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Under investigation in this paper is a more general time-dependent-coeflicient Whitham-Broer-Kaup (tdcWBK) system, which
includes some important models as special cases, such as the approximate equations for long water waves, the WBK equations
in shallow water, the Boussinesq-Burgers equations, and the variant Boussinesq equations. To construct doubly periodic wave
solutions, we extend the generalized F-expansion method for the first time to the tdcWBK system. As a result, many new Jacobi
elliptic doubly periodic solutions are obtained; the limit forms of which are the hyperbolic function solutions and trigonometric
function solutions. It is shown that the original F-expansion method cannot derive Jacobi elliptic doubly periodic solutions of
the tdcWBK system, but the novel approach of this paper is valid. To gain more insight into the doubly periodic waves
contained in the tdcWBK system, we simulate the dynamical evolutions of some obtained Jacobi elliptic doubly periodic
solutions. The simulations show that the doubly periodic waves possess time-varying amplitudes and velocities as well as

singularities in the process of propagations.

1. Introduction

Nonlinear complex phenomena in natural world, for exam-
ple, solitons first observed by Russell in 1834 [1], are often
described by nonlinear PDEs. Usually, people restore to exact
solutions of nonlinear PDEs to gain more insight into the
essence behind these nonlinear phenomena for further appli-
cations. In the past several decades, many effective methods
for exactly solving nonlinear PDEs have been presented like
those in [2-22]. In 2003, Zhou et al. proposed the so-
called F-expansion method [22] to construct different
Jacobi elliptic doubly periodic solutions of nonlinear PDEs
in a uniform way, which can be thought of as an overall gen-
eralization of the Jacobi elliptic function expansion method
[23]. The F-expansion method has been widely used to a
great many of nonlinear PDEs [24-26] and was improved
in different manners [27-30]. In 2006, Zhang and Xia [30]
generalized the F-expansion method by introducing a new

and more general ansitz. The present paper is motivated by
the desire to extend the generalized F-expansion method
[30] to the new and more general tcdWBK system [31, 32]:

ut+))1uux+)/2vx+y3uxx:0’ (1)

Vi T YUV YUV = VsVi T Volhorx = 0,

where y,(i=1,2,...,6) are arbitrary smooth functions of ¢,
which represent different dispersion and dissipation forces.
Clearly, (1) includes some existing well-known important
equations as special cases; they are the approximate equa-
tions for long water waves [33]:

U, — U, — v, + quX:O,

1
vy = (uv), - vax =0,
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the WBK equations in shallow water [34]:

u, +uu, + v, + Pu,, =0,

(3)
v+ (w), +au,, — B, =0,
the Boussinesq-Burgers (BB) equations [35]:
1
u, +2uu, — va =0,
1 (@
v+ 2(uv), - 3 Uy =0,
the variant Boussinesq equations [34]:
u, +uu, +v, =0,
(5)

Vet (uv), + Uy, =0.

It should be pointed out that the F-expansion method
[22] cannot derive Jacobi elliptic doubly periodic solu-
tions of (1). To be specific, according to the F-expansion
method [22], we first suppose that (1) has exact solutions of
the forms:

w=ay+ Y (@ FE) + bF(E),

i=1

V=gt Y (AFE) + BEE),

i=1

where & = kx + 7, the integers n and m and the constant k
are to be determined, while a, = a,(¢), a; = a,(t), b, = b,(t),
Ay =Ay(t), A;=A(t), B;=B,(t), and =n(t) are all unde-
termined functions of the indicated variables; F(&) satisfies

F?(£)=PF (&) + QF2(£) + R, (7)

and hence holds

F"(&)=2PF (&) + QF(§),
FO@E) = (6PF*(§) + Q) F'(§),
FU(E) = 24P F° (€) + 20PQF’ (§) + (Q* + 12PR) F(§), ....,
(8)

where P, Q, and R are parameters. In [30], Jacobi elliptic
function solutions and their degenerated solutions of (7)
are listed, which depend on the values of parameters P,
Q, and R. Secondly, substituting (6) along with (7) and
(8) into (1) and then balancing the highest order partial
derivative uu, and the highest order nonlinear term u,,
yield the integer 21 + 1 =n + 2 which gives »n = 1. Similarly,
we determine the integer m =2 by balancing uv, and u,,,.
Thirdly, we substitute (6) given the values of n=1 and
m =2 along with (7) and (8) into (1) and collect all terms
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with the same order of F/(§)F"(£)(j=0, +1,+2,...,5=0, 1)
together, we have

