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Supply chain network is more complex and dynamic under the uncertain demand and the lead time. Robustness is a key index
of the stable operation for the supply chain network. We investigate a fuzzy robust strategy to realize the robust operation of the
supply chain network with the production lead times and the ordering lead times under the uncertain customer demand. A discrete
switched model of the dynamic supply chain network with the lead times and the uncertain customer demand is established based
on T-S fuzzy systems. Then a fuzzy switched strategy is proposed to control the switching actions among subsystems. Furthermore,
by introducing the inhibition rate 𝛾, a fuzzy control strategy for the dynamic supply chain network is put forward to suppress
the impacts of the lead times and the uncertain customer demand on the operation of the dynamic supply chain network. The
fuzzy robust strategy composed of the fuzzy switched strategy and the fuzzy control strategy can guarantee the robust operation of
the supply chain network at low cost. Finally, the simulation researches show the advantage of the proposed fuzzy robust strategy
through the comparisons with the common robust strategy.

1. Introduction
As an important management mode, supply chain management is a key factor to enhance the performance of firms
in the global marketplace. With the fast changes of global
economy and the increasing pressure of market competition,
supply chain system has become a complex dynamic network
system. The complexity of the supply chain network includes
two aspects: on the one hand, the supply chain network
consists of numerous economic subjects (such as manufacturers, distributors, and dealers), and there exists a variety
of demand and supply relationships among the economic
subjects, which form the structural complexity of the supply
chain network; on the other hand, the uncertain demand and
the lead time in the supply chain network cause the demand
forecast to be more difficult, which forms the operational
complexity of the supply chain network. For the structural
complexity of the supply chain network, there are many

research results about mathematical optimization strategies
[1–7] and control strategies [8–10].
However, the uncertain demand and the lead time make
the supply chain network more dynamic, which will make it
more difficult for the supply chain network to achieve smooth
operation. For the robustly stable supply chain network with
the uncertain demand and the lead time, the system variables
(such as inventory) can return to the normal states within
a certain amount of time. Conversely, the unstable system
will encounter the inventory backlog or serious out of stock
phenomena, which will lead to the high operation cost of
the system. For example, the operation cost of the supply
chain under chaotic state will be more than 500 times higher
than that under stable state [11]. Therefore, how to cope
with the impacts of the uncertain demand and the lead time
on the supply chain network and realize the robustly stable
operation of the supply chain network with low cost has
received much attention.
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For the supply chain network with the uncertain demand,
using a scenario-based approach, Almansoori and Shah [12]
presented key strategic and operational decisions on the
future hydrogen supply chain network with uncertainty arising from long-term variation in hydrogen demand. Khatami
et al. [13] applied Benders’ decomposition to solve the
stochastic mixed-integer model to optimize the closed-loop
supply chain network with the uncertainties of products
demand and returned products. For the stochastic demands
of a multistage and multiperiod supply chain network, Govindan and Fattahi [14] applied a Latin hypercube sampling
method to obtain risk-averse and robust solutions. Utilizing
the combination of sample average approximation and Latin
hypercube sampling methods, Hamta et al. [15] addressed
the optimization of strategic and tactical decisions in the
supply chain network design under demand uncertainty.
Using a simulation-optimization approach to capture the
randomness of the uncertain parameters, Salem and Haouari
[16] investigated a three-echelon stochastic supply chain
network design problem under the uncertain supply and the
demand to minimize the total expected cost. Hamta et al.
[17] proposed a scenario generation algorithm to deal with
demand uncertainty for the supply chain network design
considering assembly line balancing. Constructing a threestage hybrid robust/stochastic program model, Haddadisakht
and Ryan [18] optimized the design of a closed-loop supply
chain network with uncertainty in demands for both new and
returned products.
There are few literature sources on the supply chain
network with the lead time. Eskigun et al. [19] modeled
the relationship between the lead times and the volume
of flow through the nodes of an automotive supply chain
network. For companies that implement a Make-to-Order
production system in a global supply chain network, Xiao
[20] proposed a theory named the Key-Part Based Lead Time
Management to reduce nonvalue added waste. In order to
deal with the approximate optimal inventory control problem
of the supply chain networks with lead time, introducing a
sensitivity parameter, Han et al. [21] transformed the original
optimal problem into a sequence of two-point boundary
value problems without time-delay term.
There are fewer literature sources on the supply chain network with the uncertain demand and the lead time. Li and Liu
[22] stated a robust control method to minimize the negative
effect of uncertainties in demand, production process, supply
chain network structure, inventory policy implementation,
and vendor order placement lead time delays. Fattahi et al.
[23] exploited the mitigation and contingency strategies for
a multiperiod supply chain network with stochastic demands
and delivery lead times.
Moreover, the management and control of the inventory
is one of the most important subjects in the supply chain
network. Because the inventory levels of firms often change,
firms will carry out different strategies of production or
ordering for the different inventory levels to reduce cost [24].
However, all of the literature sources mentioned above did
not consider the different production strategies and ordering
strategies for the different inventory levels.
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In this article, a dynamic fuzzy model of the supply chain
network with the uncertain demand and the lead times is
constructed, which involves not only manufacturers’ safety
inventories and expected inventories, but also distributors’
safety inventories and expected inventories. Then, based on
the different production strategies and ordering strategies for
the different inventory levels, we present a fuzzy switched
strategy to suppress the fluctuations of the system variables
in switching processes. What is more, we propose a fuzzy
control strategy to make the fuzzy supply chain network
robustly asymptotically stable in the presence of the lead
times and the uncertain customer demand. Finally, simulation experiments are executed to study the impacts of
the lead times, the uncertain customer demand, and the
fluctuation of the switching processes among subsystems on
the supply chain network under the common robust strategy
and the proposed fuzzy robust strategy composed of the fuzzy
switched strategy and the fuzzy control strategy, respectively.
The rest of this article is organized as follows: In Section 2,
a basic dynamic supply chain network system is constructed
and then the constructed system is transformed into a fuzzy
supply chain network model with the uncertain customer
demand and the lead times. In Section 3, we develop a
stability theorem of the supply chain network. In Section 4,
a simulation example is provided to show the effectiveness
of the proposed fuzzy robust strategy for the supply chain
network system. In Section 5, discussions are given. Finally,
some conclusions are presented in Section 6.

