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A 3-dimensional mathematical model is developed to determine the effect of drug binding kinetics on the spatial distribution of a
drug within the brain. The key components, namely, transport across the blood-brain barrier (BBB), drug distribution in the brain
extracellular fluid (ECF), and drug binding kinetics are coupled with the bidirectional bulk flow of the brain ECF to enhance the
visualization of drug concentration in the brain. The model is developed based on the cubical volume of a brain unit, which is a
union of three subdomains: the brain ECF, the BBB, and the blood plasma. The model is a set of partial differential equations
and the associated initial and boundary conditions through which the drug distribution process in the mentioned subdomains is
described. Effects of drug binding kinetics are investigated by varying the binding parameter values for both nonspecific and
specific binding sites. All variations of binding parameter values are discussed, and the results show the improved visualization
of the effect of binding kinetics in the drug distribution within the brain. For more realistic visualization, we suggest
incorporating more brain components that make up the large volume of the brain tissue.

1. Introduction

The drug distribution is the process by which the drug mol-
ecules are delivered from the bloodstream to various body
compartments, especially where the drug effect is needed
[1]. The drug distribution in the human body is significant
in a sense that it results into exposing the targeted sites to
the drug being administered. However, drugs can only
induce their therapeutic effects if they properly associate with
the molecular targets within the body [2].

When the drug is administered to target the central ner-
vous system, its distribution is usually varied due to various
factors such as blood perfusion, permeability of the blood-
brain barrier (BBB), diffusion, bulk flow of the brain extracel-
lular fluid (ECF), metabolism, and drug binding [3, 4]. The
delivery of drug substances into the brain is strongly con-
trolled by the semipermeable brain border that is the BBB
[5–7]. However, the ability of the drug to pass across the
BBB largely depends on both biological features such as
transporters and enzymes, as well as the drug compound

physicochemical properties like molecular weight, lipophilic-
ity, and hydrogen bonding capacity [8, 9].

The transport of drug molecules across the BBB may
occur in two possible ways, which are either passive or active
transport [10]. The study by Nhan et al. [11] describes pas-
sive transport across the BBB, in which this transport aspect
exhibits bidirectional movement of drug compounds. Unlike
the passive transport, active transport across the BBB exhibits
the unidirectional movement of molecules from the blood to
the brain. In active transport, the total flux across the BBB is
similar to that of passive transport across the BBB and thus
results into disregarding the unidirectional movement of
molecules in the active transport across the BBB [12]. In
addition, the total flux of the drug during active transport
largely depends on the drug affinity, into and out of the brain
[13]. However, the active transport is generally assumed to
function as stated by Michaelis-Menten kinetics [14–17].

Drug molecules are normally exposed to both bulk flow
of the brain ECF and drug diffusion into the brain ECF as
they pass across the BBB [18, 19]. In the brain ECF, drug
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diffusion is constrained by the obstruction imposed by the
substances and/or cells found within the brain ECF which
result into a phenomenon known as tortuosity [20, 21]. Tor-
tuosity is the diffusion property whereby diffusion is hin-
dered by factors such as spaces occupied by brain cells as
well as extracellular matrix. Furthermore, this property dif-
fers for different drugs due to their differences in size, drug
deformability, and specific interactions of the drug with the
extracellular matrix [22]. Since the brain ECF has a complex
structure, it turns out that the diffusion of drug molecules via
the brain ECF is lessened due to various factors like the hin-
drance imposed by the brain cells (tortuosity) and volume
fraction of the brain ECF. However, in 2019, Vendel sug-
gested that in order to account for the complex intertwined
structure of the brain, the tortuosity and the brain ECF vol-
ume fraction should be taken into account in developed
models [12]. Drug molecules need to be supplied to the spe-
cific targets in enough amounts and continuance to suffi-
ciently interact together with the binding targets and elicit
the desired effect [23, 24]. As a result, numerical understand-
ing is greatly needed on binding positions and binding kinet-
ics in the brain for suitable prediction of a drug effect [12].
Besides, the human brain is solely unavailable for experi-
ments, and the instant measuring of the distribution of the
drug within the brain’s space is highly limited [12]. As a
result, an extreme restriction is imposed on measuring the
concentration-time profile of a drug within the brain. In this
particular case, mathematical modeling becomes an essential
tool for adequately forecasting the drug distribution within
the brain and more significantly to depict and gain insights
about the impact of processes that influence the distribution
of the drug, especially those that occur within the brain [2,
12].

Currently, there are only few mathematical models that
have been formulated and analyzed to study the drug distri-
bution in the brain. These include a 2-dimension model by
Vendel et al. [23] and 3-dimensional model by Vendel et al.
[2] that incorporate blood-brain barrier (BBB), bulk flow of
the brain extracellular fluid (ECF), drug diffusion through
the brain extracellular fluid, and binding kinetics. However,
the authors considered only the unidirectional bulk flow of
the brain ECF. Therefore, this study intends to formulate
and analyze a 3-dimensional mathematical model that incor-
porates the BBB, binding kinetics, and drug transport in the
brain ECF with a bidirectional flow of the brain ECF to study
what effect the drug binding kinetics imposes on the drug
distribution in the brain. In addition, the study considers
the bidirectional bulk flow of the brain ECF in order to cap-
ture the more realistic flow of blood within the brain unit
which cannot be achieved with consideration of only one
direction bulk flow of the brain ECF. Moreover, the study
gives improved visualization of the drug distribution in the
brain which leads into better understanding of the effect of
the drug binding kinetics.

