 64 16’
LR AP EL U}
A= 2 (U e Tl g,

va_ K n Viah® p

>

G =10 (Va5 73

69h° 27V h* 15p
N1 Voo - N-1 il
11 _320< N1 62 16
N V7R 3VE R 9p
G =y Vo - =5~ 5
o 35K LYV a9
5= oy (Vv 192 16’
h Uy h q
N-1 _ N-1
o’ = (U 1) = =55~
69h* 27U% b 5q
N-1 _ n N-1
= g (U +) = =5 3,
170

2 3UK_ b 11q
IN-1 N-1
da =y (Udhetn) ===+ 5

470% _h 17
Pl S LM
192 48

Lo
7 W((Ux)f%r)—q,
i P ViR p
=V T o s
;13K SVIE
Cg= —— s
8760 N i 12

1317 5Uh q
b=~ (Ui == =5
s U'h q
b= (VN + 50— %

(36)



System (30) to (34) can be written in blocks of five-
diagonal matrices as follows:

A E B },n+l hZFrH-l
[”C’:'b] [’;,;,;i' = G- (37)

where

[0+l

Yo

n+l
n+l _ Y1

n+1

LYN

Lt

Po

n+1

n+1 P1

n+l

LPN ] (38)

[ pn+l ]
FO
Fn+1
n+1 1
F™ = s
n+1
_FN J
[ on+l ]
GO

1
GVI+
n+1 1
G = >

n+1
L GN a

and A, B, C, and D are (N + 1) x (N + 1) matrices where

ro
M sg 1 9 0 o 0 0 0
2 2
aj a ay ay 0 0 0 0 0
al a & a a 0 0 B 0 0
0 a@ a a a a 0 B 0 0
A= ,
0o 0 0 O aé\] -2 ag -2 aév -2 ag -2 agv -2
0 0 0 0 - 0 aft oat oat o al?
9
0 0 0 0 o o T 5 4
L 2 2

1201, (x;) =], +26y; , + 66y} +26),, + ¥},
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0 0o 0 0 0 0 - 0 0
47h 3h 27h
— = = — 0 0 0 0
192 32 64 24
h 5k Sh h
— = 0 = — 0 - 0 0
24 12 12 24
h 5k 5h h
0 -— -— 0 = — . 0 0
B= 24 12 12 24 ,
h  5h Sh h
0 0 0 -— - 0 = =
24 12 12 24
h 27h 3k 47h
0 0 0 - 0 -— - = =
24 64 32 192
| o 0 0 - 0 0 0 0 0 |
(39)
r297 1179 1
=2 2 0 0 0 0 0 0
4 2 4
c g ¢ g4 0 0o o0 0 0
& ¢ & g & 0o o0 0 0
co 0 a ¢ & a o 0 0 0
0 0 0 0 Cgv—z Cz6v-2 Cév—z Cév—z ng—z
0 0 0 0 0 Czl\i)_1 11_1 12_1 CII\IS_I
9 117 297
0 0 0 0 o o - =L =z
L 4 2 4l
9 -
A 55 -1 0 0 0o o0 0o 0
2 2
1 1 1 1
d d d d 0 o 0 0 0
2 2 2 2 2
& & & 4 Lo 0 - 0 0
oo | O & & & 4 4 0o 0 0
N-2 N-2 N-2 N-2 N-2
0 0 0 0 dN2 g g g gl
N-1 IN-1 N-1 IN-1
0 0 0 0 o dt ANt At dy
9
0o 0 0 0 o o -1 55 -
L 2 2 |
(40)

The initial vectors y? and p? may be calculated from
Eq. (13) and the initial conditions (Eq. (4)) as follows:

1201, (x;) = P}, +26p)_, +66p] +26p,, + pf., (41)

24hn, (x;) = *Y;')—z - 10}’?—1 + 10?’%1 + Yj')+2’ 24hn, (%) = ’P?—z - 10/’;‘)—1 + 10P?+1 + P;)+2’ (42)

