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In this paper a mathematical model that describes macrophage infiltration into avascular tumours is
presented. The qualitative accuracy of the model is assessed by comparing numerical results with
independent experimental data that describe the infiltration of macrophages into two types of spheroids:
chemoattractant-producing (hepa-1) and chemoattractant-deficient (or C4) spheroids. A combination of
analytical and numerical techniques are used to show how the infiltration pattern depends on the
motility mechanisms involved (i.e. random motion and chemotaxis) and to explain the observed
differences in macrophage infiltration into the hepa-1 and C4 spheroids. Model predictions are
generated to show how the spheroid’s size and spatial structure and the ability of its constituent cells
influence macrophage infiltration. For example, chemoattractant-producing spheroids are shown to
recruit larger numbers of macrophages than chemoattractant-deficient spheroids of the same size and
spatial structure. The biological implications of these results are also discussed briefly.

INTRODUCTION
Solid tumours consist of many different cell types, not
only malignant cells but also such cells as lymphocytes,
fibroblasts, endothelial cells and macrophages (Lewis
et al., 1995). Initially, the presence of macrophages, a type
of white blood cell, within solid tumours was considered
a good prognostic sign as they were thought to migrate
into the tumour from the blood and lyse/phagocytose
tumour cells as part of the host’s immune response to
the “foreign growing body” (Mantovani et al., 1992).
This description is consistent with the usual role of
macrophages as part of the immune system’s response
to injury, infection and inflammation. While there is
limited evidence indicating that the presence of large
numbers of macrophages within a given tumour type is
beneficial to the patient (Pupa et al., 1996), compelling
results are now being published which show the
function of macrophages within tumours to be more
complex than this. For example, high levels of
macrophage infiltration are associated with good prognosis in colorectal cancer (Toomey et al., 1999) but poor
prognosis in breast cancer (Leek et al., 1996). Such
diametrically opposed conclusions indicate that macrophages possess a large repertoire of functions, with
different tumours activating macrophages to perform
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different combinations of pro- and anti-tumour functions
(Elgert et al., 1998).
Tumour-inhibitory functions that macrophages are
known to perform include tumour cell lysis, a process in
which the macrophages bind to tumour cells and secrete a
cytotoxic substance directly into the target cell, and such
cytokines as interleukins 1 and 6, and tumour necrosis
factor alpha which retard growth (Elgert et al., 1998).
Equally, macrophages may indirectly promote a tumour’s
development and survival by secreting other cytokines
such as interleukin 10, prostaglandins and transforming
growth factor-beta 1 (TGF-b) which suppress anti-tumour
immune responses (Elgert et al., 1998). The ability of
macrophages to promote tumour angiogenesis is perhaps
their most important, pro-tumour function. Indeed, we
have recently demonstrated a positive correlation between
macrophage numbers and tumour vascularity in breast
tumours (Leek et al., 1996). This effect of macrophages is
achieved through the release of tissue-matrix degrading
proteases and cytokines, which attract and stimulate the
growth of endothelial cells such as vascular endothelial
growth factor (VEGF) (reviewed by Lewis et al. (1999)).
In summary, as Fig. 1 shows, the role of macrophages in
regulating tumour growth and progression can be viewed
as a balance between anti-tumour and pro-tumour
functions.
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FIGURE 1 The resultant effect of macrophages on a tumour may be viewed as a balance between anti- and pro-tumour effects. Anti-tumour functions
include tumour cell kill through the expression of cytotoxic chemicals and growth inhibitory factors. Pro-tumour functions include the expression of
growth promoting factors and angiogenic factors.

Our recent data show that macrophages congregate
specifically in regions of breast tumours where there is
poor vascularity and hence a reduced supply of vital
nutrients such as oxygen and glucose (Leek et al., 1996).
Tumour cells proliferate only slowly in these hypoxic
areas. This pattern of macrophage migration may be due,
in part, to hypoxia (low levels of oxygen) inducing tumour
cells to secrete chemoattractants for macrophages such as
VEGF, interleukin 8 and TGF-b (Santilli et al., 1991; Shi
et al., 1999; Leek et al., 2000; Lewis et al., 2001).
Chemotaxis would draw macrophages into hypoxic sites
as they migrate up a gradient of such cytokines. However,
there is also some evidence for macrophages becoming
immobilised once they reach hypoxic areas. Monocyte
chemoattractant protein-1 (MCP-1) is upregulated in
many forms of tumour and its expression correlated with
macrophage infiltration in ovarian cancer (Negus et al.,
1997).
However, expression of MCP-1 by ovarian cancer cells
is down-regulated by hypoxia, suggesting that, once
macrophages localise to hypoxic areas, they may not be
able to migrate out again, i.e. that the MCP-1 trail they
were following has “gone cold” (Negus et al., 1998).
Furthermore, a cytokine known as macrophage migration
inhibitory factor (MIF) is also expressed more abundantly
by hypoxic than normoxic tumour cells (Koong et al.,
2000). As its name suggests, MIF inhibits the migration of
macrophage cells, so its over-expression in hypoxic areas
may help to immobilise macrophages in hypoxic areas. At
present, the relative contribution made by hypoxicinduced chemoattractants and immobilising cytokines to
the marked accumulation of macrophages in hypoxic
areas of tumours is not known.
However, it is clear that, once they reach hypoxic areas,
exposure to low oxygen levels stimulates macrophages to
secrete such pro-angiogenic factors as VEGF and TNF-a
(Lewis et al., 1999; Lewis et al., 2001). These, in turn,
stimulate ingrowth of vessels and the re-oxygenation of
the tumour cells in the hypoxic areas. This enables them to

