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A newly proposed generalized formulation of the fractional derivative, known as Abu-Shady-Kaabar fractional derivative, is
investigated for solving fractional differential equations in a simple way. Novel results on this generalized definition is
proposed and verified, which complete the theory introduced so far. In particular, the chain rule, some important properties
derived from the mean value theorem, and the derivation of the inverse function are established in this context. Finally, we
apply the results obtained to the derivation of the implicitly defined and parametrically defined functions. Likewise, we study a
version of the fixed point theorem for a-differentiable functions. We include some examples that illustrate these applications.
The obtained results of our proposed definition can provide a suitable modeling guide to study many problems in

mathematical physics, soliton theory, nonlinear science, and engineering.

1. Introduction

Fractional calculus is theoretically considered as a natural
extension of classical differential calculus, which has
attracted many researchers, both from a more theoretical
point of view and for its diverse applications in sciences
and engineering. Thus, from a more theoretical perspective,
various definitions of fractional derivatives have been initi-
ated. Fractional definitions try to satisfy the usual properties
of the classical derivative; however, the only property inher-
ent in these definitions is the property of linearity. On the
contrary, some of the drawbacks that these derivatives pres-
ent can be located in the following:

(i) The Riemann-Liouville derivative does not satisfy
D%(1) =0, if « is not a natural number

(ii) Fractional derivative statements do not possess
some of the fundamental properties of classical

derivatives, such as the product rule, the quotient
rule, or the chain rule

(iii) These derived proposals, in general, do not satisty
DocDBf — Du+ﬁf

(iv) The definition of the Caputo derivative implies that the
function f must be differentiable in the ordinary sense

More information on this definition of fractional deriva-
tive can be found in [1, 2].

The locally formulated fractional derivative is established
through certain quotients of increments. In this sense, Khalil
et al. [3] introduced a locally defined derivative, called con-
formable derivative. Some of the inconveniences that the
previous fractional derivatives presented have been success-
fully solved via this definition. Thus, for example, the afore-
mentioned rules for the derivation of products and quotients
of two functions or the chain rule are properties that have
been satisfied by the conformable derivative. The physical
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and geometric meaning of the derivative is studied in [4, 5].
However, in [6], the author shows the disadvantages of using
the conformable definition compared to Caputo’s fractional
derivative definition, to solve some fractional models.

Recently, Abu-Shady and Kaabar [7] introduced a new
generalized formulation of the fractional derivative (GFFD)
that allows to solve analytically in a simple way some frac-
tional differential equations, whose results agree exactly with
those obtained via the Caputo and Riemann-Liouville deriv-
atives. Also, this new definition has advantages compared to
the conformable derivative definition. In addition, the study
in [7] has been recently extended to study some important
special functions in the sense of GFFD which are essential
for modeling phenomena [8].

The GFFD definition is very important in studying vari-
ous phenomena in science and engineering due to the pow-
erful applicability of this definition in investigating many
fractional differential equations in a very simple direction
of obtaining analytical solutions without the need for
approximate numerical methods or complicated algorithms
like other classical fractional definitions. This definition is
a modified version of the conformable definition to over-
come all issues and advantages associated with the conform-
able one.

Regarding the geometric behavior of GFED, by following
the previous research study concerning the fractional cords
orthogonal trajectories in the sense of conformable defini-
tion [5], GFFD can be similarly applied to the same example
to interpret its geometrical meaning in more details.

One of the limitations of GFFD is that GFFD is locally
defined derivative, and some future works are needed to pro-
posed nonlocal formulation of GFFD in order to preserve
the nonlocality property of fractional calculus. However,
nonlocal definitions come with many associated challenges
while working on solving fractional differential equations.
Therefore, the future studies will work on overcoming all
these challenges.

The work is constructed as follows: The GFFD and its
main properties are presented in Section 2. New results on
generalized a-differential functions are proposed in Section
3 to complete the study carried out in [7]. Some interesting
applications of the results obtained on generalized «-differ-
entiable functions are presented in Section 4. In particular,
illustrative examples of the derivation of implicitly defined
functions, of parametrically defined functions and of the
application of the fixed point theorem for generalized «
-differentiable functions are included. Some conclusions
are drawn in Section 5.

2. Fundamental Tools

Definition 1 (see [7]). A given function f : [0,00) — R, the
GFFD of order ,0 < <1, of f at t> 0 is expressed as

DS ) i L TBVT (B a4 1)et'™) (1)

e—0 &

,B>-1,B€R".