2. Models of Supply Chain Network
2.1. Basic Model of Supply Chain Network. The basic notations
in models of supply chain network are listed in Notations
section.
We consider a type of dynamic supply chain network
with a dual-echelon network including 𝑠 manufacturers and
𝑡 distributors, and the microstructure of the network in
Figure 1 illustrates the structure characteristics of the supply
chain network.
In Figure 1, L = (𝑙𝑎𝑏 )𝑠×𝑡 (0 ≤ 𝑙𝑎𝑏 ≤ 1) is the
structure parameter matrix of supply and demand between
manufacturers and distributors; if 0 < 𝑙𝑎𝑏 ≤ 1, there is a
relationship of supply and demand between manufacturer 𝑎
and distributor 𝑏; if 𝑙𝑎𝑏 = 0, there is not a relationship of
supply and demand between manufacturer 𝑎 and distributor
𝑏.
From Figure 1, a basic inventory model of the dynamic
supply chain network is constructed as follows:
𝑡

𝑥𝑎 (𝑘 + 1) = 𝑥𝑎 (𝑘) + 𝑢𝑎 (𝑘) − ∑ 𝑙𝑎𝑏 𝑢𝑎𝑏 (𝑘) ,
𝑏=1

𝑠

(1)

𝑦𝑏 (𝑘 + 1) = 𝑦𝑏 (𝑘) + ∑ 𝑙𝑎𝑏 𝑢𝑎𝑏 (𝑘) − 𝑤𝑏 (𝑘) .
𝑎=1

In supply chain management, lead time is an important
indicator to measure the rapid response ability of supply
chain for the rapid changes in the market demand. In reality,
the lead time is very common in each link of supply chain
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Figure 1: Microstructure of supply chain network.

operation, which is influenced by many kinds of economies
and technologies. What is more, the lead time not only
increases the management cost of firms, but also causes the
inefficient operations of the supply chain. Based on (1), a basic
model of the supply chain network with the production lead
times and the ordering lead times can be described as follows:
𝑥𝑎 (𝑘 + 1) = 𝑥𝑎 (𝑘) + 𝑢𝑎 (𝑘) + 𝑢𝑎 (𝑘 − 𝜏𝑎 )

of the dynamic supply chain network with the production
lead times and the ordering lead times can be described as
𝑅𝑖 : if 𝑥1 (𝑘) is 𝑀1𝑖 , . . . , 𝑥𝑗 (𝑘) is 𝑀𝑗𝑖 , . . ., and 𝑥𝑛 (𝑘) is 𝑀𝑛𝑖 ,
then
𝑔

x (𝑘 + 1) = A𝑖 x (𝑘) + B𝑖 u (𝑘) + ∑B𝑖𝑒 u (𝑘 − 𝜏𝑒 )
𝑒=1

+ B𝑤𝑖 w (𝑘) ,

𝑡

− ∑ 𝑙𝑎𝑏 𝑢𝑎𝑏 (𝑘) ,

(3)

𝑔

𝑏=1

𝑠

𝑠

𝑎=1

𝑎=1

𝑧 (𝑘) = C𝑖 x (𝑘) + D𝑖 u (𝑘) + ∑D𝑖𝑒 u (𝑘 − 𝜏𝑒 ) ,

(2)

𝑒=1

𝑦𝑏 (𝑘 + 1) = 𝑦𝑏 (𝑘) + ∑ 𝑙𝑎𝑏 𝑢𝑎𝑏 (𝑘) + ∑ 𝑙𝑎𝑏 𝑢𝑎𝑏 (𝑘 − 𝜏𝑎𝑏 )
− 𝑤𝑏 (𝑘) .
2.2. T-S Fuzzy Model of Supply Chain Network with Uncertain
Demand and Lead Times. For the supply chain network with
the uncertain demand and the lead times, there are different
basic dynamic inventory models at different periods. In order
to reduce the cost of the supply chain network effectively, the
switching action will often occur among the different basic
models. The different switching rules will affect the performance of the supply chain network to different extent. TakagiSugeno (T-S) fuzzy systems, suggested by Takagi and Sugeno
in 1985 [25], consist of fuzzy If. . .Then rules with linguistic
terms in antecedents and analytic dynamical equations in
the consequents, which can be viewed as the expansion of
piecewise linear partition based on “fuzzy partition” of input
space [26]. In order to realize the flexible switching among the
different basic models and restrain large fluctuations of the
system variables in the switching processes, by utilizing T-S
fuzzy systems and increasing the cost output equation, under
the uncertain customer demand, the discrete T-S fuzzy model

x (𝑘) = 𝜑 (𝑘) , 𝑘 ∈ {0, 1, . . . , 𝑁} ,
where 𝜑(𝑘) is the initial condition; x(𝑘) is the
inventory state vector at period 𝑘, x(𝑘)
=
𝑇
[𝑥1 (𝑘) ⋅ ⋅ ⋅ 𝑥𝑎 (𝑘) ⋅ ⋅ ⋅ 𝑥𝑠 (𝑘) 𝑦1 (𝑘) ⋅ ⋅ ⋅ 𝑦𝑏 (𝑘) ⋅ ⋅ ⋅ 𝑦𝑡 (𝑘)] ;
u(𝑘) is the production and ordering control vector at period
𝑘; u(𝑘−𝜏𝑒 ) is the production and ordering control vector with
lead times at period 𝑘; 𝑒 = 1, . . . , 𝑎, . . . , 𝑠, 11, . . . , 𝑎𝑏, . . . 𝑠𝑡;
𝑔 = 𝑠 + 𝑠𝑡; w(𝑘) is the customer demand vector at
period 𝑘, which is assumed to belong to 𝑙2 [0, ∞).
A𝑖 = [

1

1

d

]

1 (𝑠+𝑡)×(𝑠+𝑡)

is the inventory status coefficient

matrix, which embodies the inventory level of the supply
chain network; B𝑖 = [ I0𝑠
L1

M1 = [
[

d

L𝑎

]
d

L𝑠

]𝑠×𝑠𝑡

−M1
M2 ](𝑠+𝑡)×(𝑠+𝑠𝑡)

