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A novel algorithm, called restricted Boltzmann machine-assisted estimation of distribution algorithm, is proposed for solving
computationally expensive optimization problems with discrete variables. First, the individuals are evaluated using expensive
fitness functions of the complex problems, and some dominant solutions are selected to construct the surrogate model. The
restricted Boltzmann machine (RBM) is built and trained with the dominant solutions to implicitly extract the distributed
representative information of the decision variables in the promising subset. The visible layer’s probability of the RBM is
designed as the sampling probability model of the estimation of distribution algorithm (EDA) and is updated dynamically along
with the update of the dominant subsets. Second, according to the energy function of the RBM, a fitness surrogate is developed
to approximate the expensive individual fitness evaluations and participates in the evolutionary process to reduce the
computational cost. Finally, model management is developed to train and update the RBM model with newly dominant
solutions. A comparison of the proposed algorithm with several state-of-the-art surrogate-assisted evolutionary algorithms
demonstrates that the proposed algorithm effectively and efficiently solves complex optimization problems with smaller
computational cost.

1. Introduction

Evolutionary computation (EC) has attracted considerable
research attention in recent decades because of its ability
to handle optimization problems [1]. EC methods, e.g.,
genetic algorithms (GAs), estimation of distribution algo-
rithm (EDA), particle swarm optimization (PSO), ant colony
optimization (ACO), and differential evolution (DE), have
been empirically shown to perform well for a wide variety
of real-world applications including load scheduling [2],
energy management systems [3, 4], robotics [5], parameter
control [6, 7], classification [8], and community detection
[9]. These optimization problems usually have different types
of decision variables, e.g., binary, integer, real, and mixed inte-
ger, and do not assume any convexity or differentiability of the
objective functions and/or constraints involved. Despite the
advantages, EC methods are often criticized because they have
a relative slow convergence and a large amount of function
evaluations (FEs), which present a serious challenge when

applying EC for computationally expensive optimization
problems, e.g., fluid dynamic optimization, aerodynamic opti-
mization, hybrid car controller optimization, or structural
optimization. In solving such computationally expensive opti-
mization problems, the heavy computational cost has a major
impact on the effectiveness and efficiency of traditional ECs.
To address this challenge, surrogate-assisted evolutionary
algorithms (SAEAs) [10–12], such as surrogate-assisted GA
[13, 14], surrogate-assisted PSO [15–17], and surrogate-
assisted DE [18, 19], are receiving increasing attention in the
EC community.

SAEAs have been developed to solve computationally
expensive optimization problems, and they reduce the com-
putational cost to a relatively low budget by using the compu-
tationally inexpensive surrogate models to replace the part
of the expensive FEs. In the literature, common surrogate
models include polynomial regression (PR) models [20],
support vector machines (SVMs) [21], radial basis functions
(RBFs) [16, 22, 23], artificial neural networks (ANNs) [24],
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and kriging [25, 26]. Sun et al. [16] proposed a surrogate-
assisted cooperative swarm optimization algorithm for
high-dimensional expensive optimization problems, in
which an RBF network is employed as the surrogate model.
Akhtar and Shoemaker [23] proposed a parallel response
surface-assisted evolutionary algorithm approach for mul-
tiobjective optimization, using RBFs to calculate surrogate
response surfaces as an approximation of the computa-
tionally expensive objective function. Liu et al. [18] pro-
posed a Gaussian process surrogate model to assist DE in
solving computationally expensive optimization problems,
named the surrogate model-aware evolutionary search
(SMAS). However, the SMAS are trapped in local optima
for computationally expensive optimization problems with
discrete variables. Furthermore, Liu et al. [19] proposed a
SAEA to solve expensive design optimization problems with
discrete variables. Chugh et al. [25] proposed a kriging-
based surrogate-assisted reference vector-guided evolution-
ary algorithm to approximate the computationally expensive
objective function to reduce the computational cost. Min
et al. [27] presented an adaptive knowledge reuse framework
based on the novel idea of multiproblem surrogates and pro-
posed a transfer evolutionary multiobjective optimization to
solve multiobjective expensive optimization problems. Yang
et al. [28] proposed a self-evaluation evolution algorithm to
address high-dimensional computationally expensive opti-
mization problems with the aid of metamodels.

Most existing SAEAs focus on constructing the surro-
gate model to accurately estimate the individual fitness by
approximating the exact expensive function as closely as pos-
sible. Accordingly, these methods are limited in that they
only apply the surrogate as a fitness estimation and do not
adequately extract other relevant information or latent
knowledge to further guide the evolution. The performance
of surrogate-assisted ECs in solving complex problems will
be greatly enhanced if the surrogate is designed to provide
fitness estimation and evolutionary knowledge. Motivated
by this, we propose a surrogate based on restricted Boltz-
mann machine (RBM) that can learn the distribution of the
input data to implicitly describe the interactions among
the variables and present an energy function to represent
the relationships between the dependent and independent
variables. The distribution or interactions of the variables
are used to guide the evolution by using it as a probability
model for EDA, and the energy function is applied to esti-
mate the values of the complicated optimization objectives.