2. Materials and Methods

2.1. Model Assumptions and Model Formulation. The model
formulation is based on the following assumptions:

(i) The drug concentration within the blood plasma is
defined as a function of the rates of absorption and
elimination from and into the blood. In this case,
the drug is assumed to be orally administered into
the body

(ii) The drug is transferred into a 3-dimensional brain
unit through a supplying arteriole, whereby it exits
through a draining venule (see Figure 1(a))

(iii) The drug enters a 3-dimensional brain unit at the
W in domain and leaves through the domain Wout
(see Figure 1(b))

(iv) The blood flow along capillaries of the brain is
directed away from W in (see Figure 1(c))

(v) Diffusion in the blood plasma is negligible; thus,
drug molecules are exclusively transported by the
brain capillaries via the brain capillary blood flow

(vi) The brain capillaries are of all equal surface area and
size. Besides, we assume that the volume of the
incoming arteriole equals the volume of the three
outgoing brain capillaries it connects to and that
the volume of the outgoing venule equals the volume
of the three incoming brain capillaries it connects to.
Thus, the total volume of incoming blood vessels
equals the total volume of the outgoing blood vessels
at each vertex, while in all capillaries, the velocity of
brain capillary blood flow is assumed to be the same

(vii) The entire drug within the blood plasma is in an
unbound state and therefore, it can pass across
the BBB. Furthermore, the drug exchange between
the blood plasma and the brain ECF is described by
both passive and active transport across the BBB in
both directions

(viii) Drug within the brain ECF is transported through
the brain ECF bulk flow and diffusion

(ix) Tortuosity is taken into consideration to account
for the obstruction imposed to diffusion by the
brain cells

(x) The rectangular Cartesian coordinate system is
used to indicate the direction of the bulk flow of
the brain ECF. The brain ECF bulk flow is bidirec-
tional. It is pointed in the x-direction and z-direc-
tion (see Figure 1(c)). Additionally, both the x
-directed and z-directed bulk flows of the brain
ECF are assumed to be the same

(xi) The entire drug is distributed within the brain ECF
where the extracellular binding sites are available

(xii) The drug binding is reversible such that the total
concentration of a drug in binding targets (nonspe-
cific and specific targets) remains unchanged

(xiii) The nonspecific and specific targets are uniformly
distributed over a 3-dimensional brain unit. Addi-
tionally, binding targets have constant positions
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(xiv) The nonspecific and specific binding targets are
external to the cells. Thus, the drug does not cross
the cell membranes to attach to the desired targets

Consider the figure above for reference.

2.2. Description of 3-Dimensional Brain Unit. In the model
developed in the current study, a 3-dimensional brain unit
is the domain under consideration. It is defined as

W = x, y, zð Þ ∈ IR3 ∣ 0 ≤ x ≤ xr ∧ 0 ≤ y ≤ yr ∧ 0 ≤ z ≤ zr
� �

,
ð1Þ

whereby xr , yr , and zr stand for the length of one unit of
the brain capillary, given by lcap + 2r with lcap as the interca-
pillary distance, and r is the radius of brain capillary.

Since the BBB, brain ECF and the brain capillaries are
found in the brain; then, they are the subsets of one unit of
the brain [2]. That is, Wpl ⊂W, WBBB ⊂W, and WECF ⊂W.
Therefore, the domain of a 3-dimensional brain unit can be
defined as

W =Wpl ∪WBBB ∪WECF: ð2Þ

The distribution of drug in the developed model is
described by twomain subprocesses, namely, the distribution

of drug into the blood plasma and drug distribution in the
ECF brain. This is shown in the system of differential Equa-
tions (4), (6), (7), and (8) along with the associated initial
conditions described in Equations (5), (9), and (10) as well
as the boundary conditions described in Equations (12) to
(16).

2.3. Flow of Drug Concentration in Blood Plasma.As stated in
assumption (i), i.e., the drug is assumed to be orally adminis-
tered. Thus, the unbound drug concentration in W in is
expressed through Equation (3).

μ tð ÞW in
= F:Dose:Ka

Vd Ka − Keð Þ e−Ket − e−Kat
� �

, ð3Þ

whereby F is the drug bioavailability, μ is the drug con-
centration within the blood plasma, Dose is the orally deliv-
ered drug concentration, Vd is the distribution volume that
relates the drug concentration in the blood plasma with the
total drug amount in the body, and Ka and Ke are the drug
absorption and elimination constants, respectively.

Moreover, according to assumptions (iv) and (v), the
equations governing flow of drug concentration in blood
plasma are given by the system of Equations (4) and (5).

Supplying arteriole and
draining venule in a 3D brain

unit

Venule

Arteriole

(a) Supplying arteriole and draining venule in a 3D brain unit

Win

Win and Wout in a
3D brain unit

Wout

(b) Win and Wout in a 3D brain unit

Bidirectional movement of
drug in a 3D brain unit

Win

Wout

(c) Bidirectional movement of drug in a 3D brain unit

Figure 1: 3D brain unit domain, W in, Wout domains, and bulk flow directions.
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∂μ
∂t

= −vblood
∂μ
∂x

, μ ∈Wxi, ∀i∣i = 1,⋯, 4,

∂μ
∂t

= −vblood
∂μ
∂y

, μ ∈Wyi, ∀i∣i = 1,⋯, 4,

∂μ
∂t

= −vblood
∂μ
∂z

, μ ∈Wzi, ∀i∣i = 1,⋯, 4:

ð4Þ

The associated initial condition is

μ x, y, z, t = 0ð Þ = 0, ð5Þ

where vblood is the blood flow rate in the brain capillaries.
Wxi,Wyi andWzi, and ∀i ∣ i = 1,⋯, 4 represent the directions
of brain capillaries in x, y, and z directions, respectively.

2.4. Drug Distribution within the Brain ECF. Based on
assumptions (viii) to (xiv), the distribution of both bound
and unbound drugs within WECF is described in Equations
(6) to (8).