~k(biy, +2B,y,) F'(§)F(§)

- (kaoblyl +kB,y, + b1’1’) F'(&)F2(§)

+ (kaoaly1 +kAy, + ‘11’1’) F'(§)

+k(ajy, +2A.,) F'(§)F(§)

+ 2K2Rbyy 7 (£) + (szb1y3 + b;) FL(§)

+ag+ (sza1y3 + ai) F(§)

+2k*Pa,y, F* () =0,

=3kb, (B,y, + 2k’ Ry¢) F'(§)F*(£)
) <kblBly4 + kagByy, + Bzr,’) F(§)F3 (&)
- (kA0b1y4 +kayB,y, + ka,B,y, + k3ley6 + 31’7,) F'
COFE) + (kAay, + kaoAry, +kAsbyy,
+ k3Qa1y6 + Aln') F'(E)
+2 (ka1A1y4 +kayAyy, + Az”l’) F’(E)F(f)
+ 3kay (Ayy, + 2K Pyg) F'(§)F*(§)
— 6k’RB,y F*(&) = 2k°RB,y,F (§)
- (4QByy; - BY) F*(§) - (K QB,y; - B F'(§)
— 2I°RA,y; — 2k*PB,y. + Al - (szAlys - A{) F(§)
- (4k2QA2y5 - A;) F2(£) - 2K°PA, y, F* (£)
— 6k*PA,y;F*(§) =0.
(9)

Since PQR # 0 is the necessary condition that (7) exists

Jacobi elliptic doubly periodic, without loss of generality,
we have

aé:alsz:A(’):AleZ:Bl:BZ:O) (10)

when setting each coefficient of F/(£)F" (&) of (9) to zeros.
This tells that (6) let (1) has only constant solutions but not
Jacobi elliptic doubly periodic solutions as expected.

The present paper is motivated by the desire to inves-
tigate Jacobi elliptic doubly periodic solutions of (1). The
rest of the paper is organized as follows. In Section 2, the
generalized F-expansion method [30] is extended to (1) for
constructing Jacobi elliptic doubly periodic solutions. In
Section 3, we simulate the dynamical evolutions of some
obtained Jacobi elliptic doubly periodic solutions to gain
more insight into the doubly periodic waves contained in
(1). In Section 4, we conclude this paper.
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2. Doubly Periodic Waves

To extend the generalized F-expansion method [30] to (1), in
this section, we suppose that (1) has Jacobi elliptic doubly
periodic solutions of the forms:

u=ay+a,F(E) +b F (&) +cF (&)
+d F(§)F'(9),
v=A,+A F(&)+A,F(§) + B, F (&) (11)
+B,F2(§) + CF'(§) + GF(§F'(§)
+DFE)F (§) + DF2(E)F (§).
Substituting (11) along with (7) and (8) into (1) and col-

lecting all terms with the same order of F/(§)F"”(£)(j=0,+
1,+2,...,5s=0, 1) together, we derive a set of nonlinear PDEs

2k2p)’3 (Ys + Co)’ﬂ’s)

C0V1

2:

_ 2k*Ry, (v3 + Co¥1V6)
’ co¥i ,

2k27’3 P(V% + Co)’ﬂ’s)
Cl =F 5 >
V1

2k2Y3 R(V% + CoVﬂ’s)
D,=+ ; ,
V1

¢,=d,=A, =B, =C,=D, =0,

for a,, al, by, ¢, d, Ay, AL Ay, By, By, Cy, Gy, Dy, Dy, 1, and k.
Solving this set of nonlinear PDEs, we have three cases. n=—ka, J)ﬁdt’
Case 1. (12)
Zk\/ I ()’% + C0Y1Y6) where k is an arbitrary constant; the signs “+” and “+” in (12)
a =+ y > and (13) mean that all possible combinations of “+” and “-”
' can be taken. If it is taken the same sign in 4, and b,, then it
2k /R(Y3 + oY1 Ve) must be taken “~” in y} and y,. If it is taken the different signs
by== y > in a, and b;, then it must be taken “+” in y} and y,. At the
! same time, it must be taken the different signs in a, and C,
2 = A = const and the same sign in b, and D,. While y.(i=1,3,6) in (12)
oo v satisfy the constraints:
Ya=Yr
Y5 =Vs
Y2 = %Y
! 2 12 (052vP Va¥1 (13)
Y3=CGAgyy +k (Q F2 ) (Y3 + COV1V6) + )/—
1
| 26N+ GYYIYe — 26073 oo} + K (QF 2VP) (v + conve) — 26071711
Y6 = 5 .
)41
Case 2. 2k2)’3 P(V% + C0Y1V6)
C =7 . ,
%Y1
2k\/P(y3+c
- (Ya 0Y1Y6) ’ (15)
Y1 (14)
a, =A, = const., by=¢,=d =A, =B, =B,=C,=D, =D, =0,
(16)
n=—ka, JY1dt>

2 Py, (Y3 + Co)’l)’a)

Coyl

2:

where k is an arbitrary constant; the signs “+” and “¥” in (14)
and (15) mean that it must be taken the different signs in a,



and C,, while y,(i=1,3,6) in (14), (15), and (16) satisfy
the constraints:

Ys=7Yp
Ys =73
Y2 =Y

!
Yg = Cvoﬁ + sz(Yg + Co)’ﬂ’a) + %’

1
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(17)

260717173 + GYIVIYs — 26071Ys [cvo% + QY3+ coyyvs) — ZCohms}

Ye=

(20)

where k is an arbitrary constant; the signs “+” and “¥” in (18)
and (19) mean that it must be taken the same sign in b, and

N
Case 3.
a,=¢=d,=A=A,=B,=C,=C,=D, =0,

2k, /R(y?

b=+ (}/3 + CQY1V6) , n=—ka, Jyldt,
Y1 (18)
a, =4, = const.,
_ 2k2RY3 (V% + Co)’ﬂ’s)

>

27 2
CoV1

2k2)’3 R(Y% + CoY1V6>
D=7 . ,
V1

| 2Ry + cnye) FO - 2k [R(Y3 + oY1 Ye) e

D,, while y,(i=1,3, ..., 6) in (18), (19), and (20) satisfy the
same constraints as Case 2 in (17).

From Cases 1-3, we obtain three formulae of fundamen-
tal solutions of (1) as follows:

u=a,=x >
0 Y1 Y1
UCP(y2 + ¢ 2KR(Y2 4+ ¢ 2K2y51 /P (V3 + o¥1Vs) 21
v=A, - (v3 20)’1)’6) F2(§) - (v3 20)’1)’6) FE) 7 : F'(§) (21)
CoY1 CoV1 CoY1
2k2)’3 R(Y% + C0V1Y6)
+ coy2 F_2<£)F/(£)’
oY1

where a;, Ay, and k are arbitrary constants, & = kx — ka, [y,
dt,and y,(i = 1,2, 3, 6) in (21) satisfy the constraints in (13).

Zk\/ P(V% + Co)’ﬂ’s) F(E)

u=a,=x

>

Y1
2k*P(y?
v=A, - (Y.’) +ZCOYIY6) FZ (E) (22)
Co)Y1
2k2)’3 P(V% + C0Y1V6>
¥ > F'(&),
V1

where a, Ay, and k are arbitrary constants, & = kx — ka, [y,
dt, and y,(i=1, 3, 6) in (22) satisfy the constraints in (17).