recommence growing at their usual, rapid pace. The new
blood vessels also provide an escape route for the tumour
cells into the general circulation. Thus, macrophage
accumulation in hypoxic areas is important for the
ongoing growth and spread of human tumours.
Hypoxic tumour cells have, to date, proven notoriously
difficult to treat with standard anti-cancer therapies: there
are problems with drug delivery (hypoxic regions are
usually at the furthest point from any perfusing blood
vessels) and chemotherapeutic drugs are largely ineffective in hypoxic areas as they are designed to kill
proliferating cells. We have, therefore, designed a new,
gene-based therapy, which exploits the tendency of
macrophages to migrate into hypoxic tumour regions to
target expression of therapeutic genes to these areas. In
this new therapy, a cancer patient’s macrophages are
removed and a therapeutic gene inserted that is only
activated under hypoxia. When the cells are re-injected
back into the patient’s bloodstream, they extravasate, as
usual, into the tumour, migrate into the hypoxic areas and
then release the protein encoded by the therapeutic gene.
These proteins can be cytotoxic chemicals that kill
neighbouring tumour cells or anti-angiogenic factors that
retard, or halt, the ingrowth of blood vessels (Griffiths
et al., 2000). It is hoped that macrophages can be used in
this way to target gene expression to hypoxic areas of both
large, well-established primary tumours and their small,
avascular metastatic deposits around the body.
To help optimise the use of genetically engineered
macrophages to target hypoxic sites within early (small)
avascular tumours, we present in this paper a mathematical model that describes macrophage infiltration into
avascular tumour spheroids (three-dimensional tumour
masses grown in vitro ). The model is compared with our
independent, biological data in which the infiltration
patterns of macrophages into two types of tumour
spheroids were studied (Leek, 1999). In this model, the
tumour-infiltrating macrophages are viewed as “passive”,
in the sense that they perform neither pro- nor anti-tumour
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functions (the inclusion of such effects is the subject of
work in progress). Owen and Sherratt have developed
complementary mathematical models that focus on antitumour macrophage functions such as lysis (Owen and
Sherratt, 1997; Owen and Sherratt, 1998; Owen and
Sherratt, 1999). For example, they developed a spatially
uniform model to describe the combined effects of
macrophage aggregation and cytolysis on tumour growth
(Owen and Sherratt, 1998; Owen and Sherratt, 1999). By
analysing their model, they concluded that a cytolytic
response to tumours, initiated by the immune response,
would not be effective at eliminating a tumour. However
they suggested that the addition to the tumour of
chemicals that stimulate macrophage infiltration might
lead to tumour elimination. By extending their original
model to include spatial effects (e.g. random motion) and
carrying out a linearised stability analysis, Owen and
Sherratt went on to suggest that the presence of
macrophages within tumours may lead to the generation
of spatio-temporal heterogeneity (Owen and Sherratt,
1997). A weakness of Owen and Sherratt’s models is their
failure to take account of the tumour’s spatial structure
(with regions of hypoxia and necrosis adjacent to regions
of high cell proliferation), and the importance of
chemotaxis as a mechanism for macrophage motion.
These features are included in the model that we present in
this paper.
Macrophages play an important role in many pathological processes other than cancer and in various stages or
embryonic development (Gordon, 1995). For example,
they have been implicated in atherosclerosis (Babaev et al.,
1999), rheumatoid arthritis (Mapp et al., 1995; Bischof
et al., 2000), HIV infection (Wodarz et al., 1998), lung
disease (Tran et al., 1999a, b) and tissue remodelling in
wound healing (Bennet and Schulz, 1993) and digit
development (Dupe et al., 1999). Their involvement in
such a diverse array of tissues is undoubtedly related to the
vast array of functions that macrophages may perform, the
precise function depending on their activation status and
environmental conditions. Faced with such a complex
cell, the prospect of developing mathematical models that
will provide physical insight into the role that macrophages play in human biology may appear infeasible.
However, upon closer inspection, it is possible to see that
these different processes have several features in common,
and that these could be exploited when developing
mathematical models. For example, the chemotactic
migration of macrophages to hypoxic sites at which they
are activated to express angiogenic factors is characteristic
of tumours, wound healing and rheumatoid arthritis
(reviewed by (Lewis et al., 1999)). In summary, it is
highly likely that the model presented in this paper could
be adapted or extended to study other processes (e.g.
wound healing, arthritis and atherosclerosis) in which
macrophage function is important.
The outline of the paper is as follows. In “The
experimental results” we present Leek’s experimental
results (Leek, 1999), before developing our mathematical
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model in “The mathematical model” section. “The
numerical results” and “Mathematical analysis of the
model” sections contain numerical and analytical results.
The paper concludes in “Discussion” with a summary of
the paper and a brief discussion of ways in which the
model could be extended.

THE EXPERIMENTAL RESULTS
Analysis of biopsies taken from cancer patients shows that
tumour associated macrophages (TAMs) localise in
hypoxic regions, away from blood vessels. Additionally,
there is evidence to suggest that macrophage infiltration
may be correlated with tumour necrosis. In order to
determine whether TAMs are attracted into hypoxic
regions by products generated from neighbouring,
necrotic regions or whether they are actively recruited
by chemicals such as hif-1 which are upregulated under
hypoxia, Leek (1999) studied macrophage infiltration into
avascular spheroids cultured from hepa-1 and C4 cells,
two cell lines which differ in their ability to express hif-1,
a protein which is known to upregulate the production of
VEGF under hypoxia. Since VEGF is a potent macrophage
chemoattractant, it is anticipated that hepa-1 spheroids,
which express hif-1, will produce macrophage chemoattractants under hypoxia whereas the hif-l-deficient C4
spheroids will not. Thus any observed differences in the
macrophage infiltration pattern between the two cell lines
may be ascribed to the presence or absence of macrophage
chemoattractants. To assess the degree of macrophage
infiltration into the spheroids, they were stained with an
antibody. A computerised image analyser was used to
measure the digitised image and the results for each
experiment expressed in fluorescent object units.
The first set of experiments carried out by Leek (1999)
followed the infiltration of macrophages into 10-day old
hepa-1 and C4 spheroids over a 12 h period, 10-day old
spheroids being used since they possess regions of
necrosis and hypoxia. Figure 2a – d show the results after
2, 4, 6 and 12 h co-culture, respectively. In both the hepa-1
and C4 tumour cell lines the number of macrophages
contained within the spheroids increases steadily over
time. In addition, the hepa-1 spheroids are initially more
successful than the C4 spheroids at recruiting macrophages, an observation which is consistent with the
hypothesis that, unlike the hepa-1 spheroids, the C4
spheroids do not express macrophage chemoattractants.
After 12 h co-culture, the situation reverses, so that,
eventually, the C4 spheroids accumulate larger numbers of
macrophages than their hepa-1 counterparts.
The second set of experiments carried out by Leek
(1999) was designed to investigate the effect of tumour
size and composition on macrophage infiltration. The
distribution of macrophages within 5, 10 and 20-day old
spheroids after 6 h co-culture was recorded and the results
are presented in Fig. 3. The macrophage profiles are
qualitatively similar in all cases, with the peak
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FIGURE 2 Series of figures showing the patterns of macrophage infiltration into 10-day old spheroids cultured from hepa-1 and C4 tumour cells lines
after (a) 2 h, (b) 4 h, (c) 6 h and (d) 12 h co-culture. Macrophages migrate into the hepa-1 spheroids more rapidly than into C4 spheroids, their motion
being facilitated by chemotaxis. In both cases the peak macrophage density occurs inside the tumour. The solid and dashed vertical lines denote the
extent of necrosis for the hepa-1 and C4 spheroids, respectively. Data reproduced from Leek (1999), with permission.

macrophage density occurring a short distance (20 –
50 mm) from the spheroid surface and thereafter decreasing towards the tumour centre.
The appearance of macrophage infiltrate in the 5-day
old spheroids (Fig. 3a) suggests that necrosis is not
necessary for macrophage migration. This fact, coupled
with the similar patterns of infiltration in the C4 and
hepa-1 spheroids, suggests that for small, non-necrotic
spheroids the mechanisms driving macrophage migration
are independent of the tumour cells’ ability to express
hif-1 and related proteins such as VEGF.
Referring to the data for the 10-day old spheroids (Fig.
3b), which possess regions of hypoxia and necrosis, we
note that the macrophages migrate more rapidly into the
hepa-1 spheroids. Comparing the profiles for the 5- and
10-day old spheroids, we remark also that the depth of
penetration into the older (and larger) spheroids is greater
than for the 5-day old spheroids. By contrast, comparing
the data for the 10- and 20-day old spheroids (the results
for the 20-day old spheroids are presented in Fig. 3c), we
note that as the spheroids increase in size, and the extent of
central necrosis increases, the degree of macrophage
infiltration reduces. This suggests that the size of the
hypoxic region plays an important role in macrophage
infiltration.

We now summarise those features of Leek’s experiments that we expect a realistic mathematical model of
macrophage infiltration to exhibit:
. The ability of macrophages to infiltrate all spheroids,
regardless of whether they possess a necrotic core;
. The number of macrophages present within the
spheroid increases as the number of hypoxicallystressed tumour cells increases;
. Initially macrophages infiltrate more rapidly into
spheroids which produce macrophage chemoattractants (hepa-1 spheroids) than those which do not (C4
spheroids);
. The limiting number of macrophages within spheroids
which do not produce macrophage chemoattractants is
larger than the limiting number in those that do.

