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The discovery of vaccines for COVID-19 has been helpful in the fight against the spread of the disease. Even with these vaccines, the virus
continues to spread in many countries, with some vaccinated persons even reported to have been infected, calling for administration of
booster vaccines. The need for continued use of nonpharmaceutical interventions to complement the administration of vaccines cannot
therefore be overemphasized. This study presents a novel mathematical model to study the impact of quarantine and double-dose
vaccination on the spread of the disease. The local stability analysis of the COVID-19-free and endemic equilibria is examined using
the Lyapunov second technique. The equilibria are found to be locally asymptotically stable if %, <1 and %, > 1, respectively.
Besides other analytical results, numerical simulations are performed to illustrate the analytical results established in the paper.

1. Introduction

Coronavirus is an infectious disease caused by a novel strain of
virus which originated in Wuhan China, in late March 2019. It
was diagnosed in three patients with pneumonia connected to a
cluster of acute respiratory illness. As of May 21, 2022, Ghana
recorded 161,370 confirmed cases, 159,881 recoveries, and
1,445 deaths [1]. The transmission routes of the virus include
environment-to-human and human-to-human. The virus is
spread by a close contact (susceptible individual) with an
infected person who sneezes, or cough, or by an infected envi-
ronment such as door holdings, curtains, and cutlery. Some
common symptoms of COVID-19 infection include dry cough,
fever, fatigue, breathing difficulty, and bilateral lung infiltration
in severe cases similar to those caused by SARS-CoV and
MERS-CoV infections [2]. Mostly, the infected people develop
symptoms within an incubation period ranging from 2 to 14
days [3]. Currently, in Ghana, the combination of azithromycin,
vitamin C, zinc, and some fever and pain killer medications
seems to be working. Several measures have already been put
in place which include travel bans, social distancing, use of

facemask, and personal hygiene through frequent hand washing
and use of appropriate hand sanitizers [4]. Despite efforts being
made to curb the spread of the COVID-19 disease, the disease is
still endemic in many parts of the world including Ghana. In
early 2020, several companies began to develop vaccines against
the COVID-19 virus, and a number of vaccines have been
successfully developed. These vaccines have proven to be highly
efficacious against COVID-19 (estimated at 91.6%, 95%, 82%,
and 94.1% for Sputnik V, Pfizer, AstraZeneca, and Moderna,
respectively) [5-8]. Since a large number of people in the world
need to be vaccinated to reduce the spread and mortality, vac-
cines are in limited supply. Developing countries find it difficult
to secure large quantities of vaccines, thereby leading to a small
portions of the population being vaccinated. As of May 24,
2022, Ghana Health Service administered a total of 15,032,815
vaccine doses (with 9,724,157 persons receiving at least 1 dose
and 6,329,702 persons fully vaccinated) [1]. One needs to take
double-dose shots of the vaccine to be fully vaccinated.

A lot of research has been conducted employing mathe-
matical modelling to understand dynamics of the disease
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and to propose strategies of combatting it [9]. Specifically,
[10] used a mathematical model combined with an optimiza-
tion algorithm to determine optimal allocation strategies with
one and two doses of vaccine to minimize five metrics of dis-
ease burden under various degrees of viral transmission. They
suggested that it is crucial to find out the efficacy and durabil-
ity of single-dose vaccines, as mixed or single-dose vaccination
may have the potential to contain the pandemic much more
quickly. [11] studied the nature of the virus, in which they
developed and presented a review on the study of finding an
effective vaccine for this new coronavirus. A new mathemati-
cal model formulated by [12] to study the global dynamics of
COVID-19 revealed that, in India and Pakistan, the ratio of
transmission and death rate is fast as compared to the other
two countries (Bangladesh and Sri Lanka) because huge pop-
ulation produces greater chance to more people infected.
[13] formulated and qualitatively analyzed a COVID-19
mathematical model, taking into consideration the available
therapeutic measures, vaccination of susceptible, and treat-
ment of hospitalized/infected individuals. The results showed
that vaccination and treatment are very effective in mitigating
the spread of COVID-19 and concurrently applying personal
preventive measures (nonpharmaceutical public health inter-
ventions) such as face masks, hand washing, and social dis-
tancing should continue to be encouraged. [14] research
showed that, when self-quarantined is adopted, then the pro-
cess may go on reverse direction and infection will be decreas-
ing and hence healthy community may be restored. In [15],
the results show that the trend of epidemics mainly depends
on quarantined and suspected cases. It will reveal that it is
important to continue enhancing the quarantine and isolation
strategy and improving the detection rate in mainland China.
To the best of our knowledge, none of the literature has consid-
ered double-dose vaccination and quarantine. Therefore, this
study develops a deterministic compartmental COVID-19
model which incorporates double-dose vaccination and quar-
antine to simulate the prevalence of COVID-19 disease in
Ghana. The rest of the paper is organized as follows. The pro-
posed model is formulated in Section 2, and analytical analysis
is presented in Section 3. Numerical simulations performed to
support the analytical results are presented in Section 4. The
conclusion is presented in Section 5.