An RBM-assisted EDA (RBMAEDA) is proposed to solve
computationally expensive optimization problems with dis-
crete variables. First, the EDA is the evolutionary frame of
the proposed RBMAEDA. An RBM model is constructed
and trained by the distributed representative information of
promising solutions. The probability model based on the
RBM is then designed as the probability model in the EDA.
Second, the fitness evaluation strategy based on the RBM
energy function is developed as the surrogate model to esti-
mate the individual fitness and reduce the computational
cost. Third, model management is conducted to further
improve the effectiveness of the RBMAEDA. Finally, the pro-
posed RBMAEDA is validated by a series of benchmark

problems, and the experimental results demonstrate that
the RBMAEDA can achieve satisfying performance with
fewer FEs for complex optimization problems.

The main contributions of this paper are as follows:

(1) An improved EDA based on an RBM is designed to
generate new potential better individuals with dis-
crete variables for guiding the evolutionary progress
in the search space

(2) The surrogate model based on an RBM is proposed to
partly replace FEs to estimate the individual fitness
and reduce the computational cost

(3) The model management is presented to further
enhance the effectiveness of the RBMAEDA by
considering the relative rank of the promising
individuals

The remainder of this paper is organized as follows.
Section 2 briefly reviews the related techniques, including
EDA and RBM. Section 3 describes the proposed RBMAEDA
in detail. Section 4 demonstrates the comparative experimen-
tal results. Finally, Section 5 summarizes the paper and pre-
sents conclusions along with the scope of future extensions
of this work.

2. Related Work

2.1. EDA. EDA [29–31] is a stochastic optimization algo-
rithm based on statistical theory, which establishes the prob-
ability model from the macro perspective and describes the
distributed information of the candidate solutions in the
search space. Then, it predicts the promising region by statis-
tical learning and produces new individuals by random sam-
pling of the probability model. Meanwhile, the probability
model is gradually updated with the increasing information
on the better solutions. This process continues to realize the
evolutionary progress and achieve excellent solutions until
the termination conditions are met. Compared with GA
methods, EDA makes full use of the global information of
the solution space and the historical information of the prom-
ising region to explore and exploit better solutions in the evo-
lutionary process, which effectively and efficiently improves
the searching ability to solve the nonlinear optimization and
the variable coupling problems. It has become a hot topic
and has been successfully applied in many engineering fields.

EDA forms an effective parallel search framework based
on building and sampling the probability model. According
to the structure of the probability model and the relationship
between the variables, probabilistic modelling techniques
can be classified into univariate, bivariate, and multivariate
methods. Univariate modelling methods are simple and easy
to implement but do not fully utilize the linkage information
of the decision variables to guide the evolutionary process.
Bivariate and multivariate modelling methods can make
use of the linkage information in the decision space to
improve the searching ability of EDA but are generally more
complex and difficult. Generally, the difficulty arises from
the solution space of a problem expanding exponentially
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with dimensionality so that the expanded solution space
quickly exceeds the searching ability of existing EDA
methods. In addition, EDA can easily overfit the distribution
of the candidate solutions in the evolutionary process, which
leads to an inaccurate representation of the promising region
and failure of the searching process. Meanwhile, the popula-
tion diversity will be gradually weakened to cause premature
convergence in the EDA evolutionary process. Therefore,
it is necessary to design appropriate probability models
to describe the relationship between variables and the dis-
tributed information of the promising region for complex
optimization problems. Researchers have proposed novel
EDAs based on machine learning methods [32] and other
techniques. Most EDAs are used for continuous optimiza-
tion problems, whereas relatively few studies have focused
on discrete combinatorial optimization problems. In addi-
tion, researches on surrogate-assisted EDA are relevant less
mainly because of the difficulties in designing an appropri-
ate probability model and surrogate model in EDA [33].

2.2. RBM. The RBM is an energy-based stochastic neural
network with unsupervised learning, which has a two-
layer network structure with symmetric connections and
no self-feedback. The structure of an RBM is presented
in Figure 1.

