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We consider a stochastic continuous submodular huge-scale optimization problem, which arises naturally in many applications
such as machine learning. Due to high-dimensional data, the computation of the whole gradient vector can become prohibitively
expensive. To reduce the complexity and memory requirements, we propose a stochastic block-coordinate gradient projection
algorithm for maximizing continuous submodular functions, which chooses a random subset of gradient vector and updates the
estimates along the positive gradient direction. We prove that the estimates of all nodes generated by the algorithm converge to
some stationary points with probability 1. Moreover, we show that the proposed algorithm achieves the tight ((𝑝min/2)𝐹∗ − 𝜖)
approximation guarantee after 𝑂(1/𝜖2) iterations for DR-submodular functions by choosing appropriate step sizes. Furthermore,
we also show that the algorithm achieves the tight ((𝛾2/(1 + 𝛾2))𝑝min𝐹∗ − 𝜖) approximation guarantee after 𝑂(1/𝜖2) iterations for
weakly DR-submodular functions with parameter 𝛾 by choosing diminishing step sizes.

1. Introduction

In this paper, we focus on the submodular function maxi-
mization, which has recently attracted significant attention
in academia since submodularity is a crucial concept in
combinatorial optimization. Furthermore, they have arisen
in a variety of areas, such as social sciences, algorithm game
theory, signal processing, machine learning, and computer
vision. Furthermore, submodular functions have foundmany
applications in the applied mathematics and computer sci-
ence, such as probabilistic models [1, 2], crowd teaching
[3, 4], representation learning [5], data summarization [6],
document summarization [7], recommender systems [8],
product recommendation [9, 10], sensor placement [11],
network monitoring [12, 13], the design of structured norms
[14], clustering [15], dictionary learning [16], active learning
[17], and the utility maximization in sensor networks [18].

In submodular optimization problems, there exist many
polynomial time algorithms for exactly minimizing the sub-
modular functions, such as combinatorial algorithms [19–21].

In addition, there also existmany polynomial time algorithms
for approximately maximizing the submodular functions
with approximation guarantees, such as the local search
and greedy algorithms [22–25]. Despite this progress, these
methods use the combinatorial techniques, which have some
limitations [26]. For this reason, a new approach is proposed
by using multilinear relaxation [27], which can lift the sub-
modular functions optimization problems into the continu-
ous domain. Thus, the continuous optimization techniques
are used to minimize exactly or maximize approximately
submodular functions in polynomial time. Recently, most
literature is devoted to continuous submodular optimization
[28–31]. The algorithms cited above need to compute all the
(sub)gradients.

However, the computation of all (sub)gradients can
become prohibitively expensive when dealing with huge-
scale optimization problems, where the decision vectors
are high-dimensional. For this reason, coordinate descent
method and its variants are proposed for solving efficiently
convex optimization problems [32]. At each iteration, the
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coordinate descent methods only choose one block of vari-
ables to update their decision vectors. Thus, they can reduce
the memory and complexity requirements at each iteration
when dealing with high-dimensional data. Furthermore,
coordinate descent methods can be applied in support vector
machine [33], large-scale optimization problems [34–37],
protein loop closure [38], regression [39], compressed sensing
[40], etc. In coordinate descent methods, the choice of search
strategy mainly include cyclic coordinate search [41–43] and
the random coordinate search [44–46]. In addition, the
asynchronous coordinate decent methods are also proposed
in recent years [47, 48].

Despite this progress, however, stochastic block-
coordinate gradient projection methods for maximizing
submodular functions have barely been investigated. To
fill this gap, we propose the stochastic block-coordinate
gradient projection algorithm to solve stochastic continuous
submodular optimization problems, which are introduced
in [30]. In order to reduce the complexity and memory
requirements at each iteration, we incorporate the block-
coordinate decomposition into the stochastic gradient
projection in the proposed algorithm. The main contribu-
tions of this paper are as follows:

(i) We propose a stochastic block-coordinate gradient
projection algorithm formaximizing continuous sub-
modular functions. In the proposed algorithm, each
node chooses a random subset of the whole approxi-
mation gradient vector and updates its decision vector
along gradient ascent direction.

(ii) We show that each node asymptotically converges
to some stationary points by the stochastic block-
coordinate gradient projection algorithm; i.e., the
estimates of all nodes converge to some stationary
points with probability 1.

(iii) We investigate the convergence rate of stochastic
block-coordinate gradient projection algorithm with
approximation guarantee. When the submodular
functions are DR-submodular, we prove that the
convergence rate of 𝑂(1/√𝑇) is achieved with 𝑝min/2
approximation guarantee. More generally, we show
that the convergence rate of 𝑂(1/√𝑇) is achieved
with 𝑝min(1 − 𝛾2/(1 + 𝛾2)) approximation guarantee
for weakly DR-submodular functions with parameter𝛾.

The remainder of this paper is organized as follows. We
describe mathematical background in Section 2. We formu-
late the problem of our interest and propose a stochastic
block-coordinate gradient projection algorithm in Section 3.
In Section 4, the main results of this paper are stated. The
detailed proofs of the main results of the paper are provided
in Section 5. The conclusion of the paper is presented in
Section 6.

2. Mathematical Background

Given a ground set 𝑉, which consists of 𝑛 elements. If a set
function 𝑓 : 2𝑉 → R+ satisfies

𝑓 (𝐴) + 𝑓 (𝐵) ≥ 𝑓 (𝐴 ∩ 𝐵) + 𝑓 (𝐴 ∪ 𝐵) (1)

for all subsets 𝐴, 𝐵 ⊆ 𝑉, then the set function 𝑓 is called
submodular.The notation of submodularity is mostly used in
discrete domain, but it can be extended to continuous domain
[49]. Given a subset of R𝑛+, X = ∏𝑛𝑖=1X𝑖, where each set
X𝑖 is a subset of R+ and is compact. A continuous function𝐹 : X → R+ is called submodular continuous function if,
for all x, y ∈ X, the following inequality

𝐹 (x) + 𝐹 (y) ≥ 𝐹 (x ∨ y) + 𝐹 (x ∧ y) (2)

holds, where x ∨ y fl max{x, y} (coordinate-wise) and
x ∧ y fl min{x, y} (coordinate-wise). Moreover, if x ⪯
y, we have 𝐹(x) ≤ 𝐹(y) for all x, y ∈ X, and then
the submodular continuous function 𝐹 is called monotone
on X. Furthermore, a differentiable submodular continuous
function 𝐹 is called DR-submodular if, for all x, y ∈ X such
that x ⪯ y, we have ∇𝐹(x) ⪰ ∇𝐹(y); i.e., ∇𝐹(⋅) is an antitone
mapping [29]. When the submodular continuous function 𝐹
is twice differentiable, the submodular 𝐹 is submodular if and
only if all off-diagonal components of its Hessian matrix are
nonpositive [28]; i.e., for all x ∈ X,