(1)
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If f is a-differentiable (« — DF) in some (0, ), a > 0, and
lirr(l) DSFFP£ (1) exists, then we have
t—0*

DY P£(0) = lim DFPf(1). (2)

t—0"

Theorem 2 (see [7]). Let O<a < I,3>—-1,€R" andlet f, g
be a — DF at a point t > 0. Then, we obtain

(i) DSTP[f + g] = a DCFP[f] + b DSFFP[g], Va, b € R
(ii) DYFFP[tP) = (pI'(B)IT (B -+ 1))tP~*, ¥p € R
(iii) DSFFP[y] = 0, Yconstant functions f(t) =y

(iv) DSFP[fg] = fDCFFP[g] + gDSFP[f]

(1) DS (f1g)| = (gD f] ~ fDSP[ 5]/ g?)

(vi) If, additionally, f is a differentiable function, then
DR (8) = (L(B)/T(B— e+ 1)t (df 1) ().

The generalized a-derivative of certain functions using
GFFD is expressed as:

(l) DGFFD[I] =0
(ii) D P[sin (kt)] = (k['(B)IT(B— a+ 1))t!~* cos (kt)
(iii) DSFFPcos (kt)] = —(kI'(B)IT (B — o+ 1))t~ sin (kt

(iv) DYFFP[M) = (kT'(B)/IT(B— a+ 1))t M

In addition, it is interesting to highlight the generalized o
-derivative of the following functions:

(i) DFFP[(M(B - a+ 1)/al(B))tY] = 1

(ii) D [sin ((I'(B - a+ 1)/l (B))t*)] = cos ((I'(B -
a+1)/al(B))t%)

(iii) DFPlcos ((I'(B— a+ 1)/al’(B))t%)] = —sin ((I'(B
—a+1)/al(B))t")

(iv) DIFF[l(T(B-ar1)/al (B)e)] = ol (I (B-ar el (B)r"),

Theorem 3 (Rolle’s theorem for generalized a-differentiable
functions) (see [7]). Let a >0, a € (0,1] and f : [a, b] — R be
a given function satisfying
(i) f is continuous on [a, ]

(i) f is generalized o — DF on (a, b)

(i) f(a)=£(b)

Then, c € (a, b), such that DFFPf(c) = 0.
Theorem 4 (Mean value theorem for generalized a-differ-

entiable functions) (see [7]). Let a>0, a € (0,1] and f : [a, b
| — R be a given function satisfying
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(i) f is continuous on [a, b
(i) f is generalized a — DF on (a, b)
Then, 3c€ (a, b), >

FFD _f(b)-f(a)
D (c) = NGRSk 3)

where h=(I'(S—a+ I1)/al(f)).

3. New Results on Generalized o -Differentiable
Functions

In this section, we establish important results that complete
the theory of generalized a-differentiable functions, intro-
duced in [7].

Theorem 5. If a given function f : [0,00) — R is « — DF at
t,>0,0<a<1, f>-1,3€R", then f is continuous at t,.

Proof. Since

f(to+ (D(B)T(B = a+1))ety™)
f(to+ (DBIT(B—a+1))ety ) = f(k)

&

e+ f(ty)s
(4)

Then,

lim £t + (PR (B~ a+ 1))etf ™)
i [Fl* T B=ar )t ~f(t) ] (5

e—0 &€

+f(to) =S (to)-

Hence, f is continuous at ¢ O

Theorem 6 (Chain rule). Let 0< o< 1, f>—1, B € R", g gen-
eralized o — DF at t > 0 and f differentiable at g(t) then

D[ o g)(t) = f' (g(£)) D P g (). (6)

Proof. We prove the result following a standard limit
approach. First, if the function g is constant in a neighbor-
hood of a >0 then DS*™P[f o g](t) = 0. If g not is constant
in a neighborhood of a >0, we can find a ¢, >0 such that
g(t)) # g(t,) for any t,,t, € (a—ty, a+t,). Now, since g is
continuous at a, for ¢ sufficiently small, we have

DS £ o g](a) = lim f(g(a+ TBT(B—a+ 1))5“1%)) -f(g(a))

o Fl0(at T as 1)ea ) - (g(a)
e—0  ga+(L(B)/T(B-a+1))ea"*)-g(a)