61 (x;) =), + 200, = 6)) + 200, + s 67 (x)) =P, + 20, = 6p) + 200, + . (43)
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Equation (41) creates two systems, each consisting of N (42) and (43) at j=0 and j=N to eliminate each y°,, y°,,

i i i 0 0 0o 0 0 0
+ 1 equations and N + 5 unknown variables. So, using Egs. Vs Yaear Poas P15 Preps and pY,, from Eq. (41), we get
0 0 0 _ 2 N ! .
54y, +60y] +6y,= 12(h 1, (x0) + 6h711(x0)> +1207,(xy)> i=0,
101 0 0 0 0 _ 2 I ! i
Yo +2709] + 105y, +4y5 =3(hny (x;) + 4hn,(x,) ) + 4807, (x,), i=1,
Voo +267), +66y] +26¥], + ¥}, = 1207 (x,), i=2,--,N-2, (44)
433 + 105y}, + 270y, + 101y} = 4807 (xy 1) = 3(4h’7;(xN—1) - W;’(XN—l))’ i=N-1,
6 Yy + 60 iy + 54} = 12077 (x) = 126k (xx) = 1 (xx) ), i=N,
54 00 0 0_ 2 1 ! .
Po +60py +6py =12(h 11, (o) + 6hry(xo) ) + 12017, (x,), i=0,
101 p0 +270 p + 105 % + 4 pl) = 3<h2 il (x,) + 4hq;(x1)) +4807,(x,), i=1,
plo+26p) 1 +66p) +26 ), + pl, = 1207, (xy), i=2,,N-2, (45)
4pY_5 +105 pX, +270 py_y + 101 p = 4807 (xy_y) = 3(‘””7;("1\}71) -k W;/(fol))’ i=N-1,
6p% , +60p% | +54p% =120 —12(6hny(xy) — K1y i=N
P+ 60 py_y + 54 py = 12077, (xy) M (xx) 1, (xn) )» 1=N.

Systems (44) and (45) can be written in matrix form as
follows:

) T 12<h2 1 (x0) + 6hp; ( x0)> +1207,(x,)
54 60 6 0 0 0 0 0 ¥
101 270 105 4 0 0 0 ol (h (1) + 4hipy (x, ) +4807,(x,)
1 2 66 26 1 0 0 0 ¥ 1207, (x,)
0 1 26 66 26 1 0 0 ¥ 120 171(x3)
0o 0 - 0 1 26 66 26 1 Yos 1207, (xy-2)
0
0 0 - 00 4 105 270 101 }yy, 4801, (xn-1) = 3(4}”7;(fo1) - hz’7¥("N—1))
L0 0 - 0 0 0 6 60 54| ] , .
12017, (x) = 12((6hr; () = W} () »
i 46
i S [ ) s (xa)) + 120m,(%,)
54 60 6 0 0 0 0 - 0 P
101 270 105 4 0 0 0 o] (hz 1y (%) + 4h ’72("1)) +48077, (%)
1 26 66 26 1 0 0 0 0 12077, (x,)
0 1 26 66 26 1 0 0 o 1207, (x5)
0 0 - 0 1 2 66 26 1 ||p%, 12077, (xy_5)
0
0 0 0 0 4 105270 101 PN-1 480 P (xN—l) - 3<4h ’1;("1\171) - h2 71;, (xN—1)>
0 0 = 0 0 0 6 60 54 X
' TEIE L 0 - 126 - o )
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4. Stability Analysis

In this section, the stability of the suggested approach has
been investigated through the implementation of the von
Neumann technique. In order to execute this technique,
the nonlinear terms u(x, t)((9u(x, t))/0x), u(x, t)((0v(x, t))
/0x), and v(x, t)((0u(x, t))/0x) in Egs. (1) and (2) have been
linearized by regarding u(x, t) and v(x, t) as local constants
¢, and u,, respectively.