In the network structure, v is the visible layer with N vis-
ible units, which indicates the input data, and h is the hidden
layer with M hidden units, which is the feature extractor.
The RBM can learn the multivariate dependencies between
the decision variables. Assuming that all the neurons in the
RBM are binary variables, the energy function of the state
v, h is used as the measure of the whole network state
and is formulated as follows:

Eθ v, h = −〠
N

i=1
〠
M

j=1
viWijhj − 〠

N

i=1
aivi − 〠

M

j=1
bjhj, 1

where vi is the state of the i visible unit; hj is the state of
the j hidden unit; θ = Wij, ai, bj represents the model
parameters;Wij is the symmetric interaction weight between
the visible unit i and hidden unit j; ai is the bias of the visible
unit i; and bj is the bias of the hidden unit j.

The stability of the RBM network is measured through
the energy function. Given the state of the visible unit, the
activation state of each hidden unit is independent, and the
activation probability of the j hidden unit is as follows:

Pθ hj = 1 v = σ bj +〠
i

viWij , 2

where σ x = 1/ 1 + exp −x is the logistic function.
Given the state of the hidden unit, the activation state of

each visible unit is also independent, and the activation prob-
ability of the i visible unit is as follows:

Pθ vi = 1 h = σ ai +〠
j

Wijhj 3

As for the training of RBM, Hinton [34] proposed a fast
learning algorithm for RBM, i.e., the contrastive divergence
(CD) algorithm, which greatly improves the learning effi-
ciency of RBM. Subsequently, researches on RBM have been
boomed, and RBM has been widely used in speech recogni-
tion [35], signal processing [36], imagery classification [37],
high-dimensional time series modelling [38], etc.

3. RBM-Assisted EDA

The general framework of the RBM-assisted EDA is shown in
Figure 2.

3.1. Construction of Softmax RBM Based on Dominant
Solutions. RBM is an effective feature extraction technique
that has self-organization, self-learning, nonlinear approxi-
mation ability, and better fault tolerance. In this paper, the
visible units of RBM adopt softmax units [39] to further
improve the feature extraction ability, which can increase
the sparsity of input data so that the hidden units can only
be activated in limited cases. The RBM model has a two-
layer network structure. The visible layer V has N visible
softmax units, which indicate N decision variables. Each vis-
ible softmax unit consists of K binary units. The hidden layer
h has F hidden units (binary units) and indicates feature
information. The architecture diagram of the softmax RBM
network model is illustrated in Figure 3.

The visible softmax units of the input data are V = vk1,
vk2,⋯, vkN , k ∈ 1, 2,⋯, K , which form a K ×N matrix. If
the vki (in the k row and i column) of the i softmax unit is
vki = 1, then the value of the i decision variable in the input

data is k and the rest of the i softmax unit is vk′i = 0, k′ ≠ k.
For example, if the number of decision variables in a problem
is 6 and each decision variable contains ten integer values
from 0 to 9, the total search space of the problem is 106.
Therefore, the input data of a feasible solution (signed an
individual X) is composed of 6 decimal coding sequences,
and the coding sequence corresponding to the individual X
is as follows:

Individual X 5 7 4 1 3 0 4

The alleles of the individual X correspond to the values of
the decision variables. The code sequence of individual X is

h

v

…

…

Figure 1: Structure of RBM.
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converted to softmax units consisting of a 10 × 6 binary
matrix V :

0 0 0 0 0 1

0 0 0 1 0 0

0 0 0 0 0 0

0 0 0 0 1 0

0 0 1 0 0 0

1 0 0 0 0 0

0 0 0 0 0 0

0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

V

5

Mathematically, the conditional distribution prob-
abilities of the visible unit vki and the hidden unit hj are for-
mulated as (6) and (7), respectively.

pθ hj = 1 V = σ bj + 〠
m

i=1
〠
K

k=1
vki W

k
ij , 6

Begin

End

Initialize
population

Preserve the best
solution

Termination conditions

Obtain probability model
and surrogate model based

on RBM

Train RBM model based
on dominant subset

Calculate individual
fitness to form dominant

subset

Estimate new individual
fitness by surrogate model

Produce offspring by
sampling the probability

model

Use surrogate model

Calculate new individual
fitness by exact objective

function

Termination conditions

Update dominant subset
and preserve the best

solution

No

Yes

Yes

Yes

No

No

Figure 2: Flow diagram of the RBM-assisted EDA.

h

V

W

…

…

Figure 3: Architecture diagram of softmax RBM.
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pθ vki = 1 h =
exp aki +∑F

j=1hjW
k
ij

∑K
l=1exp ali +∑F

j=1hjW
l
ij

, 7

whereWk
ij is the connection weight between the k binary unit

of the i visible softmax unit vi and the j hidden unit hj; a
k
i is

the bias of the visible softmax unit vki ; and bj is the bias of the
hidden unit hj.