𝜕2𝐹 (x)𝜕𝑥𝑖𝜕𝑥𝑗 ≤ 0, ∀𝑖 ̸= 𝑗. (3)

Furthermore, if the submodular function 𝐹 is DR-
submodular, then all second-derivatives are nonpositive
[29]; i.e., for all x ∈ X,

𝜕2𝐹 (x)𝜕𝑥𝑖𝜕𝑥𝑗 ≤ 0. (4)

In addition, the twice differentiability implies that the sub-
modular 𝐹 is smooth [50]. Moreover, we say that a submod-
ular function 𝐹 is 𝛽-smooth if, ∀x, y ∈ X, we have

𝐹 (y) ≤ 𝐹 (x) + ⟨∇𝐹 (x) , y − x⟩ + 𝛽2 y − x2 . (5)

Note that the above definition is equivalent to

∇𝐹 (x) − ∇𝐹 (y) ≤ 𝛽 x − y . (6)

Furthermore, a function 𝐹 is called weakly DR-submodular
function with parameter 𝛾 if

𝛾 fl inf
x,y∈X,x≤y

inf
𝑖∈{1,...,𝑛}

[∇𝐹 (x)]𝑖[∇𝐹 (y)]𝑖 . (7)

More details about weak DR-submodular functions are avail-
able in [29].
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3. Problem Formulation and Algorithm Design

In this section, we first describe the problem of our interest,
and then we design an algorithm to efficiently solve the
problem.

In this paper, we focus on the following constrained
optimization problem:

max
x∈K

𝐹 (x) fl E𝜉∼D [𝐹𝜉 (x)] , (8)

whereK denotes the constraint set,D denotes an unknown
distribution, 𝐹𝜉 is a submodular continuous function for all𝜉 ∈ D. Moreover, we assume that the constraint set, K =∏𝑛𝑖=1K𝑖 ⊆ X, is convex, where each K𝑖 ⊆ R+ is convex
and closed set for all 𝑖 = 1, . . . , 𝑛. The problem has recently
been introduced in [30]. In addition, we use the notation𝐹∗ to denote the optimal value of 𝐹(x) for all x ∈ K,
i.e., 𝐹∗ fl maxx∈K𝐹(x). Furthermore, we can see that the
function 𝐹(x) is submodular function because each function𝐹𝜉 is submodular continuous function for all 𝜉 ∈ D [28].

To solve problem (8), the projected stochastic gradient
methods are a class of efficient algorithms [31]. However,
we focus on the case that the decision vectors x are high-
dimensional in this work; i.e., the dimensionality of vectors𝑛 is large. The full gradient computations are prohibitive
expensive and become computational bottleneck. Therefore,
we propose a stochastic block-coordinate gradient method
by combining the great features of block-coordinate and
stochastic gradient. We assume that the components of
decision variables are arbitrarily chosen but fixed for each
processor. Furthermore, at each iteration, each processor
randomly chooses a subset of (stochastic) gradients, rather
than all the (stochastic) gradients. The detailed description of
the proposed algorithm is as follows. Starting from an initial
value x ∈ K, for 𝑡 = 0, 1, 2, . . ., each 𝑖 = 1, . . . , 𝑛 updates its
decision variable as

𝑥𝑖 (𝑡 + 1) = ΠK𝑖
(𝑥𝑖 (𝑡) + 𝑞𝑖 (𝑡) 𝛼 (𝑡) 𝑔𝑖 (𝑡)) , (9)

where 𝛼(𝑡) is the step-size, ΠK𝑖
(𝑥) denotes the Euclidean

projection of 𝑥 on the set K𝑖, 𝑞𝑖(𝑡) are independent and
identically Bernoulli random variables with P(𝑞𝑖(𝑡) = 1) = 𝑝𝑖
for all 𝑡 = 0, 1, 2, . . . and 𝑖 = 1, . . . , 𝑛, and 𝑔𝑖(𝑡) denotes the
unbiased estimate of the gradient ∇𝑖𝐹(x(𝑡)), which denotes
the 𝑖-th coordinate in ∇𝐹(x(𝑡)).

We introduce the following matrix.

𝑄 (𝑡) fl diag {𝑞1 (𝑡) , . . . , 𝑞𝑛 (𝑡)} (10)

Therefore, we can write relation (9) more compactly as

x (𝑡 + 1) = ΠK (x (𝑡) + 𝛼 (𝑡) 𝑄 (𝑡) g (𝑡)) , (11)

where x(𝑡) fl (𝑥𝑖(𝑡), . . . , 𝑥𝑛(𝑡))T ∈ R𝑛+, and g(𝑡) fl(𝑔1(𝑡), . . . , 𝑔𝑛(𝑡))T ∈ R𝑛. Note that the 𝑖-th coordinate of g(𝑡)
is missing when 𝑞𝑖(𝑡) = 0 at each iteration 𝑡, and then the 𝑖-th
coordinate of x(𝑡) is not updated.Therefore, a random subset
of x ∈ R𝑛+ is updated at each iteration 𝑡. In addition, we use
the notation 𝑃 to denote a diagonal matrix with size 𝑛×𝑛; i.e.,𝑃 fl diag{𝑃11, . . . , 𝑃𝑖𝑖, . . . , 𝑃𝑛𝑛}, where 𝑃𝑖𝑖 = 𝑝𝑖.

Let F𝑡 denote the history information of all random
variables generated by the proposed algorithm (11) up to time𝑡. In this paper, we adopt the following assumption on the
random variables 𝑞𝑖(𝑡), which is stated as follows.

Assumption 1. For all 𝑖, 𝑗, 𝑡, 𝑠, the random variables 𝑞𝑖(𝑡)
and 𝑞𝑗(𝑠) are independent of each other. Furthermore, the
random variables {𝑞𝑖(𝑡)} are independent ofF𝑡−1 and g(𝑡) for
any decision variables x ∈ F𝑡−1.

In addition, we assume that the function 𝐹 and the sets
K𝑖 satisfy the following conditions.

Assumption 2. Assume that the following properties hold:
(a)The constraint setK ⊆ X is convex, and each setK𝑖 ⊆

R+ is convex and closed for all 𝑖 ∈ {1, . . . , 𝑛}.
(b) The function 𝐹 : X → R+ is monotone and weakly

DR-submodular with parameter 𝛾 overX.
(c) The function 𝐹 is differentiable and 𝛽-smooth with

respect to norm ‖ ⋅ ‖.
Next, we make the following assumption about stochastic

oracle g(𝑡).
Assumption 3. Assume that the stochastic oracle g(𝑡) satisfies
the following conditions:

E [g (𝑡)] = ∇𝐹 (x (𝑡)) (12)

and

E [g (𝑡) − ∇𝐹 (x (𝑡))2] ≤ 𝜇2. (13)

The above assumption implies that the stochastic oracle
g(𝑡) is an unbiased estimate of ∇𝐹(x(𝑡)).