By implementing the L,-approximation method as
shown in Egs. (8) and (9) and subsequently linearizing the
nonlinear terms using the linearization form given by Rubin
and Graves [40], the substitution of the approximate solu-
tions for u, v, and their respective derivatives at the knots
in the modified equation results in a difference equation with
the variables y; and p; given as

as Vi +agyitt +ayit v ag v vag vl - 2ah F‘:Hfzl 12h P:Hll 1oh Pf‘ff
t pis = (ﬁlo Viat %Y?—l + %Y:ﬂ + g}’m + ﬁl())’Hz)
- Z & (120 (v - V?’zk) (VI‘ - V?Jf) (VI‘ -y
+ g (V;l;lkﬂ Vi ) (Vxnukﬂ - Vzn+zk)>

(47)

n+1 n+1 n+l n+l n+l
CYio T CeVio 1 —CoVin —esvi +dspl +dgpl

+d7Pi +d8Pz+1 ‘”@P:ﬂjz1
(L B, 1,
=zr msz 60P11 20/’,' @Pm EOPHZ
) 60( ( n—k+1 _ T’_k> (48)
T; k<120 pl P,,z
13 n n— - 11—
(o ) 5 (P, gt

k+1 -k k+1 k
(Pzn+1 - i ) 120 (Pzn+2 Pl ))

where

r_oH 1

760 2ah " en?
_13r Suy q
%= 30 " 12 T3
11r g
70 T2
13r 5;41 q
%= 30 T 1 T
T oHm 1
a9_60+24h+6h2’
C- = ﬁ_i
>T 24k o’
_ Su, p
6~ 12h+h3’
_r w94
ST 120 24h gi2’
13r 5y, q

T30 12k

Computational and Mathematical Methods

11r g
d,=— + =,

7 10+h2

_13r+5y1_ q

8730 120 3’

V1 q

=— - —. 4

s T %an " gn (49)

Now, we consider the solutions in terms of Fourier series
= A&l and Py = BE"e'%" at a given point x;, where A
and B are the harmomc amplitude, 0 and h are the mode

number and element size, respectively, and I=+/-1.
Substituting these solutions in Eq. (47) and simplifying the
terms, we get

€n+1 { A ( a e20h | a el a, + a o 4 a, eZIGh)

-1 5 5 1
Y B (B T S R () S ) )
(24h 12h 12h 24h

—oar (L oen 13 e 1113 e L e
120 60 20 60 120
% Erl _ iaz (En—k+l _ En—k)
k=1
coar (L oen 13 e 1L 13 e L e
120 60 20 60 120
n-1 '
0 -
x <5f§f + (8 -8 )E" )
k=0

(50)

After performing algebraic simplifications on the given
terms, we obtain

gt = %_IW (‘SZEO + 2( Se)E" k) (51)

k=0

where = ((B+Ap,)/6h)(5+ cos (Oh)) sin (6h), O =A(r/
30)(33 + 26 cos (Bh) + cos (20h)), and @ = A(q/3h*)(3 -2
cos (6h) — cos (26h)).
When we take the absolute value on both sides of
Eq. (51), we obtain
s”"D,

(52)

n-1
g &1+ Y101

k=0

@2
<y —————[ 8%
O+ +y2\ "

where (6} —98},,) >0 using Lemma 4. The necessary and

sufficient condition for \/ @/((B+®)* +y2)<1 is that
®®>0. Since q and r are positive, it follows that ® >
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0 and ©>0. Hence, ®® >0 and

n-1
g <afe?] + Y (ot - t) (53)

k=0

gn—k ‘ )

Using Eq. (53), we get £ <|&°| for all n>0.
Similarly, by substitution of the solution in terms of
Fourier series into Eq. (48) and simplification, we get

n+l _ C) ag0 < N1 n-k
& _@TW((SnE + kZo((Sk 8c1)8 >’ (54)

where = (1/6h%) sin (6h)[h*(5 + cos (Oh))(Bu, + Ap,) +
12Ap(-1+cos (Bh))], ® = B(r/30)(33 + 26 cos (6h) + cos
(26h)), and @ = B(q/3h*)(3 - 2 cos (6h) — cos (26h)), and
then, [£"!| < [£°] for all n>0. As a result, the schemes are
unconditionally stable.

5. Error Analysis
Theorem 5 (see [41, 42]). Assume that the exact solutions

u(x, t), v(x,t)eCa,b], and P={a= Xg» Xp5 o Xy = b}
are an equidistant partition, each of length h, over the inter-

11

be the unique spline approximations to the given problem at
the spatial grid points x; € P,i=0, ---, N; then, for all t >0,
there exist k;, A;, independent of h, such that
D=0 <,
D= 7)) <A
i=0,1,2,3.