The population of the RBMAEDA is Pop g = Xi, i =
1, 2,⋯,M , and the population size is M. Each individual
Xi is represented by N decision variables, which corresponds
to the visible softmax units of the input data Vi in the soft-
max RBM model. Subsequently, the individual fitness in
the initial Pop g is calculated according to exact expensive
function. The dominant subset Sub g is formed by selecting
S S ≤M better individuals Xi ∈ X1, X2,⋯, XS according
to the truncation selection strategy. Then, Sub g is used
as training data for the softmax RBM model by using a
CD learning algorithm [39].

3.2. Probability Model Based on Softmax RBM. When the
training process of the softmax RBM has been finished, the
probabilistic distribution is constructed by clamping the dis-
tributed information of the alleles of the dominant individ-
uals into the marginal probability of each decision variable
in the softmax RBM model. According to (7), the activation
probability pθ vki = 1 ∣ h of the visible softmax units V =
V1, V2,⋯, VN is calculated by using the activation proba-
bility pθ hj = 1 ∣V of the hidden units h = h1, h2,⋯, hF
in the trained softmax RBM model. The probability model
P V based on the softmax RBM is designed as follows:

P V =

pθ v11 = 1 h pθ v12 = 1 h ⋯ pθ v1N = 1 h

pθ v21 = 1 h pθ v22 = 1 h ⋯ pθ v2N = 1 h

⋮ ⋮ ⋮ ⋮

pθ vK1 = 1 h pθ vK2 = 1 h ⋯ pθ vKN = 1 h

8

The pseudocode for the probabilistic modelling is pre-
sented in Algorithm 1.

The probability model P V is constructed and calcu-
lated based on the softmax RBM model. By sampling P V
with the roulette, M − S new potential individuals, which
have the distributed representative information of the deci-
sion variables of the promising solutions, are subsequently
generated for the next generation Pop g + 1 .

The roulette sampling technique is formulated as follows:

xi =

1, if random 0, 1 ≤ pθ vki = 1 h ,

2, if pθ vki = 1 h < random 0, 1 ≤ 〠
2

j=1
pθ vki = 1 h ,

⋮

N , if 〠
N−1

j=1
pθ vki = 1 h < random 0, 1 ≤ 〠

N

j=1
pθ vki = 1 h ,

9

where xi is the i decision variable of the new individual and
random 0, 1 is a random value ranging from 0, 1 .

3.3. Surrogate Model Based on Softmax RBM. According to
Section 3.2, a softmax RBMmodel with the distributed repre-
sentative information of the decision variables of the promis-
ing solutions is trained and obtained, which models the
topology of the better solutions in the search space. Assum-
ing that an individual Xi = xi1, xi2,⋯, xiN is transformed

into the softmax units Vi = vk1i1 , v
k2
i2 ,⋯, vkNiN for the softmax

RBM model, the energy value Eθ Vi, h of the individual
Xi = xi1, xi2,⋯, xiN is formulated as follows:

Eθ Vi, h = −〠
N

n=1
〠
F

f=1
〠
K

k=1
Wk

nf hf v
k
n − 〠

N

n=1
〠
K

k=1
vkna

k
n − 〠

F

f=1
hf bf

10

The energy value Eθ Vi, h of the individual Xi indi-
cates the adaptation level to the RBM topology of the
promising solutions. The lower the energy value, the better
is the stability of the RBM. It may be considered that the
feature of the individual Xi is consistent with that of the
promising solutions, and the individual Xi is superior
others. Consequently, we can utilize the energy value Eθ
Vi, h of the individual Xi in the softmax RBM to estimate
the individual fitness of Xi. The surrogate model based on
the softmax RBM estimates the individual fitness of Xi and
is defined as follows:

f̂ Vi = −
Eθ Vi, h −min Eθ Vi, h

∑M
i=1Eθ Vi, h

, 11

where min Eθ Vi, h represents the minimum value in all
of the Eθ Vi, h .

In addition, because the softmax RBM model is trained
by unsupervised learning, the implicit distributed informa-
tion extracted from the training data is relatively rough at
the early stages of the EDA evolutionary process. To better
obtain the distributed representative information of the deci-
sion variables of the promising solutions, the surrogate
model based on the softmax RBM needs to be dynamically
updated with the change of the dominant solutions in the
evolutionary process.

In this paper, the top 50% individuals are selected from
the current Sub g as the subset Dtop by the surrogate model,
while the top 50% individuals are also selected from Sub g
as the subset Dtop′ by the real fitness function. The propor-
tional similarity coefficient γ defined in (12) is used:

γ = Numintersection
Numreal

, 12

where Numintersection is the size of the intersection between
Dtop and Dtop′; and Numreal is the number of Dtop′.