As a final remark, the following points should be borne
in mind when interpreting the experimental data presented
above. Firstly, the sizes and detailed composition of the C4
and hepa-1 spheroids are different, the hepa-1 spheroids
being larger and possessing larger necrotic cores (see
Table I for details). Second, the spheroids will continue to
grow to some extent during the experiments. Finally, the
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FIGURE 3 Series of figures showing the patterns of macrophage infiltration into (a) 5-day old, (b) 10-day old and (c) 20-day old hepa-1 and C4
spheroids after 6 h co-culture. As the spheroids age and increase in size, differences in the infiltration patterns into the hepa-1 and C4 spheroids become
apparent. The solid and dashed vertical lines denote the extent of necrosis for the hepa-1 and C4 spheroids, respectively. Data reproduced from Leek
(1999), with permission.

data is subject to experimental errors, which means that
some of the measurements are less reliable than others (see
for example the distribution of macrophages within the C4
spheroids after 12 h co-culture). Each of these factors makes
it difficult to state, with confidence, the mechanisms
responsible for the different infiltration patterns seen in Figs.
2 and 3. One advantage of using a mathematical model is
that such discrepancies may be eliminated.

THE MATHEMATICAL MODEL
In this section we develop a mathematical model that
describes the migration of macrophages into a sphericallysymmetric, spatially-structured avascular tumour. The
model is used to determine whether observed differences

in infiltration patterns into spheroids from two tumour cell
lines may be due to differences in their rates of expression
of a single, generic chemoattractant, with one cell line
(hepa-1 spheroids) expressing the chemoattractant under
hypoxia and the second (C4 spheroids) not (Leek et al.,
1997). The key physical variables employed in the model
are the oxygen concentration c, the macrophage
chemoattractant concentration v and the macrophage
cell density m. All variables are supposed to depend on
time t, distance from the tumour centre r, the radius of the
tumour R and its spatial structure. Partial differential
equations governing the evolution of c, v and m, which
may be derived by applying mass balances to each species,
are presented in turn below. They are solved in
conjunction with equations which define the tumour’s
spatial structure.

TABLE I The average radius and percentage necrosis of the tumour spheroids used to generate the experimental results presented in Figs. 1 and 2 are
stated in this table
Spheroid age (days)
5
10
20

Cell type

Tumour radius, R(mm)

Necrotic radius, RN(mm)

Percentage necrosis (by volume)

Hepa-1
C4
Hepa-1
C4
Hepa-1
C4

190
180
240
204
210
157

0
0
120
25.5
187
129

0.0
0.0
12.5
0.2
70.6
55.5
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The Oxygen Concentration, c(r,t)

The Chemoattractant Concentration, v(r,t)

When applying mass conservation to the oxygen
concentration, which is supplied from the fluid surrounding the spheroid, we assume that diffusion drives its
motion into the tumour and that it is consumed by live (i.e.
non-necrotic) tumour cells as it diffuses towards the
spheroid’s centre. Combining these effects we obtain the
following word equation:

The evolution of the tumour-cell-derived, macrophage
chemoattractant is assumed to be similar in form to that of
the oxygen, with diffusion driving its motion, hypoxicallystressed tumour cells acting as sources of v, and natural
decay dominating its removal from the system. Combining these ideas yields the following word equation:

ðRate of change of oxygen concentrationÞ

¼ ðmotion due to diffusionÞ
þ ðrate of production by hypoxic tumour cellsÞ

¼ ðmotion due to diffusionÞ

2 ðrate of natural decayÞ:

2 ðrate of consumption by live tumour cellsÞ:
Denoting by Dc the assumed constant oxygen diffusion
coefficient and by l0 the assumed constant rate at which
viable (i.e. non-necrotic) tumour cells consume oxygen,
we rewrite the word equation in the following form:


›c D c ›
›c
¼ 2
r2
ð1Þ
2 l0 Hðc 2 cN Þ:
›t
r ›r
›r
In Eq. (1), H(·) denotes the Heaviside step-function
ðHðxÞ ¼ 1 if x $ 0; HðxÞ ¼ 0 if x , 0Þ and cN denotes the
threshold oxygen concentration below which tumour cells
are no longer viable (cN marks the transition to necrosis).
Thus the term 2l0 Hðc 2 cN Þ limits oxygen consumption
to non-necrotic regions where the tumour cells are alive.

The Spheroid’s Spatial Structure
Since the time over which macrophage migration takes
place (, 12 h) is much shorter than the tumour doubling
time (, 1 week) we assume, for simplicity, that during the
experiments the spheroid does not grow i.e. its spatial
structure is fixed and R , constant: Referring to Fig. 3, we
note that the tumour’s spatial composition changes as its
size increases. In order to describe the spheroid’s spatial
structure, we now introduce r ¼ RH and r ¼ RN ; where
0 # RN # RH , R; to denote the boundaries between
proliferating, hypoxic and necrotic regions. The location
of these interfaces is defined implicitly in terms of the
threshold oxygen concentrations cH, cN in the following
way:
RH ¼ 0

ðRate of change of chemoattractant concentrationÞ

if c . cH ;r [ ð0; RÞ;
ð2Þ

otherwise r ¼ RH when c ¼ cH ;

If we denote by Dv, l1 and l2, respectively, the
chemoattractant’s assumed constant diffusion coefficient,
its rate of production by hypoxic tumour cells and its rate
of natural decay, then the above word equation can be
rewritten as:


›v D v ›
2 ›v
¼ 2
r
þ l1 HðcH 2 cÞHðc 2 cN Þ
›t
r ›r
›r
2 l2 v:

ð4Þ

In Eq. (4), cH is the threshold oxygen concentration
which marks the transition from tumour cell proliferation
(where c . cH ) to hypoxia and the cessation of
proliferation (where c , cH ). The parameter cN marks
the transition oxygen concentration at which cells switch
from being hypoxic ðcN , c , cH Þ to being necrotic ðc #
cN Þ: Thus the factor l1 HðcH 2 cÞHðc 2 cN Þ localises
chemoattractant production to the region of the tumour
containing hypoxically-stressed (i.e. viable, non-proliferating) cells. We remark that cH $ cN i.e. as the oxygen
concentration is progressively diminished, hypoxia will be
initiated prior to necrosis.

The Macrophage Cell Density, m(r,t)
When considering the evolution of the macrophage cell
density, proliferation and death may be neglected since
they occur over a longer timescale (, weeks) than the
timescale of the experiments (, hours (Leek, 1999)).
Under the additional assumption that the dominant factors
governing the macrophage population are random motion
and chemotaxis (Bottazzi et al., 1983; Bottazzi et al.,
1985), we obtain the following word equation for the
macrophage cell density:
ðRate of change of macrophage densityÞ

RN ¼ 0

if c . cN ;r [ ð0; RÞ;
ð3Þ

otherwise r ¼ RN when c ¼ cN :
We note that Eqs. (2) and (3) define RH and RN uniquely
provided that c is a monotonic increasing function of r.