(55)

Theorem 6. Let U and V be the numerical approximations
obtained by the redefined quintic B-spline method to the ana-
Iytical exact solutions u and v, respectively, for Egs. (1)-(4). If
f, g € C?[a, b), then for sufficiently small h and T, we have

|U-u|< O +77%),[V-v| <O +77%).  (56)

Proof. Let U= ij\iosj(t)Qj(x), V= Zjl\iocj(t)Qj(x) be the
calculated spline for the approximate solutions U(x, t),
V(x,t) and the exact solution u(x, t), v(x, t), respectively.
Let Lu(x;,t)=LU(x;,t) = F(x;, t), Lv(x;,t) = LV(x,t) =
G(x;,t),i=0,---,N, be the collocating conditions. Then,
LU(x;,t) = F(x;, £), LV (x;, £) = G(x;,1),i= 0, -+, N.

Using the difference system (32), the nth time step of L

val [a, b] such that x; = ih,i=1,---,N. Let U(x, t) and V(x,t)  (U(x;,t) = U(x;,t)), L(V(x,, t) = V(x;, t)) can be written as
99 59 q
ﬁQgH + ?QTH + WQ;H — g(r)wl)
,i=0, (57)
_@QSH _ %QTH _ ipngH-l _ iqzag+l _ 57‘210.;&1 _ izo,gﬂ — g(y)&l’
4h 2h 4h 2h h 2h
47 3 27 1
1 _n+l 1 n+l 1 n+l 1 n+l n+1 n+1 n+1 n+1 g+l
a +a +a +a - ——0 —0 —0 —0; =,
1Q TR A TAG T T 1ep% T ap%t T’ T Tl (58)
aott+a it vt ettt +dyoptt + dy ottt + dy oty ot = g
. . . ) . 1 5 1
a n+l +4 n+l1 +4 n+l +4d n+l1 +4 n+l —O'}-H'l _ _0(1+1 + _0,{1+1 + _O,fl+1 97”'1,
5Qi2 Ta6Qi; +37Q; 8 Qi1 T 49 Qi 24102 T 1250t T 1 0t T gy Cie2 i i=2, N=2, (59)
¢y + e + et + el + oy +ds0ly +dgol + dyott + dyoll + dyolly = G,
1 27 3 47
N-1 n+l , N-1 n+l , N-1 n+l , N-1_n+l 1 1 1 1 1
ap QN Ay QN Tan QN taz QN - m(’?vts - @0}@2 - mffﬁq @Uﬁ =FNp G=N-1,  (60)

-1 _n+1

-1 n+l -1 _n+l -1 _n+l N-1 _n+1 N-1 __n+1 N-1 _n+1 N-1 _n+l _ gon+l
C% QN—3+C§\]1 Oyt QN—1+C;\13 PN tdiy oNtdy oy, +dyy oyl +diy oy =GN,

q n+l Sq n+l 9q n+l ah+l

— oM+ =+ —= =F

Y QN2 2 QN1 YE QN N

3P n+l 39p n+l 99P n+l q n+l Sq n+l 9q
i 2T O T g E AN T O T O T O

)izN)

0.n+1 — gxfﬂ’
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where @ =y — ¢/, 07 =p! = {},i=0,1,---,N, and F] =
hz[FIT’ - F:’], g = },3[(;;1 - G?],i:O, 1,--,N.
It is evident from Eq. (55) that
=1

F'—F] <AK®. (62)

<k’ |©"| =h3‘G7 ek

We define |#"| =max {|%7|,0<i<N} and |&"| = max
{|€!],0<i<N}.
Now, we can write Egs. (57) to (61) in the matrix form as

QE=2, (63)

where 0 = [ég]’ E = [Qnﬂ’ O'"H]T, 7= [971“1’ ?nH]T’ and

[ n+l

Q

n+l _ Q

n+1

+1
F

+1
L FN
[ on+l
?0

X ?;Hl
gl = . (64)

n+1
L ?N

The submatrices A, B, C, and D are defined by Egs. (39)
and (40).