J9(a+ (L(B)IT(B-a+1))ea™) - g(a)

L S (gla+ (FBIT(B - 1))ea ")) - f(g(a)

e—0  g(a+(L(B)T(B-a+1))ea'*)-g(a)
o gla+ (T(B)T(B-a+1))ea" ™) - g(a)

e—0 &

(7)
Making

in the first factor, so we have

- flg(a+ I(BYLB-a+1)ea')) - f(g(@)
=0 gla+ (TAI(E-ar Djea™)=gla) (o)
f(g(@) +h) - f(g(a)
) ,

= lim
h—0

from here

DGFFD[fog}(a) = lim f(g(a) +£) —f(g(&l))

lim
h—0 h e—0
gla+(T(B)/L(B-a+1))ea ") - g(a)

=f"(g(a))D*" g(a).
(10)

O

Remark 7. Using the fact that differentiability implies gener-
alized a-differentiability and assuming g(¢) > 0, Equation (6)
can be written as

F(ﬁr_(g)"' 1) g(t)a—lDGFFDf(g(t))DGFFDg(t).

(11)

Theorem 8 (Extended mean value theorem for generalized o
-differentiable functions) [5]. Let a>0, a€(0,1], and f, g
: [a, b] — R be functions satisfying

DP[f o g)(t) =

(i) f, g are continuous on [a, b

(ii) f, g are generalized o — DF on (a, b)
(iii) DFPg(t) # OVt € (a, b)
(iv) g(b) # g(a)

(v) DCFPF(t) and DCFPg(t) not annulled simulta-
neously on (a, b)



Then, 3c € (a, b), >

DGFFDf(C) B
DT 4(0) ~ 9(b) - g(@) 12

Proof. Consider the function

f(b) - f(a)
g(b) - g(a)

Since F is continuous on [a, b], generalized « — DF on (
a,b), and F(a)=F(b) =0, then by Theorem 3, 3c€ (a,b)
such that DYFFPF(c) = 0. Using the linearity of DFP and
the fact that the generalized a-derivative of a constant is
zero, our result follows. O

E(t)=f(t)=f(a) - ( >(g(t) —g(a))-  (13)

Remark 9. Observe that Theorem 4 is a special case of this
theorem for g(t) = (I'(B - a+ 1)/al'(B))t*

Theorem 10. Let a>0, a€(0,1] and f : [a,b] — R be a
given function satisfying

(i) f is continuous on [a, b

(ii) f is generalized o — DF on (a, b)

If DCFEPF (t) = 0, for all t € (a, b), then, f is a constant on
[a, b]

Proof. Suppose DSFFPf(t) =0 for all t € (a, b). Let t,,t, € [a
,b] with t, <t,. So, the closed interval [f;,1,] is contained
in [a, b], and the open interval (¢,,t,) is contained in (a, b).

Hence, f is continuous on [t;,t,] and « — DF on (¢, t,).
So, by Theorem 4, there is ¢ € (t,,¢,) with

f(t) - f(ty)
(L(B—a+1)/al(B))(15 - )

Therefore, f(t,) — f(t;) =0 and f(t,) = f(¢,)
Since f; and t, are arbitrary numbers in [q, b] with t; < ¢,
, then f is a constant on [a, b]. O

=D Pf(c)=0.  (14)

Corollary 11 (see [5]). Let a> 0, a € (0,1], and F,G : [a, b]
— R be functions such that DSFFPF(t)=DCFPG(t)
Vt € (a, b). Then, 3 a constant C such that

F(t)=G(t)+C. (15)

Proof. By simply applying the above theorem to H(t) = F(¢
) — G(t), it can easily be proven. O

Theorem 12 (see [5]). Let a>0, a€(0,1], and f : [a,b]
— R be a given function satisfying

(i) f is continuous on [a, b
(ii) f is generalized « — DF on (a, b)

Then, we have
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(i) If DSFFPF(t) > OVt € (a, b), then f is strictly increas-
ing on [a, b]

(ii) If DSFEPf(t) < OVt € (a, b), then f is strictly decreas-
ing on [a, b]

Proof. Following similar line of argument as given in the
Theorem 10, there exists ¢ between ¢, and t, with

f(t) (1)
(I(B-a+1)/al(B))(t; - 11)

= D1 (¢). (16)

(1) It DSF*Pf(c) > 0, then f(t,) > f(t,) for t, < t,. There-
fore, f is strictly increasing on [a, b], since ¢; and ¢,
are arbitrary number of [a, b

(2) If DSFFPf(c) < 0, then f(t,) < f(t,) for t, < t,. There-
fore, f is strictly decreasing on [a, b], since ¢, and ¢,
are arbitrary number of [a, b].