In this section, we first formulate an optimization prob-
lem, and then design an optimization method to solve it.
Moreover, we also give some standard assumptions to analyze
the performance of the proposed method.

4. Main Results

In this section, We first provide the performance of con-
vergence. To this end, we first introduce the definition of a
stationary point, which is defined as in [31].

Definition 4. For a vector x ∈ K and a function 𝐹 : X →
R+, if maxy∈K⟨y − x, ∇𝐹(x)⟩ ≤ 0, then x is a stationary point
of 𝐹 overK ⊂ X.

From Definition 4, the convergence of our proposed
algorithm is given in the following theorem.

Theorem 5. Let Assumptions 1–3 hold. Assume that the set
of stationary points is nonempty and 0 < 𝛼(𝑡) < 2/𝛽.
Moreover, the sequence {x(𝑡)} is generated by the stochastic
block-coordinate gradient projection algorithm (11). Then, the
iterative sequence {x(𝑡)} converges to some stationary point
x ∈ K with probability 1.

The proof can be found in the next section. The above result
shows that the iterations converge to some local maximumwith
probability 1.
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Furthermore, when the function 𝐹 : X → R+
is differentiable and DR-submodular, we have the following
result.

Theorem 6. Let Assumptions 1–3 hold. Moreover, assume𝛾 = 1 in (7) and 𝛼(𝑡) = 1/(𝛽 + √𝑡). The sequence{x(𝑡)} is generated by the stochastic block-coordinate gradient
projection algorithm (11). Furthermore, the random decision
variable x(𝜏) is picked by choosing x(1), x(𝑇) with probability1/2(𝑇 − 1) and the other variables with probability 1/𝑇. Then,
for any random variable for 𝜏 ∈ {1, . . . , 𝑇}, we have

E [𝐹 (x (𝜏))] ≥ 𝑝min2 𝐹∗ − 12 (𝛿
2𝛽2𝑇 + 𝛿2

2√𝑇 + 𝜇2√𝑇) , (14)

where 𝛿2 fl sup𝑥,𝑦∈K‖x − y‖2, 𝑝min fl min𝑖∈{1,...,𝑛}𝑝𝑖.
The proof can be found in the next section. From the

above result, we can see that an objective value in expectation
can be obtained after𝑂(𝛿2𝛽/𝜖+ (𝛿2 +𝜇2)/𝜖2) iterations of the
stochastic block-coordinate gradient projection algorithm
(11) for any initial value. Moreover, the objective value is at
least (𝑝min/2)𝐹∗ − 𝜖 for any DR-submodular function.

In addition, when the function 𝐹 : X → R+ is weakly
DR-submodular function with parameter 𝛾, we also yield the
following result.

Theorem 7. Let Assumptions 1–3 hold. The sequence {x(𝑡)}
is generated by the stochastic block-coordinate gradient pro-
jection algorithm (11) with 𝛼(𝑡) = 1/(𝛽 + √𝑡). Furthermore,
the random decision variable x(𝜏) is picked by choosing x(𝑡)
in {x(1), . . . , x(𝑇)} with probability 1/𝑇. Then, for any for 𝜏 ∈{1, . . . , 𝑇}, we have

E [𝐹 (x (𝜏))] ≥ 𝛾21 + 𝛾2 (𝑝min − 1𝛾𝑇)𝐹∗

− 𝛾1 + 𝛾2 (
𝛿2 (𝛽 + √𝑇)

2𝑇 + 𝜇2√𝑇) ,
(15)

where 𝑝min fl min𝑖∈{1,...,𝑛}𝑝𝑖, 𝛿2 fl sup𝑥,𝑦∈K‖x − y‖2.
The proof can be found in the next section. Note that the

stochastic block-coordinate gradient projection algorithm
yields an objective value after𝑂(𝛿2𝛽/𝜖+(𝛿2+𝜇2)/𝜖2) iterations
from any initial value. Furthermore, the expectation of the
objective value is in at least (𝛾2/(1+𝛾2))𝑝min𝐹∗ for any weakly
DR-submodular function.

5. Performance Analysis

In this section, the detailed proofs of main results are pro-
vided. We first analyze the convergence performance of the
stochastic block-coordinate gradient projection algorithm.

Proof of Theorem 5. By the Projection Theorem [32], we have

⟨x − ΠK (x) , z − ΠK (x)⟩ ≤ 0 (16)

for all z ∈ K. Therefore, let z = x(𝑡) and x = x(𝑡) +𝛼(𝑡)𝑄(𝑡)g(𝑡) in inequality (16); we obtain

⟨x (𝑡 + 1) − x (𝑡) − 𝛼 (𝑡) 𝑄 (𝑡) g (𝑡) , x (𝑡 + 1) − x (𝑡)⟩
≤ 0, (17)

where we have used relation (11). By simple algebraic manip-
ulations, we yield

‖x (𝑡 + 1) − x (𝑡)‖2
≤ ⟨x (𝑡 + 1) − x (𝑡) , 𝛼 (𝑡)𝑄 (𝑡) g (𝑡)⟩ . (18)

Furthermore, when 𝑞𝑖(𝑡) = 0 for any 𝑖 ∈ {1, . . . , 𝑛}, 𝑥𝑖(𝑡 + 1) =𝑥𝑖(𝑡) at each iteration 𝑡 ≥ 0. Therefore, we have

⟨x (𝑡 + 1) − x (𝑡) , 𝛼 (𝑡) (𝑄 (𝑡) − 𝐼) g (𝑡)⟩ = 0. (19)

From the above relation, we also obtain

⟨x (𝑡 + 1) − x (𝑡) , 𝑄 (𝑡) g (𝑡)⟩
= ⟨x (𝑡 + 1) − x (𝑡) , g (𝑡)⟩ . (20)

Plugging relation (20) into inequality (18), we have

‖x (𝑡 + 1) − x (𝑡)‖2 ≤ ⟨x (𝑡 + 1) − x (𝑡) , 𝛼 (𝑡) g (𝑡)⟩ . (21)

Taking conditional expectation in (21), we have

E [‖x (𝑡 + 1) − x (𝑡)‖2 | F𝑡]
≤ 𝛼 (𝑡) (∇𝐹 (x (𝑡)))T × E [x (𝑡 + 1) − x (𝑡) | F𝑡] ,

(22)

where we have used E[g(𝑡)] = ∇𝐹(x(𝑡)) in the last inequality.
In addition, since the function 𝐹 is 𝛽-smooth, we have

𝐹 (x (𝑡 + 1)) ≥ 𝐹 (x (𝑡))
+ ⟨x (𝑡 + 1) − x (𝑡) , ∇𝐹 (x (𝑡))⟩
− 𝛽2 ‖x (𝑡 + 1) − x (𝑡)‖2 .