¼ ðmotion due to random motionÞ
þ ðmotion due to chemotaxisÞ:
Denoting by m(c ) and x(c ) the random motion and
chemotaxis coefficients, the word equation can be
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rewritten as:




›m
1 ›
›m
1 ›
›v
¼ 2
r 2 mðcÞ
r 2 xðcÞm
2 2
:
r ›r
r ›r
›t
›r
›r

ð5Þ

Experimental results presented by Negus et al. show
that macrophage migration is significantly inhibited under
hypoxia due to the production of macrophage inhibitory
factor (MIF) (Negus et al., 1998). Rather than introducing
an additional dependent variable to describe the local
concentration of MIF we reproduce the immobilising
effect that it exerts on macrophages by making m and x
depend on the oxygen concentration c in an appropriate
manner: specifically, both m and x decrease as the
environment becomes more hypoxically-stressed (i.e. the
oxygen concentration falls), but remain non-negative for
all values of c. Thus in Eq. (5) we fix


c 2 cN
mðcÞ ¼ m
Hðc 2 cN Þ and
c1 þ c 2 2cN
ð6Þ


c 2 cN
xðcÞ ¼ x
Hðc 2 cN Þ;
c1 þ c 2 2cN
where c1 denotes the oxygen concentration external to the
spheroid.
We remark that the inclusion of step-functions in Eqs.
(1), (4) and (6) is designed to facilitate the construction of
explicit model solutions (see “Mathematical analysis of
the model”). When constructing numerical simulations of
the model equations (see “The numerical results”), the
step-functions are replaced by equivalent, smooth, tanhfunctions.
Boundary and Initial Conditions
In order to close Eq. (l) – (5), the following boundary and
initial conditions are imposed:

›c
›v
¼0¼
›r
›r

at r ¼ 0;

ð7Þ

›v
¼ 2hv v;
›r
ð8Þ


1
›m
›v
2 xm
m
¼ hm ðm1 2 mÞ at r ¼ R;
2
›r
›r

c ¼ c1 ;

c;

Dv

›c
›v
›m
; v;
; m;
›r
›r
›r
c;

›c
›v
; v;
›r
›r

continuous across r ¼ RH ; ð9Þ
continous across r ¼ RN;

ð10Þ
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Equations (7) ensure symmetry of c and v about the
spheroid centre, r ¼ 0: In Eq. (8), c1 and m1 denote,
respectively, the assumed constant oxygen concentration
and macrophage cell density exterior to the spheroid. The
assumed constant parameters hw and hm describe the
permeability of the tumour boundary to the chemoattractant and macrophages. The first of Eq. (8) guarantees
continuity of c across r ¼ R (this corresponds to assuming
that the tumour is highly permeable to oxygen). The other
equations define the fluxes of v and m across r ¼ R:
Equations (9) ensure continuity of c, v, m and their first
partial derivatives across r ¼ RH : Equations (10) ensure
continuity of c, v and their first partial derivatives across
r ¼ RN : Equation (11) states that when RN ¼ 0 there is
symmetry of m about r ¼ 0 and that when RN . 0 there is
no flux of macrophages into the necrotic core. We remark
that the boundary conditions (9) –(11) are needed to
construct analytical solutions when step-functions are
used in Eqs. (1), (4) and (6) (the numerical solutions
presented in “The numerical results” are obtained by using
smooth (infinitely differentiable) tanh-functions to
approximate the step-functions: in this situation, boundary
conditions (9) – (11) and Eqs. (2) and (3) are obsolete).
Finally, Eqs. (12) define the initial distributions of c, v, m
within the spheroid.
Nondimensionalisation
Before constructing numerical and analytical solutions of
our model, it is convenient to recast Eqs. (1) –(12) in terms
of dimensionless variables. Thus we introduce
c* ¼

c
;
c1

v* ¼

v
;
V

›m
›v
2 xm
¼ 0 at r ¼ max ð0; RN Þ;
›r
›r

cðr; 0Þ ¼ cin ðrÞ;

vðr; 0Þ ¼ 0;

ð11Þ

mðr; 0Þ ¼ min ðrÞ: ð12Þ

m
;
M

r* ¼

r
R0

t
and t * ¼
T
where V is a typical chemoattractant concentration, M is a
typical macrophage cell density, R0 is a reference lengthscale, and T is a reference time-scale. If we fix
R20 ¼

Dc c1
;
l0

T¼

R20
m

and

V¼

m
;
x

then the non-dimensional versions of Eqs. (l) – (5) are
!
  *
*
m ›c
1 ›
›
c
* Þ; ð13Þ
¼
r *2
2 Hðc * 2 cN
Dc ›t *
›r *
r * ›r *
R*H ¼ 0

* ;r * [ ð0; R * Þ;
if c * . cH

otherwise r * ¼ R*H

m

m* ¼

R*N ¼ 0

when

* ;r * [ ð0; R * Þ;
if c * . cN

otherwise r * ¼ R*N

when

ð14Þ

*;
c * ¼ cH

*;
c * ¼ cN

ð15Þ
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m ›v *
1 ›
¼
D v ›t *
r * 2 ›r *

›v *
r *2
›r *

!



1 ›
2 ›v
0¼ 2
r
þ l1 HðcH 2 cÞHðc 2 cN Þ
›r
r ›r

þ l* Hðc*
1

H

2 l2 v;


›m
1 › r 2 ðc 2 cN Þ
›m
¼ 2
Hðc 2 cN Þ
r ›r 1 þ c 2 2cN
›t
›r
 2

1 › r ðc 2 cN Þm
›v
Hðc 2 cN Þ
:
2 2
›r
r ›r 1 þ c 2 2cN

* Þ 2 l* v * ;
ð16Þ
2 c * ÞHðc * 2 cN
2
!
*
*
*
*
2 *
›m
1 ›
r ðc 2 cN Þ
* Þ ›m
¼
Hðc * 2 cN
*
*
2
*
*
*
›t
›r *
r ›r
1 þ c 2 2cN
2

* Þm*
1 › r * 2 ðc * 2 cN
*Þ
Hðc * 2 cN
r * 2 ›r * 1 þ c * 2 2c*

›v *
›r *

›c
›v
¼0¼
›r
›r

ð17Þ
where
R
R* ¼ ;
R0
c*N ¼

* ¼ RH ;
RH
R0

cN
;
c1

l*1 ¼

RN
R*N ¼
;
R0

l1 R20
;
Dv V

c ¼ 1;

* ¼ cH ;
cH
c1
2

l2 R0
l*2 ¼
:
Dv

Since oxygen molecules are typically much smaller
than protein molecules (e.g. chemoattractants such as
VEGF and MCP-1) which are smaller than individual cells
(e.g. macrophages), we anticipate that oxygen will diffuse
much more rapidly than the chemoattractant which will, in
turn, diffuse more quickly than the macrophages. We
combine this physical insight with experimental measurements, which indicate that Dc , 10210 m2 s21 ; to estimate
that
and

m
, 1022 :
Dv

Neglecting terms involving m=Dc ; and m=Dv ; we
recover the usual, quasi-steady, reaction – diffusion
equations for the oxygen and chemoattractant concentrations (Adam, 1987; Greenspan, 1972).
Introducing
h*v ¼

h v R0
;
Dv

* ¼
hm

hm R 0
;
m

* ¼
m1

m1
;
M

and, henceforth, omitting *s for clarity, we deduce that our
nondimensional model equations are given by


1 ›
›c
r2
2 Hðc 2 cN Þ;
ð18Þ
0¼ 2
›r
r ›r
RH ¼ 0

at r ¼ 0;

›v
¼ 2hv v;
›r

ð23Þ

ð24Þ

›m
›v
2m
¼ 2hm ðm1 2 mÞ at r ¼ R
›r
›r
c;

m
, 1024
Dc

ð22Þ

In a similar fashion, it is possible to show that the
boundary and initial conditions transform to give

N



ð21Þ

if c . cH ;r [ ð0; RÞ;

›c
›v
›m
; v;
; m;
›r
›r
›r
c;