(I𝑠 = [

1

1

d

]

1 𝑠×𝑠

,

, L𝑎 = [𝑙𝑎1 ⋅ ⋅ ⋅ 𝑙𝑎𝑏 ⋅ ⋅ ⋅ 𝑙𝑎𝑡 ]1×𝑡 , M2 =

[H1 ⋅ ⋅ ⋅ H𝑎 ⋅ ⋅ ⋅ H𝑠 ]𝑡×𝑡𝑠 , H𝑎 = [
[

𝑙𝑎1

d

𝑙𝑎𝑏

d

] ) is the
𝑙𝑎𝑡 ]𝑡×𝑡
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production or ordering coefficient matrix, which embodies
manufacturers’ production capacity or distributors’ ordering
quantity; for the production delay coefficient matrix caused
by lead time, B𝑖𝑒 = [ I0𝑠 00 ](𝑠+𝑡)×(𝑠+𝑠𝑡) ; for the ordering delay
coefficient matrix caused by lead time, B𝑖𝑒 = [ 00 M02 ](𝑠+𝑡)×(𝑠+𝑠𝑡) ;
0
](𝑠+𝑡)×(𝑠+𝑡) is the customer demand coefficient
B𝑤𝑖 = [ −I
matrix; C𝑖 = [𝑐ℎ1 ⋅ ⋅ ⋅ 𝑐ℎ𝑎 ⋅ ⋅ ⋅ 𝑐ℎ𝑠 𝑐𝑟1 ⋅ ⋅ ⋅ 𝑐𝑟𝑏 ⋅ ⋅ ⋅ 𝑐𝑟𝑡 ]1×(𝑠+𝑡)
is the inventory cost coefficient matrix; D𝑖
=
[𝑐𝑚1 ⋅ ⋅ ⋅ 𝑐𝑚𝑎 ⋅ ⋅ ⋅ 𝑐𝑚𝑠 c𝑜1 ⋅ ⋅ ⋅ c𝑜𝑎 ⋅ ⋅ ⋅ c𝑜𝑠 ]1×(𝑠+𝑠𝑡) is the
cost coefficient matrix of the production and ordering,
where c𝑜𝑎 is distributors’ unit ordering cost matrix from
manufacturer 𝑎 (c𝑜𝑎 = [𝑙𝑎1 𝑐𝑜𝑎1 ⋅ ⋅ ⋅ 𝑙𝑎𝑏 𝑐𝑜𝑎𝑏 ⋅ ⋅ ⋅ 𝑙𝑎𝑡 𝑐𝑜𝑎𝑡 ]);
for the cost coefficient matrix of production with lead
times, D𝑖𝑒 = [𝑐𝑚1 ⋅ ⋅ ⋅ 𝑐𝑚𝑎 ⋅ ⋅ ⋅ 𝑐𝑚𝑠 0]1×(𝑠+𝑠𝑡) ; for the
cost coefficient matrix of ordering with lead times,
D𝑖𝑒 = [0 c𝑜1 ⋅ ⋅ ⋅ c𝑜𝑎 ⋅ ⋅ ⋅ c𝑜𝑠 ]1×(𝑠+𝑠𝑡) .
In this article, the fuzzy supply chain network system (3)
is described by deviation variables, which are the differences
between the actual operation values and the nominal values.
By singleton fuzzifier, product inference, and centreaverage defuzzifier, the fuzzy supply chain network system (3)
is inferred as follows:

demand variable w(𝑘) to the total cost 𝑧(𝑘) of the supply chain
network; namely, the smaller the parameter 𝛾 is, the better the
performance of the supply chain network system will be, and
the fuzzy robust strategy can make inequality (5) achieve the
ideal value.
3.2. Fuzzy Control Strategy for Discrete Switched Supply Chain
Network. Based on the principle of the parallel distributed
compensation, the design of a fuzzy controller is to synthesize
a local feedback controller for each subsystem. Then the local
state feedback controller is formulated as follows:
controller rule 𝐾𝑖 : if 𝑥1 (𝑘) is 𝑀1𝑖 , . . ., 𝑥𝑗 (𝑘) is 𝑀𝑗𝑖 , . . ., and
𝑥𝑛 (𝑘) is 𝑀𝑛𝑖 , then
u (𝑘) = −K𝑖 x (𝑘) ,
u (𝑘 − 𝜏𝑒 ) = −K𝑖𝑒 x (𝑘 − 𝜏𝑒 ) ,

(6)

where K𝑖 and K𝑖𝑒 are the state feedback gain matrix and the
state feedback gain matrix with the lead times, respectively.
The state feedback controller of the global supply chain
network can be expressed as
𝑟

𝑟

u (𝑘) = −∑ℎ𝑖 K𝑖 x (𝑘) ,

x (𝑘 + 1) = ∑ℎ𝑖 (x (𝑘))

𝑖=1

𝑖=1

𝑟

𝑔

u (𝑘 − 𝜏𝑒 ) = −∑ℎ𝑖 K𝑖𝑒 x (𝑘 − 𝜏𝑒 ) .

⋅ [A𝑖 x (𝑘) + B𝑖 u (𝑘) + ∑B𝑖𝑒 u (𝑘 − 𝜏𝑒 ) + B𝑤𝑖 w (𝑘)] ,
𝑒=1

𝑟

(7)

𝑖=1

(4)

𝑧 (𝑘) = ∑ℎ𝑖 (x (𝑘))

Then the fuzzy control system of the supply chain network
can be written as

𝑖=1

𝑟

𝑟

x (𝑘 + 1) = ∑ ∑ ℎ𝑖 ℎ𝑗 ⋅ [(A𝑖 − B𝑖 K𝑗 ) x (𝑘)

𝑔

⋅ [C𝑖 x (𝑘) + D𝑖 u (𝑘) + ∑D𝑖𝑒 u (𝑘 − 𝜏𝑒 )] ,

𝑖=1 𝑗=1

𝑒=1

where ℎ𝑖 (x(𝑘)) = 𝜇𝑖 (x(𝑘))/ ∑𝑟𝑖=1 𝜇𝑖 (x(𝑘)), 𝜇𝑖 (x(𝑘)) =
∏𝑛𝑗=1 𝑀𝑗𝑖 (𝑥𝑗 (𝑘)), 𝑀𝑗𝑖 (𝑥𝑗 (𝑘)) is the grade of membership of
𝑥𝑗 (𝑘) in the fuzzy set 𝑀𝑗𝑖 , 𝜇𝑖 (x(𝑘)) is the membership degree
of the 𝑖th rule. For simplicity, we omit x(𝑘) in ℎ𝑖 (x(𝑘)).