(23)

Taking conditional expectation on F𝑡 in (23) and using
relation (22), we obtain

E [𝐹 (x (𝑡 + 1)) | F𝑡]
≥ 𝐹 (x (𝑡))
+ ( 1𝛼 (𝑡) −

𝛽2 )E [‖x (𝑡 + 1) − x (𝑡)‖2 | F𝑡]
(24)

for step-size 𝛼(𝑡) ∈ (0, 2/𝛽). For brevity, let 𝜅 fl 1/𝛼(𝑡) − 𝛽/2.
Inequality (24) implies that

𝐹∗ − E [𝐹 (x (𝑡 + 1)) | F𝑡]
≤ 𝐹∗ − 𝐹 (x (𝑡)) 𝜅 ⋅ E [‖x (𝑡 + 1) − x (𝑡)‖2 | F𝑡] . (25)

From the definition of 𝐹∗, we have 𝐹∗ ≥ 𝐹(x(𝑡)) for 𝑡 ≥0; i.e., the sequence of random variables {𝐹∗ − 𝐹(x(𝑡))}
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is nonnegative for all 𝑡 ≥ 0. Therefore, according to
the Supermartingale Convergence Theorem [51], we can see
that the sequence {𝐹(x(𝑡))} is convergent with probability 1.
Furthermore, we also have

∞∑
𝑡=0

E [‖x (𝑡 + 1) − x (𝑡)‖2 | F𝑡] < ∞ (26)

with probability 1. From relation (11), inequality (26) implies
that

∞∑
𝑡=0

ΠK (x (𝑡) + 𝛼 (𝑡) ∇𝐹 (x (𝑡))) − x (𝑡)2𝑃 < ∞ (27)

with probability 1, where 𝑃 fl diag{𝑝1, 𝑝2, . . . , 𝑝𝑛}. Therefore,
we obtain that

lim
𝑡→∞

(ΠK (x (𝑡) + 𝛼 (𝑡) ∇𝐹 (x (𝑡))) − x (𝑡)) = 0 (28)

with probability 1. Thus, there exists a subsequence {x(𝑡ℓ)},
which converges to x. Then, we have

lim
ℓ→∞

ΠK (x (𝑡ℓ) + 𝛼 (𝑡) ∇𝐹 (x (𝑡ℓ))) = x. (29)

Since the gradient projection operation is continuous, we
have

ΠK (x + 𝛼 (𝑡) ∇𝐹 (x)) = x (30)

with probability 1. The above relation implies that

ΠK−{x} (𝛼 (𝑡) ∇𝐹 (x)) = 0 (31)

with probability 1.Then, relation (31) implies that maxz∈K⟨z−
x, ∇𝐹(x)⟩ ≤ 0.Therefore, x is a stationary point of𝐹(⋅) overK
with probability 1.The statement of the theorem is completely
proved.

To prove Theorem 6, we first present the following
lemmas. The first lemma follows from [52], which is stated
as follows.

Lemma 8. For all z ∈ K, we have

⟨x − ΠK (x) , z − ΠK (x)⟩𝑃 ≤ 0 (32)

for any diagonal matrix 𝑃.
The next lemma is due to [53], which is stated as follows.

Lemma 9. Assume that a function 𝐹 is submodular and
monotone. Then, we have

⟨x − y, ∇𝐹 (x)⟩ ≤ 2𝐹 (x) − 𝐹 (x ∨ y) − 𝐹 (x ∧ y) (33)

for any points x, y ∈ K.

In addition, we also have the following lemma.

Lemma 10. Let Assumptions 1–3 hold. The iterative sequence{x(𝑡)} is generated by the stochastic block-coordinate gradient

projection algorithm (11) with step-size 𝛼(𝑡) ≤ 𝜎(𝑡)/(1+𝛽𝜎(𝑡)),
where 𝜎(𝑡) > 0 for 𝑡 ≥ 0. Then, we have

𝐹 (x (𝑡 + 1))
≥ 𝐹 (x (𝑡)) − 𝜎 (𝑡)2 ∇𝐹 (x (𝑡)) − g (𝑡)2
+ 𝑝min ⟨x (𝑡 + 1) − x (𝑡) , 𝑄 (𝑡) g (𝑡)⟩𝑃−1
− 𝑝min2 (𝛽 + 1𝜎 (𝑡)) ‖x (𝑡 + 1) − x (𝑡)‖2𝑃−1 ,

(34)

where 𝑝min fl min𝑖∈{1,...,𝑛}𝑝𝑖.
Proof. In inequality (21), we let 𝑄(𝑡) = 𝐼𝑘, where 𝐼𝑘 denotes
the diagonal matrix with the 𝑘-th entry equal to 1 and the
other entries equal to 0. Then, we have

1𝛼 (𝑡) ΠK𝑘
(𝑥𝑘 (𝑡) + 𝛼 (𝑡) 𝑔𝑘 (𝑡)) − 𝑥𝑘 (𝑡)2

− (ΠK𝑘
(𝑥𝑘 (𝑡) + 𝛼 (𝑡) 𝑔𝑘 (𝑡)) − 𝑥𝑘 (𝑡)) 𝑔𝑘 (𝑡)

≤ 0.
(35)

Furthermore, the above relation implies that

(ΠK𝑘
(𝑥𝑘 (𝑡) + 𝛼 (𝑡) 𝑔𝑘 (𝑡)) − 𝑥𝑘 (𝑡)) 𝑔𝑘 (𝑡)
− 12𝛼 (𝑡) ΠK𝑘

(𝑥𝑘 (𝑡) + 𝛼 (𝑡) 𝑔𝑘 (𝑡)) − 𝑥𝑘 (𝑡)2
≥ 0.

(36)

Therefore, for any 𝑘, we obtain
(ΠK𝑘

(𝑥𝑘 (𝑡) + 𝛼 (𝑡) 𝑔𝑘 (𝑡)) − 𝑥𝑘 (𝑡)) 𝑔𝑘 (𝑡)
− 12𝛼 (𝑡) ΠK𝑘

(𝑥𝑘 (𝑡) + 𝛼 (𝑡) 𝑔𝑘 (𝑡)) − 𝑥𝑘 (𝑡)2

≥ 𝑝min𝑝𝑘 (ΠK𝑘
(𝑥𝑘 (𝑡) + 𝛼 (𝑡) 𝑔𝑘 (𝑡)) − 𝑥𝑘 (𝑡)) 𝑔𝑘 (𝑡)

− 𝑝min2𝛼 (𝑡) 𝑝𝑘
ΠK𝑘

(𝑥𝑘 (𝑡) + 𝛼 (𝑡) 𝑔𝑘 (𝑡)) − 𝑥𝑘 (𝑡)2
(37)

where in the last inequality we have used 𝑝min/𝑝𝑘 ≤ 1. Since0 ≤ 𝑝𝑖 ≤ 1 for all 𝑖 ∈ {1, . . . , 𝑛}, setting 𝛼(𝑡) = 1/𝛽 and
following from relation (23), we have