›c
›v
; v;
›r
›r

continuous across r ¼ RH ; ð25Þ

continuous across r ¼ RN ;

ð26Þ

›m
›v
2m
¼ 0 at r ¼ maxð0; RN Þ;
›r
›r

ð27Þ

mðr; 0Þ ¼ min ðrÞ:

ð28Þ

We note that since c and v satisfy time-independent
reaction– diffusion equations, they evolve instantaneously
to maintain a quasi-steady equilibrium. As a result, initial
conditions for c and v may, henceforth, be neglected.
In summary, our non-dimensional model of macrophage infiltration is defined by Eqs. (18) – (28). In the
following sections numerical and analytical model
solutions are presented which provide insight into the
experimental results of “The experimental results”. When
using the model to explain the observed differences in
macrophage infiltration into C4 and hepa-1 spheroids,
model parameters on which attention will focus are the rate
of production of chemoattractant l1 and the tumour radius R
(see Figs. 2 and 3). In particular, cases for which the tumour
cells produce macrophage chemoattractant ðl1 . 0Þ
correspond to hepa-1 spheroids whereas those for which
no chemoattractant is produced correspond to C4 spheroids.

ð19Þ
otherwise r ¼ RH

when c ¼ cH ;
THE NUMERICAL RESULTS

RN ¼ 0

if c . cN ;r [ ð0; RÞ;
ð20Þ

otherwise r ¼ RN

when c ¼ cN ;

The model Eqs. (18) – (28) were solved numerically using
a package from the NAG library (routine DO3PCF). This
method uses finite difference approximations to perform a
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FIGURE 4 Here we present the results of numerical simulations which show how macrophages infiltrate into a well-developed spheroid for two
choices of the chemoattractant production rate, l1 ¼ 2:0 (hepa-1 spheroids) and l1 ¼ 0:0 (C4 spheroids). The centre of the tumour is located at r ¼ 0;
the boundary at r ¼ R and macrophage infiltration proceeds from right to left. The dependent variables are plotted at dimensionless times t ¼ 2; 4; 6; 8:
For both the hepa-1 and C4 spheroids the numbers of infiltrating macrophages increases initially, before settling to equilibrium values, with more
macrophages infiltrating the hepa-1 spheroid than the C4 spheroid. In both cases the macrophages infiltrate as far as the necrotic boundary ðRN , 2:6Þ:
For the hepa-1 spheroids the maximum macrophage density occurs inside the tumour whereas for the C4 spheroids it occurs on the tumour boundary.
Key: oxygen concentration (dotted line); chemoattractant concentration (dot-dashed line); macrophage density within hepa-1 spheroids (solid line,
l1 ¼ 2:0); macrophage density within C4 spheroids (dashed line, l1 ¼ 0:0) (the vertical solid line marks the necrotic boundary). Parameter values:
R ¼ 4; l2 ¼ 1:0; hv ¼ 1:0; hm ¼ 0:5; m1 ¼ 2:0; cH ¼ 0:5; cN ¼ 0:2:

spatial discretisation of the model equations, thereby
reducing them to a system of time-dependent ordinary
differential equations which are readily integrated (this is
the method of lines). In the absence of experimental
estimates, parameter values were chosen that produced
simulations which were qualitatively similar to the
experimental results.
The results presented in Fig. 4 show how the key
physical variables evolve during a typical simulation, and
relate directly to the experimental results of Fig. 2. The
figures show that the oxygen and chemoattractant
concentrations rapidly adopt equilibrium profiles, with
the oxygen concentration decreasing monotonically
towards the tumour centre and defining its spatial structure
(see Eqs. (19) and (20)). The maximum chemoattractant
concentration occurs within the hypoxic region ðRN ,
2:6 , r , RH , 3:4Þ in which its production is localised.
As time evolves, differences in the patterns of macrophage
infiltration between the hepa-1 and C4 spheroids become
apparent. For both cell lines, the macrophages penetrate as
far as the necrotic boundary (since macrophages cannot

survive within the fluid-filled necrotic core, only a small
number ever penetrate into the necrotic core). Also, the
total number of infiltrating macrophages increases
initially, before settling to equilibrium values, with more
macrophages infiltrating the chemoattractant-producing,
hepa-1 spheroid than its chemoattractant-deficient, C4
analogue. For early times ðt ¼ 2; 4Þ; both macrophage
profiles decrease monotonically with decreasing r. For
later times ðt ¼ 6; 8Þ; the distribution of macrophages
within the C4 spheroid remains monotonic, whereas the
distribution within the hepa-1 spheroid develops an
interior maximum inside the hypoxic region. We note that
the maximum macrophage density does not coincide with
the peak chemoattractant concentration.
As stated above, the numerical simulations are in
reasonable qualitative agreement with Leek’s experimental results (Leek, 1999). By comparing Figs. 2 and 4 we
conclude that the different patterns of macrophage
infiltration into hepa-1 and C4 tumour spheroids may be
due to differences in their rates of production of
macrophage chemoattractant. Given that the numerical
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FIGURE 5 Here we present the numerical results showing how size affects macrophage infiltration into hepa-1 spheroids ðl1 ¼ 2:0Þ and C4 spheroids
ðl1 ¼ 0:0Þ at time t ¼ 10 (in dimensionless units). For small spheroids ðR ¼ 1Þ the infiltration patterns are identical: in both cases the macrophages
migrate by random motion alone because there is no hypoxia and, hence, no macrophage chemoattractant present. Once a hypoxic region develops,
different patterns of infiltration are observed: for intermediate-sized spheroids ðR ¼ 2Þ; which possess a hypoxic region and no necrosis, the macrophages
are distributed uniformly within the C4 spheroids whereas the peak macrophage density within the hepa-1 spheroids coincides with the maximum
chemoattractant concentration which occurs at r ¼ 0: For well-developed spheroids ðR ¼ 3; 4Þ; which possess hypoxic and necrotic regions, the
macrophages halt at the necrotic boundary in all cases. For the hepa-1 spheroids the maximum macrophage density occurs inside the tumour whereas for
the C4 spheroids it occurs on the tumour boundary. Key: oxygen concentration (dotted line); chemoattractant concentration (dot-dashed line);
macrophage density within hepa-1 spheroids (solid line, l1 ¼ 2:0); macrophage density within C4 spheroids (dashed line, l1 ¼ 0:0). Parameter values,
other than R and t: as per Fig. 4.