𝑔

− ∑B𝑖𝑒 K𝑗𝑒 x (𝑘 − 𝜏𝑒 ) + B𝑤𝑖 w (𝑘)] ,
𝑒=1

𝑟

𝑟

(8)

𝑧 (𝑘) = ∑ ∑ℎ𝑖 ℎ𝑗 ⋅ [(C𝑖 − D𝑖 K𝑗 ) x (𝑘)
𝑖=1 𝑗=1

𝑔

3. Fuzzy Robust Strategy of Dynamic Supply
Chain Network

− ∑D𝑖𝑒 K𝑗𝑒 x (𝑘 − 𝜏𝑒 )] .
𝑒=1

3.1. Inhibition Rate of Fuzzy Robust Controller. Fuzzy robust
control can effectively help firms to cope with the operational
lead times and the uncertain customer demand and guarantee
the asymptotic stability of the supply chain network. We use
the parameter 𝛾 as the inhibition rate of the fuzzy robust
controller; namely,

Before further analysis, we introduce the following definitions as the preparation for Theorem 3.

(5)

Definition 1 (see [27]). A cluster of fuzzy sets {𝐹𝑗𝑢 , 𝑢 =
1, 2, . . . , 𝑞𝑗 } are said to be a standard fuzzy partition (SFP) in
the universe 𝑋 if each 𝐹𝑗𝑢 is a normal fuzzy set and 𝐹𝑗𝑢 (𝑢 =
1, 2, . . . , 𝑞𝑗 ) are full-overlapped in the universe 𝑋. 𝑞𝑗 is said to
be the number of fuzzy partitions of the 𝑗th input variable on
𝑋.

where ‖ ⋅ ‖2 is 𝑙2 ∈ [0, ∞) norm. Inequality (5) describes
the system gain characteristic from the uncertain customer

Definition 2 (see [27]). For a given fuzzy system, an
overlapped-rules group with the largest amount of rules is
said to be a maximal overlapped-rules group (MORG).


 𝑟
∑𝑖=1 ∑𝑟𝑗=1 ℎ𝑖 ℎ𝑗 [(C𝑖 − D𝑖 K𝑗 ) x (𝑘) − ∑𝑔𝑒=1 D𝑖𝑒 K𝑗𝑒 x (𝑘 − 𝜏𝑒 )]
2

‖w (𝑘)‖2
≤ 𝛾,

Complexity

5

The stability theorem of the supply chain network will be
given in the form of Theorem 3.
Theorem 3. For the fuzzy supply chain network system (8)
with lead times and SFP inputs, if there exist a given scalar
𝛾 > 0, local common positive definite matrices P𝑐 and Q𝑒𝑐 , and
matrices K𝑖𝑐 , K𝑗𝑐 , K𝑖𝑒𝑐 , K𝑗𝑒𝑐 in G𝑐 satisfying

𝑔

∗
∗
∗ ∗]
−4P𝑐 + 4∑Q𝑒𝑐
[
]
[
𝑒=1
]
[
]
[
̂
0
−4
Q
∗
∗
∗
]
[
]
[
2
[
0
0
−4𝛾 I
∗ ∗]
]
[
]
[
[ A𝑖 − B𝑖 K𝑗𝑐 + A𝑗 − B𝑗 K𝑖𝑐 −Φ1 B𝑤𝑖 + B𝑤𝑗 −P𝑐 ∗ ]
]
[
−
D
K
+
C
−
D
K
−Φ
0
0
−I
C
𝑖
𝑖
𝑗𝑐
𝑗
𝑗
𝑖𝑐
2
]
[
< 0,

𝑔

∗
[−P𝑐 + ∑Q𝑒𝑐 ∗
[
𝑒=1
[
̂ ∗
[
0
−Q
[
[
[
0
0 −𝛾2 I
[
[
[ A −BK
−Π1 B𝑤𝑖
𝑖 𝑖𝑐
[ 𝑖
[ C𝑖 − D𝑖 K𝑖𝑐

−Π2

0

∗
∗
∗
−P𝑐
0

∗]
]
]
∗]
]
] < 0,
∗]
]
]
∗]
]

𝑖 < 𝑗, 𝑖, 𝑗 ∈ 𝐼𝑐 ,

(9)

𝑖 ∈ 𝐼c ,

−I]

then the fuzzy supply chain network system (8) is robustly
asymptotically stable under the performance 𝛾, where 𝐼𝑐 is
the set of the rule numbers included in G𝑐 , G𝑐 denotes the
cth MORG, 𝑐 = 1, 2, . . . , ∏𝑛𝑗=1 (𝑚𝑗 − 1), 𝑚𝑗 is the number
̂ =
of the fuzzy partitions of the 𝑗th input variable, Q
diag {Q1𝑐 ⋅ ⋅ ⋅ Q𝑒𝑐 ⋅ ⋅ ⋅ Q𝑔𝑐 },

Π1 = [B𝑖1 K𝑖1𝑐 ⋅ ⋅ ⋅ B𝑖𝑒 K𝑖𝑒𝑐 ⋅ ⋅ ⋅ B𝑖𝑔 K𝑖𝑔𝑐 ] ,
Π2 = [D𝑖1 K𝑖1𝑐 ⋅ ⋅ ⋅ D𝑖𝑒 K𝑖𝑒𝑐 ⋅ ⋅ ⋅ D𝑖𝑔 K𝑖𝑔𝑐 ] ,
Φ1 = [B𝑖1 K𝑗1𝑐 + B𝑗1 K𝑖1𝑐 ⋅ ⋅ ⋅ B𝑖𝑒 K𝑗𝑒𝑐 + B𝑗𝑒 K𝑖𝑒𝑐 ⋅ ⋅ ⋅ B𝑖𝑔 K𝑗𝑔𝑐 + B𝑗𝑔 K𝑖𝑔𝑐 ] ,

(10)

Φ2 = [D𝑖1 K𝑗1𝑐 + D𝑗1 K𝑖1𝑐 ⋅ ⋅ ⋅ D𝑖𝑒 K𝑗𝑒𝑐 + D𝑗𝑒 K𝑖𝑒𝑐 ⋅ ⋅ ⋅ D𝑖𝑔 K𝑗𝑔𝑐 + D𝑗𝑔 K𝑖𝑔𝑐 ] .