𝐹 (x (𝑡 + 1)) − 𝐹 (x (𝑡))
≥ ⟨x (𝑡 + 1) − x (𝑡) , ∇𝐹 (x (𝑡))⟩
− 𝛽2 ‖x (𝑡 + 1) − x (𝑡)‖2

= ⟨x (𝑡 + 1) − x (𝑡) , ∇𝐹 (x (𝑡)) − g (𝑡)⟩
+ ⟨x (𝑡 + 1) − x (𝑡) , g (𝑡)⟩
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− 𝛽2 ‖x (𝑡 + 1) − x (𝑡)‖2
≥ 𝑝min ⟨x (𝑡 + 1) − x (𝑡) , 𝑄 (𝑡) g (𝑡)⟩𝑃−1
− 𝑝min2 (𝛽 + 1𝜎 (𝑡)) ‖x (𝑡 + 1) − x (𝑡)‖2𝑃−1
− 𝜎 (𝑡)2 ∇𝐹 (x (𝑡)) − g (𝑡)2 ,

(38)

where the last inequality is obtained by using inequality (37),
Young’s inequality, and the fact that 𝑥𝑖(𝑡 + 1) = 𝑥𝑖(𝑡) when𝑞𝑖(𝑡) = 0 for all 𝑖 ∈ {1, . . . , 𝑛}. Moreover, 0 ≤ 𝑝𝑖 ≤ 1 for all𝑖 ∈ {1, . . . , 𝑛}. Rearranging the terms in (38), the lemma is
obtained completely.

With Lemmas 8 and 10 in places, we have the following
result.

Lemma 11. Let Assumptions 1–3 hold. The iterative sequence{x(𝑡)} is generated by the stochastic block-coordinate gradient
projection algorithm (11) with step-size 𝛼(𝑡) ≤ 𝜎(𝑡)/(1+𝛽𝜎(𝑡)).
Then, for all 𝑡 ≥ 0, we have

E [⟨x (𝑡) − k, g (𝑡)⟩ | F𝑡] ≥ 1𝑝min
𝐹 (x (𝑡)) − 1𝑝min

⋅ E [𝐹 (x (𝑡 + 1)) | F𝑡] − 𝜎 (𝑡)2𝑝min

⋅ E [∇𝐹 (x (𝑡)) − g (𝑡)2 | F𝑡] + 12𝛼 (𝑡)
⋅ E [‖x (𝑡 + 1) − k‖2𝑃−1 − ‖x (𝑡) − k‖2𝑃−1 | F𝑡] ,

(39)

where 𝑝min = min𝑖∈{1,...,𝑛}𝑝𝑖.
Proof. From the result in Lemma 10, we have

𝐹 (x (𝑡 + 1))
≥ 𝐹 (x (𝑡)) − 𝜎 (𝑡)2 ∇𝐹 (x (𝑡)) − g (𝑡)2
+ 𝑝min ⟨k − x (𝑡) , 𝑄 (𝑡) g (𝑡)⟩𝑃−1
+ 𝑝min ⟨x (𝑡 + 1) − k, 𝑄 (𝑡) g (𝑡)⟩𝑃−1
− 𝑝min2 (𝛽 + 1𝜎 (𝑡)) ‖x (𝑡 + 1) − x (𝑡)‖2𝑃−1 .

(40)

In addition, following on from Lemma 8, we also obtain

⟨x (𝑡) + 𝛼 (𝑡) 𝑄 (𝑡) g (𝑡) − x (𝑡 + 1) , k − x (𝑡 + 1)⟩𝑃−1
≤ 0, (41)

which implies that

⟨x (𝑡 + 1) − k, 𝑄 (𝑡) g (𝑡)⟩𝑃−1
≥ 1𝛼 (𝑡) ⟨x (𝑡 + 1) − k, x (𝑡 + 1) − x (𝑡)⟩𝑃−1 . (42)

Combining inequalities (40) and (42), we yield

𝐹 (x (𝑡 + 1))
≥ 𝐹 (x (𝑡)) − 𝜎 (𝑡)2 ∇𝐹 (x (𝑡)) − g (𝑡)2
+ 𝑝min ⟨k − x (𝑡) , 𝑄 (𝑡) g (𝑡)⟩𝑃−1
+ 𝑝min𝛼 (𝑡) ⟨x (𝑡 + 1) − k, x (𝑡 + 1) − x (𝑡)⟩𝑃−1
− 𝑝min2 (𝛽 + 1𝜎 (𝑡)) ‖x (𝑡 + 1) − x (𝑡)‖2𝑃−1 .

= 𝐹 (x (𝑡)) − 𝜎 (𝑡)2 ∇𝐹 (x (t)) − g (𝑡)2
+ 𝑝min ⟨k − x (𝑡) , 𝑄 (𝑡) g (𝑡)⟩𝑃−1
+ 𝑝min2𝛼 (𝑡) (‖x (𝑡 + 1) − k‖2𝑃−1 − ‖x (𝑡) − k‖2𝑃−1)
+ 𝑝min2 ( 1𝛼 (𝑡) − 𝛽 − 1𝜎 (𝑡)) ‖x (𝑡 + 1) − x (𝑡)‖2𝑃−1

≥ 𝐹 (x (𝑡)) − 𝜎 (𝑡)2 ∇𝐹 (x (𝑡)) − g (𝑡)2
+ 𝑝min ⟨k − x (𝑡) , 𝑄 (𝑡) g (𝑡)⟩𝑃−1
+ 𝑝min2𝛼 (𝑡) (‖x (𝑡 + 1) − k‖2𝑃−1 − ‖x (𝑡) − k‖2𝑃−1) ,

(43)

where the last inequality is due to 𝛼(𝑡) ≤ 𝜎(𝑡)/(1 + 𝛽𝜎(𝑡)).
Taking conditional expectation of the above inequality onF𝑡 ,
we yield

E [𝐹 (x (𝑡 + 1)) | F𝑡] ≥ E [𝐹 (x (𝑡)) | F𝑡] − 𝜎 (𝑡)2
⋅ E [∇𝐹 (x (𝑡)) − g (𝑡)2 | F𝑡]
+ 𝑝minE [⟨k − x (𝑡) , g (𝑡)⟩ | F𝑡] + 𝑝min2𝛼 (𝑡)
⋅ E [‖x (𝑡 + 1) − k‖2𝑃−1 − ‖x (𝑡) − k‖2𝑃−1 | F𝑡] .

(44)

Thus, by some algebraic manipulations, inequality (39) is
obtained.

Next, we start to proveTheorem 6.