Accordingly, the γ threshold is set to γth. If γ is greater
than γth, then the surrogate model based on the softmax
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RBM can effectively replace the real fitness function and
estimate the individual fitness to guarantee most of better
solutions selected from the population. Meanwhile, the esti-
mated individuals inDtop are reevaluated by using the real fit-
ness function. Otherwise, the real fitness function is still used.
Subsequently, the better individuals and their real fitness
are added to the dominant subset Sub g to replace some
worse individuals for updating Sub g . Therefore, the model
management of the surrogate model based on the softmax
RBM guarantees the accuracy and reliability of the indi-
vidual fitness estimated by the surrogate model, which will
dynamically track the feature information of the promising
solutions and effectively provide support for guiding the
evolutionary optimization progress.

3.4. Implementation of RBM-Assisted EDA. The pseudocode
of the proposed RBMAEDA is presented in Algorithm 2.

Along with the softmax RBM training process and
the EDA evolutionary progress alternately, the distributed

representative information learned by the softmax RBM suffi-
ciently and accurately represents the probabilistic distribution
of the decision variables of the promising solutions at later
stages of the evolutionary process. Knowledge of superior
solutions effectively and efficiently guides the exploration of
the search space and yields the optimization progress by com-
bining evolutionary optimization with machine learning.

4. Experiments and Results

In these experiments, the computing platform is Python
3.5 on a Dell computer with an Intel Core i5-4590 CPU
3.30GHz and 4GB RAM. To comprehensively analyze the
performance of the proposed RBMAEDA, the experiments
are tested with a series of benchmark tests [40, 41] shown
in Table 1.

All these benchmark problems have continuous func-
tions with discrete variables and different characteristics with
discontinuous landscapes (dimensions from 6 to 30). They
are all minimization problems. The number of decision

Begin
Do while (maximum number of training epochs is not reached)

#Positive Phase
1. Construct the conditional probability of the hidden units pθ hj ∣ V given the visible softmax values according to (6)
2. From pθ hj ∣ V , sample the states of the hidden units hj 0
#Negative Phase
3. Construct the conditional probability of the visible softmax units pθ vki ∣ h given the states of the hidden units according to (7).
Reconstruct the states of the visible softmax units vi 1 by sampling the constructed conditional probability pθ vki ∣ h

4. Construct the conditional probability of the hidden units pθ hj ∣ V given the sampled visible softmax values according to (6).
Reconstruct again the states of the hidden units hj 1 by sampling the constructed conditional probability pθ hj ∣ V

#Updating of weights
5. Update the weights and biases
End Do
#Construction of the probability model
6. Calculate the Probability Model P V according to (8).

End

Algorithm 1: Pseudocode of the probabilistic modelling.

Begin
1. Initialization: at generation g = 0, randomly generate M candidate solutions to form the initial population Pop g
Do while (Termination conditions are not met)
2. Evaluation: According to the real fitness function, calculate the individual fitness of all solutions in Pop g , and preserve the

best solution in the current population
3. Selection: Select S better individuals by using the truncation selection strategy and rank in order to form the dominant subset
Sub g

4. Modelling: Train a softmax RBMmodel based on Sub g , and then build a probability model P V based on the softmax RBM
according to (8)

5. Surrogate model: Construct the surrogate model based on the softmax RBM. The γ value is calculated according to (12)
to manage the surrogate model, and then the surrogate model estimates the individual fitness according to (10) and (11) to
participate in the evolutionary process.

6. Sampling: Produce M − S offspring by sampling the probability model P V with roulette sampling according to (9)
7. Updating population: Merge the M − S offspring into Sub g to form the new population Pop g + 1 . g = g + 1
End Do

End

Algorithm 2: Pseudocode of RBMAEDA.
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variables and other characteristics is presented in Table 1. In
this section, we conduct three series of experiments to verify
the effectiveness of the probability model based on the soft-
max RBM, the surrogate model based on the softmax RBM,
and the proposed RBMAEDA for complex optimization
problems in Subsections 4.1, 4.2, and 4.3, respectively.

4.1. Performance of the Probability Model Based on
Softmax RBM. To verify the effectiveness of the probability
model based on the softmax RBM, EDA based on the soft-
max RBM (denoted by softmaxRBM-EDA) is compared
with the traditional EDA and REDA-E [32] with the same
common parameters. Three algorithms are different from
each other in their different probability model and model
updating strategy. The comparative experiments are con-
ducted to evaluate the performance of the three algorithms
using 9 benchmark problems in Table 1. In the compara-
tive experiments, 10 independent runs are performed for
each algorithm. The experimental parameters are shown
in Table 2.