Proof. The proof processes of Theorem 3 in this paper are
similar to those of Theorems 1 and 2 in [28], which are
omitted for the sake of brevity.
For the supply chain network with the uncertain customer demand and the lead times, we propose the following
fuzzy robust strategy, which consists of the fuzzy switched
strategy and the fuzzy control strategy.
(1) Fuzzy switched strategy
A When a manufacturer’s inventory is less than the
safety inventory, the manufacturer will urgently produce
the goods; If a manufacturer’s inventory is more than the
safety inventory and less than the expected inventory, the
manufacture will normally produce the goods; If a manufacturer’s inventory is more than the expected inventory, the
manufacture will stop producing.
B When a distributor’s inventory is less than the safety
inventory, the distributor will urgently order the goods; If a
distributor’s inventory is more than the safety inventory and
less than the expected inventory, the distributor will normally
order the goods; If a distributor’s inventory is more than the
expected inventory, the distributor will stop ordering.
C According to (4), when the manufacturers and the
distributors lie in different inventories, there are the different
fuzzy control rules. When manufactures’ inventories and distributors’ inventories change, the switching actions will occur
among fuzzy control rules. Due to the fuzzy membership
function, the switching actions can be seen as a flexible
switching, which is also called a robust switching.
(2) Fuzzy control strategy

A If a proper inhibition rate 𝛾 is given, by solving (9),
we can obtain the state feedback gain matrices. The closedloop negative feedback control can be realized by using state
feedback controller (7). Then all variables in the fuzzy supply
chain network (8) can realize robust stabilization under the
uncertain demand and the lead times.
B The optimal inhibition rate 𝛾 can be obtained according to Figure 2.

4. Simulation Research
4.1. Modeling Supply Chain Network with 2 Manufacturers and
2 Distributors. In practice, material processing and material
acquisition of steel industry are very complicated processes
because there are so many upstream and downstream members, materials, and semifinished products. To assess the
performance of the designed fuzzy robust strategy and to
gain further insights into the dynamical characteristics of
the supply chain network with the lead times under the
uncertain customer demand, we choose an H-beam supply
chain network of North Tai Steel Group in China as a
simulation object. And this supply chain network consists of
2 manufacturers and 2 distributors.
In this section, according to the inventory levels, manufacturers will develop the production strategy to avoid
the inventory backlog or increase opportunity cost; at the
same time, according to manufacturers’ inventory levels,
distributors will formulate the ordering strategy. Thus, the
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Figure 2: Flow chart of selecting the optimal inhibition rate.

dynamic model of the supply chain network with the lead
times is established at period 𝑘 as follows:

x2 (k)
Dt Ｇ；Ｒ

𝑥1 (𝑘 + 1) = 𝑥1 (𝑘) + 𝑢1 (𝑘) + 𝑢1 (𝑘 − 𝜏1 ) − 𝑙11 𝑢11 (𝑘)

F22

− 𝑙12 𝑢12 (𝑘) ,

D1t

𝑥2 (𝑘 + 1) = 𝑥2 (𝑘) + 𝑢2 (𝑘) + 𝑢2 (𝑘 − 𝜏2 ) − 𝑙21 𝑢21 (𝑘)
− 𝑙22 𝑢22 (𝑘) ,
𝑦1 (𝑘 + 1) = 𝑦1 (𝑘) + 𝑙11 𝑢11 (𝑘) + 𝑙11 𝑢11 (𝑘 − 𝜏11 )
+ 𝑙21 𝑢21 (𝑘) + 𝑙21 𝑢21 (𝑘 − 𝜏21 )

G

D0t
F21

(11)

− 𝑤1 (𝑘) ,
𝑦2 (𝑘 + 1) = 𝑦2 (𝑘) + 𝑙12 𝑢12 (𝑘) + 𝑙12 𝑢12 (𝑘 − 𝜏12 )

p
F2 (x2 (k))

D0s

D1s

Ds Ｇ；Ｒ

0

x1 (k)
F11

F12

F1m (x1 (k))

Figure 3: Fuzzy membership functions.

+ 𝑙22 𝑢22 (𝑘) + 𝑙22 𝑢22 (𝑘 − 𝜏22 )
− 𝑤2 (𝑘) ,
where 𝑥1 (𝑘), 𝑥2 (𝑘), 𝑦1 (𝑘), and 𝑦2 (𝑘) are manufacturer 1’s
inventory, manufacturer 2’s inventory, distributor 1’s inventory, and distributor 2’s inventory of the supply chain network
at period 𝑘, respectively, which are state variables. 𝑢1 (𝑘),
𝑢2 (𝑘), 𝑢11 (𝑘), 𝑢12 (𝑘), 𝑢21 (𝑘), and 𝑢22 (𝑘) are manufacturer
1’s production, manufacturer 2’s production, distributer 1’s
ordering quantity from manufacturer 1, distributor 2’s ordering quantity from manufacturer 1, distributor 1’s ordering
quantity from manufacturer 2, and distributor 2’s ordering
quantity from manufacturer 2, respectively, which are the
control variables. 𝑢1 (𝑘−𝜏1 ) and 𝑢2 (𝑘−𝜏2 ) are the productions
with lead times 𝜏1 and 𝜏2 ; 𝑢11 (𝑘−𝜏11 ), 𝑢12 (𝑘−𝜏12 ), 𝑢21 (𝑘−𝜏21 ),
and 𝑢22 (𝑘 − 𝜏22 ) are the ordering quantities with lead times
𝜏11 , 𝜏12 , 𝜏21 , and 𝜏22 , in which 𝜏𝑒 (𝑒 = 1, 2, 11, 12, 21, 22) is