By defining
[r+ U,
an = >
|7+ U,y
un
U" = :
LUy

Computational and Mathematical Methods

-
Vi=1 1 |,
|V
[V
v, = , (65)
v

we can rewrite A, C, and D as follows:

A =h*Diag(U") A, + h Diag(U") B- A,,
C=h’ Diag(V?") A, + h* Diag(V") B- A,, (66)
D =h*Diag(U") A, + h Diag(U") B+ A,,

where A, A, and A, are (N + 1) x (N + 1) matrices as
follows:

0 0 0 0 0 0 e 0 0
35 17 69 1
192 32 320 120

120 60 20 60 120

Ay = 120 60 20 60 120 ,
1 13 11 13 1
0 0 0 - = ==
120 60 20 60 120
1 69 17 35
0 0 0 0o - — L =
120 320 32 192
Lo 0o 0 - 0 0 0 0 O
- . -
-2 5 —— 0 0 0 0 0 0
2 2
17 11 -5 -1
= = —~ 0 0 0 0 0
48 18 16 6
-1 -1 -1 -1
— — 1 — — 0 0 0 0
6 3 3 6
-1 -1 -1 -1
0 — — 1 — — 0 0 0
A =q 6 3 3 6 ,
-1 -1 -1 -1
0 0 0 0 S
6 3 36
-1 -5 11 17
0 0 0 0 0 — = =
6 16 8 48
-1 9
0 0 0 0 0 0 -—— -5 —-
L 2 2
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TaBLE 2: Maximum absolute error for Example 1 at t=5,p=3,q=1, a=0.5, M =15, N=10, and x € [0, 1].

k=51=3 k=10,1=1
X 3 6
1
Eul Evl Eul EVI
0.1 9.57704 x 1078 8.872206 x 107° 1.443626 x 107 1.343622 x 1077
0.2 1.477581 x 1077 4.894196 x 107° 2.258622 x 10~° 7.30574 x 1078
0.3 2.226532 %1077 4.081005 x 107° 3.428509 x 10~ 5.952567 x 107
0.4 2.37724 x 1077 1.936386 x 107° 3.693375 x 107 2.62933 x 1078
0.5 2.592446 x 1077 3.772594 x 1077 4.059209 x 10~° 1.473031 x 10™°
0.6 2.328105x 1077 1.250917 x 107° 3.674178 x 107 2.361684 x 10°¢
0.7 2.128223 x 1077 3.336017 x 107° 3.390102 x 10~ 5.66162 % 107
0.8 1.384045 x 1077 4.285224x10°° 2.222081 x 10~° 7.067857 x 1078
0.9 8.624864 x 1078 8.096193 x 107° 1.406435 x 107 1.313294 x 1077
Time 7.78125 sec 8.875 sec
TaBLE 3: Maximum absolute error for Example 1 at t=1,p=3,g=1, a=0.1, M=N =10, and x € [0, 1].
k=5,1=0.5 k=30,1=1
X;
! Euz EVz E“z EVZ
0.1 7.404186 x 1078 6.474259 x 107° 2.676951 x 10~° 2.426883 x 1077
0.2 1.228618 x 1077 3.460206 x 107° 4.328953 x 107 1.305957 x 1077
0.3 1.928312 x 1077 2.650239 x 107° 6.67696 x 107° 1.035607 x 1077
0.4 2.171545 x 1077 9.071887 x 1077 7.353315x 107 4.147997 x 1078
0.5 2.464134 x 1077 6.065784 x 1077 8.190674 x 10~ 7.802135 % 107°
0.6 2.303387 x 1077 2.011775 % 107° 7.520783 x 10~ 5.568671 x 1078
0.7 2.186918 x 10~/ 4.14558 x 107° 7.005586 x 10~ 1.226692 x 1077
0.8 1.465566 x 1077 4.957014 x 107° 4.630311x107° 1.496303 x 1077
0.9 9.483132x10°® 9.101146 x 10°° 2.942323 % 107° 2.758954 x 1077
Time 4,78125 sec 5.546875 sec
r99 39 3 . -1 -1
I A A T B0 flea™ ], <1 (69
-49 -9 15 -1 . . . .
€ & i 3 0 0 0 0 0 According to [43], matrix Q is invertible. Moreover,
1 -1 ) B ) )
5 Lo 1 — 0 o0 0 0 L max {7 (e BT ) (1 oAt
Q7] = C = .
! 1 ® - [BD [ JleAT,,
0 - -1 0 1 — 0 0 0
Ay =p 2 2 (69)
) O . .
o 0 o0 o L ; L From Eq. (63) and norm inequalities, we have
2 2
— —1
0o 0 0 0 o L 1 92 B IEll oo < [|Q7 | /121l oo (70)
2 6 8 16
0O 0 0 0 0 0 -3 39 - From the classifications of the matrices A, C, and D
- 4 2 4 defined in Eq. (66) and the truncation error of time-
(67) fractional discretization shown in Egs. (8) and (9) and the