∂ρ
∂t

= D

λ2
∇2ρ − vECF

∂ρ
∂x

+ ∂ρ
∂z

� �
− k1onρ Btot

1 − B1
� �

+ k1of f B1

− k2onρ Btot
2 − B2

� �
+ K2offB2,

ð6Þ

∂B1
∂t

= k1onρ Btot
1 − B1

� �
− k1offB1, ð7Þ

∂B2
∂t

= k2onρ Btot
2 − B2

� �
− K2of f B2: ð8Þ

The associated initial conditions are

ρ x, y, z, t = 0ð Þ = 0, ð9Þ

Bi x, y, z, t = 0ð Þ = 0, ∀i∣i = 1, 2, ð10Þ
whereby D is the diffusion coefficient in a free medium, λ

is the tortuosity, ρ is the concentration of drug in the brain
ECF, and vECF is the (x-directed and z-directed) brain ECF
bulk flow [20]. Furthermore, B2 and B1 are the drug concen-
trations in both nonspecific binding and specific binding tar-
gets, respectively, and Btot

1 and Btot
2 are the total

concentrations of specific binding and nonspecific binding

sites within the brain ECF, respectively [23]. Also, k1on and
k2on are the association rate constant for both specific binding
and nonspecific binding, respectively, where k1off and k2off
are the dissociation rate constant for both specific and non-
specific binding, respectively [23]

2.5. Boundary Conditions. The system of equations above
specifically Equations (3), (4), (6), (7), and (8) along with
their associated initial conditions forms a mathematical
model for this study. All of these equations describe the pro-
cess of drug distribution over different subdomains within a
3-dimensional brain unit domain.

To manage the solving of model equations, it is impor-
tant to specify realistic boundary conditions for this model.
Such boundaries are boundaries at the faces of the brain unit,
the boundary between the brain capillaries domain ðWplÞ,
and the brain-ECF domain ðWECFÞ, i.e., at x = r and x = xr
− r (see Figure 2).

The diffusion of a drug from the blood plasma into the
brain ECF is described as a product of the difference in con-
centration of drug between Wpl and WECF and the BBB
permeability.

Furthermore, based on the study in [2], drug transport in
and out of the brain is described by Equation (11)

f μ, ρð Þ = P μ − ρð Þ + Tm−in
SABBB Km−in + μð Þμ −

Tm−out
SABBB Km−out + ρð Þ ρ

With ; P = ptrans f trans + ppara f para where ppara =
Dpara
WPCS

,

ð11Þ

where ptrans is the permeability across the endothelial cells
of brain capillary, f trans is the fraction of the area of endothe-
lial cells of brain capillary, Dpara is the diffusivity of a drug
across the paracellular space,WPCS is the breadth of the para-
cellular space, f para is the fraction of area of the paracellular
space, the maximal rates of active influx and active efflux of
drug are given by Tm−in and Tm−out, respectively, Km−in is
the concentration of drug where half of Tm−in is attained,
Km−out is the concentration of drug where half of Tm−out is
attained, and SABBB represents the surface area of the
BBB [2].

Blood flow

Blood-brain barrier

Brain capillary

Brain ECF

Active transport

x = xr

x = r

x = xr–r

Figure 2: Drug exchange between Wpl and WECF:
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As Figure 2 indicates, the loss or gain of unbound drug
from/into the brain ECF due to the BBB is described by the
boundary conditions given by Equation (12) [23]:

D∗ ∂ρ
∂t

= −f μ, ρð Þfor x, y, zð Þ ∈WBBB at x = r,

D∗ ∂ρ
∂t

= f μ, ρð Þfor x, y, zð Þ ∈WBBB at x = xr − r:

ð12Þ

Moreover, in view of the brain capillaries domain, the
drug transport across the BBB is described by Equation (13):

D∗ ∂μ
∂t

= f μ, ρð Þ for x, y, zð Þ ∈WBBB at x = r,

D∗ ∂μ
∂t

= −f μ, ρð Þ for x, y, zð Þ ∈WBBB at x = xr − r,
ð13Þ

where D∗ =D/λ2, D∗, is the effective diffusion coefficient
while D is the coefficient of diffusion in free medium.

Additionally, considering assumption (v), i.e., there is no
diffusion in blood plasma. It follows that the system of Equa-
tion (14) is used for description of the concentrations at the
sides of 3-dimensional brain unit:

∂μ
∂x

= 0 for x = 0 and x = xr ,

∂μ
∂y

= 0 for y = 0 and y = yr ,

∂μ
∂z

= 0 for x = 0 and z = zr:

ð14Þ

In the model developed in the current study, concentra-
tion at the faces of 3-dimensional brain unit is considered
to be zero as shown in Equation (15):

μ = 0 forWout ∩ ∂W: ð15Þ

Furthermore, the conditions at boundaries (WECF ∩ ∂W)
are given by equations below:

∂ρ
∂x

= 0

∂ρ
∂z

= 0
ð16Þ

3. Description of Model Parameters

In the current study, properties of the rat brain were used to
determine the parameter values. This choice is made on the
basis that most data for this species are available. Neverthe-
less, the model is suitably valid for data from human and
other species [2]. The brain intercapillary distance in the rat
is averagely considered to be 50μm, whereby the brain capil-
lary is approximately 2:5μm by radius ([25–27]). It follows
that the radius of capillaries in the brain, r, was set to 2:5μ
m,and the dimensions of the 3-dimensional brain unit in
the directions of x, y, and z to 55μm.

Additionally, Equations (4) and (5) are used to describe
concentration of the drug in blood plasma, and the boundary
conditions are described by Equations (13), (14), and (15).
We also describe the concentration of drug within the brain
ECF through Equations (6), (7), and (8) and the initial condi-
tions (9) and (10) along with boundary conditions described
in Equations (12) and (16). The parameter values together
with their units are given in Table 1. The choice of values
for model parameters is based on the findings of different
experimental studies.