O

Definition 13. Let 1 (0,00) an open interval, a € (0,1], and
f : I —> R be we will say that f € C*(I, R) if the f is general-
ized « — DF on I and generalized a-derivative is continuous
on I.

Theorem 14. Let I  (0,00) an open interval, a € (0,1], and
f I — R be a function of class C* on the interval I. Suppose
f(a) = b for some a € I, and D°F*Pf(a) # 0. Then, there is an
open neighborhood U of a in which f admits an inverse func-

tion £ of class C* on the open neighborhood V = f(U) of b,
and its generalized a-derivative is

L'(p)
(B-a+1

DR (y) = <F ))2 o NyeV,t=f(y).

DGFFDf(t)
(17)

Proof. Since DSFFP£(¢) is continuous in the open interval I, it
is a known fact that there exists an open neighborhood U of
a in which DSP£(¢) has a constant sign (the sign of DP
f(a)). From Theorem 14, it follows f that is strictly mono-
tonic on U (increasing if D°*™Pf(a) >0 and decreasing if
DSPPf(g) < 0). Therefore, f is continuous and strictly
monotonic on U, so there is the inverse function of the
one-to-one function f:U-—V, with V=f(U). This
inverse f~' : V — U is of class C* and strictly monotonic
(in the same sense that f is) on V. Equation (30) can be
obtained from the identity f(f'(y))=y for all y€V, in
which the a-derivative (with respect to y) is calculated,
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applying the chain rule
rg-a+1) ., -
(ﬁ ) ¢ IDGFFDf(t).DGFFDf l(y)

r(p)
- F(ﬁr_(ﬁl Y eV

(18)

O

4. Applications

Some interesting applications of the results obtained on gen-
eralized a — DF functions are presented in this section.

4.1. Generalized a-Derivative of an Implicit Function. It is a
known fact that an equation F(¢,y) =0 implicitly defines a
function y=g(t) in a certain open interval I, if F(t, g(t))
=0Vt € I. Suppose that g(t) and F(t, g(t)) are generalized
a — DF functions in an open interval I C (0.00), then the
derivative D"P g(t) can be found by calculating the gener-
alized a-derivative of F(t,g(t)), as a compound function,
and canceling this derivative calculated.

Now, we are going to calculate the derivative of the gen-
eralized 1/3-differentiable y = g(t) function at the point t = 8
, such that g(8) =1, and it is implicitly defined by the equa-
tion

({/Z—z)e6ﬁ—3€/isin(1—\3/y)—\3[y+1=0. (19)

Calculating the 1/3-derivative in this equation, we
obtain

1_I'B
3T(B+2/3)

re )
TT(p+23) (1-v/50)

+ v/t cos (1 - m>g(t)"2’3DGFFDg(t)

1 _
_ gg(t) 2/3DGFFDg(t) =0.

pVZIO 2(\%/; _ 2) SV (1723 DSFED g 1)

(20)

Taking ¢ = 8 and g(8) = 1 in the equation above, we have

%41_(;@/3) e® + 2D P g(8) - %DGFFD g(8)=0. (21)

Finally, the generalized 1/3-derivative is given by

L) ¢

D g(®)=- T(B+2/3)5

(22)

4.2. Generalized o-Derivative of a Parametrically Defined
Function. Let t =t(A), y=y(A) be generalized a — DF func-
tions on an open interval Ic (0.00), with DSFFP¢(1) #0
VAel If t=¢t(A) and y = y(A), define the function y = y(A(
t)) = y(t) (where A(#) is the inverse function of #(1)), and

then, the generalized a-derivative of this function is given by

I'(f-a+1)

L(p)

_T(B-a+1) ta1, crp
e v PTOW

L)\ AT
(F(ﬁ—aﬂ)) DSP(2)
_ I(B) Dy ()
T(B-a+1) DSFDy()) '

DGFFDy(t) — .Alel.DGFFD},(A).DGFFDA(t)

(23)

Note that the above expression is obtained by applying
the chain rule and the derivation formula of the inverse
function, both in the generalized sense.