Proof of Theorem 6. Setting k = x∗ in Lemma 11, where x∗
is the globally optimal solution for problem (8), i.e., x∗ fl
argmaxx∈K𝐹(x), we have

E [⟨x (𝑡) − x∗, g (𝑡)⟩ | F𝑡] ≥ 1𝑝min
𝐹 (x (𝑡)) − 1𝑝min

⋅ E [𝐹 (x (𝑡 + 1)) | F𝑡] − 𝜎 (𝑡)2𝑝min
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⋅ E [∇𝐹 (x (𝑡)) − g (𝑡)2 | F𝑡] + 12𝛼 (𝑡)
⋅ E [x (𝑡 + 1) − x∗2𝑃−1 − x (𝑡) − x∗2𝑃−1 | F𝑡] .

(45)

Since
⟨x (𝑡) − x∗, g (𝑡)⟩ = ⟨x (𝑡) − x∗, ∇𝐹 (x (𝑡))⟩

+ ⟨x (𝑡) − x∗, g (𝑡) − ∇𝐹 (x (𝑡))⟩ , (46)

taking conditional expectation of (46) with respect toF𝑡, we
have

E [⟨x (𝑡) − x∗, ∇𝐹 (x (𝑡))⟩ | F𝑡]
= E [⟨x (𝑡) − x∗, g (𝑡)⟩ | F𝑡]
+ E [⟨x (𝑡) − x∗, g (𝑡) − ∇𝐹 (x (𝑡))⟩ | F𝑡]
≥ E [⟨x (𝑡) − x∗, g (𝑡) − ∇𝐹 (x (𝑡))⟩ | F𝑡] + 1𝑝min

⋅ 𝐹 (x (𝑡)) − 1𝑝min
E [𝐹 (x (𝑡 + 1)) | F𝑡] − 𝜎 (𝑡)2𝑝min

⋅ E [∇𝐹 (x (𝑡)) − g (𝑡)2 | F𝑡] + 12𝛼 (𝑡)
⋅ E [x (𝑡 + 1) − x∗2𝑃−1 − x (𝑡) − x∗2𝑃−1 | F𝑡] ,

(47)

which implies that

E [𝐹 (x (𝑡 + 1)) | F𝑡] ≥ 𝐹 (x (𝑡))
− 𝑝minE [⟨x (𝑡) − x∗, ∇𝐹 (x (𝑡))⟩ | F𝑡]
+ 𝑝minE [⟨x (𝑡) − x∗, g (𝑡) − ∇𝐹 (x (𝑡))⟩ | F𝑡]
− 𝜎 (𝑡)2 E [∇𝐹 (x (𝑡)) − g (𝑡)2 | F𝑡] + 𝑝min2𝛼 (𝑡)
⋅ E [x (𝑡 + 1) − x∗2𝑃−1 − x (𝑡) − x∗2𝑃−1 | F𝑡] .

(48)

Setting x = x(𝑡) and y = x∗ in Lemma 9 and taking condition
expectation onF𝑡, we obtain

E [⟨x (𝑡) − x∗, ∇𝐹 (x (𝑡))⟩ | F𝑡]
≤ 2E [𝐹 (x (𝑡)) | F𝑡] − E [x (𝑡) ∨ x∗ | F𝑡]
− E [x (𝑡) ∧ x∗ | F𝑡] .

(49)

Thus, plugging inequality (49) into relation (48), we get

E [𝐹 (x (𝑡 + 1)) | F𝑡] + E [𝐹 (x (𝑡)) | F𝑡]
− 𝑝min𝐹 (x∗)
≥ 𝑝minE [⟨x (𝑡) − x∗, g (𝑡) − ∇𝐹 (x (𝑡))⟩ | F𝑡]
− 𝜎 (𝑡)2 E [∇𝐹 (x (𝑡)) − g (𝑡)2 | F𝑡] + 𝑝min2𝛼 (𝑡)
⋅ E [x (𝑡 + 1) − x∗2𝑃−1 − x (𝑡) − x∗2𝑃−1 | F𝑡] .

(50)

Taking expectation in (50) and using some algebraic manip-
ulations, we have

E [𝐹 (x (𝑡 + 1))] + E [𝐹 (x (𝑡))] − 𝑝min𝐹 (x∗)
≥ 𝑝min2𝛼 (𝑡)E [x (𝑡 + 1) − x∗2𝑃−1 − x (𝑡) − x∗2𝑃−1]
− 𝜎 (𝑡)2 E [∇𝐹 (x (𝑡)) − g (𝑡)2]

≥ 𝑝min2𝛼 (𝑡)E [x (𝑡 + 1) − x∗2𝑃−1 − x (𝑡) − x∗2𝑃−1]
− 𝜇22 𝜎 (𝑡) ,

(51)

where we have used the relation E[g(𝑡)] = ∇𝐹(x(𝑡)) to
obtain the first inequality. Summing both sides of (51) for𝑡 = 1, . . . , 𝑇, we obtain
𝑇∑
𝑡=1

(E [𝐹 (x (𝑡 + 1))] + E [𝐹 (x (𝑡))] − 𝑝min𝐹 (x∗))
≥ 𝑝min2𝛼 (𝑇)E [x (𝑇 + 1) − x∗2𝑃−1] − 𝑝min2𝛼 (1)
⋅ E [x (1) − x∗2𝑃−1] − 𝜇22

𝑇∑
𝑡=1

𝜎 (𝑡) + 𝑝min2
⋅ 𝑇−1∑
𝑡=1

( 1𝛼 (𝑡) − 1𝛼 (𝑡 + 1))E [x (𝑡 + 1) − x∗2𝑃−1]

≥ − 𝛿22𝛼 (1) + 𝛿22
𝑇−1∑
𝑡=1

( 1𝛼 (𝑡) − 1𝛼 (𝑡 + 1)) − 𝜇22
⋅ 𝑇∑
𝑡=1

𝜎 (𝑡) ≥ − 𝛿22𝛼 (𝑇) −
𝜇22
𝑇∑
𝑡=1

𝜎 (𝑡) ,

(52)

where in the last inequality we have used the fact that
E[‖x(𝑡) − x∗‖2𝑃−1] ≤ 𝛿2/𝑝min and 1/𝛼(𝑡) − 1/𝛼(𝑡 + 1) ≤ 0 for
all 𝑡 = 1, . . . , 𝑇. On the other hand, we also have

𝑇∑
𝑡=1

(2E [𝐹 (x (𝑡))] − 𝑝min𝐹∗) = E [𝐹 (x (1))]
− E [𝐹 (x (𝑇 + 1))]
+ 𝑇∑
𝑡=1

(E [𝐹 (x (𝑡 + 1))] + E [𝐹 (x (𝑡))] − 𝑝min𝐹 (x∗))