2k, /R(y% + CngVé) FIE)

Y1

_ 2k2R(y§ + CoY1Vs)
Covi

. 2k2V3 R(Y% + CoVﬂ’s)

+ 2
CoY1

u=a,t

>

V=4, F2(§)

F2E)F (),
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where a,, Ay, and k are arbitrary constants, & = kx — ka, [y, 2
dt,and y,(i = 1,2, 3, 6) in (24) and (25) satisfy the constraints v=A, - 2K" (3 + Coyly6) ns2E
in (17). Vi
With the help of (22), (23), (24), and (25) and (Appendi- 2k*m? (y3 + Co)’ﬂ’s) )
ces A, B, and C [30]), we obtain many exact solutions of Y sn“§
(1). For example, selecting P=1, Q=—(1+m?), R=m?, ort (25)
and F(§) =ns&, from (21), we obtain new Jacobi elliptic 2K°y5\/VE + co¥i Ve csédsE
doubly periodic solutions of (1): coYi
2k my;\/V3 + oY1 Vs sn?EcsEdsé,
2k\/Y3 + oV Ve oYt
u=a,+ —)/ ns§
! (24)  where a,, Ay, and k are arbitrary constants, &= kx — ka, [
+ 2km/y3 + ¢o¥, Vs sné, y,dt, and y,(i=1,3,6) in (24) and (25) satisfy the con-
Y1 straints y, =y, V5 = V3> ¥, = ¢¥;»> and
¥
Y; = Cvo)’; +k? (_1 - m? ) (V3 + Co)’l)’s) ==,
12 2.2 2 2,2 2 2 ! (26)
21 VY3 + VYV — 2601y ooy + K (<1 = 5.2) (1 + on ) = 2607,y
V6= .
’ %
Selecting P=-1,Q=2~-m? R=m?-1,and F(§) = dné, )
from (22), we obtain new Jacobi elliptic doubly periodic _ 2k (y3 + CoVﬂ’s)
. v=Ay+ ——2 276 dn?(E)
solutions of (1): cY?
2K mPysy /= (V3 + o1 vs)
+ 5 snécné,
2ky /= (¥3 + co¥1¥e) ‘Y1
u=a,+ dné,
14! (27)

where a,, A, and k are arbitrary constants, &= kx - ka,
Jy,dt, and y,(i=1, 3, 6) in (27) satisfy the constraints y, =

Yi> ¥s = V3 ¥2 = GoY» and
L= Agy R (2 - Eﬁ
Y3 = CoAoyi + k(2= m?) (V3 + coyy¥s) + Y
1
12, 200 2 2, g2 2 (12 ' (28)
2601 V1Y5 + GY1V1Ys — 260Y1Y3 |:COAO)}1 +k (2 —-m ) (Y3 + Co)’ﬂ’s) - 250)’1)’1)’3}
Ye= 53 .
G
Selecting P=1, Q=—(1+m?), R=m?, and F(§)=ns¢,
from (22), we obtain new Jacobi elliptic doubly periodic solu-
tions of (1):
u=a 2k\/ Y3+ oVi¥s nst,
ot
Y1 (29)

4 - 2k? (V% + C0Y1Y6) ns? (E)

V=
2
V1

k%V%+%%%“ﬁg

oYt
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where a,, Ay, and k are arbitrary constants, & = kx — ka, [y,
dt, and y,(i=1,3,6) in (29) satisfy the constraints y, =y,
Ys =73 ¥2 = &Yy and

VaYi
V =cpA 0Y1 kz(l +m )(Ys + Coyﬂ’a) + %
1
) 2.2,/ 2 2 2 2 2 ! (30)
2601 Y1Y5 * GYTV1Ys ~ 2€0V1Y3 [COAOYI -k (1 +m ) (Y3 + Co)’ﬂ’a) - 250)’1)’1)’3}
Y6 = 2.3 .
41
Selecting P=1-m? Q=2-m? R=1, and F(§)=sc¢,
from (22), we obtain new Jacobi elliptic doubly periodic solu-
tions of (1):
2Ky /(1= m2) (13 + o7, )
u=ay+ scé,
Y1 (31)
21 (1-m 2K%y5\/ (1= m2) (V3 + coyyy
v dy - ( )(y3 + Co)’l)’s) ) T 3\/ 2( 3+ CoV1Ys) deknct,
CoVt Y1
where a,, Ay, and k are arbitrary constants, & = kx — ka, [y,
dt, and y,(i=1,3,6) in (31) satisfy the constraints y, =y,
¥s=V3 V2 =Co¥)> and
L= Ay + K2 (2 - van
V3= GoAgyt + K (2= m) (v3 + coyi¥e) + y
1
(32)