2. Model Formulation

Annas et al. [16] proposed the following SEIR model to
study the impact of isolation and vaccination on the spread
of COVID-19 in Indonesia:

gzy—(v+8+ﬁ1)8,

E

dE =BIS—- (6 +u)E,

dt

dl (1)
a:‘uE—((x+8+6i)I,

d—R:ocI+vS—8R.

dt
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In this paper, the work of Annas et al. [16] is extended to
study the impact of quarantine and double-dose vaccination
for the COVID-19 transmission in Ghana. The total popula-
tion (N) is divided into the following epidemiological classes:
susceptible (individuals who are uninfected but may get
infected upon contact with the infectious agent), S(¢) (individ-
uals who have received the first dose of vaccine), V(#) (indi-
viduals who have received the second dose of vaccine), V,(t)
(exposed individuals—individuals who are exposed to the
virus), E(t) (individuals who are exposed and have been iden-
tified and quarantined), Q(t) (individuals who are infected and
infectious), I(¢) (individuals who have successfully recovered
from infection), and R(#). It has been observed that the rate
of infection among those who have been vaccinated is lower
than those who have not been vaccinated. The total population
size N(t) is thus given by N(t) =S(¢) + V,(t) + V,(¢) + E(¢)
+Q(#) +I(t) + R(t). Recruitments into the population are
assumed to be from only susceptibles at rate y. The natural
death and COVID-19-induced death rates are given as & and
§;, respectively. Susceptible individuals are assumed to receive
first COVID-19 vaccination and move to the vaccinated com-
partment (V) at rate 7. Single-dose-vaccinated persons lose
protection from COVID-19 and rejoin the susceptibles at rate
&, while those who receive a second dose move to the V, com-
partment at rate 7. The parameter g is assumed to be the wan-
ing rate of immunity following double vaccination. Susceptible
individuals may be infected at rate 8S(I + E) following effective
contact with viral sources. Those who are exposed are quaran-
tined at a rate w, and it is assumed that a proportion f of the
quarantined recovers at rate fx, while the remainder join the
infected class at a rate (1 — f)«x. Those who are exposed become
infectious at a rate y, and those with clinical symptoms recover
at rate . Those who recover may lose immunity at some rate o
and move back to the susceptible compartment. The dynamics
described so far are presented in Figure 1. The description of
the model variables and parameters are presented in Table 1.

The dynamics of COVID-19 described thus far is repre-
sented by the following system of nonlinear differential
equations:

%:y+z~:(V1+(1—g)VZ)+oR—ﬁ(I+E)S—(n+6)S,
% =nS-BI+E)(1-n)V,-(e+d+1)V,,

dv,

T Vi =BI+E)(1=1,)Vy = (6 + (1= g)e) Vs,

dE

3 “PAHE)S+(1-n)Vi+(1-m)Vy] - (0+8+p)E,
dQ

Fh =wE- (6§ +x)Q,

dr

T =uE+x(1-£)Q—(a+8+6,)I,

dr =al +fxkQ— (0 +0)R,

dt

with nonnegative initial conditions.
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FiGure 1: Flowchart for COVID-19 model with double-dose vaccination and quarantine.
TABLE 1: Parameters estimates of the model.
Para. Description Value (per day) Source
K Rate at which individuals leave the quarantined class 0.1 [20]
u Rate of exposed person to infectious 0.3739 Estimated
o Rate of recovery 0.610 Estimated
B Transmission rate 0.0369 Estimated
8 Natural death rate 0.0078 [21]
é; COVID-19-induced death rate 0.0045 [1]
o Immunity loss rate 0.0167 Estimated
w Rate at which exposed persons are quarantined 0.173 Estimated
s First dose of vaccine rate 0.12 Estimated
)4 Recruitment rate 0.23 Estimated
T Second dose of vaccine rate 0.34 Estimated
£ Rate of waning of immunity after first does 0.6 Estimated
M Efficacy of first dose of vaccine 0.82 (7]
1,21, Efficacy of second dose of vaccine 0.82 [7]

In the subsequent

discussions, where necessary, the fol-

lowing conventions are used:

k= (m+96),

I'=kyksk, —me((1 - g)T + k3).

3. Qualitative Properties

(3)

(
ky=(e+0+7), 3.1. Positivity and Boundedness of Solutions of Model (2)

Lemma 1. The following result concerns the nature of solu-
tions of model (2).

(1) If the initial values of state variables of model (2) are
nonnegative, then all future values of state variables
are also positive



(2) The set defined by Q c R’ defined by Q={(S,V,,
V,E,QLR)eRI|0<N(t) < (y/8)} is a positively
invariant region for model (2)

Proof. It should be noted that the right-hand side of all com-
ponents of model (2) is continuous and also locally Lipschitz
at t =0. Therefore, every nonnegative initial conditions of
model (2) has a unique nonnegative solution in R’ for
all £>0, concluding the first part of the lemma.
Furthermore, it is easy to show that if X = (S(¢), V,(¢),
V, (1), E(t), Q(t),I(t),R(t)) € R7 and X, =0, then (dX,/d¢)
> 0. Therefore, from Theorem A.4 of [17], the region ]RZr
is positively invariant under the flow induced by model (2).
Now, summing all equations in model (2) gives

i—i]:y—(SN—éiISy—SN, (4)

so that we have lim sup N(t) < (y/3). Since N(t) is bounded,

t—00
then each component of X is also bounded, and hence, the
feasible set of the model is given by Q. O

As for the invariance of (2, it can be noted that from (dN/
dt) <y-0N, it is easy to show that (dN/dt) < 0 whenever
N > (y/8). This shows that Q is positively invariant under
the flow induced by model (2), concluding the proof of the
second part of the lemma.

Therefore, model (2) is mathematically and epidemio-
logically well posed [18] in 2, and all analyses are therefore
considered to be inside of Q.

3.2. Equilibrium Points of the Model. It is easy to see that
model (2) has a COVID-19-free equilibrium point g, = (S°,
VY, 9,0,0,0,0), where S*=yk,k;/I, V)=myk;/I, and
Vy=tmyll.

The basic reproduction number (%) is defined as the
average number of secondary COVID-19 infections caused
by a single COVID-19 case throughout his/her entire period
of infectiousness. This threshold is determined using the
next-generation matrix technique which defines & as trans-
mission matrix and 7 as the transition matrix [19]. The
matrices & and 7" are given as

B, 0 A,
F=10 0 0 [,
0 0 O
k, 0 0 ®)
V=|-w ks 01,
u—k(1-f) kg

where B, = B[S" + (1 - 1,)V2 + (1 - ,) VY.
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Therefore,
1 +yk5+Kw(1—f) k(l-f) 1
7 ky ks ke ky ksks ke
-0 0 0 o
0 0 0

(6)

and the basic reproduction number is obtained as the largest
eigenvalue of #7 and is given by

N Mk5+11<5<:6(1 —f))_ )