≥ − 𝛿22𝛼 (𝑇) −
𝜇22
𝑇∑
𝑡=1

𝜎 (𝑡) − E [𝐹 (x (𝑇 + 1))] ,

(53)

where𝐹∗ = maxx∈K𝐹(x) and the last inequality is due to (52).
Since 𝜎(𝑡) = 1/√𝑡, we have

𝑇∑
𝑡=1

𝜎 (𝑡) = 𝑇∑
𝑡=1

1√𝑡 ≤ ∫𝑇
0

1√𝑡𝑑𝑡 = 2√𝑇. (54)
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Plugging the above inequality into (53) and dividing both
sides by 2𝑇,

1𝑇
𝑇∑
𝑡=1

E [𝐹 (x (𝑡))] + 12𝑇E [𝐹 (x (𝑇 + 1))]

≥ 𝑝min2 𝐹∗ − 𝛿24𝑇 (𝛽 + √𝑇) − 𝜇2
2√𝑇,

(55)

wherewe have used the fact that 𝛼(𝑇) = 1/(𝛽+√𝑇) in the last
inequality. Furthermore, the above inequality implies that

1𝑇
𝑇∑
𝑡=2

E [𝐹 (x (𝑡))]
+ 12𝑇 (E [𝐹 (x (𝑇 + 1))] + E [𝐹 (x (1))])

≥ 𝑝min2 𝐹∗ − 𝛿24𝑇 (𝛽 + √𝑇) − 𝜇2
2√𝑇.

(56)

In addition, the sample x(𝜏) is obtained for 𝜏 ∈ {1, . . . , 𝑇} by
choosing x(1), x(𝑇+ 1) with probability 1/(2𝑇) and the other
decision vectors with probability 1/𝑇; we have

E [𝐹 (x (𝜏))] ≥ 𝑝min2 𝐹∗ − 𝛿24𝑇 (𝛽 + √𝑇) − 𝜇2
2√𝑇. (57)

Therefore, the theorem is completely proved.

We now start to proveTheorem 7.

Proof of Theorem 7. From the definition of weakly DR-
submodular function, for any x, y ∈ K, we obtain

∇𝐹 (x) ⪰ 𝛾∇𝐹 (y) (58)

for all x ⪯ y. Recall that the following relation is from [31];
i.e., for any x, y ∈ K,

1𝛾 ⟨x − y, ∇𝐹 (x)⟩ ≤ (1 − 1𝛾2)𝐹 (x) − 𝐹 (y) . (59)

Setting x = x(𝑡) and y = x∗ in the above inequality, then,
following from (48) and taking conditional expectation, we
obtain

E [𝐹 (x (𝑡 + 1)) | F𝑡] + (𝛾 + 1𝛾 − 1)
⋅ E [𝐹 (x (𝑡)) | F𝑡] − 𝑝min𝛾𝐹 (x∗)
≥ 𝑝minE [⟨x (𝑡) − x∗, g (𝑡) − ∇𝐹 (x (𝑡))⟩ | F𝑡]
− 𝜎 (𝑡)2 E [∇𝐹 (x (𝑡)) − g (𝑡)2 | F𝑡] + 𝑝min2𝛼 (𝑡)
⋅ E [x (𝑡 + 1) − x∗2𝑃−1 − x (𝑡) − x∗2𝑃−1 | F𝑡] .

(60)

Taking expectation in (60) with respect toF𝑡, we get

E [𝐹 (x (𝑡 + 1))] + (𝛾 + 1𝛾 − 1)E [𝐹 (x (𝑡))]
− 𝑝min𝛾𝐹 (x∗)
≥ 𝑝min2𝛼 (𝑡)E [x (𝑡 + 1) − x∗2𝑃−1 − x (𝑡) − x∗2𝑃−1]
− 𝜎 (𝑡)2 E [∇𝐹 (x (𝑡)) − g (𝑡)2]
≥ 𝑝min2𝛼 (𝑡)E [x (𝑡 + 1) − x∗2𝑃−1 − x (𝑡) − x∗2𝑃−1]
− 𝜇22 𝜎 (𝑡) ,

(61)

where the last inequality is due to Assumption 3.
Adding the above inequalities for 𝑡 = 1, . . . , 𝑇, we have
𝑇∑
𝑡=1

(E [𝐹 (x (𝑡 + 1))] + (𝛾 + 1𝛾 − 1)E [x (𝑡)]
− 𝑝min𝛾𝐹 (x∗)) ≥ 𝑝min2𝛼 (𝑇)E [x (𝑇 + 1) − x∗2𝑃−1]

− 𝑝min2𝛼 (1)E [x (1) − x∗2𝑃−1] − 𝜇22
𝑇∑
𝑡=1

𝜎 (𝑡) + 𝑝min2
⋅ 𝑇−1∑
𝑡=1

( 1𝛼 (𝑡) − 1𝛼 (𝑡 + 1))E [x (𝑡 + 1) − x∗2𝑃−1]

≥ − 𝛿22𝛼 (1) + 𝛿22
𝑇−1∑
𝑡=1

( 1𝛼 (𝑡) − 1𝛼 (𝑡 + 1)) − 𝜇22
⋅ 𝑇∑
𝑡=1

𝜎 (𝑡) ≥ − 𝛿22𝛼 (𝑇) −
𝜇22
𝑇∑
𝑡=1

𝜎 (𝑡) ,

(62)

where the last inequality follows from E[‖x(𝑡) − x∗‖2𝑃−1] ≤𝛿2/𝑝min and 1/𝛼(𝑡) − 1/𝛼(𝑡 + 1) ≤ 0 for all 𝑡 = 1, . . . , 𝑇.
Moreover, since 𝜎(𝑡) = 1/√𝑡 and 𝛼(𝑡) = 1/(𝛽 + 1/𝜎(𝑡)), we
obtain

𝑇∑
𝑡=1

(E [𝐹 (x (𝑡 + 1))] + (𝛾 + 1𝛾 − 1)E [x (𝑡)]

− 𝑝min𝛾𝐹 (x∗)) ≥ −𝛿22 (𝛽 + √𝑇) − 𝜇2√𝑇,
(63)

where we have used inequality (54) to obtain the last inequal-
ity. On the other hand, we have

𝑇∑
𝑡=1

[(𝛾 + 1𝛾)E [𝐹 (x (𝑡))] − 𝑝min𝛾𝐹∗]

= E [𝐹 (x (1))] + 𝑇∑
𝑡=1

E [𝐹 (x (𝑡 + 1))]
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− E [𝐹 (x (𝑇 + 1))]
+ 𝑇∑
𝑡=1

[(𝛾 + 1𝛾 − 1)E [x (𝑡)] − 𝑝min𝛾𝐹 (x∗)] .
(64)

Plugging inequality (63) into equality (64), we get

𝑇∑
𝑡=1

[(𝛾 + 1𝛾)E [𝐹 (x (𝑡))] − 𝑝min𝛾𝐹∗]

≥ −𝛿22 (𝛽 + √𝑇) − 𝜇2√𝑇 − 𝐹∗.
(65)

Dividing both sides by (𝛾 + 1/𝛾)𝑇 in (65), we have

1𝑇
𝑇∑
𝑡=1

E [𝐹 (x (𝑡))]

≥ 𝛾2𝑝min1 + 𝛾2 𝐹∗

− 𝛾1 + 𝛾2 (
𝛿2 (𝛽 + √𝑇)

2𝑇 + 𝜇2√𝑇 + 𝐹∗𝑇 ) .