Thus, for example, consider the function y = y(¢) defined

parametrically by
2\ >
Ve lo, (;) ] (24)

t(A) = r(3\3/X++ sin (3%))
y(A) = r(l - cos (3\3/X>)

is generalized 1/3-differentiable and its 1/3-derivative is (as a

function of t)

GFFD _ I DGFFDJ’(’\) 213
D)= i sy g ()

rg s (39)

{/r2 <3\3/X++ sin <3€/X)>2

) T(B+213)1 4 cos <3\3/X)
VAN s . AN
= F([I;%I;Z)B) tan (%) \/r2 <3\‘/X++ sin (3\/X>) .

(25)

4.3. Fixed Point Theorem for Generalized a-Derivative. We
present the fixed point theorem for generalized a-deriva-
tive and its respective proof. In addition, we will establish
some important results about the iteration of the fixed point
in the generalized a-derivative sense. However, we first pres-
ent some basic concepts and necessary results for the devel-
opments that we are going to carry out.

Definition 15. Let the following fixed-point equation ¢ = f(¢).
Here, f is a mapping from X — X. We assume that X is
endowed with the metric d. A point t € X which satisfies ¢
= f(t) is called a fixed point of f.

Theorem 16 (Modified mean value theorem for generalized
a-differentiable functions). Let a >0, a € (0,1] and f : [a, b]
— R be a given function satisfying

(i) f is continuous on |a, ]

(ii) f is generalized o — DF on (a, b)



Then, 3c € (a, b), >

DS (c) _ f(b) ~f(a)

W™ b-a (26)
where h=(I(B)/T'(f—a+1)).
Proof. Consider the function
o= 5@ - LT D o )

Then, the function g satisfies the conditions of Theorem
3. Hence, 3c € (a,b), 55T%[g](c) = 0. Therefore

0= DGFFDg(C) _ DGFFDf(C) _ f(b) :z(a) .[(ﬁll(i)+ ) ool
(28)
Hence,
DSPf(c) _ f(b) - f(a)
T (29)

Now, we establish the fixed point theorem for general-
ized a-derivative. O

Theorem 17. Let a >0 and « € (0,1]. If f € C([a, b],R) and
f(t) €la,b), Vt€[a,b], then g has a fixed point at [a, b]. If
also, f is generalized o — DF on (a,b) and

L(B—a+1) DS (1)
rp) e

<k<1Vte(ab), (30)

then f has a unique fixed point p at [a, b].

Proof. If f(a) = a or f(b) = b, the existence of the fixed point
is obvious. Suppose that f(a) # a and f(b) # b, therefore f(
a)>a and f(b) <b. Let g(t) =f(t) —t, clearly continuous
on [a, b], we have

g(a)=f(a)—a>0and g(b)=f(b)-b<0.  (31)

By the classical intermediate value theorem, then Jp € (
a,b)>g(p) = 0; that is

9(p)=f(p) ~p=0. (32)

Therefore, f has a fixed point at p.

Suppose also that Equation (30) is satisfied and that p
and q are fixed points on [a, b] with p # q. By Theorem 16,
3 is a number & between p and g, and therefore, in (g, b),
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such that
—a GFD
p-al=11) -l = [ g -
<klp—q|<lp—ql,

(33)

which implies that |p—g| < |p —q| which is contradiction,
therefore p =gq. O

Remark 18. To approximate the fixed point of a function f,
we choose an initial approximate value p,, and we obtain
the succession {p,}'°, by taking p, = f(p,_,) for each n>1
. If the succession {p, } 72 of converges p and f is a contin-
uous function, then

p=lim p,= lim f(p,,)=f( lim p, ) =f(p). (34)

and a solution of the equation ¢ = f(¢) is obtained. This tech-
nique is called iterative technique of the fixed point or func-
tional iteration.

The following result provides a first step to determine a
procedure that guarantees that the function f converges a
solution of the equation ¢ = f(¢) and that also chooses f cor-
rectly in such a way that it makes the convergence as quickly
as possible.

Theorem 19. Let a >0 and a € (0.1). If f € C([a, b], R) and
f(t) €la,b), for all t € [a, b]. Also, suppose that f is general-
ized & — DF on (a, b) with

I'(B—a+1)DFPL(1)
r'p) e

<k<1Vte(ab). (35)

If p, is any number in [a, b], then, the succession defined

by
Pu=f(Pyr) =1, (36)
converges the unique fixed point p in [a, b].