simulations predict that, in the absence of chemoattractant, the maximum macrophage density occurs on the
tumour boundary and that the experimentally-determined,
maximum macrophage density for the C4 spheroids
occurs inside the tumour (subject to experimental error),
we predict that cells within the C4 spheroids are producing
macrophage chemoattractants, albeit at lower levels than
the hepa-1 spheroids.
The results presented in Fig. 5 show how tumour size
and, therefore, spatial structure affect macrophage
infiltration into chemoattractant-producing, hepa-1 spheroids (l1, v . 0) and chemoattractant-deficient, C4
spheroids ðl1 ¼ v ¼ 0Þ; and are included for comparison
with the experimental results of Fig. 2. Figure 5 should
also be viewed in parallel with Fig. 6, a bifurcation
diagram showing how the tumour’s spatial structure, as
defined by the position of the hypoxic and necrotic
boundaries RH and RN, changes with the tumour radius R.
In each graph the oxygen and chemoattractant concentrations are plotted together with the corresponding

macrophage density profiles for the hepa-1 and C4
spheroids at time t ¼ 10: For small, well-oxygenated
spheroids ðR ¼ 1:0; RH ¼ 0:0 ¼ RN Þ; the hepa-1 and C4
infiltration patterns are identical because, in the absence of
hypoxia, the hepa-1 spheroids do not produce chemoattractant and, as a result, in both cases the macrophages
migrate by random motion. By t ¼ 10 the macrophages
are uniformly distributed throughout the tumour volume.
For larger tumours, which possess a hypoxic region,
different patterns of macrophage infiltration become
apparent. For example, macrophages infiltrating a C4
spheroid which possesses a central region of hypoxia ðR ¼
2:0; RH ¼ 1:0; RN ¼ 0:0Þ are uniformly distributed by t ¼
10: By contrast, macrophages infiltrating a hepa-1
spheroid of the same size accumulate at its centre,
where the maximum chemoattractant concentration
occurs. For well-developed C4 and hepa-1 spheroids
which possess hypoxic and necrotic regions ðR ¼ 3:0;
RH ¼ 2:3; RN ¼ 1:5; R ¼ 4:0; RH ¼ 3:4; RN ¼ 2:7Þ; the
macrophages always halt at the necrotic boundary. The
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FIGURE 6 Here we show how the tumour’s spatial structure changes as its radius R increases. The size of the hypoxic and necrotic radii RH and RN are
plotted against R. By also including the 458 line R ¼ R; we note that as R increases the widths of the proliferating and hypoxic regions tend to constant
values, implying that the proportion of the tumour occupied by proliferating and hypoxic cells decreases with increasing R. Key: hypoxic radius, RH
(solid line); necrotic radius, RN (dashed line); outer tumour radius, R (dotted line). Parameter values: as per Fig. 4.

limiting profiles are qualitatively similar to those
presented in Fig. 4 and described above. In particular,
the macrophage density within a C4 spheroid decreases
progressively from its boundary towards its centre
whereas within a hepa-1 spheroid the macrophages
accumulate within the hypoxic region.
Referring to Figs. 4 and 5, it is clear that the
mathematical model predicts that, at all times, the
chemoattractant-producing, hepa-1 spheroids recruit
larger numbers of macrophages than chemoattractantdeficient, C4 spheroids of the same size and spatial
structure. It is less obvious how, once the system has
settled to a steady state (by t , 8 – 10 dimensionless
units), the total number of macrophages within the
spheroid depends on its radius R. To clarify this matter, in
Fig. 7 we sketch
ðR
mðr; t ¼ 10Þr 2 dr
Mðt ¼ 10; R; l1 Þ ¼
RN

for different choices of R and l1, the total number of
macrophages within hepa-1 ðl1 ¼ 2:0Þ and C4 spheroids
ðl1 ¼ 0:0Þ being plotted for each value of R. We note that
Mðt ¼ 10; R,l1) increases with increasing R and l1.

The increase in the total number of infiltrating
macrophages that is observed when the tumour radius R
increases may be due simply to the increase in volume
within which the macrophages are distributed. Thus in
Fig. 8 we show how the mean macrophage density

rm ¼

Mðt ¼ 10; R; l1 Þ
R 3 2 R3N

ð29Þ

within hepa-1 and C4 spheroids varies with R. For small
spheroids, which possess neither hypoxic nor necrotic
regions, the macrophages are distributed uniformly
throughout the tumour volume (see Fig. 5, with R ¼ 1)
and the mean macrophage densities within the hepa-1 and
C4 spheroids are identical. As R increases this situation
persists until, when a hypoxic region forms, the mean
densities in the two types of tumours diverge. Under
hypoxia, the hepa-1 tumour cells produce chemoattractant
and the corresponding value of rm increases with R until
necrosis is initiated (R , 2:3; see Fig. 6). By contrast, for
the C4 spheroids rm remains approximately constant as R
increases until necrosis occurs. Thereafter, the mean
macrophage density within both the hepa-1 and C4
spheroids decreases with increasing R, with the mean
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FIGURE 7 Here we show that the total number of TAMs ðMðt ¼ 10; R; l1 ÞÞ that have infiltrated hepa-1 ðl1 ¼ 2:0Þ and C4 spheroids ðl1 ¼ 0:0Þ of
radius R at time t ¼ 10 (dimensionless units) increases with R. We note that the hepa-1 spheroids attract more macrophages than their C4 counterparts.
Key: hepa-I spheroids ð£; l1 ¼ 2:0Þ; C4 spheroids ðW; l1 ¼ 0:0Þ: Parameter values: as per Fig. 4.

density in the hepa-1 spheroids remaining larger than the
mean density in the equivalent C4 spheroid.
Leek’s experiments were carried out in still culture, i.e.
the oxygen-rich solution into which the macrophages and
spheroids were initially introduced was held stationary. As
a result, less than one hour after the start of a given
experiment, the spheroids and macrophages had settled,
with the macrophages forming a layer that coats the
bottom of the well and acts as a rich source of
macrophages which continuously penetrate the spheroid
through the point of contact. When similar experiments
were carried out in an agitated, i.e. well-mixed,
environment, similar patterns of macrophage infiltration
were observed (results not shown) but the total number of
infiltrating macrophages was markedly reduced. This is
because when the solution is agitated or stirred the
macrophages are diluted throughout the solution, and, in
consequence, the rate at which macrophages make contact
with spheroids is reduced. Using our mathematical model
it is possible to switch between the agitated and still
conditions by changing m1, the density of macrophages
outside the spheroid, in Eq. (24). In Fig. 9 we show that
Mðt ¼ 10; R,l1) (i.e. the total number of macrophages that
have infiltrated well-developed, hepa-1 and C4 spheroids
(of radius R ¼ 4) at time t ¼ 10) varies with m1. As
anticipated, Mðt ¼ 10; R; l1 Þ increases with m1 with the
hepa-1 spheroids consistently attracting more macrophages

than the C4 spheroids. When the total number of
infiltrating macrophages is rescaled with m1 and the
resulting normalised integral
M norm ¼

Mðt ¼ 10; R; l1 Þ
m1

plotted against m1 we see that Mnorm is approximately
constant and independent of m1 for both types of
spheroids. Thus we conclude that the total number of
macrophages infiltrating a spheroid depends approximately linearly on m1.

MATHEMATICAL ANALYSIS OF THE MODEL
Referring to the model equations, we note that c, RH and
RN are defined independently of v and m. Moreover, for
fixed values of cH and cN, the threshold oxygen
concentrations marking the transition from tumour cell
proliferation ðc . cH Þ to hypoxic ðc , cH Þ and from
viable cells ðc . cN Þ to necrotic cells ðc , cN Þ; it is
possible to solve Eqs. (18) – (20) subject to Eqs. (23) and
(24) and to obtain expressions for c, RH and RN in terms of
the spheroid radius R. In case I, the radius of the spheroid
is small enough that its nutritional demands are met by
diffusion and all cells are proliferating. In case II, the
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FIGURE 8 Here we show how spheroid size affects the mean macrophage density (rm) within hepa-1 ðl1 ¼ 2:0Þ and C4 spheroids ðl1 ¼ 0:0Þ at time
t ¼ 10 (dimensionless units). For small spheroids, which do not possess hypoxic or necrotic regions, the mean macrophage density within the hepa-1 and
C4 spheroids are identical. Once a hypoxic region develops ðR , 1:8Þ; the hepa-1 spheroids start to produce macrophage chemoattractant and the mean
macrophage densities in the two types of spheroids differ, being larger within the hepa-1 spheroids than within the C4 spheroids. For the hepa-1
spheroids the increase in the mean macrophage density coincides with the appearance of the hypoxic region. Once a necrotic core forms ðR , 2:3Þ; the
mean macrophage density starts to fall. For the C4 spheroids, the mean macrophage density remains approximately constant until the necrotic core
forms. Thereafter, as for the hepa-1 spheroids, the mean macrophage density decreases with increasing R. Key: hepa-1 spheroids ( £ ), C4 spheroids (W).
Parameter values: as per Fig. 4.

spheroid is larger, and so the amount of nutrient reaching
its centre is small enough to halt cell division there. The
resulting spheroid comprises a central hypoxic core and a
proliferating rim. In case III, we consider a well-developed
spheroid for which cells near the centre are so nutrient
deficient that they are no longer viable and a necrotic core
forms. Cells near the periphery have adequate nutrient and
are proliferating. The annulus between the proliferating rim
and the necrotic core contains hypoxic cells.