independent lead time parameter. Let 𝜏 = 𝜏1 = 𝜏2 and
𝜏 = 𝜏11 = 𝜏12 = 𝜏21 = 𝜏22 . 𝑤1 (𝑘) and 𝑤2 (𝑘) are the customer
demand at period k, which are uncertain variables. 𝑙11 , 𝑙12 , 𝑙21 ,
and 𝑙22 are the ordering rates.
Suppose 𝑥1 (𝑘) and 𝑥2 (𝑘) can be measured, the fuzzy
partitions of 𝑥1 (𝑘) and 𝑥2 (𝑘) are 𝐹1𝑚 (𝑥1 (𝑘)) (𝑚 = 1, 2)
𝑝
and 𝐹2 (𝑥2 (𝑘)) (𝑝 = 1, 2), respectively, and conform to
the conditions of SFP. Let 𝑀11 = 𝑀12 = 𝐹11 , 𝑀13 =
𝑀14 = 𝐹12 , 𝑀21 = 𝑀23 = 𝐹21 , 𝑀22 = 𝑀24 = 𝐹22 . The
fuzzy sets of 𝑥1 (𝑘) and 𝑥2 (𝑘) represented by the membership
functions are shown in Figure 3 (𝐷0𝑠 , 𝐷1𝑠 , and 𝐷𝑠max are
manufacturer 1’s safety inventory, expected inventory, and
maximum inventory, respectively; 𝐷0𝑡 , 𝐷1𝑡 , and 𝐷𝑡max are
manufacturer 2’s safety inventory, expected inventory, and
maximum inventory, respectively).

Complexity

7

In Figure 3, we can see that there exists a MORG containing 4 fuzzy rules. According to Theorem 3, by considering
the lead times, the production capacity, the supply chain
structure, and the uncertain customer demand, the twoechelon supply chain network model can be transformed into
the following fuzzy model:
𝑅𝑖 : if 𝑥1 (𝑘) is 𝑀1𝑖 and 𝑥2 (𝑘) is 𝑀2𝑖 , then

B11 = B21 = B31 = B41

[0 0 0 0 0 0]

B12

𝑟

x (𝑘 + 1) = ∑ℎ𝑖 [A𝑖 x (𝑘) + B𝑖 u (𝑘) + B𝑖1 u (𝑘 − 𝜏 )

(12)

𝑟



𝑧 (𝑘) = ∑ℎ𝑖 [C𝑖 x (𝑘) + D𝑖 u (𝑘) + D𝑖1 u (𝑘 − 𝜏 )

B22

𝑖=1

where 𝑟 = 4, x𝑇 (𝑘) = [𝑥1 (𝑘) 𝑥2 (𝑘) 𝑦1 (𝑘) 𝑦2 (𝑘)], u𝑇 (𝑘) =
[𝑢1 (𝑘) 𝑢2 (𝑘) 𝑢11 (𝑘) 𝑢12 (𝑘) 𝑢21 (𝑘) 𝑢22 (𝑘)].
Based on historical data, 𝑙𝑎𝑏 will be assigned different
values for different fuzzy rules: when 𝑖 = 1, 𝑙11 = 𝑙12 = 𝑙21 =
𝑙22 = 0.5; when 𝑖 = 2, 𝑙11 = 0.35, 𝑙12 = 0.43, 𝑙21 = 0.65, and
𝑙22 = 0.57; when 𝑖 = 3, 𝑙11 = 0.65, 𝑙12 = 0.57, 𝑙21 = 0.35, and
𝑙22 = 0.43; when 𝑖 = 4, 𝑙11 = 𝑙12 = 𝑙21 = 𝑙22 = 0.5. Therefore,
we have

0

0
0

0

0

0.5 ]

1 0 −0.35 −0.43 0
0
[
]
0 −0.65 −0.57]
[0 1 0
],
B2 = [
[0 0 0.35
0
0.65
0 ]
[
]
[0 0

0

0.43

0

1 0 −0.65 −0.57

0

[
[0 1 0
B3 = [
[0 0 0.65
[

0

[0 0

0.57

0

0

0.57 ]
0

]
−0.35 −0.43]
],
0.35
0 ]
]
0

0.43 ]

1 0 −0.5 −0.5 0
0
[
]
0 −0.5 −0.5]
[0 1 0
[
],
B4 = [
0
0.5
0 ]
[0 0 0.5
]
[0 0

0

0.5

0

[0 0

B42

0

0

0

0

0.65

0.43

0

0

0

0

0

0

0.35

0.57

0

0

]
0 ]
],
0 ]
]
0.57]
0

]
0 ]
],
0 ]
]
0.43]

0 0 0 0 0 0
[
]
[0 0 0 0 0 0 ]
[
],
=[
]
[0 0 0.5 0 0.5 0 ]
0 0 0 0
[
]
[0 0 0 0 ]
]
=[
[0 0 −1 0 ] ,
[
]
[0 0 0 −1]

0

]
−0.5 −0.5]
],
0.5
0 ]
]

0.5

0 0 0
[
[0 0 0
=[
[0 0 0.65
[

0

B𝑤1 = B𝑤2 = B𝑤3 = B𝑤4

[0 0 0 1]
1 0 −0.5 −0.5

B32

0

0

[0 0 0 0.5 0 0.5]

1 0 0 0
[
]
[0 1 0 0]
]
A 1 = A2 = A3 = A4 = [
[0 0 1 0] ,
[
]

[0 0

0 0 0
[
[0 0 0
=[
[0 0 0.35
[
[0 0

+ D𝑖2 u (𝑘 − 𝜏 )] ,

[
[0 1 0
B1 = [
[0 0 0.5
[

0 0 0 0 0 0
[
]
[0 0 0 0 0 0 ]
[
],
=[
]
[0 0 0.5 0 0.5 0 ]
[0 0 0 0.5 0 0.5]

𝑖=1

+ B𝑖2 u (𝑘 − 𝜏 ) + B𝑤𝑖 w (𝑘)] ,

1 0 0 0 0 0
[
]
[0 1 0 0 0 0]
]
=[
[0 0 0 0 0 0] ,
[
]