26511 ¥1V} + §VIVIYs — 2607y ooy + K (2= 1) (1 + o) = 260m 7]

2.3
Y4t

Ye=

Selecting P=1, Q=2m?-1, R=-m*(1-m?), and 5
F(&) =ds&, from (22), we obtain new Jacobi elliptic doubly y=A, - 2k (v3 + CoYﬂ’s) ds’E + 2K*y3/V3 + oY1 Ve csénsé,

periodic solutions of (1): CoVT Y3
(33)
R 2k\/V3 + oY1 Vs dsk where a,, A, and k are arbitrary constants, & = kx — ka, [y,
0 Y1 dt, and y,(i=1,3,6) in (33) satisfy the constraints y, =y,
Y5 =V3 V2 =Yy and

= e A+ K (2m M (34)

V3= GAgy; + K (2m? = 1) (¥3 + coyyv6) + y

1
26193+ GYIViYs = 2600y ooy + K (2m2 = 1) (v + o7, ¥s) ~ 26007 (35)

Ye= 2.3
Y1
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In the limits at m — 1 and m — 0, the above obtained

Jacobi elliptic doubly periodic solutions degenerate into VA 2K’ (¥3 + co¥1¥s) coth?E
h bolic function solutions and trigonometric function 0 2

yperbolic func g Vi
solutior}S, %'especti'vely. When m — 1, the Jacobi e'lliptic dou- 202 ( )/§ ooy, Yé) ,
bly periodic solutions (24) and (25) degenerate into hyper- - 5 tanh“&
bolic function solutions: GY1

+ 2k2V3 Y 3 ;‘ V1Vs csch?E
CoV1

2k\/y3 +
u=ay=* TV TENYs corp g _2Ey5V/Vi + ol Ve h2
14! + oy sech’s,
> 0/1
+ RV O oy
Y1

(36)

where a;, Ay, and k are arbitrary constants, § = kx — ka, [y,
dt, and y,(i=1,3,6) in (36) satisfy the constraints y, = y,,
Y5 = V3 ¥2 = GYy» and

!
_ VsV
V= CAgy: + K (-2 F2) (V% + Yy Vs) + %’
1
1.2 2.2..0 2 2 2 _ 5 ' (37)
. 2G0V1IVYs T QY1YiVe ~ 260V1Ys [Cvoyl +k(-2%2) (Y3 + CoYﬁ’a) - 250)’1)’1)’3}
V6= 53 .
41
When m — 0, the Jacobi elliptic doubly periodic solu- 2
tions (24) and (25) degenerate into trigonometric function VoA - 2K (v3 + co¥1Vs) csc2E
solutions: ’ oYt
2k%y;/v2
A Y3;COV1Y6 cot & csc &,
/2 CoY
u=ay+ 2kVYs * G1iYs csc &, o
Y1 (38)
where a,, Ay, and k are arbitrary constants, § = kx — ka, [y,
dt, and y,(i=1,3,6) in (38) satisfy the constraints y, = y,,
s =V3 V2 = GYy> and
VsV
! —
¥3= Aoyt +K (1% 2)(y3 +coyy¥s) + %’
1
12, 2020 2 212/ 1= 2 ' (39)
. 2GV1VY3 T GY1Y1Ye ~ 260V1Ys [COAOYI + K (-1F2)(y3 + oY1 ¥s) — 260)’1)’1)’3}
V6= 23 .
oM
When m — 1, the Jacobi elliptic doubly periodic solu- ~ 262 (Y2 + cov,76) b2
tions (27) degenerate into hyperbolic function solutions: V=~ Coy? sech”(§)

tanh & sech &,

N 2k%y51 /- (V3 + co¥1Ye)
2k _(Yg + C0V1V6)

= 2
u=a,+ . sech &, on
1 (40)
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where a,, Ay, and k are arbitrary constants, & = kx — ka, [y,
dt, and y,(i=1,3,6) in (40) satisfy the constraints y, =y,