Case III. Tumour comprises proliferating, hypoxic and
necrotic regions ð6ð1 2 cN Þ , R 2 Þ:
(
cN
for 0 , r , RN
cðrÞ ¼
2
3
2
cN 2 RN =2 þ r =6 þ RN =3r for RN , r , R
1 2 cN ¼

R 2 R2N R3N
2
þ
6
2
3R

cH 2 cN ¼
Case I. Tumour comprises proliferating region only
ð0 , R 2 , 6ð1 2 cH ÞÞ:
cðrÞ ¼ 1 2 ðR 2 2 r 2 Þ=6 and

RH ¼ RN ¼ 0:

Case II. Tumour comprises proliferating and hypoxic
regions ð6ð1 2 cH Þ , R 2 , 6ð1 2 cN ÞÞ:
cðrÞ ¼ 1 2 ðR 2 2 r 2 Þ=6;
R2H ¼ R 2 2 6ð1 2 cH Þ:

RN ¼ 0

and

and

R2H R2N
R3
2
þ N :
6
2
3RH

The above expressions for RH and RN may be used to
construct a bifurcation diagram showing how the tumour’s
spatial structure changes with R. The resulting figure is
almost identical to the numerically-constructed diagram
presented in Fig. 6 and is, therefore, not included here. We
now use these results to determine how the long-time
distributions of the chemoattractant and macrophages
depend on the tumour’s size and spatial structure. For
notational simplicity, we assume, henceforth, that l2 ¼ 1
in Eq. (21).
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FIGURE 9 In the upper panel we show that Mðt ¼ 10; R; l1 Þ increases with m1, the density of macrophages outside the spheroid. Large values of m1,
correspond to still experiments, in which the macrophages settle at the bottom of the well, whereas small values of m1 correspond to experiments in
which the fluid medium is continuously agitated. By plotting M norm ¼ Mðt ¼ 10; R; l1 Þ=m1 against m1 in the lower panel we show that the total number
of infiltrating macrophages increases approximately linearly with m1. Key: hepa-1 spheroids (solid line), C4 spheroids (dashed line). Parameter values:
as per Fig. 4.

Case I. 0 , R 2 , 6ð1 2 cH Þ:
Within small non-hypoxic tumours, the nutrient
concentration satisfies c . cH everywhere. As a result
there is no chemoattractant production and

vðrÞ ; 0 ;r [ ½0; R:
In this case, random motion governs macrophage
infiltration into both the hepa-1 and C4 spheroids.
Moreover, in the limit as t ! 1; Eq. (22) reduces to give


1 d r 2 ðc 2 cN Þ dm
:
0, 2
r dr 1 þ c 2 2cN dr
Integrating twice with respect to r and imposing Eqs.
(24) and (27), we deduce that
m ! m1 ;

;r [ ½0; R as t ! 1:

where cN , c , cH and Eq. (22) admits the following
solution:
8
Asinh r
>
>
for 0 , r , RH
l1 þ
>
>
>
r
>
>
<
vðrÞ ¼ A sinh r l1
>
>
þ ½RH coshðr 2 RH Þ þ sinhðr 2 RH Þ
>
>
r
r
>
>
>
:
for RH , r , R
where the constant of integration, A, is determined by
imposing Eq. (24):
A½R cosh R 2 ð1 2 hv RÞsinh R
¼ l1 ½RH ð1 2 hv RÞ 2 RcoshðR 2 RH Þ þ l1 ½ð1
2 hv RÞ 2 RRH sinhðR 2 RH Þ:

Thus, when there is no chemoattractant present, the
macrophages distribute themselves uniformly throughout
the tumour.
Case II. 6ð1 2 cH Þ , R 2 , 6ð1 2 cN Þ:
Within intermediate-sized, non-necrotic tumours,
chemoattractant production is localised to hypoxic sites

ð30Þ

With v(r ) defined by Eq. (30), the long-time behaviour
of the macrophages satisfies



1 d r 2 ðc 2 cN Þ dm
dv
2m
:
0¼ 2
dr
r dr 1 þ c 2 2cN dr
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FIGURE 10 Here we show how, for chemoattractant-producing, hepa-1 spheroids, the analytically-constructed, equilibrium chemoattractant and
macrophage profiles vary with R. The results are in good agreement with numerical solutions of the full model (see Fig. 5). The dotted and dot-dashed
vertical lines denote the hypoxic and necrotic boundaries RH and RN, respectively. Key: chemoattractant concentration (dashed line); macrophage
density (solid line). Parameter values: as per Fig. 4.

Integrating once with respect to r, and imposing Eqs.
(24) and (27), we deduce that


r 2 ðc 2 cN Þ dm
dv
2m
¼ hm ðm1 2 mðRÞÞ:
0¼
1 þ c 2 2cN dr
dr
Since hm – 0 and c . cN ;r [ ½0; R; we deduce that
mðRÞ ¼ m1 and
dm
dv
¼m
:
dr
dr
Integrating again with respect to r, we deduce that the
equilibrium distribution of macrophages within nonnecrotic tumours which possess a hypoxic region is given by
mðrÞ ¼ m1 exp½vðrÞ 2 vðRÞ

for r [ ½0; R:

We note that the maximum macrophage density
coincides with the maximum chemoattractant concentration, which occurs at r ¼ 0: We note also that for
chemoattractant-deficient spheroids ðl1 ¼ 0ÞvðrÞ ; 0
and, hence, mðrÞ ¼ m1 for r [ ½RH ; R: Thus we predict
that within hepa-1 spheroids the macrophages will
accumulate at the centre of the tumour whereas within

C4 spheroids the macrophages will distribute themselves
throughout the tumour volume.
Case III. 6ð1 2 cN Þ , R 2 :
Within well-developed tumours that possess hypoxic
and necrotic regions, the chemoattractant profile is given
by:
8
A~ sinh r
>
>
>
for 0 , r , RN
>
>
r
>
>
>
>
>
>
>
>
A sinh r l1
<
l1 þ
2 ½RN coshðr 2 RN Þ þ sinhðr 2 RN Þ
v¼
r
r
>
>
>
for RN , r , RH
>
>
>
>
>
>
> vP ðrÞ for RH , r , R
>
>
>
:
where

vP ðrÞ ¼

A~ sinh r l1
2 ½RN coshðr 2 RN Þ þ sinhðr 2 RN Þ
r
r
þ

l1
½RH coshðr 2 RH Þ þ sinhðr 2 RH Þ
r
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and the constant of integration Ã is determined by
imposing the flux boundary condition at r ¼ R :
~ cosh R 2 ð1 2 hv RÞsinh R
A½R
¼ l1 ½RH ð1 2 hv RÞ 2 RcoshðR 2 RH Þ þ l1 ½ð1 2 hv RÞ
2 RRH sinhðR 2 RH Þ 2 l1 ½RN ð1 2 hv RÞ

patterns of macrophages into two types of tumour
spheroids were studied (Leek, 1999). The spheroids
were cultured from hepa-1 cells, which are believed to
express a chemoattractant under hypoxia, and C4 cells,
which do not. By comparing the numerically-constructed
solutions with the experimental data we were able to
generate a number of predictions which are consistent
with Leek’s results and which we summarise below.