fact that ||Z||, < O(h’), we have

The pentadiagonal matrices A and D are invertible and
hold the following condition:

|IE|| o < O(K +7°7). (71)
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0.0000694440

v (x,t)

0.0000694435
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0.0000696
> 0.0000695

0.0000694
0.0000693

(d)

Ficure 1: Comparison between (a, ¢) the exact solutions and (b, d) the approximate solutions of u(x, ) and v(x, t) for Example 1 at ¢ =5,

p=3,49=1,a=0.5 M=15 N=10, k=10, /=1/6, and x € [0, 1].

Based on the previous analysis, we deduce that |E]|
— 0 as h— 0. Moreover, the convergence rate of the
proposed method is of third order. O

6. Numerical Results

This section provides some illustrated cases to demonstrate
the applicability and efficiency of the proposed technique.
All the computations associated with the experiments dis-
cussed above were performed in Wolfram Mathematica
13.2 on a PC with Windows 11 64-bit OS + processor Intel
Core i7~2.4 GHz.

In order to calculate the maximum absolute error E,, and
E,, we use the following formula:

E,= max {|u(x;t,)-U(x,t,)|}
omax {lulxi t) = Ul £)[}
0<n
(72)
E,= max {|v(x,1,)-
0<i<N
0<n

Vi(xi t,)|}-

Accordingly [44], the convergence order (CO) of the
proposed approach is given by

_In(e))~In(e,) _In(e)~In(e)
=" (hi/hy)  In(Ny/N;) (73)

where e, and e, are errors that correspond to grids with
mesh size h, and h,, respectively, and h; = (b—a)/N1 and
h,=(b-a)/N2.

Example 1. Considering the system of the Whitham-Broer-
Kaup equations (Egs. (1)-(4)) with f(x,t)=0 and g(x,t)
=0, we obtain the suggested equation in [13] taking into
account that « is only fractional for the temporal variable
and a =1 for the spatial variable follows

0"u(x, t)

ou(x, t) N ov(x, t) N
ot*

ox ox

’u(x,t)
oxz

+u(x,t)
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TABLE 4: Maximum absolute error for Example 1 att=1, p=0, g=1/2, «=0.5, M =N =10, and x € [0, 1].