0.5 ]

C1 = C2 = C3 = C4 = [𝑐ℎ1 𝑐ℎ2 𝑐𝑟1 𝑐𝑟2 ] ,
D1 = [𝑐𝑚𝐽1 𝑐𝑚𝐽2 0.5𝑐𝑜11 0.5𝑐𝑜12 0.5𝑐𝑜21 0.5𝑐𝑜22 ] ,
D2
= [𝑐𝑚𝐽1 𝑐𝑚𝑁2 0.35𝑐𝑜11 0.43𝑐𝑜12 0.65𝑐𝑜21 0.57𝑐𝑜22 ] ,
D3
= [𝑐𝑚𝑁1 𝑐𝑚𝐽2 0.65𝑐𝑜11 0.57𝑐𝑜12 0.35𝑐𝑜21 0.43𝑐𝑜22 ] ,
D4 = [𝑐𝑚𝑁1 𝑐𝑚𝑁2 0.5𝑐𝑜11 0.5𝑐𝑜12 0.5𝑐𝑜21 0.5𝑐𝑜22 ] ,
D11 = [𝑐𝑚𝐽1 𝑐𝑚𝐽2 0 0 0 0] ,
D21 = [𝑐𝑚𝐽1 𝑐𝑚𝑁2 0 0 0 0] ,
D31 = [𝑐𝑚𝑁1 𝑐𝑚𝐽2 0 0 0 0] ,
D41 = [𝑐𝑚𝑁1 𝑐𝑚𝑁2 0 0 0 0] ,
D12 = [0 0 0.5𝑐𝑜11 0.5𝑐𝑜12 0.5𝑐𝑜21 0.5𝑐𝑜22 ] ,
D22 = [0 0 0.35𝑐𝑜11 0.43𝑐𝑜12 0.65𝑐𝑜21 0.57𝑐𝑜22 ] ,

Complexity

D42 = [0 0 0.5𝑐𝑜11 0.5𝑐𝑜12 0.5𝑐𝑜21 0.5𝑐𝑜22 ] .
(13)
We define that 𝑐ℎ1 , 𝑐ℎ2 , 𝑐𝑟1 , and 𝑐𝑟2 are manufacturer 1’s
unit inventory cost, manufacturer 2’s unit inventory cost,
distributor 1’s unit inventory cost, and distributor 2’s unit
inventory cost, respectively; 𝑐𝑚1 = 𝑐𝑚𝑁1 and 𝑐𝑚2 = 𝑐𝑚𝑁2
are the manufacturer 1’s unit manufacturing costs and the
manufacturer 2’s unit manufacturing costs under the normal
production condition, respectively; 𝑐𝑚1 = 𝑐𝑚𝐽1 and 𝑐𝑚2 = 𝑐𝑚𝐽2
are manufacturer 1’s unit inventory costs and manufacturer
2’s unit inventory costs under the JIT condition, respectively;
𝑐𝑜11 , 𝑐𝑜12 , 𝑐𝑜21 , and 𝑐𝑜22 are distributor 1’s unit ordering
cost from manufacturer 1, distributor 2’s unit ordering cost
from manufacturer 1, distributor 1’s unit ordering cost from
manufacturer 2, and distributor 2’s unit ordering cost from
manufacturer 2, respectively.
Then, according to the established T-S fuzzy model, the
relative fuzzy state feedback controller of the supply chain
network is designed as follows:
𝐾𝑖 : if 𝑥1 (𝑘) is 𝑀1𝑖 and 𝑥2 (𝑘) is 𝑀2𝑖 , then
𝑟
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Figure 4: Inventory evolution processes under the common robust
strategy (×104 ton).
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D32 = [0 0 0.65𝑐𝑜11 0.57𝑐𝑜12 0.35𝑐𝑜21 0.43𝑐𝑜22 ] ,
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Figure 5: Production evolution processes under the common robust
strategy (×104 ton).

u (𝑘) = −∑ℎ𝑖 K𝑖1 x (𝑘) ,
𝑖=1
𝑟

u (𝑘 − 𝜏 ) = −∑ℎ𝑖 K𝑖11 x (𝑘 − 𝜏 ) ,

(14)

𝑖=1
𝑟

u (𝑘 − 𝜏 ) = −∑ℎ𝑖 K𝑖21 x (𝑘 − 𝜏 ) .
𝑖=1

Base on the practices, all parameters of the model are set
as 𝑐ℎ1 = 1.3, 𝑐ℎ2 = 1.45, 𝑐𝑟1 = 0.95, 𝑐𝑟2 = 1, 𝑐𝑚𝑁1 = 2.3,
𝑐𝑚𝐽1 = 3, 𝑐𝑚𝑁2 = 2.1, 𝑐𝑚𝐽2 = 2.63, 𝑐𝑜11 = 3.6, 𝑐𝑜12 = 4.2,
𝑐𝑜21 = 3.95, 𝑐𝑜22 = 3.81 (104 RMB/ton), 𝐷0𝑠 = 10, 𝐷1𝑠 = 30,
𝐷0𝑡 = 8, 𝐷1𝑡 = 33 (105 ton).
4.2. Simulation Analysis. Let the uncertain inhibition parameter 𝛾 = 1.02, and the fuzzy supply chain network system (12)
is robustly stable because the corresponding results that meet
Theorem 3 can be obtained by using the feasp solver in LMI
Toolbox of Matlab as follows:
31.5151 0.0051 0.0158 0.0169
[
]
[ 0.0051 31.5180 0.0234 0.0248 ]
]
P1 = [
[ 0.0158 0.0234 31.6033 0.0978 ] ,
[
]
[ 0.0169

0.0248

0.0978 31.6153]

Q11 = Q21

(15)

10.5037
0
0
[
10.5037
0
[ 0
=[
[ 0
0
10.5037
[
[

0

0

0

0
0
0

]
]
].
]
]

10.5037]

