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In the supplement, we will provide the proof of Theorem 1, which directly follows the
counterpart in Wang and Fang (2013). In the following, model (3.1) is the true model,
with Oiee = (BL,71)T = (BL,67//n)T. Let L(0) = ||Y — Z0||?/2n, QA(0) = L(0) +
S oa([[0]]), and 6y = (BT,0L)7. Additionally, assume that Z7Z/n — Q as n — oo.
Let S = {1, ..., M} denote the full model, Sy = {1,..., K} denote the narrow model, and
o ={S:S C S} be the collection of all submodels of Sgy. For any given S € &7, let Zs
be the n x " ¢ d,, submatrix of Z consisting of those columns indexed by S, and similarly,
we can define s and Q)s. Firstly, based on the work by Wang and Fang (2013), we have

following two lemmas.

Lemma 1 (Wang and Fang, 2013) As n — oo, v/ndL(6y)/00 LN N(Qs,6,Q/c2).
Lemma 2 IfS 2 Sy, then 0% L, o5 =02 If§2 S, then 5% N 0% > oZ.

Wang, Chen and Li (2007) showed the oracle property of group SCAD, i.e., 5)\ =
argming Q»(0) with A = A\, where A\, — 0 and /n\, — oo, providing the sparse model

Sp is the true model. We extend it to the local model.

Lemma 3 Under the same conditions of Theorem 1 in Wang, Chen and Li (2007), except
assuming that model (3.1) is the true model with v = 0/v/n, if A\n — 0 and \/n), — 00,
then with probability tending to 1, 3}” ={m: é\,\nm # 04, } =So.
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Proof of Lemma 3: By Lemma 1, «/ndL(6)/00 = O,(1). Following proofs of Theorem
1 in Fan and Li (2001) and Theorem 1 in Wang, Chen and Li (2007), we can show that
there exists a local minimizer of 6 of Q@», (0) such that ||§— fo|| = O,(n~Y/?). Note that, for
m=K+1,...,M,

0Qx 0L

, 2
T = e+ P18 (6lsen(6.,))

16|

where |0,,|sgn(0,,) is in componentwise meaning. Furthermore, following the proof of Lemma

1 of Fan and Li (2001), we can show that with probability tending to 1, for any given S* satis-
fying || 8*— ol = Op(n~'/?) and some constant C', Q((5*",0])") = min . <cn-1/2 QBT 7*T)T).
Then Lemma 3 follows. [

Lemma 4 Pr(BIC,, = BICg,) — 1, as n — oc.

Proof of Lemma 4: Let BICy = log(c3%) + dfylog(n)/n (the objective function in (??)) and
BICs = log(c%) + >_,,cs dmlog(n)/n. If A, satisfies A, — 0 and /n\, — oo, we have
165, — 60|l = O,(n"'/2) (obtained from Lemma 3) and Pr(S,, = Sy) — 1. Let 67{” =
(67/{”,30,5{”,86), clearly é\,\mgo — By # 0, follows. Thus Pr(||§,\nm|| > al,,m € S) — 1, and

a is the constant in the group SCAD penalty. Based on similar techniques in the proof of

Lemma 3 of Wang et al. (2007), Lemma 4 follows. [

Based on all previous lemmas, it suffices to prove Theorem 1. Let Q_ = {A € Q: S\ 2 So}
and Q; ={\ € Q: S, ; So}, where 2 is a possible bounded positive range of .

Proof of Theorem 1: The proof, similar with Theorem 1 in Wang and Fang (2013),
addresses two cases, i.e., lack-of-fit and over-fit.

Case 1: if X € Q_. Lemma 4 shows that, BIC,, = logg, + plog(n)/n with probability

1, and Lemma 2 shows, BICy, — log(c?) in probability. Since 53 > ﬁé by the meaning
of OLS estimates, BIC, > log(/a\é) > min{&szso}log(ff\%) — mings.s35,) log(c%) > log(c?),

where the last inequality follows from Lemma 2. Hence, Pr(inf,co_ BIC, > BIC, ) — 1.

Case 2: if X € Q. Given any §* 2 S with dfy = > s dmn = d*, SSEg, —
Z'(Hg+ —

true

SSEs- = Y7 (Hs- — Hs,)Y follows non-central chi-square distribution o2x3._,(6{;
Hsy) Z0wue) = 02x5-_,(0'U'(Hs — Hs,)Ud /), where the last equality follows from projection
properties of Hg- and Hg,. Therefore SSEg, — SSEs« = O,(1).
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Again based on the simple fact 3 > 3‘2% and Lemma 4, BIC, — BIC, > log(ﬁé) _
log(%,) + (dfy —p) log(n)/n with probability tending to 1. With standard Taylor expansion
technique, log(&é) —log(03,) = 05 (SSE5, — SSEs,)/n+ O,((SSEg, — SSEs,)?/n?). Hence,

with probability tending to 1,
n(BIC, — BIC,,) > 8’02(SSE§A — SSEs,) + (dfy — p) log(n) + 0,(1).

Finally, with probability tending to 1, infyeq, n(BIC, — BIC,,) > 3502 minsos, (SSEs —
SSEs,) + log(n) + o0,(1) = log(n) + Op(1). Therefore, Pr(infyeq, BIC, > BIC,,) — 1.

By combining results in previous two cases, we prove Pr(infyeq_uo, BIC, > BIC,,) — 1.

Consequently, Theorem 1 follows. [