4. Model Results

The drug distribution in the 3-dimensional brain unit is stud-
ied by plotting the concentration of drug in the blood plasma,
drug binding sites, and the brain extracellular fluid for vari-
ous time instances. The main focus of the current study is
to determine the effect that the binding kinetics of drug
imposes on the distribution of drug in the brain tissue. To
determine the effect of drug binding kinetics, the model
Equations (4), (6), (7), and (8) are discretized together with
the prescribed boundary conditions (12), (13), (14), and
(16). The discretization is done by using the finite difference
method (FDM), particularly the implicit schemes through
which the simulation is carried out. For improved visualiza-
tion of the effect of drug binding kinetics, the drug distribu-
tion incorporated with drug transport across the BBB,
binding kinetics of drug, and bidirectional bulk flow of the
brain ECF is considered. The parameter values in Table 1
are used for simulation.

The blood flow within brain capillaries aids the move-
ment of drug molecules within a 3-dimensional brain unit.
The drug molecules within blood plasma have to cross the
BBB for them to enter the brain ECF. The drug molecules
bind either to nonspecific or specific binding targets in the
brain ECF. In addition, the effect of binding kinetics is deter-
mined by studying the trends of how the drug distributes in
the brain ECF. The drug transport process within the brain
unit is described by Figure 3(a). Moreover, the cubical lattice
in Figure 3(b) represents the 3-dimensional brain unit within
which the brain ECF is found. In the simulations of the cur-
rent study on how the drug distributes within the brain ECF,
the cubical lattice in Figure 3(b) is sliced at different positions
into three slices plots so as the effect of binding kinetics and
concentration within the brain ECF can be easily observed
at different time levels.

4.1. Drug Distribution in Blood Plasma. The unbound drug in
the plasma has to pass through the BBB into the brain ECF
where its therapeutic effect is determined. We firstly need
to determine how the drug concentration distributes along
the brain capillaries across the BBB into the brain ECF. The
distribution is observed at three different levels of time t1 =
2 sec, t2 = 8 sec, and t3 = 14 sec. Drug molecules leave the
blood plasma domain across the BBB into the brain ECF
where the drug molecules bind to either specific or nonspe-
cific binding sites. The amount of unbound drug from blood
plasma into the brain ECF is slightly affected by the perme-
ability of BBB, P, and blood flow rate, vblood. Figures 4–7 show
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how the drug molecules distribute in the blood plasma when
different cases of variations in the blood flow rate, vblood, and
permeability of BBB, P, are considered. The model parameter
values for permeability ðP = 0:1 × 10−7ms−1Þ and blood flow
rate ðvblood = 1 × 10−6ms−1Þ are initially used in the simula-

tions for Figure 4 to describe how the drug distributes along
brain capillaries into the brain ECF.

The plots in Figure 4 show that the concentration of
drug within blood plasma slightly distributes within brain
capillaries in significantly smaller amounts at different

Table 1: The model parameters, descriptions, values, and units.

Parameter Description Value[reference] Unit

F Drug bioavailability 1 [2] —

Dose Concentration of orally delivered drug 0:5 [2] μmol
Vd Distribution volume 0:2 [2] L

Ka Absorption rate constant 2 × 10−4 [2] s−1

Ke Elimination rate constant 5 × 10−5 [2] s−1

r Brain capillary radius 2:5 × 10−6 [28] m
lcap Inter-capillary distance 5 × 10−5 [29] m
vblood Brain capillary blood flow rate 0:5 − 50ð Þ × 10−6 [29] ms−1

Tm−in Maximum active influx rate 0:1 × 10−12 [assumed] μmols−1

Tm−out Maximum active efflux rate 0:1 × 10−12 [assumed] μmols−1

Km−in Concentration required to attain half of Tm−in 1 × 102 [2] μmolL−1

Km−out Concentration required to attain half of Tm−in 1 × 102 [2] μmolL−1

D∗ Effective diffusion coefficient 2:5 × 10−16 [20] m2s−1

VECF Brain ECF bulk flow velocity 0:5 × 10−6 [assumed] ms−1

SABBB Surface area of the BBB 0:1 × 10−7 [assumed] m2

P BBB permeability 10−10 − 10−5 [2, 8] ms−1

k1on Specific association rate constant 10−4 − 102 [30] μmolL−1s
� �−1

k2on Non-specific association rate constant 10−6 − 101 [23] μmolL−1s
� �−1

k1off Specific dissociation rate constant 10−6 − 101 [30] s−1

k2off Non-specific dissociation rate constant 10−4 − 103 [23] s−1

Btot
1 Total concentration on specific binding sites 5 × 10−2 [23] μmolL−1

Btot
2 Total concentration on non-specific binding sites 5 × 101 [23] μmolL−1

Blood flow

Blood-brain barrier

Brain capillary

Brain ECF

(a) (b)

Active transport

Figure 3: Drug transport in brain capillaries and active transport across the BBB into the brain ECF (a). A cubical lattice (blue) represents a
piece of 3-dimensional brain tissue. The cubical lattice is formed of the network of smaller cubic lattices (red). The arrows indicate the
bidirectional bulk flow of the brain ECF (b).
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time levels for the mentioned permeability and blood flow
velocity values. However, in Figure 5, the concentration of
unbound drug within blood plasma appears to become
considerably large when the BBB permeability and blood
rate values are simultaneously increased, i.e., ðP = 0:5 × 10−7
ms−1Þ and ðvblood = 1:5 × 10−6ms−1Þ. This implies that when
the values for both BBB permeability and blood flow rate are
increased simultaneously, the molecules of unbound drug
within the blood plasma are found to have huge amount as
seen in Figure 5(a). However, as time passes, the drug distrib-

utes further, and the concentration within the blood plasma
becomes much more lesser due to elimination to the brain
ECF. Thus, the concentration of drug within blood plasma
tends to decrease as shown in Figures 5(b) and 5(c). Moreover,
in Figure 5, when the BBB permeability ðPÞ and blood flow
rate ðvbloodÞ are simultaneously increased, the concentration
of unbound drug in blood plasma is as much as a square of
the concentration of drug in blood plasma for smaller values
of BBB permeability ðPÞ and blood flow rate ðvbloodÞ in
Figure 4.
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Nevertheless, the plots in Figure 4 exhibit spatial varia-
tions in the location of the drug concentration peaks in distri-
bution of drug within the blood plasma at three different
time levels. The variation of drug concentration peak within
the blood plasma is initially observed at t1 = 2 sec as indi-
cated in Figure 4(a). The concentration peak in Figure 4(a)
covers a small area contrary to Figures 4(b) and 4(c). When
the time increases to t2 = 8 sec, the concentration peak also
spreads a little wider as shown in Figure 4(b). Additionally,
when the time increases further to t3 = 14 sec, the concentra-

tion peak within the blood plasma spreads more over the
region next to the BBB as indicated in Figure 4(c).