(66)

In addition, we obtain the sample x(𝜏) by choosing x(𝑡) with
probability 1/𝑇. Then, for any 𝜏 ∈ {1, . . . , 𝑇}, we have

E [𝐹 (x (𝜏))]
≥ 𝛾2𝑝min1 + 𝛾2 𝐹∗

− 𝛾1 + 𝛾2 (
𝛿2 (𝛽 + √𝑇)

2𝑇 + 𝜇2√𝑇 + 𝐹∗𝑇 ) .
(67)

Therefore, the theorem is obtained completely.

In this section, we proved the main results of the paper
in detail. The conclusion of this paper is provided in the next
section.

6. Conclusion

In this paper, we have considered a stochastic optimization
problem of continuous submodular functions, which is an
important problem in many areas such as machine learn-
ing and social science. Since the data is high-dimensional,
usual algorithms based on the computation of the whole
approximate gradient vector, such as stochastic gradient
methods, are prohibitive. For this reason, we proposed the
stochastic block-coordinate gradient projection algorithm for
maximizing submodular functions, which randomly chooses
a subset of the approximate gradient vector. Moreover,
we studied the convergence performance of the proposed
algorithm. We proved that the iterations converge to some
stationary points with probability 1 by using the suitable step
sizes. Furthermore, we showed that the algorithm achieves a

tight ((𝑝min/2)𝐹∗ − 𝜖) approximation guarantee after 𝑂(1/𝜖2)
when the submodular functions are DR-submodular and the
suitable step sizes are used. More generally, we also showed
that the algorithm achieves the tight ((𝛾2/(1+𝛾2))𝑝min𝐹∗−𝜖)
after 𝑂(1/𝜖2) iterations when the submodular functions are
weaklyDR-submodularwith parameter 𝛾 and the appropriate
step sizes are used.
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[47] J. Liu, S. J. Wright, C. RÉ, V. Bittorf, and S. Sridhar, “An
asynchronous parallel stochastic coordinate descent algorithm,”
Journal of Machine Learning Research (JMLR), vol. 16, pp. 285–
322, 2015.

[48] J. Liu and S. J. Wright, “Asynchronous stochastic coordinate
descent: parallelism and convergence properties,” SIAM Journal
on Optimization, vol. 25, no. 1, pp. 351–376, 2015.

[49] S. Fujishige, Submodular functions and optimization, vol. 2nd
of Annals of Discrete Mathematics, North-Holland Publishing,
Amsterdam, Netherlands, 2005.

[50] C. Chekuri, T. S. Jayram, and J. Vondrak, “On multiplicative
weight updates for concave and submodular function maxi-
mization,” in Proceedings of the 2015 Conference on Innovations
in Theoretical Computer Science, pp. 201–210, ACM.

[51] B. T. Polyak, Introduction to Optimization, Optimization Soft-
ware, New York, NY, USA, 1987.

[52] C. Singh, A. Nedic, and R. Srikant, “Random block-coordinate
gradient projection algorithms,” in Proceedings of the 2014 53rd
IEEEAnnual Conference onDecision andControl, CDC2014, pp.
185–190, USA, December 2014.

[53] C. Chekuri, J. Vondrak, and R. Zenklusen, “Submodular func-
tionmaximization via themultilinear relaxation and contention
resolution schemes,” in Proceedings of the Forty-third Annual
ACM Symposium on Theory of Computing, pp. 783–792, ACM,
2011.



Hindawi
www.hindawi.com Volume 2018

Mathematics
Journal of

Hindawi
www.hindawi.com Volume 2018

Mathematical Problems 
in Engineering

Applied Mathematics
Journal of

Hindawi
www.hindawi.com Volume 2018

Probability and Statistics
Hindawi
www.hindawi.com Volume 2018

Journal of

Hindawi
www.hindawi.com Volume 2018

Mathematical Physics
Advances in

Complex Analysis
Journal of

Hindawi
www.hindawi.com Volume 2018

Optimization
Journal of

Hindawi
www.hindawi.com Volume 2018

Hindawi
www.hindawi.com Volume 2018

Engineering  
 Mathematics

International Journal of

Hindawi
www.hindawi.com Volume 2018

Operations Research
Advances in

Journal of

Hindawi
www.hindawi.com Volume 2018

Function Spaces
Abstract and 
Applied Analysis
Hindawi
www.hindawi.com Volume 2018

International 
Journal of 
Mathematics and 
Mathematical 
Sciences

Hindawi
www.hindawi.com Volume 2018

Hindawi Publishing Corporation 
http://www.hindawi.com Volume 2013
Hindawi
www.hindawi.com

The Scientific 
World Journal

Volume 2018

Hindawi
www.hindawi.com Volume 2018Volume 2018

Numerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical Analysis
Advances inAdvances in Discrete Dynamics in 

Nature and Society
Hindawi
www.hindawi.com Volume 2018

Hindawi
www.hindawi.com

Di�erential Equations
International Journal of

Volume 2018

Hindawi
www.hindawi.com Volume 2018

Decision Sciences
Advances in

Hindawi
www.hindawi.com Volume 2018

Analysis
International Journal of

Hindawi
www.hindawi.com Volume 2018

Stochastic Analysis
International Journal of

Submit your manuscripts at
www.hindawi.com

https://www.hindawi.com/journals/jmath/
https://www.hindawi.com/journals/mpe/
https://www.hindawi.com/journals/jam/
https://www.hindawi.com/journals/jps/
https://www.hindawi.com/journals/amp/
https://www.hindawi.com/journals/jca/
https://www.hindawi.com/journals/jopti/
https://www.hindawi.com/journals/ijem/
https://www.hindawi.com/journals/aor/
https://www.hindawi.com/journals/jfs/
https://www.hindawi.com/journals/aaa/
https://www.hindawi.com/journals/ijmms/
https://www.hindawi.com/journals/tswj/
https://www.hindawi.com/journals/ana/
https://www.hindawi.com/journals/ddns/
https://www.hindawi.com/journals/ijde/
https://www.hindawi.com/journals/ads/
https://www.hindawi.com/journals/ijanal/
https://www.hindawi.com/journals/ijsa/
https://www.hindawi.com/
https://www.hindawi.com/