. k=51=1} k=20,1=14
l E“z EVz E“z E"z
0.1 4.577737 x 1077 3.888425x 1078 5.82965 x 107 2.44551 x 107°
0.2 1.03076 x 107° 8.846013 x 1078 1.319732x 1077 5.556138 x 10~
0.3 1.372999 x 10°° 1.18648 x 1077 1.764323 x 1077 7.444041 x 10~°
0.4 1.591104 x 107° 1.379636 x 1077 2.047178 x 1077 8.647319x 107
0.5 1.664434 x 107° 1.443402 x 1077 2.139754 x 1077 9.038127 x 10~°
0.6 1.602753 x 10°° 1.385319 x 1077 2.054294 x 1077 8.666063 x 10~°
0.7 1.392487 x 107° 1.196261 x 1077 1.776245 % 1077 7.47629 x 107
0.8 1.051622 x 10°° 8.958753 x 10°¢ 1.33253x 1077 5.593265 x 10~°
0.9 4.665763 x 1077 3.958754 x 1078 5.883528 x 1078 2.468551 x 107
Time 4.859375 sec 5.421875 sec
TABLE 5: Maximum absolute error for Example 1 at t=1, p=3,g=1, a=0.1, and x € [0, 1].
(x- t-) ADM [46] VIM [47] Present method
(0.1. 0.1) 1.04892x 107 6.41419 x 107 1.23033x 107 1.10430 x 107 1.8389 x 10~° 1.483 x 1077
(0.1, 0.3) 9.64474 % 107° 5.99783 x 107 3.69597 x 107* 3.31865 x 107 1.488 x107° 1.363 x 1077
(0.1, 0.5) 8.88312x 107° 5.61507 x 10~ 6.16873 x 1074 5.54071 x 107 1.4388 x 10~° 1.34x1077
0.2, 0.1) 4.25408 x 107 1.33181 x 1072 1.19869 x 107* 1.07016 x 107* 3.3846 x 107° 7.966 x 107
(0.2, 0.3) 3.91098 x 1074 1.24441 x 1072 3.60098 x 1074 3.21601 x 1074 2.3682 x 107 7.416 x 107
(0.2, 0.5) 3.60161 x 107* 1.16416 x 1072 6.01006 x 107* 5.36927 x 107 2.2466 x 10~ 7.2915%x 1078
(0.3,0.1) 9.71922 x 107 2.07641 x 1072 1.16789 x 1074 1.03737x 1074 5.346 x 107° 6.413x 107
(0.3,0.3) 8.93309 x 107 1.93852 x 1072 3.50866 x 107* 3.11737 x 107 3.615%x107° 6.039x 107
(0.3, 0.5) 8.22452 x 107* 1.81209 x 1072 5.85610 x 107* 5.20447 x 107 3.409 x107° 5.942x 107
0.4, 0.1) 1.75596 x 107 2.88100 x 1072 1.13829 x 107 1.00579 x 1074 6.1408 x 10~ 2.7807 x 1078
(0.4, 0.3) 1.61430 x 1073 2.68724 x 1072 3.41948 x 107* 3.02245x 1074 3.9297 x 107° 2.658 x 107
(0.4, 0.5) 1.48578 x 107 2.50985 x 1072 5.70710 x 107 5.04593 x 107 3.67x107° 2.623 %1078
(0.5, 0.1) 2.79519 x 107 3.75193 x 1072 1.10936 x 107 9.75385 x 107 6.7274 x 107 6.521x 10710
(0.5, 0.3) 2.56714 x 1073 3.49617 x 1072 3.33274 x 107 2.93107 x 107* 4.3194 % 107° 1.228 X107
(0.5, 0.5) 2.36184 x 107 3.26239 x 1072 5.56235 x 107* 4.89335x 107 4.0343 x 107° 1.4237 x 107°
0"v(x, t) N , ov(x, t) N ; ou(x, t) where k, I, and & are arbitrary constants. The initial and
ot u(x. 1) Ox v(x1) Ox (74) boundary conditions (Egs. (3) and (4)) can be obtained from
83u(x, t) 82v(x, t) the exact solution.
S e 0. In this example, we calculate the maximum absolute

According to [13], the exact solutions for this system are

) +E°> il)’

l l
Uy, (x,t) = i§ (tanh (Zkz

I«
kx —
1/p+q2<x F((X+1

v (x,t):lz“oJrqz¢qsech2 : (kx— aa >+£ ,
" 28 \/p+q® 28 \/p+q® I(a+1) 0

(75)