The observation is further done to determine how the
variations in individual parameter values of the BBB per-
meability (P) and blood flow rate ðvbloodÞ, respectively,
affects the distribution of drug within the blood plasma.
The variation is done in one parameter value while another
parameter value is kept constant as shown in Figures 6 and
7. Initially, the value for BBB permeability ðPÞ is set to P
= 2 × 10−6:9ms−1 while the blood flow rate is held constant,
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Figure 6: Drug distribution in blood plasma ðμÞ for P = 2 × 10−6:9ms−1 and vblood=1 × 10−6ms−1. The plots (a), (b), and (c) indicate the
distribution of drug in the blood plasma ðμÞ for t = 2s, t = 8s, and t = 14s, respectively.

0

×10–4

1

2

3

0.5

1.5

2.5

3.5

6

4

2

0

4

2

0

3

1

4

5

6

2

0

3

1

×10–5

×10–5

×10–5

xy

z

6

4

2

0

4

2

0

3

1

4

5

6

2

0

3

1

×10–5

×10–5

×10–5

xy

z

(a) (b) (c)

6

4

2

0

4

2

0

4

5

6

2

0

3

1

×10–5

×10–5

×10–5

xy

z

4

2

4

2
3

1
×10–5

xy

6

4

2

4

2
3

1

4

5

6

2

0

3

1

×10–5

×10–5

×10–5

xy

z

6

4

2

4

2

4

5

6

2

0

3

1

×10–5

×10–5

×10–5

xy

z

Figure 7: Drug distribution in blood plasma ðμÞ for P = 0:1 × 10−7ms−1 and vblood=1:1 × 10−5:95ms−1. The plots (a), (b), and (c) indicate the
distribution of drug in the blood plasma ðμÞ for t = 2s, t = 8s, and t = 14s, respectively.
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vblood = 1 × 10−6ms−1. Thereafter, the blood flow rate is var-
ied to vblood = 1:1 × 10−5:95ms−1 while the BBB permeability
is held constant, P = 0:1 × 10−7ms−1.

When the BBB permeability increases while blood flow
rate is held constant, the concentration of unbound drug
becomes less in the blood plasma. Figure 6 shows that drug
concentration within the blood plasma is slightly distributed
in small amounts. Nevertheless, in a case when the blood flow
rate is increased while the BBB permeability is held constant,
an increased drug concentration within the blood plasma is

observed as shown in Figure 7. Moreover, spatial variations
in drug concentration peak in Figures 6 and 7 are observed
at different time levels. In Figures 6(a) and 6(b), the drug dis-
tribution within the blood plasma is approximately the same
for the first two time levels, i.e., t1 = 2 sec and t2 = 8 sec; how-
ever, the distribution of drug tends to increase in the region
next to the BBB as time increases due to the increased perme-
ability as shown in Figure 6(c). Additionally, in Figure 7(a),
the drug distribution within the blood plasma is observed
to be less compared to that observed in Figure 7(b), but as
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Figure 8: Drug distribution in brain ECF ðρÞ for k1on = 1 × 10−1ðμmolL−1sÞ−1, k2on = 1 × 10−2ðμmolL−1sÞ−1, k1off = 1 × 10−2s−1, and k2off = 1
× 10−1s−1. The plots (a), (b), and (c) indicate the distribution of drug in the brain ECF ðρÞ for t = 2s, t = 8s, and t = 14s, respectively.
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Figure 9: Drug distribution in brain ECF ðρÞ for k1on = 1 × 10−1ðμmolL−1sÞ−1, k2on = 1 × 10−2ðμmolL−1sÞ−1, k1off = 5 × 10−1s−1, and k2off = 3
× 10−0:2s−1. The plots (a), (b), and (c) indicate the distribution of drug in the brain ECF ðρÞ for t = 2s, t = 8s, and t = 14s, respectively.
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time goes on, the drug distribution in the blood plasma tends
to decrease to a minimal drug concentration due to elimina-
tion of drug from the blood plasma, Figure 7(c).

4.2. The Effect of Binding Kinetics in Drug Distribution within
a 3-Dimensional Brain Unit. After crossing the BBB, the drug
molecules diffuse into the brain intercellular spaces and dis-
tribute throughout the brain ECF via the bulk flow of the
brain ECF. However, the distribution of free drug molecules
in the brain ECF is somewhat affected by the binding kinetics

of the drug at their binding targets. Therefore, it is important
to determine how the binding kinetics of drug affects the
drug distribution within the brain.