Let &* = (S, V}, V3, E*, Q" I",R") be a fixed point of

model (2).
Then,
5 = vk v,
Yy (kiky + (ky =y )A") = ml[kye + (1= 1) wo A" [y, + Tlkye(1 = g) + (1= 1,)ypA7]]
Vi= L
Vi
vi- ntS* X
LAZ
B /L(HH(HM m(lfr/z)>s
ky ¥ Vv,
e
Q= ksE
ky B,
ek (a2
Ufaky (o, B\  frw
vl (%) e

where

ak, B\  frw
= —_— % _—— —_— 5
Yo U(kr%o ( ’ k4) " k5k7>

v, =(1-n)A" +ky,
v, = (1=1,)A" +ks,

and A" satisfies the following polynomial equation:
(?’3(/\*)3 TP A+ ‘PO>A* =0, (10
where

Yy=(1-m)(1-n,) (v, k)

kv &
‘Pzz(l_’h)(l_’h)cs go 0 +m//0—k1k4)

= (ky = yo) [ks(1 = 1y) + ey (1 = 17,)];
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k R
¥ (P bk ) a1 ) ko)) Kk
0
kR
hakyyy + kre(1 =)+ (1 ) (1 - ) ELEs T
0

+ryy(ks(1—n,) +7(1-1,)),
¥, = kyme(ky +7(1- g)) - kkoksk,

kR (11)
+ MTZO(kzks +hksm(1—n,) +mr(l-1,)).

Equation (10) has four roots, namely, A* = 0 which cor-
responds with the disease-free equilibrium and the positive
real zeros of the following equation:

YA +P,(A) + P A+ P, (12)

which correspond to the endemic equilibrium of model (2).

Since all parameter values of the model are positive,
¥;>0 for R, >1, which implies the existence of at least
one positive root for Equation (10). Therefore, the number
of positive roots of Equation (10) and the number of endemic
equilibrium points of model (2) depend on the signs of ¥,,
¥, and ¥,.

The following result about the endemic equilibrium of
model (2) is thus in the following order.

Theorem 2.

(1) There is a critical threshold R* = Bylk, such that
model (2) has an endemic equilibrium only when
Ry>R*

(2) Model (2) has three endemic equilibria whenever ¥,
>0,Vi=0,1,2,3

(3) Model (2) has a unique endemic equilibrium for cases
1, 3, and 4 as given in Table 2

3.3. Local Stability of Equilibria. In this section, we investi-
gate the local asymptotic stability of the equilibria.

Theorem 3. The COVID-19-free fixed point €, of model (2) is
locally asymptotically stable whenever R, <1 and unstable
otherwise.

Proof. The Jacobian matrix of (2) at the COVID-19-free
equilibrium point is given by

[k, e (1-g)e -BS° fx -B° o
nok 0 BO-g)V 0 BA-g)V) 0
0 Tk BU-m)V 0 BA-m)VD 0
Je)=] 0 0 0 By -k, 0 B, 0
0 0 0 w ks 0 0
0 0 0 u k(1-f) —kg 0
L 0 0 0 fr o —k;

TaBLE 2: Number of possible positive roots of endemic polynomial
in (10).

No. of +ve roots of (10)

Case ¥, Y, Y, Vs
+
+

1 — + + 1
2 — — + 0,3
3 — — + + 1
4 — — — + 1
5 + — + + 1,2
6 + — — + 1,2
7 + + — + 1,2

The following is the characteristic polynomial of the
Jacobian matrix.

(C+k;) (C3 + alfz +a,0+ ag) ((3 + blcz +b,0 + bs) =

(14)
where

_(wr(1-f) +pks)ky+ (1= Ro)kyksks
4= keks +wx (1—f) + ks ks ko

(ks tks)kywr (1= f) +ky ptkSZkS(l = Ro)ke(p + kg + ks)

= + kgks,

keks +wr (1= f) + pks
a3 = (1= Ry)k,kske
by =k, +k,+k;,
b, = kk, — e + K3k, + kyky,
by = kik k) —me(1(1 - g) +ks).

(15)

It is easy to see that that b, >0 and b, >0, so that all
coefficients of the polynomial (14) are positive whenever
R, < 1. By the Descartes rule of signs, all roots of polyno-
mial (14) are negative. Therefore, ¢ is locally asymptotically
stable whenever %, < 1; otherwise, it is unstable, concluding
the proof. O

3.4. Sensitivity Analysis of R,. Estimates for some parame-
ters are varied one at a time to investigate the impact on
the basic reproduction number (%,). This is done using
the normalized forward sensitivity index (NFSI) defined
as follows.