Vs =¥3 and
YaYi
!
Y5 = CvoY% + K (V% + CoY1V6) + %’
1
12 2./ 2 2 20,2 / (41>
| 2613+ GYIYIYe — 26033 [coodE + K (1 + conv) = 260711y
Y= 53 .
%Y1
When m — 1, the Jacobi elliptic doubly periodic solu- 2K (Y2 + oy, ¥
tions (29) degenerate into hyperbolic function solutions: v=A,- (1#016) coth’ €3]
0/1 (43)

. 2k2)’3\/ V3 + oY1 Ye csch2E
2k, Y3+ C7V1Ys coth &, (42) Covi

1 where a;, Ay, and k are arbitrary constants, § = kx — ka, [y,
dt, and y,(i=1,3,6) in (42) and (43) satisfy the constraints
Y4 = Y1 Vs = V3 V2 = Gy and

u=a,+

!
Y5y
Y; = Ao} - 2k ()/i + Co)’l)’e) + % >
1
(44)
261 VY3 + GYIVIYS — 26010 ooy — 26 (¥ + cov 1Y) — 260m 7]
e @ |
When m — 0, the Jacobi elliptic doubly periodic solu- v A 21 (¥3 + o¥1Ve) tan’ (£)
tions (31) degenerate into trigonometric function solutions: - oY
+ KV AT o
2 bl
y=ay+ 2k\/V3 + CoY, Ve an, G
Y1 (45)

where a,, Ay, and k are arbitrary constants, § = kx — ka, [y,
dt, and y,(i=1,3,6) in (45) satisfy the constraints y, =y,
s =V3 Y2 = GYy» and

!
V¥

Y; = CpAgyi + 2k (V% + Co)’l)’e) + y
1

| 26N+ GYIYYe — 26033 ooy + 2K (7 + oni¥s) = 26071y
V6= 53 .
G
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When m — 1, the Jacobi elliptic doubly periodic solu- 2k2 (y3 + co¥1 ) 5
tions (33) degenerate into trigonometric function solutions: v=Ay- T cschg
N

2 2
2 N 2k V3\/W coth & csch &,
NG o

u=ay+
Y1 (47)
where a,, Ay, and k are arbitrary constants, § = kx — ka, [y,
dt, and y,(i=1,3,6) in (47) satisfy the constraints y, = y,,
s =V3 Y2 = GYy» and
Vs
!
¥3=CoAoy; + K (V% + oY, Ys) + %’
1
1,2 2.,/ 2 2 2(.2 ' (48)
, 260y, V1Y5 + GGYIVIYe — 260Y1Ys [CvoY1 +k (Ya + Co)’l)’e) - 250)’1)’17’3]
Ye= :
‘ vt
When m — 0, the Jacobi elliptic doubly periodic solu- 22 (Y3 +covivs) o
tions (33) degenerate into the following trigonometric func- V="~ - oy esc’s
tion solutions which have the same expressions as solutions 5
(38) but with different constraints (50): + 2k° 3/ V3 + GV Ys cot & csc &,
vt
49)
2k+/ 2 (
u=ay+ IV Tahibs o &,
4! where a,, Ay, and k are arbitrary constants, § = kx — ka, [y,
dt, and y,(i=1,3,6) in (49) satisfy the constraints y, =y,
s =V Y2 = CYy» and
%
!
V3= CoAgyi — K (¥3 +covive) + %’
1
1,2 2.,/ 2 2 2(.2 ' (50)
, 20y VY3 + C%VlYﬂ’s = 26Y1Y5 [CvoY1 —k (Va + Co)’l)’é) - 250)’1)’17’3}
Y6 = .
‘ 1t
3. Singular Nonlinear Dynamics Firstly, we consider solutions (24) and (25). To determine

« »

y, and y, with the sign
In this section, we further investigate the nonlinear dynamics then have
of (1) by means of Jacobi elliptic doubly periodic solutions.

in (26), we select y, =€’ and

(a2t -2t
ys=e (e1240c0) (C1 Jee /2A0c0dt+cz))

- L > 2
_e—(e 2 /2A060)—t {Aocoﬁ (_1 + mz)ze(e 2 /2A0c0)+2t K2 (_1 + m2)2 n k2(1 _ m)2 <C1 Iee *124060 df + Cz) }

Vo= ok (=1 + m?)*
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10 4

—10 1 -10 4

-10 5 0 5 10 -10 5 0 5 10

F1GURE 2: Contour lines of solutions (24) and (25) determined by (51).