Both diffusion and bulk flow of a drug result into a sub-
stantial amount of drug concentration within the brain
ECF. This maximizes the chances of drug molecules to asso-
ciate with either specific or nonspecific binding targets.
Moreover, the chance for drug binding kinetics to induce
its effect on the drug distribution within the brain ECF
becomes higher.
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Figure 11: Drug distribution in the brain ECF ðρÞ for k1on = 0:5ðμmolL−1sÞ−1, k2on = 1 × 10−2ðμmolL−1sÞ−1, k1off = 2 × 10−1s−1, and k2off = 1
× 10−1s−1. The plots (a), (b), and (c) indicate the distribution of drug in the brain ECF ðρÞ for t = 2s, t = 8s, and t = 14s, respectively.
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The impact of drug binding kinetics is determined
through investigating the trends of distribution of a free drug
within the brain ECF at three distinct time levels (t1 = 2 sec,
t2 = 8 sec, and t3 = 14 sec) when different values for drug
association and dissociation rates (kion and kioff , respectively,
for i = 1, 2) are considered in the simulated plots (see
Figures 8–12).

First, we consider a case where the model is simulated by
fixed parameter values of binding kinetics to see how the
drug distributes within the brain ECF, as indicated in
Figure 8. Thereafter, simulation for different cases of varia-
tions in the binding parameters (see Figures 9–12) is consid-
ered to see how the distribution of drug within the brain is
affected.
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Figure 12: Drug distribution in the brain ECF ðρÞ for k1on = 1 × 10−1ðμmolL−1sÞ−1, k2on = 2:5 × 10−4ðμmolL−1sÞ−1, k1off = 1 × 10−2s−1, and
k2off = 1:5 × 10−3s−1. The plots (a), (b), and (c) indicate the distribution of drug in the brain ECF ðρÞ for t = 2s, t = 8s, and t = 14s, respectively.
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Figure 13: Drug distribution in specific binding sites ðB1Þ for k1on = 1 × 10−1ðμmolL−1sÞ−1, k2on = 1 × 10−2ðμmolL−1sÞ−1, k1off = 1 × 10−2s−1,
and k2off = 1 × 10−1s−1. The plots (a), (b), and (c) indicate the distribution of drug in specific binding sites ðB1Þ for t = 2 s, t = 8 s, and t = 14
s, respectively.
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Initially, values for binding kinetics are fixed with k1on
= 1 × 10−1ðμmolL−1sÞ−1, k2on = 1 × 10−2ðμmolL−1sÞ−1, k1off
= 1 × 10−2s−1, and k2off = 1 × 10−1s−1 for Figure 8. The drug
molecules in the region of the brain ECF adjacent to the
BBB distribute in huge amounts throughout the whole region
next to the BBB for the first level of time ðt1 = 2 secÞ (see
Figure 8(a)). At the second time level ðt2 = 8 secÞ as indicated

in Figure 8(b), drug molecules distribute with a slight
decrease in drug concentration within the brain ECF.
Figure 8(b) shows that drug concentration within the brain
ECF decreases over almost the whole region of the brain
ECF except a very few areas where the concentration is a
bit higher. However, when the time further increases in
Figures 8(c) and 8(a), significant decrease in amount of the
drug concentration within the brain ECF is noticed. Thus,
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Figure 14: Drug distribution in non-specific binding sites ðB2Þ for k1on = 1 × 10−1ðμmolL−1sÞ−1, k2on = 1 × 10−2ðμmolL−1sÞ−1, k1off = 1 × 1
0−2s−1, and k2off = 1 × 10−1s−1. The plots (a), (b), and (c) indicate the distribution of drug in non-specific binding sites ðB2Þ for t = 2 s, t = 8
s, and t = 14 s, respectively.
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Figure 15: Drug distribution in non-specific binding sites ðB2Þ for k1on = 1 × 10−1ðμmolL−1sÞ−1, k2on = 1 × 10−2ðμmolL−1sÞ−1, k1off = 5 × 1
0−1s−1, and k2off = 3 × 10−0:2s−1. The plots (a), (b), and (c) indicate the distribution of drug in non-specific binding sites ðB2Þ for t = 2 s, t =
8 s, and t = 14 s, respectively.
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the drug concentration in Figure 8(b) is less compared to
Figure 8(a) but reasonably higher compared to the concen-
tration when time increases further to t3 = 14 sec as indicated
in Figure 8(c).

In this case, the association rate in specific binding is the
same as the dissociation rate in nonspecific binding sites.
Nevertheless, the association rate in nonspecific binding is

the same as the dissociation rate in specific binding. The
association rate at specific binding sites is larger compared
to that at nonspecific sites; hence, the drug molecules associ-
ate fast with the specific sites as compared to the nonspecific
sites. Moreover, the dissociation rate at nonspecific binding
sites is larger compared to the one at specific binding sites.
This results into high dissociation of the drug at nonspecific
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Figure 16: Drug distribution in specific binding sites ðB1Þ for k1on = 1 × 10−1ðμmolL−1sÞ−1, k2on = 1 × 10−2ðμmolL−1sÞ−1, k1of f = 5 × 10−1s−1
, and k2off = 3 × 10−0:2s−1. The plots (a), (b), and (c) indicate the distribution of drug in specific binding sites ðB1Þ for t = 2 s, t = 8 s, and t =
14 s, respectively.
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Figure 17: Drug distribution in non-specific binding sites ðB2Þ for k1on = 1 × 10−2ðμmolL−1sÞ−1, k2on = 1 × 10−3ðμmolL−1sÞ−1, k1off = 1 × 1
0−2s−1, and k2off = 1 × 10−1s−1. The plots (a), (b), and (c) indicate the distribution of drug in non-specific binding sites ðB2Þ for t = 2 s, t = 8
s, and t = 14 s, respectively.
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binding sites. Therefore, the drug distributes in nonspecific
binding sites with slightly large amount of concentration
than in specific binding targets, (see Figures 13 and 14).

4.2.1. Impact of Varying Dissociation Rates ðk1,2off Þ while
Maintaining Association Rates ðk1,2onÞ. The effect of drug
binding kinetics, (kion and kioff , for i = 1, 2), on the drug dis-
tribution within the brain with variations in dissociation
rates is further assessed. In this particular case, the associa-
tion rate of specific binding sites ðk1on = 1 × 10−1
ðμmolL−1sÞ−1Þ is larger than the association rate at nonspe-
cific binding sites ðk2on = 1 × 10−2ðμmolL−1sÞ−1Þ. Also, the
dissociation rate at nonspecific binding sites ðk2off = 3 × 1
0−0:2s−1Þ is larger than the dissociation rate at specific binding
sites ðk1off = 5 × 10−1s−1Þ.