The normalized forward sensitivity index of %, with
respect to the parameter y is defined as [22]

920: 8%0 % 4

"y Mgy 1o

Using the parameter values in Table 1, the sensitivity
indexes of the model parameters determining %, are pre-
sented in Table 3. The simulation and analysis made are based
on data obtained from literature as displayed in Table 1.

In Table 3, the results show that the parameters f3, y,
U, k, ande have a positive correlation with %,, which
indicates that increasing (decreasing) these parameters will



TaBLE 3: Sensitivity signs of %, to the parameters in Equation (7).

Parameter Sensitivity index
B +1.000
y +1.000
€ +0.716
U +0.324
K +0.213
a -0.980
s -0.450
T -0.176
w -0.123
§; -0.007

increase the prevalence of COVID-19 disease. On the other
hand, the parameters «, 71, 7, w, and§; have a negative
correlation with %, which indicates that increasing
(decreasing) these parameters will decrease the prevalence
of COVID-19 disease.

3.5. Bifurcation Analysis. Let v=[v; v, v;v,vsVeV,] and
w=[w, w, w, w, ws wg w,]  be the left and
right eigenvectors, respectively, of the Jacobian matrix 7 (¢,).
Then,

—kjw; +ew, +&(1 - g)ws —ﬁSO(w4 +wg) + frws + 0w, =0,
mw; = kyw, = B (1=1,)Vi(w, +ws) =0,

Tw, ~kyws — B (1 -1,) V3(w, + wg) =0,

—k,w, + By(w, +wg) =0,

ww, —ksws =0,

pwy + k(1= flws — kgwg =0,

frws + awg — k,w, =0.

From the last three equations in (17), we get

w
w5=k—w4,
5
_ (ks +wr(1-f)
ws_(kskﬁ w4> (18)
B wfr  alpks +wr(l-f))
%‘(EE+ kskek, o

Substituting ws, wy, and w, into the first three equations of
(17) gives the following set of equations:
—kw, +ew, +e(1 - g)w; =K,w,,
nw; — k,w, = K,w,, (19)

Tw, - kyw; = Kyw,,
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where

K, - [ﬁs" (k5k6 + pks + k(1 —f)) fro wofx ao(uks+wk(l 4))}

kske ks ksk, kskgk,
K= B(1=n)V? (ksk6 +‘uk]:526wx(l —f)))
Ky =B(1-m)V? (ksk6 + yk];;éwx(l _f)>.
[% ve(l-g)- %}% _ (Kl . kllc21<37t+rrk1K2 B %)w@
e (B0 o)

(20)

The left eigenvectors of #(¢,) satisfy the following set of
equations:

kv, +mv,=0,

ev, — kv, +Tvy =0,

e(l1-g)v, —kyv3 =0,

“B[S"vy + (L =) Vivy + (1 =1,) Vi3] + (B = k) vy + wvs + pve =0,
frvy —ksvs + k(1 = f)vg + fxv, =0,

~BS%vi = B(L=1)Vivy = B(1 = 1,) Vavs + Byv, — kv + av; =0,

ovy —kv,=0.

From (21), we get

v, =0,
v, =0,
v3 =0,
v;=0, (22)

B
Vo= 20v,

6
_ Bor(1-f)
> ksk, ©

where w, and v, are chosen such that wev = 1.
Thus,
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0.1 4
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100 150 200 250 300 350
Times (Days)

— B=0.0369
—— B=0.0569
B =0.0969

FIGURE 2: Solution curves depicting the impact of § and y on infected population of the COVID-19 model.