Proof. First, by Theorem 17, Jis a unique fixed point at [a, b].
On the other hand, since f applies to [a,b] itself, the
sequence {p,}° is defined Vn >0 and p,, € [a, b]Vn. Using
Equation (35) and the intermediate value theorem,

Py —2l=1f (Pur) — 1 (P)]
_|T(B=a+1) DL (E) _
T gra Pyt — P (37)

< k|pn—1 _p|’

where & € (a,b). Applying the above equation inductively
results
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P~ Pl <klp, = p| <K P, —p| < <K'|py—p|- (38)

Since k < 1, it easily follows that

lim |p,-p|< lim k"|p,—p| =0, (39)
and {p,} 7, converges to p. O

Corollary 20. If f satisfies the hypotheses of Theorem 19, then

n

k
Pw =PI S T 1Po =iV 2 1. (40)

Proof. For n > 1, the procedure used in the proof of Theorem
19 implies that

Prs1 = Pul = 1f(0n) = F(Pact)| S KIP, = s | < <K' [Py = Pol-

(41)
Hence, for m>n>1
|pm _pn| = |pm TP T P17 P TP _pn|
S‘pm_pm—1|+|pm—1 _pm—2|+“'+|pn+l _pnl (42)

<K"py = pol + K" |py = pol + K" Py = o]
=K' (1+k+ K +-+k" "1 |py = py.-

By Theorem 19, lim p, =p, so

: n N i k"
p=pal= lim |p, =P, <K'[po=pl Y K'= 7 |po =]
i=0

(43)
O

Remark 21. It is clear that the speed of convergence depends
on the factor k"/1 — k, and the smaller k can be made, the
faster the convergence will be. Convergence can be very slow
if k is close to 1.

Finally, we present an example that illustrates these last
established results.

Consider the function: f(¢) =27V" on the interval [1/9, 1],
and we take a = f8=1/2. We can observe that f([1/9,1]) =
0.5,0.7937005259840997] c [1/9,1]. Also, f is continuous
and

I(1) DPf(e)| [ log2
’F(W) Vi ‘ { Mzﬂ}

1
<0.82522692269223647775,Vt € {5 , 1] ,

(44)

so f satisfies the hypotheses of Theorem 17 and has a unique
fixed point at [1/9, 1]. In addition, if we use Corollary 20, we
can estimate the number of iterations required to find an

approximation of the fixed point with a precision of 107%.
Taking p,=1, to obtain this precision, 54 iterations are
required. Also, note that since the generalized 1/2-deriva-
tive DSFFPf(t) is negative, the successive approximations
oscillate around the fixed point.

5. Conclusions

Novel results regarding the Abu-Shady-Kaabar fractional
derivative have been investigated in this study which are
extensions of the previous research study’s results in [7]. In
particular, some important properties of the generalized
fractional derivative have been accomplished, such as the
chain rule, some consequences of the mean value theorem,
and the derivation of the inverse function. It is verifiable
with the fact that these newly obtained results are consid-
ered as a natural extension of the classical differential cal-
culus. The potential of this new definition of fractional
derivative, both from a theoretical point of view and due
to its applications, is evident through the developments
and illustrative examples included in the previous section.
This research can definitely open a new path for more
related future works in which the results of classical math-
ematical analysis are extended in the sense of this new
definition of fractional derivative. This definition will be
applied further in studying various partial differential
equations such as Schrodinger equation and Wazwaz-Ben-
jamin-Bona-Mahony equation to study some solutions
that are important in soliton theory and many other inter-
esting research topics. Some specific examples of studies
that can be further studied in the sense of GFFD are the
Klein-Fock-Gordon equation via the Kudryashov-
expansion method [9], the systems of fractional-order par-
tial differential equations via the Laplace optimized
decomposition technique [10], and the noninteger
fractional-order hepatitis B model [11], by comparing the
previous results in the senses of conformable and Caputo
definitions with new results using GFFD. Numerical exper-
iments with error analysis including comparison between
conformable derivative and our definition including CPU
time in the graphical representations in the sense of our
proposed definition will be conducted in our future stud-
ies. In addition, in our future study, all algorithms and/
or pseudo-codes will be provided for the solutions’ steps
using one of the common software packages such as
MAPLE and MATHEMATICA.
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