Initially at ðt1 = 2 secÞ, the concentration of drug in the
brain ECF region next to the BBB is found to be considerably
large and spread widely over that region (see Figure 9(a)).
Nevertheless, drug molecules within the brain ECF continue
to spread with a slight decrease in concentration as time
increases to ðt2 = 8 secÞ (see Figure 9(b)). Moreover, the con-
centration of drug tends to diminish to a lesser amount as
time increases further to ðt3 = 14 secÞ, as shown in
Figure 9(c). Thus, in Figures 9(a) and 9(b), the concentration
of drug within the brain ECF at the first two-time levels
exhibits a gradual decrease over the whole region of the brain
ECF. Additionally, as the time further increases in
Figure 9(c), the drug concentration within the brain ECF
becomes much more lesser due to absorption within the
brain ECF. However, the drug concentration amount in the
brain ECF for both Figures 8 and 9 is almost the same.

Contrary to when small values of dissociation rates are
considered in Figure 8, the drug molecules in Figure 9 distrib-

ute more widely over the brain ECF region due to higher dis-
sociation of drug molecules. Furthermore, the drug
concentration in nonspecific binding sites (see Figure 15) is
slightly more compared to the concentration in the specific
binding targets (see Figure 16).

4.2.2. Impact of Varying Association Rates ðk1,2onÞ while
Maintaining Dissociation Rates ðk1,2off Þ. The effect of binding
kinetics is also observed when the drug association rates are
varied. With varied association rates, the drug molecules
within the brain ECF do not spread widely even though the
concentration within the brain ECF is considerably high
compared to that in the binding sites, both specific and non-
specific. Moreover, drug concentration in the nonspecific
binding sites is significantly large compared to that found
in the specific binding sites.

The effect of change in association rates while maintain-
ing the drug dissociation rates is assessed. The association
rate in specific binding sites ðk1on = 1 × 10−2ðμmolL−1sÞ−1Þ
is greater than the one at nonspecific binding sites ðk2on = 1
× 10−3ðμmolL−1sÞ−1Þ. In addition, the dissociation rate at
the specific binding sites ðk1off = 1 × 10−2s−1Þ is less than the
one at nonspecific binding sites ðk1of f = 1 × 10−1s−1Þ. Simula-
tion results show an increased concentration amount in non-
specific binding sites (see Figure 17) compared to the specific
binding sites (see Figure 18). Nevertheless, the distribution of
drug concentration in the brain ECF slightly change with
time in considerably small amount.

In addition, spatial variations of the location of drug con-
centration peak are observed in Figure 10. Initially at t1 = 2
sec, the drug concentration peak within the brain ECF is
observed in a region near W in as indicated in Figure 10(a).
Moreover, the concentration peak in Figure 10(a) covers a
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Figure 18: Drug distribution in specific binding sites ðB1Þ for k1on = 1 × 10−2ðμmolL−1sÞ−1, k2on = 1 × 10−3ðμmolL−1sÞ−1, k1off = 1 × 10−2s−1
, and k2off = 1 × 10−1s−1. The plots (a), (b), and (c) indicate the distribution of drug in specific binding sites ðB1Þ for t = 2 s, t = 8 s, and t =
14 s, respectively.
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small area unlike in Figures 10(b) and 10(c). When the time
increases to t2 = 8 sec, the concentration peak also spreads a
little bit more as shown in Figure 10(b). Moreover, when
the time is further increased to t3 = 14 sec, the concentration
peak within the brain ECF spreads more over the region of
the brain ECF in the direction of Wout as indicated in
Figure 10(c). Thus, the concentration peaks of drug within
the brain ECF are found to cover different locations over
the region when the association rates are altered. In addition,

the drug molecules distribute within the brain ECF with an
increasing pattern as time also increases.

4.2.3. Impact of Varying both Association and Dissociation
Rates, ðk1,2onÞ and ðk1,2off Þ Simultaneously. We then look on
how simultaneous variations in both association and dissoci-
ation rates affect the distribution of drug within the brain
ECF. In Figure 11, we first make the alteration in both asso-
ciation rate and dissociation rates for specific binding sites
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Figure 19: Drug distribution in specific binding sites ðB1Þ for k1on = 0:5ðμmolL−1sÞ−1, k2on = 1 × 10−2ðμmolL−1sÞ−1, k1off = 2 × 10−1s−1, and
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Figure 20: Drug distribution in non-specific binding sites ðB2Þ for k1on = 0:5ðμmolL−1sÞ−1, k2on = 1 × 10−2ðμmolL−1sÞ−1, k1off = 2 × 10−1s−1,
and k2off = 1 × 10−1s−1. The plots (a), (b), and (c) indicate the distribution of drug in non-specific binding sites ðB2Þ for t = 2 s, t = 8 s, and t
= 14 s, respectively.
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(k1on = 0:5ðμmolL−1sÞ−1 and k1off = 2 × 10−1s−1, respectively)
while the association and dissociation rates for nonspecific

remain unchanged (k2on = 1 × 10−2ðμmolL−1sÞ−1 and k2off =
1 × 10−1s−1, respectively). Thereafter, the association and dis-
sociation rates for nonspecific binding sites are varied with

values (k2on = 2:5 × 10−4ðμmolL−1sÞ−1 and k2off = 1:5 × 10−3
s−1, respectively) while maintaining those for specific binding