Then, simulation experiments will be executed to compare the proposed fuzzy robust strategy with the common
robust strategy for the inhibition effect on the lead times,
the uncertain customer demand, and the fluctuation of the
switching processes among subsystems of the supply chain
network. Based on historical data, the initial values are set
as 𝑥1 (0) = 2, 𝑥2 (0) = 1.8, 𝑦1 (0) = 1.5, 𝑦2 (0) = 1.3 (105


ton), and the normal values are set as →
𝑥 1 (𝑘) = 10.2, →
𝑥 2 (𝑘) =
→

→

5
10, 𝑦 1 (𝑘) = 9.8, 𝑦 2 (𝑘) = 9.5 (10 ton). Furthermore, the
production lead times and the ordering lead times are both
𝜏 = 𝜏 = 2 (×10 days).
Suppose the customer demand follows the normal distribution disturbance; that is, 𝑤1 (𝑘) = 𝑤2 (𝑘) = 𝑁(3, 0.12 ).
Figures 4–8 show the simulation results under the common
robust strategy.
It can be seen from Figures 4–8 that the inventory levels,
the productions, the ordering quantities, and the total cost of
the supply chain network all fluctuate drastically under the
common robust strategy.
In the same simulation environment, the simulation
experiments are executed under the fuzzy robust strategy
proposed in this article, and the simulation results can be seen
in Figures 9–12.
By using the fuzzy robust strategy proposed in Section 3.2,
manufacturers and distributors can adjust their production
and ordering according to the inventory levels by the flexible
switching actions among subsystems. Compared with the
common robust strategy, the disturbances caused by the
switching actions among subsystems, the lead times, and
the uncertain customer demand can be restrained effectively
under the fuzzy robust strategy. Therefore, the total cost of the
supply chain network can be maintained in the ideal level. It
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Figure 10: Production evolution processes under the fuzzy robust
strategy (×104 ton).
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Figure 8: Total cost evolution process under the common robust
strategy (×108 RMB).

is clear that the fuzzy robust strategy proposed in this article
can ensure that the supply chain network is robustly stable.

5. Discussion
(1) In Theorem 3, the robustly asymptotically stable supply
chain network system (8) is derived from the following
definition.
Definition 4 (see [29]). Given a scalar 𝛾 > 0, the supply
chain network system (8) is said to be robustly stable with
the disturbance attenuation 𝛾 if two conditions as below
are satisfied: (1) The closed-loop system (8) is robustly
asymptotically stable when w(𝑘) ≡ 0. (2) Under zero-initial
condition, the controlled output z(𝑘) satisfies ‖z(𝑘)‖22 <
𝛾‖w(𝑘)‖22 for any nonzero w(𝑘) ∈ ℓ2 [0, ∞) and all admissible
uncertainties.

Figure 11: Ordering evolution processes under the fuzzy robust
strategy (×104 ton).

The proof of Theorem 3 must satisfy the two conditions
of Definition 4, and the similar detailed proof process can be
seen in [28].
(2) Compared with the common robust strategy, the
proposed fuzzy robust strategy can realize the flexible switching among subsystems of the supply chain network and
effectively restrain the bullwhip effect. The bullwhip effect
refers to the phenomenon of the amplification of demand
variability from a downstream site to an upstream site in the
supply chain [30]. The concept of bullwhip effect can describe
the dynamic performance of our fuzzy robust controller.

6. Conclusions
In this article, we have studied the fuzzy robust control
problem of dynamic supply chain network with the lead
times and the uncertain demand. Taking into consideration
the multiple sources of lead times in supply chain network,
we focused on the production lead times and the ordering
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Figure 12: Total cost evolution process under the fuzzy robust
strategy (×108 RMB).

𝑧(𝑘): The total cost of the supply chain network
at period 𝑘
𝑙𝑎𝑏 : The coefficient of supply and demand
between manufacturer 𝑎 and distributor 𝑏
𝑐ℎ𝑎 : Manufacturer 𝑎’s unit inventory cost
𝑐𝑟𝑏 : Distributor 𝑏’s unit inventory cost
𝑐𝑚𝑎 : Manufacturer 𝑎’s unit producing cost
𝑐𝑜𝑎𝑏 : Distributor 𝑏’s unit ordering cost from
manufacturer 𝑎.
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lead times. We first built a basic model for the discrete
dynamic supply chain network with the lead times and
the uncertain demand. By considering the safety inventory
and the expected inventory, the constructed basic model
is transformed into a fuzzy switched supply chain network
model, and then we developed the fuzzy switched strategy
composed of the manufacturers’ production strategy and
the distributors’ ordering strategy to keep the ideal total
operation cost of the supply chain network. From the
perspective of control system, we explored a fuzzy control
strategy to realize the robust stability of the discrete switched
supply chain network with the uncertain customer demand
and the lead times. Simulation study indicates the fuzzy
membership function does play an important role in reducing
the fluctuation of system variables. Simulation results also
verify the effectiveness and applicability of the proposed fuzzy
robust strategy composed of the fuzzy switched strategy and
the fuzzy control strategy in improving the robustness of the
supply chain network with respect to the uncertain demand
and the lead times. In practice, our work provides a new
approach for supply chain managers to design better robust
control strategy and improve supply chain performance. In
the future researches, the structured model can be extended
to the new supply chain model with supply and demand not
only among manufacturers but also among distributors. And
another new strategy will be developed for the supply chain
network with the uncertain system parameters and the timevarying lead times.

Notations
𝑥𝑎 (𝑘): Manufacturer 𝑎’s inventory at period 𝑘,
𝑎 = 1, 2, . . . , 𝑠
𝑦𝑏 (𝑘): Distributor 𝑏’s inventory at period 𝑘,
𝑏 = 1, 2, . . . , 𝑡
𝑢𝑎 (𝑘): Manufacturer 𝑎’s production at period 𝑘
𝑢𝑎𝑏 (𝑘): The ordering from distributor 𝑏 to
manufacturer 𝑎 at period 𝑘
𝑤𝑏 (𝑘): Distributor 𝑏’s customer demand at period
𝑘
Lead time during the production
𝜏𝑎 :
Lead time during the ordering process
𝜏𝑎𝑏 :
𝑅𝑖 :
The 𝑖th fuzzy rule, 𝑖 = 1, 2, . . . , 𝑟
𝑟:
The number of IF-THEN rules
𝑀𝑗𝑖 :
The fuzzy set, 𝑗 = 1, 2, . . . , 𝑛
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