LA UMY L HE B

4 x 10

REERE R

(a)t=-3 (b 0 (0)t=3

FIGURE 3: Nonlinear dynamical evolutions of solution (24) determined by (51).

where ¢, and ¢, are two integration constants. ¢, =-1, k=1.5, and m=0.8, respectively. We shown the

In Figures 1 and 2, the spatial structures and contour nonlinear dynamical evolutions of solutions (24) and (25)
lines of solutions (24) and (25) determined by (51) are shown  in Figures 3 and 4. It is easy to see from Figures 1-4 that
by selecting the parameters as a, =2, A; = 0.5, ¢y =—4,¢; =3,  the doubly periodic waves determined by solutions (24) and
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(a)t=-3

(b)t=0
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F1GURE 4: Nonlinear dynamical evolutions of solution (25) determined by (51).

FIGURE 6: Spatial structures of solutions (40) determined by (52) given m = 1.

(25) possess time-varying amplitudes and velocities as well as
singularities in the process of propagations.
Secondly, we consider solutions (27). To determine y,
and y, in (28), we let y, = ¢’ and then have
Yy =cre + e,
el [=Agco+ ¢, — K (2-m?)(c, +c et)z} (52)
06 t 6 116
ok?(2 — m?) )

Y6 =

where ¢, and ¢, are two integration constants.

In Figure 5, the spatial structures of solutions (27)
determined by (52) are shown by selecting the parameters
asay=2,A,=0.5¢=-4¢,=3,¢,=-1, k=15, and m=
0.8, respectively. We shown the spatial structures of solutions
(40) in Figure 6. It is easy to see from Figures 5 and 6 that
both the doubly periodic waves determined by solutions
(27) and the hyperbolic function solutions (40) possess
time-varying amplitudes and velocities as well as singularities
in the process of propagations.
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FIGURE 7: Spatial structures of solutions (33) determined by (52) given m = 1.

Finally, we consider solutions (33). To determine y, and
Ve in (34), (35), we let y, = e’ and then have
s =cie + e’
el |[=Agco — ¢, =K (1= m?) (¢, + czet)z} (53)
ok (1 - m?) ’

Y6 =

where ¢, and ¢, are two integration constants.

In Figure 7, the spatial structures of solutions (33)
determined by (53) are shown by selecting the parameters
asay=2,A,=0.5¢,=-4¢,=3,¢,=-1, k=15and m=
0.8, respectively. We can see from Figure 7 that the doubly
periodic waves determined by solutions (33) possess time-
varying amplitudes and velocities as well as singularities in
the process of propagations.

4. Conclusion

In summary, new and more general Jacobi elliptic doubly
periodic solutions of the tdcWBK system have been obtained,
which degenerate into the hyperbolic function solutions and
trigonometric function solutions in the limit cases. To the
best of our knowledge, the obtained Jacobi elliptic doubly
periodic solutions have not been reported in literatures. It is
shown that the original F-expansion method cannot derive
Jacobi elliptic doubly periodic solutions of the tdcWBK sys-
tem but the novel approach of this paper is valid. In this
sense, we would like to conclude that a novel approach of
the generalized F-expansion method is extended to the
tdcWBK system. The simulations show that the doubly
periodic waves possess time-varying amplitudes and veloci-
ties as well as singularities in the process of propagations.
Recently, fractional-order differential calculus and its appli-
cations have attached much attention [36-51]. Constructing
Jacobi elliptic doubly periodic solutions of nonlinear PDEs
with fractional derivatives is worthy of the study. At the same
time, constructing multisoliton solutions via the Riemann-
Hilbert approach, for example, see Kang et al.’s meaningful
work [52, 53], has been a hot topic. Dealing with initial-

boundary problems of nonlinear PDEs by means of the
Riemann-Hilbert approach is also worthy of the study.
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