sites i.e. (k1on = 1ðμmolL−1sÞ−1 and k1off = 1 × 10−2s−1,
respectively), for Figure 12. Simulation results for Figure 11
show that drug distributes widely within the region of the
brain ECF for the first two-time levels (t1 = 2 sec and t2 = 8
sec) with significantly small concentration as indicated by
Figures 11(a) and 11(b). However, there is a gradual change
in the coverage of drug molecules in Figures 11(a) and
11(b) whereby the drug molecules decrease significantly in
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Figure 21: Drug distribution in specific binding sites ðB1Þ for k1on = 1 × 10−1ðμmolL−1sÞ−1, k2on = 2:5 × 10−4ðμmolL−1sÞ−1, k1off = 1 × 10−2
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t = 14 s, respectively.
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Figure 22: Drug distribution in nonspecific binding sites ðB2Þ for k1on = 1 × 10−1ðμmolL−1sÞ−1, k2on = 12:5 × 10−4ðμmolL−1sÞ−1, k1off = 1 × 1
0−2s−1, and k2off = 1:5 × 10−3s−1. The plots (a), (b), and (c) indicate the distribution of drug in specific binding sites ðB2Þ for t = 2 s, t = 8 s,
and t = 14 s, respectively.
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relation to an increase in time. Nonetheless, the results in
Figure 11(c) show a higher decrease in amount of drug mol-
ecules within the brain ECF when the time increases further
to t3 = 14 sec.

Contrarily, the results in Figure 12 show that the drug
distributes over the brain ECF region with spatial variations
in the location of the concentration peaks. The spatial varia-
tions of the location of drug concentration peak in Figure 12
are initially observed at t1 = 2 sec. The drug concentration
peak within the brain ECF at t1 = 2 sec is observed in a region
nearW in as indicated in Figure 12(a). Moreover, the concen-
tration peak in Figure 12(a) covers a small area unlike in
Figures 12(b) and 12(c). When the time increases to t2 = 8
sec, the concentration peak also spreads a little wider as
shown in Figure 12(b). Additionally, when the time increases
further to t3 = 14 sec, the concentration peak within the brain
ECF spreads more over the region of the brain ECF in the
direction ofWout as indicated in Figure 12(c). Thus, the con-
centration peaks of drug within the brain ECF are found to
cover different locations over the region when the association
rates are altered. Moreover, the drug molecules distribute
within the brain ECF with an increasing pattern as time also
increases. However, the concentration of drug in Figure 12 is
generally higher than the concentration in Figure 11.

When the parameters for specific binding are varied, the
amount of drug concentration in specific binding sites (see
Figure 19) is smaller than the concentration in nonspecific
binding sites (see Figure 20). In addition, when parameters
for nonspecific binding are also varied, the concentration of
drug in both specific and nonspecific binding sites is almost
the same as indicated by Figures 21 and 22, respectively.

5. Discussion and Conclusions

In the current study, we have formulated and simulated a
mathematical model through which the effect of binding
kinetics in the drug distribution within the brain is deter-
mined. The model formulated in the current study is an aug-
mentation of the model earlier developed by Vendel et al.,
2019 in [2]. In our study, we consider the bidirectional bulk
flow of the brain ECF contrary to the model developed by
Vendel et al. 2019 in [2] which considers only one direction
of the bulk flow of the brain ECF. In addition, we make dis-
tinction between specific and nonspecific binding sites along
with the subsequent drug distribution in respective binding
sites through simulated plots.

The model equations are discretized through the implicit
FDM. The discretized equations are then used for simulation
from which different plots describing the drug distribution
along blood plasma and brain ECF domains are obtained.
First, the drug distribution within blood plasma is discussed.
Then, different cases of association and dissociation rates in
specific and nonspecific binding sites (kion and kioff , respec-
tively, for ði = 1, 2Þ) are considered to determine the impacts
they impose on drug distribution within the brain ECF.

The findings of this study show how the blood flow rate
and BBB permeability influence both drug concentration
within blood plasma and the distribution of drug molecules
in that domain. The simultaneous increase of the BBB per-

meability and blood flow rate affect the short term distribu-
tion of drug molecules in the blood plasma; yet, with a high
BBB permeability, there is an even distribution of drug within
the brain. Nevertheless, drug molecules in the brain ECF are
influenced by both the permeability of BBB and blood flow
rate. However, the concentrations at the binding sites con-
tribute to variations in distribution of drug molecules in the
brain ECF.

Contrary to the study by Vendel et al. 2019 [2], the cur-
rent study investigates the effect of drug binding kinetics in
the drug distribution in the brain with variations in binding
parameter values. Different cases of varied binding parameter
values are considered. The results show that when the higher
values for dissociation rates are used while maintaining those
for association rates, the gradual decrease in drug concentra-
tion within the brain ECF is observed. Also, the drug concen-
tration within the brain ECF becomes much lesser due to
drug absorption within the brain ECF. When the alteration
of association rates with the unchanged dissociation rates is
considered, the concentration peaks of drug within the brain
ECF are found to cover different locations within the brain
ECF. Moreover, the drug molecules within the brain ECF dis-
tribute with an increasing pattern. The results of simulta-
neous variations in both association and dissociation rates
for specific binding sites show that the drug concentration
within the brain ECF decreases significantly in relation to
an increase in time. Nevertheless, the results of simultaneous
variations in both association and dissociation rates for non-
specific binding sites show that the drug distributes in the
brain ECF region with the subsequent spatial variations in
locations of concentration peaks from the region near W in
towards the direction of Wout region.

Furthermore, the current study shows an improved visu-
alization of the impact of binding kinetics together with other
parameters associated with both the drug and brain which
are involved in the drug distribution process within the brain.
However, the model developed in the current study covers a
few key components that affect the drug distribution within
the brain compared to the components that cover the whole
volume of the brain tissue. Hence, this calls for incorporation
of other components in 3-dimensional mathematical models
of the drug distribution for there to be a more realistic and
precise description of drug distribution within the brain.
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