2 RcoshðR 2 RN Þ 2 l1 ½ð1 2 hv RÞ 2 RRN sinhðR
2 RN Þ:
Using an argument similar to that used to determine the
macrophage distribution for Case II, it is possible to show
that mðRÞ ¼ m1 and
mðrÞ ¼ m1 exp½vðrÞ 2 vðRÞ:
In Fig. 10 we summarise the analytical results derived
above, by plotting the steady-state chemoattractant
concentration v and the macrophage density m for
chemoattractant-producing (hepa-1) spheroids of varying
sizes. Whilst the qualitative forms of the profiles for the
different spheroids are in good agreement with those
obtained by solving the original, time-dependent model
(see Fig. 5), we note that in each case the mean
macrophage density, as defined by Eq. (29), is higher for
the steady-state profiles than for the time-dependent
solutions, provided the tumour has developed a hypoxic
regions.
Recall that at equilibrium the macrophage density on
the tumour boundary is given by mðR; tÞ ¼ m1 : Comparing Figs. 5 and 10, we conclude that the partialdifferential-equation (PDE) model has not reached its
steady state at the time chosen (t ¼ 10 in dimensionless
units). We repeated the numerical simulations of the PDE
model, extending the period of simulation from t ¼ 10 to
t ¼ 100: Even at this later time (results not shown), the
equilibrium profiles had not been attained. Thus we
conclude that whilst the analytically-constructed steady
state solutions provide some insight into the qualitative
form of the chemoattractant concentration and macrophage density, the time taken to realise the steady states is
too long to be biologically relevant.

DISCUSSION
In this paper we have presented a mathematical model that
describes macrophage infiltration into avascular tumours
or spheroids via a combination of random motion and
chemotaxis. A combination of numerical and analytical
results were used to show how the tumour’s size (and
spatial structure) and the ability of its constituent cells to
produce chemoattractants influence the distribution
patterns of the macrophages.
Numerical solutions of the model equations were
compared with experiments in which the infiltration

. Observed differences in macrophage infiltration
patterns may be due to the hepa-1 spheroids producing
chemoattractant at a higher rate than C4 spheroids.
. Neither hypoxia nor necrosis are necessary for
macrophage infiltration: macrophages can migrate
towards and within tumours by random motion alone.
. The number of infiltrating macrophages increases with
tumour size for both the chemoattractant-producing
and chemoattractant-deficient spheroids.

There are also a number of discrepancies between the
numerical simulations and the experimental data that
merit discussion. For example, the numerical simulations
predict that at all times the hepa-1 spheroids recruit larger
numbers of macrophages than C4 spheroids of the same
size (see Figs. 7 and 8). This is consistent with Leek’s
experimental observations at early times but does not
explain the marked increase in macrophage infiltration
into C4 spheroids that occurs after 12 h co-culture (see
Figs. 2 and 3). There are at least two possible explanations
for this discrepancy. Referring to Table I we note that the
detailed spatial structures of the hepa-1 and C4 spheroids
are quite different, with the hepa-1 spheroids possessing
considerably larger regions of necrosis than the C4
spheroids. This suggests that the kinetics of the two cell
lines are also different and, in particular, that the C4
spheroids consume oxygen at a lower rate than the hepa-1
spheroids. Such a difference would delay the onset of
hypoxia and necrosis within the C4 spheroids relative to
the hepa-1 spheroids and would result in the mean
macrophage density in Fig. 8 maintaining its maximum
value (that attained prior to necrosis) for a larger range of
spheroid sizes. Such a shift in the mean macrophage
density curve may be sufficient to explain Leek’s
observations. Alternatively, the absence of a functioning
hif-1 gene in C4 tumour cells may lead to the induction of
other signalling pathways when the cells are subject to
prolonged periods of hypoxic stress (e.g. upregulation of
the production of macrophage inhibitory factor which
immobilises macrophages within hypoxic regions).
Comparing Figs. 3 and 5 we note that the qualitative
form of the macrophage infiltration patterns for the
(experimentally-observed) C4 spheroids and the (numerically-simulated) chemoattractant-deficient spheroids are
different, with the maximum macrophage density
occurring on the tumour boundary for the numerical
simulations and inside the tumour for the experimental
data, as for the chemoattractant-producing spheroids.

AVASCULAR TUMOURS

Guided by this difference we predict that cells within the
C4 spheroids are producing macrophage chemoattractants, albeit at a lower rate than the hepa-1 spheroids.
There are many ways in which our mathematical model
could be extended and improved. In the existing model the
pro- and anti-tumour functions that macrophages may
perform have been neglected, and the macrophages
assumed simply to migrate into the spheroids. Thus a
natural extension of the current model would be to include
macrophage functions such as tumour cell lysis and the
production by the macrophages of additional macrophage
chemoattractants (Owen and Sherratt, 1997; 1998; 1999).
Other natural extensions would be to allow for growth of
the tumour during macrophage infiltration and to
distinguish between the volumes occupied by different
cell types (e.g. tumour cells and macrophages) within the
spheroid. These modifications could be achieved by
adopting the modelling framework proposed by Ward and
King (1997). We would then be able to predict whether the
increase in spheroid volume observed by Leek was due to
swelling caused by the infiltrating macrophages or to
tumour cell proliferation. We would also be able to
investigate whether the infiltrating macrophages displace
tumour cells originally located at the necrotic boundary
and, if this is the case, whether it diminishes the strength
of the chemoattractant signal that recruits additional
macrophages into the spheroid. By further extending the
model to include multiple macrophage populations (e.g.
normal and genetically-engineered macrophages), with
each population carrying out different functions, it should
be possible to test the feasibility of using geneticallyengineered macrophages to target hypoxic sites within
solid tumours, the modified macrophages being designed
to release anti-angiogenic or cytotoxic chemicals under
hypoxia.
Given the long-term aim of using geneticallyengineered macrophages to target hypoxic tumour sites,
we anticipate that higher densities of infiltrating
macrophages will lead to greater rates of tumour cell
lysis. For this reason it is important to be able to estimate
the mean density of macrophages within a particular
tumour and to see how this value is affected by the
tumour’s size, spatial structure and whether the tumour
cells are producing macrophage chemoattractants. In Fig.
8 we showed how the mean macrophage density, at a fixed
time-point, varied with tumour size for chemoattractantproducing tumour cells and chemoattractant-deficient
cells. In the latter case, the mean macrophage density
decreased steadily as the tumour increased in size. A
similar pattern was observed for the chemoattractantproducing spheroids, except for a small rise in the mean
macrophage density, which coincided with the appearance
of a hypoxic region. These results suggest that the delivery
of genetically engineered macrophages to tumours will be
strongly dependent on not only the size and spatial
structure of the tumours but also on the rate at which the
constituent cells produce macrophage chemoattractants
under hypoxia.
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In conclusion, whilst our model of macrophage
infiltration is undoubtedly simplistic, it represents a
good starting point for future work that may help in the
search for effective treatments to manage cancer growth.
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