A series of performance indicators, including the average
optimal solution, the standard deviation, the success rate, and
the search time, are used to measure the performance of each
algorithm. These performance indicators in the experiments
are described as follows:

(1) Avg.± St: the average and standard deviation of the
best solutions for 10 trials

(2) Rate (%): the success rate of reaching the global opti-
mal solution in 10 trials, reflecting the effectiveness of
each algorithm

(3) Time (s): the total search time until reaching the best
solution, reflecting the efficiency of each algorithm

The comparative experimental results for the three algo-
rithms are shown in Table 3.

By observing the results in Table 3, the following conclu-
sions can be obtained:

(1) The average and standard deviation of the
softmaxRBM-EDA are the smallest among the three
algorithms in most of the test problems, and the suc-
cess rate of the softmaxRBM-EDA is the highest
among the three algorithms. The traditional EDA
and REDA-E have very lower success rate and
completely trapped in the local optima for F4 and
F5, mainly because this type of problems has very
rugged landscapes and obtains the optimal solutions
at nonzero point. In particular, note that Rosenbrock
function is a multimodal problem with narrow valley.
EDA and REDA-E have never reached the global opti-
mal solution for F5 in the 10 independent executions,
so they are not appropriate for handling these multi-
modal problems with the very rugged landscapes or
the narrow valley. However, softmaxRBM-EDA can
be better able to solve this kind of problems

(2) SoftmaxRBM-EDA shows a substantial improve-
ment of solution quality and searching efficiency for
those very challenging problems in terms of the very
rugged landscapes and the narrowness of the optimal
valley. Specifically, the softmaxRBM-EDA performed
122 iterations (approximately 153.50 s) on average to
obtain the best solution with an average of 7.40 and a
standard deviation of 16.94 and had an 80% success
rate in reaching the global optimum for F4. EDA exe-
cuted approximately 27 iterations (approximately
2.77 s) on average and reached the local optimal solu-
tion with an average of 9.0 and a standard deviation
of 1.94, which had not reached the global optimum
for F4 even once. REDA-E performed 87 iterations
(approximately 177.51 s) on average and obtained
the optimal solution with only 40% success rate for
F4, which had an average of 21.0 and a standard devi-
ation of 20.73

(3) Regarding the search time, softmaxRBM-EDA is fas-
ter than REDA-E but slower than EDA for those
problems partly because it spends time extracting
the feature information to construct the probability
model based on the RBM for guiding the evolution-
ary progress. However, softmaxRBM-EDA does not
cause too much computational burden. That compu-
tational cost is deserved for jumping out of the local
optima and achieving the global optima. In addition,
the probability model based on statistics in EDA does
not contribute to design the appropriate surrogate
model in the EDA framework

In summary, the proposed softmaxRBM-EDA improves
the quality of the best solutions and the efficiency of

Table 1: Benchmark test problems.

Problem Function Dimension Property

F1 Sphere 6 Multimodal

F2 Rastrigrin 10 Very rugged

F3 Ellipsoid 10 Unimodal

F4 Schwefel 2.4 15 Multimodal

F5 Rosenbrock 15 Narrow valley

F6 Step 20 Unimodal

F7 Ackley 20 Rugged

F8 Rastrigrin 30 Very rugged

F9 Griewank 30 Rugged

Table 2: Experimental parameters.

Parameter Setting

Population (70~90)∗dimension

Termination conditions
Optima are found or

maximum epoch is 200

Number of independent runs 10

Number of hidden units in RBM 2∗number of visible units

Learning rate 0.1

Momentum 0.5–0.9

Number of training epochs in the RBM 10
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searching process and outperforms the other algorithms for
complex problems with discontinuous landscapes. It is
mainly because the probability model based on the softmax
RBM in softmaxRBM-EDA can extract the distributed rep-
resentative information of the decision variables of the
promising solutions to participate in the evolutionary pro-
cess. Then, softmaxRBM-EDA can generate new solutions
with the gene information of the better solutions by sam-
pling the probability model based on the softmax RBM. Fur-
thermore, with the increase of solutions, the probability
model based on the softmax RBM will be updated by the
increasing feature information of the promising solutions
to continually optimize the candidate solutions and compre-
hensively guide the evolutionary progress. SoftmaxRBM-
EDA enhances the exploration and exploitation abilities to
adaptively adjust the optimal direction for the solution quality
and the population diversity. Therefore, softmaxRBM-EDA
has the better solution quality, convergence rate, and stability
for complex problems. For dynamically illustrating the
evolutionary progress, the iteration evolutionary processes
of the EDA, REDA-E, and softmaxRBM-EDA approaches
are presented for solving F1, F4, F5, and F8 test problems.
For the fairness of the comparative experiments, each algo-
rithm will be executed and evolved sufficiently. The conver-
gence profiles of the three algorithms for F1, F4, F5, and F8
are plotted in Figure 4.