The bifurcation coefficients are thus obtained as

n 2
0 k
a= Z Vww >
]
il 0x,0x
n 82 f
b: Z kaia aﬁ*’
i, k=1 1
7 aZ .
a=v, Z ww; —=—,
]
i j=1 axiaxj

Ja=PBlxg+x6)[x; + (L=1,)x, + (1 =17,)x3] = (0 + 8 + p)x,.
(24)

The nonzero derivatives in a are

82f4 _ azf4 _ﬁ
0x,0x, 0x,0x5
of, O’f
= = 1— ,
0x,0x, 0x,0x, pL=m)
o’f, ’f,

dx;,0x, 0x;0% =A=1),
a=2f (we +wy)[w, + (1 -1)w, + (1 -1,)ws]v,.
(25)

Since v, =v, =v; = v, =0and f; and f, do not have non-
linear terms, then b can be reduced to

b=v, Z s (26)

w;—=—"—.
£ %15x08

7
0.6
0.5 4
& 04
kS /
=
o
2 03 /
2 /
2
ot
E 024
0.1
0 I~
0 50 100 150 200 250 300 350
Times (Days)
—— u=0.0745
— u=0.0923
= 0.1800
Also, the nonzero derivatives in b are
0* 0
fi 0T = B,. (27)
0x,0B 0x40f
Therefore,
b=v,(wg +w,)%B,>0. (28)

Therefore, the nature of the bifurcation depends on the
sign of a. When a > 0, the bifurcation is subcritical (backward),
and when a < 0, there is forward bifurcation.

4. Numerical Simulation and Discussion

In this section, numerical simulations are carried out to sup-
port the analytical results and to assess the impact of some
model parameters. Numerical simulation for the model of
Equation (2) is done using MATLAB R2007b ODE45. The
parameter values are given in Table 2, and the initial condi-
tions S(0)=0.98, V,(0)=0.02, V,(0)=0.01, E(0)=0.2,
Q(0)=0, I(0)=0, and R(0)=0.01. The trend of 8 and
u on infected population and 7, w, and 7 on infected
population are given in Figures 2 and 3.

In Figure 4, it is observed that f3, y, and € are positively
correlated with %, thus increasing (decreasing) f3, y, ore
by say 5% will lead to an increase (decrease) in &,,. Simi-
larly, when we increase (decrease) 7, m, &, or§; by say 5%,
R, will decrease (increase). This implies that 7, 7, «, and
0, are negatively correlated with %,,.

Figure 2 shows that the effect of transmission rate (/)
and progression rate (4) on COVID-19 prevalence. It can
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FIGURE 3: Solution curves depicting the impact of 71, w, and 7 on infected population of the COVID-19 model.
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FIGURE 4: Correlation between the reproduction number (%)) and the model parameters 3, a, ¢, 7, y, 7, and §,;.
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be seen in these figures that as the transmission (f8) and pro-
gression rates (y) increase, then COVID-19 prevalence
(infected population) increases, which means that those are
directly related with COVID-19 outbreak. Efforts needs to
be made to reduce the transmission rate () which can be
done through mass vaccination.

Figure 3 shows that the increase in first dose vaccination
(1), quarantined (w), and second dose vaccination rates (1)
decrease the COVID-19 prevalence (infected population)
and decrease the risk of an outbreak, which means that these
measures should be put in place to minimize the spread of
the virus.

5. Conclusions

In this paper, a deterministic model is formulated to investi-
gate the spread of COVID-19 in Ghana, taking into account
double-dose vaccination and quarantine. Qualitative analy-
sis, bifurcation analysis, and some numerical simulations
are conducted on the model. The local stability analysis of
the COVID-19-free and endemic equilibria are examined
using the Lyapunov second technique. The equilibria are
found to be locally asymptotically stable if %;,<1 and
R, >1, respectively. Figure 3 shows that the disease is
expected to become extinct when the basic reproduction
number is sufficiently low, which can be achieved by decreas-
ing the parameter 8 or increasing the parameter 7. The
authors in [16] research showed that isolation and vaccina-
tion can reduce the spread of the disease. Sensitivity analysis
and numerical simulations confirm that the implementation
of double-dose vaccination and quarantine will help mini-
mize the spread of COVID-19. This really implies that, when
precautionary measures are put in place, the spread of the
virus will be minimized as stated by [23]. Therefore, more
education should be done for people to avail themselves for
vaccination, and mass vaccination should be done to cover
most of the population to reduce spread of COVID-19 in
Ghana.
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