error between the approximate solution obtained by the pro-
posed method and two exact solutions u,, v, and u,, v, com-
puted by Aminikhah et al. [45] by setting p=3, g=1, and
different values of k,[,«=0.1 as shown in Tables 2 and 3.
Table 2 shows the maximum absolute error between the first
exact solutions u;,v, and the solutions obtained by the
proposed method where t =5, « =0.5, M =15, N =10, and
x €0, 1]. Moreover, the exact and approximate solutions at
the same previous values in addition to k=10,/=1/6 are
represented for both u(x,t) and v(x,t) of Example 1 in
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TABLE 6: Maximum absolute error for Example 2 at t=1, p=3,q=1, «=0.1, and x € [0, 1].
x, . N=20,M=10 . . N =50,M =50 . C(éonvergence orc(l:e(r)
0.1 3.426221 x 1078 1.424237 x 107 1.701902 x 1077 7.56968 x 107 3.28 3.20
0.2 8.796811 x 107° 1.193187 x 107* 4.08002 x 1077 5.937313 x 107° 3.35 3.27
0.3 1.477359 x 107° 6.35068 x 107 6.719145 x 1077 3.354831 x 107° 3.37 321
0.4 1.96627 x 107 9.069374 x 107 8.858668 x 1077 4511937 x 1078 3.38 327
0.5 2.154264 x 107 1.128726 x 107 9.663949 x 1077 4.615728 x 10™° 3.39 3.49
0.6 1.918838 x 107° 1.786663 x 107 8.610035 x 1077 7.656247 x 107 3.39 3.44
0.7 1.301923 x 10™° 1.829759 x 107 5.885956 x 10~/ 8.017675 x 107 3.38 3.41
0.8 5.513356 x 107 1.102128 x 107 2.565339 x 1077 4.970789 x 107 3.35 3.38
0.9 4.292588 x 1077 8.694919 x 107 2.576748 x 107 4.045807 x 1077 3.07 3.35
Time 19.6875 sec 409.547 sec

u(x, t)

V(xt)

(c) (d)

Ficure 2: Comparison between (a, ¢) the exact solutions and (b, d) the approximate solutions of u(x, t) and v(x, t) for Example 2 at t =1,
p=3,49=1,a=0.1, M=10, N=20, and x € [0, 1].
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Figure 1. The maximum absolute error between the second
exact solutions u,,v, and the approximate solutions for
two sets of parameters t=1,p=3,9=1,a=0.1, M=N=10
and t=1,p=0,9=1/2,0=0.5,M = N =10 are tabulated in
Tables 3 and 4, respectively. Table 5 compares the accuracy
of the proposed method and the other popular existing
methods for Example 1 at a = 1.

Example 2. Consider systems (1)-(4) with p=3,g=1, and

2x*(1 - x)*7@
I'3-a)

+t(sin (7x) + 7x cos (7mx)),

fxt)=2qt*(1 - 3x) + +1'x° (3x" - 5x +2)

g(x,t) = t(—6pt + 71 cos (mx) (—29 — £ (x - 1)x°)
xt™% sin (71x)
r2-a) ) '
(76)

+x sin (7x) (1°q + 1x(3 - 4x)) +

The exact solution to this problem is as follows:

u(x, t) = t2x2(1 - X), (77)
v(x, t) = tx sin (7x).

The initial and boundary conditions (Eqgs. (3) and (4))
can be obtained from the exact solution. In this example,
we applied the proposed method for solving the nonhomo-
geneous systems (1)-(4) for two different sets N =20,
M =10 and N =M =50. The calculated solutions using the
suggested approach are compared to the exact solutions
at t=1, p=3,q=1, a=0.1, and x € [0,1], and the maxi-
mum absolute errors and convergence rates are tabulated
in Table 6. Figure 2 shows the exact and approximate solutions
of u(x, t) and v(x, t) of Example 2att=1,p=3,9=1,a=0.1,
M=10,N=20,and x € [0, 1].

7. Conclusion

In this study, the time-fractional WBK equations were success-
fully solved using the redefined quintic B-spline collocation
method. To achieve this, the L,-approximation technique in
time and the redefined quintic B-spline collocation scheme in
space have been combined. We conducted a von Neumann sta-
bility analysis, which confirmed that the method used for solv-
ing the time-fractional WBK equations is unconditionally
stable. The order of convergence is shown to be O(1’ + 727%).
To evaluate the accuracy of our approach, we compared our
solutions to the exact solutions obtained by Aminikhah et al.
[45]. The comparison revealed that our method is highly effec-
tive in solving the given equations, as it produced results that
closely matched the exact solutions.
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