In Figure 4, the horizontal coordinates indicate the
number of iterations, and the vertical coordinates indicate
the fitness of the best solution for each generation. As can
be seen from Figure 4, EDA can reach the global optima
of F4 and F5 along with the evolutionary progress, and
REDA-E does not succeed in obtaining the global optima
of F1, F5, and F8, falling into the local optima. Accord-
ingly, softmaxRBM-EDA has achieved the best solutions for
all of the problems. Although REDA-E requires less itera-
tions than softmaxRBM-EDA to reach the final solutions,
REDA-E spends much more search time in each genera-
tion and has more total time than softmaxRBM-EDA.
The main reason is that the computational cost for sampling
mechanism and training RBM in REDA-E is too large with
increasing dimensions. Nevertheless, softmaxRBM-EDA
emphasizes the exploitation of the promising regions and
offers a predictive guidance on the exploration of optimal
solutions. It is verified that the probability model based on

the softmax RBM is feasible and effective as a probability
model of EDA in softmaxRBM-EDA for solving complex
optimization problems. Therefore, softmaxRBM-EDA per-
forms more effectively and efficiently than the other algo-
rithms in most of the test problems.

4.2. Performance of the Surrogate Model Based on Softmax
RBM. In this subsection, investigations are carried out to
analyze the proposed surrogate model based on the softmax
RBM in RBMAEDA. If the relative order relationship of the
dominant individuals can be guaranteed during the surrogate
model used in EDA, the individual selection based on the
surrogate model and the updating of the probabilistic model
will not have harmful effect on the evolutionary progress. So
we can consider that the surrogate model in EDA is feasible
and effective. In this experiment, one evolutionary process
of RBMAEDA for the Griewank function with 10 dimensions
is recorded, and the results show that RBMAEDA finds the
optimal solution in the 11th generation, where γth = 0 6.
The real individual fitness and the estimated individual
fitness of the dominant subset Sub g will be calculated for
comparison in RBMAEDA and are shown at the 2nd, 3rd,
and 7th generations in Figure 5.

In Figure 5, the horizontal coordinate indicates the index
of individuals, and the vertical coordinate indicates the real
individual fitness and the estimated individual fitness.
Figure 5 shows that the individual fitness estimated by the
surrogate model based on the softmax RBM can mainly fol-
low the trajectory of the real individual fitness. Meanwhile,
the threshold of the proportional similarity coefficient γth =
0 6means that 60% better solutions of Sub g can be selected
by the surrogate model. The surrogate model and the real fit-
ness function have high similarity ranking in individual eval-
uation, so the relative rank of individuals in Sub g can be
generally represented by the surrogate model based on the
softmax RBM. Therefore, it is feasible and effective to esti-
mate the individual fitness by the surrogate model based on
the softmax RBM in RBMAEDA.

4.3. Performance of the RBMAEDA. To illustrate the perfor-
mance of the proposed RBMAEDA, RBMAEDA is compared
with the committee-based active learning for surrogate-
assisted particle swarm optimization (CAL-SAPSO) algo-
rithm [17] presented in 2017 on a series of benchmark

Table 3: Comparative experimental results.

Problem
EDA REDA-E softmaxRBM-EDA

Avg.± St Rate Time Avg.± St Rate Time Avg.± St Rate Time

F1 0± 0 100 0.12 0± 0 100 48.54 0± 0 100 2.88

F2 0± 0 100 0.75 0± 0 100 70.75 0± 0 100 23.45

F3 0± 0 100 0.59 0± 0 100 78.81 0± 0 100 42.07

F4 9.0± 1.94 0 2.77 21.0± 20.73 40 177.51 7.40± 16.94 80 153.50

F5 33.70± 62.30 0 2.62 2146.20± 1885.78 0 220.39 258.0± 355.60 30 146.11

F6 0± 0 100 5.27 0± 0 100 272.49 0± 0 100 242.45

F7 0± 0 100 9.30 0± 0 100 295.22 0± 0 100 129.92

F8 0± 0 100 10.33 1.0± 1.70 60 1012.42 0± 0 100 222.02

F9 0± 0 100 11.88 1.89e − 03± 4.93e − 03 60 1066.39 0± 0 100 332.95
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problems for a limited computation budget. The comparison
algorithm is an algorithm with outstanding performance at
present, using the same comparison function to compare
with the results provided in [17]. In the experiment, the aver-
age value and the standard deviation in 10 trials are used to
measure the performance of these algorithms. The experi-
mental results on benchmark problems of different dimen-
sions are presented in Table 4.

As shown in Table 4, the following conclusions can be
obtained:

(1) RBMAEDA outperforms the CAL-SAPSO algo-
rithm on most of the test problems. Furthermore,
with the increase of the dimension of those problems,
RBMAEDA has still the stable average values of the
final solutions to reach close to the optima. For exam-
ple, the average value and the standard deviation of
RBMAEDA are 1.0E− 01± 3.16E− 01 for the 10-
dimension Rastrigin, while those of the 20- and 30-
dimension Rastrigin are 5.0E− 01± 8.50E− 01 and
4.0E− 01± 6.99E− 01, respectively

(2) However, RBMAEDA performs worse than CAL-
SAPSO on the Rosenbrock function. The main rea-
son is that Rosenbrock function has a very narrow

and deep peak of the fitness landscape around the
global optimum. In addition, the CAL-SAPSO algo-
rithm can deal with computationally expensive opti-
mization problems with continuous variables, which
will help CAL-SAPSO reach closer to the optimum.
Nevertheless, RBMAEDA is specially designed for
computationally expensive optimization problems
with discrete variables, for which it is more difficult
to find the optimum

The experimental results demonstrate the advantages of
RBMAEDA over the compared algorithm on the benchmark
problems with different dimensions. Therefore, RBMAEDA
can effectively solve medium-scale complex computationally
expensive optimization problems with discrete variables.

To further verify the performance of the RBMAEDA,
RBMAEDA is compared with two popular SAEAs, the SMAS
algorithm [18] and the SMDN algorithm [19] presented in
2016, on a series of benchmark problems with a limited com-
putation budget. In particular, the SMDN algorithm is a
state-of-the-art algorithm for complex computationally
expensive optimization problems with discrete variables,
using the same comparison function to compare with the
results provided in [19]. In the experiment, three indicators
are used to measure the performance of these algorithms:
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Figure 4: Comparative results of the EDA, REDA-E, and SoftmaxRBM-EDA.
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the average value, the standard deviation, and the success rate
in the 10 trials. The experimental results for benchmark
problems of different dimensions are presented in Table 5.

By observing the results in Table 5, the following conclu-
sions can be obtained:

(1) RBMAEDA outperforms the other algorithms on
most of the test problems. For example, RBMAEDA
has the highest success rate in reaching optimality
for the Rastrigin function and the Griewank function
in three algorithms, and RBMAEDA has the best
average value and the lowest standard deviation for
those problems in three algorithms. The average
values of the final solutions are also stable and close
to the optimal of those problems

(2) RBMAEDA has a relative lower success rate for the
Rosenbrock function. It is mainly because that the
Rosenbrock function has the very narrow valley of
the fitness landscape, which enhances the difficulty
of complex optimization problems with discrete var-
iables in the searching process

(3) With the increase of the dimension of these prob-
lems, RBMAEDA is still able to obtain comparable
high quality solutions with a limited budget of FEs,
but the success rate is gradually declining. The main
reason is that the computational cost and complexity
for training the softmax RBM model in RBMAEDA
will increase with the dimension increasing of the
problems, which leads to some trouble for the surro-
gate to learn the fitness landscape and estimate the
individual fitness in the evolutionary process

In summary, the proposed RBMAEDA utilizes the
probability model based on the softmax RBM and the sur-
rogate model based on the softmax RBM, which makes full
use of the knowledge and information of the promising
solutions, to enhance the exploration and exploitation abil-
ities in the evolutionary process. Meanwhile, RBMAEDA
performs well on unimodal and multimodal problems or
problems with the rugged landscapes by using a limited
computing budget when the number of decision variables
changes from 5 to 30. For these problems, RBMAEDA only
consumes about 20% to 40% of the number of FEs of
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Figure 5: Comparative results of the real individual fitness and the estimated individual fitness.

10 Complexity



softmaxRBM-EDA to get comparable high quality solutions.
Furthermore, RBMAEDA has a better solution quality,
stability, convergence rate, and scalability for solving compu-
tationally expensive optimization problems with complex
discontinuous landscapes.

5. Conclusions

In this paper, a novel RBMAEDA algorithm is proposed to
solve complex computationally expensive optimization prob-
lems with discrete variables. The RBM probability model and
its dynamic updating mechanism take full advantage of the
feature information of the better solutions to guide the evolu-
tionary progress. In addition, the surrogate model based on
the RBM and model management are adopted to replace
FEs, which enhances the searching efficiency and reduces
the computational cost. The experimental results demon-
strate that the proposed RBMAEDA outperforms other algo-
rithms for most of the test problems and is effective to deal
with complex computationally expensive optimization prob-
lems. These researches will further deepen and enrich the
theoretical research and practical application of SAEAs. For
future investigations, there is considerable development

potential in the combination of deep learning and intelligent
optimization algorithms to solve complex problems.
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