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This paper focuses on the finite-time synchronization analysis for complex-valued recurrent neural networks with time delays.
First, two kinds of common activation functions appearing in the existing references are combined together and more general
assumptions are given. To achieve our aim, a nonlinear delayed controller with two independent parameters different from the
existing ones is provided, which leads to great difficulty. To overcome it, a newly developed inequality is used. Then, via Lyapunov
function approach, some criteria are derived to guarantee the finite-time synchronization of the considered system, and the settling
time for synchronization is also estimated. Finally, two numerical simulations are given to support the effectiveness and advantages

of the obtained results.

1. Introduction

In recent years, neural networks have been always very
important to researchers in various fields, to name a few,
control theory and signal processing in electrical engineering,
parallel computation and pattern recognition in computer
science, and modeling optimization problems in applied
mathematics. Moreover, as everyone knows, most applica-
tions rely heavily on the dynamical behavior of recurrent
neural networks. This sets off a research upsurge for the
dynamics of neural networks. As a result, many researchers
have put their efforts into the analysis and synthesis problems
for the dynamics of neural networks for several decades; see
[1-8] and the references therein.

In most results considering the stability and the stabiliza-
tion of neural networks, the convergent mode is asymptoti-
cally stable and the time for system trajectories to reach an
equilibrium point is infinite. However, in practical problems,
the convergent time is often required to be faster or even
finite. Thus, so as to satisfy this requirement, the topic about
finite-time stability appeared. Recently, finite-time stability
and synthesis problems for various systems have been hot
issues and attracted many scholars’ interests [9-29]. Among

them, finite-time stability, stabilization, synchronization and
robust passive control for time-delay systems, stochastic
systems, chaotic systems, multiagent systems, and nonlinear
systems were studied in [10-20]. For various neural networks
models, finite-time stabilization, instabilizability, adaptive
control, H,, control, and state estimation were discussed in
[22-26] and finite-time synchronization control problems
were addressed in [27-29].

On the other hand, a complex-valued recurrent neural
networks model has produced a research upsurge for the
past few years. The main feature is that it owns complex-
valued states, connection weights, and activation functions.
This decides that this kind of system can be applied to a wider
range involving electromagnetic waves, radar imaging, quan-
tum waves, and so on, but it also leads to more difficulties in
analyzing its dynamical behaviors in contrast to real-valued
systems. In a word, anyway, the occurrence of complex-
valued neural networks draws a great deal of attention from
all aspects. Accordingly, many fruitful achievements have
been reported for this model [30-52]. For example, global sta-
bility, global exponential stability, and Hopf bifurcation prob-
lems for complex-valued neural networks systems with delays
or without delays were investigated in [32-40]. Dissipativity,
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passivity, state estimation, exponential stability, and input-
to-state stability for memristor-based complex-valued neural
networks with or without delays were discussed and relative
criteria were established in [43-48]. However, for finite-time
stability analysis of delayed complex-valued neural networks
models, until now, few results have been developed. The
boundedness problem of these systems in finite-time interval
is considered in [49, 50]. The finite-time synchronization
problem for complex-valued neural networks (CVNNs) with
infinite-time distributed delays is discussed in [51] and the
finite-time stabilizability and instabilizability for complex-
valued memristive neural networks with time delays are
studied in [52]. Moreover, considering the rich background
of complex-valued neural networks models and the present
status of development for them, it is absolutely essential to
explore the dynamics of these models deeply. Thus, these
further inspire us to make deeper research.

In this article, in view of the unavoidability of time
delays [53-55], the finite-time synchronization problem for
complex-valued recurrent neural networks with time delays
is presented. The main contributions of our work are embod-
ied in several points: (1) A nonlinear delayed controller
with independent parameters g, and p, different from the
most existing results is designed to achieve the finite-time
synchronization of the considered system. (2) To deal with the
difficulty involved by the contribution (1), a new inequality
stated in Lemma 6 proposed and proved by us in [52] is used.
(3) For real-imaginary separate-type activation functions,
two kinds of common functions in the existing references
are combined together and more general conditions are
assumed in this paper. So the proposed results have broader
applications.

The rest of this article is organized as follows. Section 2
provides some preliminaries. Section 3 presents main criteria
about the finite-time synchronization for delayed complex-
valued recurrent neural networks and estimates the settling
time by a new controller. Section 4 gives two numerical sim-
ulations to show the validity of theoretical results. Section 5
concludes this paper.

v-1 denotes the
imaginary unit. For a vector £ = E,&,..,E]" € R, Eis
named a positive vector if §; > 0, I = 1,2,...,n.

Notation. Throughout this paper, i =

2. Preliminaries

Consider a complex-valued recurrent neural networks model
as the drive system represented by

2y (t) = —dyz,, () + Z 9pq q(zq (t))

(1
Z pq™™ q( ( Tq)) +Jp (1)
with the initial conditions
z, ) = v, @, 0c¢l[-1,0], (2)

Complexity

where p = 1,2,...,n,n denotes the number of neurons; zp(t)
is the state variable; d, > 0 is a constant; a,, and b, are
complex-valued connection weights; ], () represents external
input vector; 7, is the time delay; 7 = max{r;,7,,...,7,};
wp(G) € C([-1,0,C); h (zq(t)) and mq(zq(t - Tq)) are
complex-valued activation functions.

Let hy(z,(f) = hg(xq(t),yq(t)) + ihé(xq(t),yq(t)) and

my(z,(t = 1,)) = my(xg(t = 7,), y,(t = 7)) + img(x,(t ~
7,), ¥,(t = 7,)). For simplicity, set x, = x,(t), y, = y,(t),
x; = x,(t - 7,), y,;q =T)/q(t =Ty, Xy = X,(0), Yy = YD),
Xy = X,(t - 7,), and y;' = y,(t - 7.). The complex-valued

activation functions hq(zq(t)) and mq(zq(t - Tq)) are assumed
to satisty the following assumption.

. —_ —_ T, T, T, T,
Assumption 1. For any Xg»Xgp Vop Va and xqq, PR yqq, yqq, there

exist scalars Kf;R, Kf;l, xR« > 0 and 7%, 7'[51, 7 T[q >0
such that the following inequalities hold:
|h§ (Eq’yq) - hf; (xq’yq)'
= K§R |~ xq| + K;U |j7q - yq|
|h X yq) hé (xq’ yq)|
= K;R |5Zq - xq| + Kél '74 - yq|
(3)

|mq (’?qq’yq ) '“5 (x;q’y;q)'

RR|=Tq _ Tq RI|=Tq _ Tq
an 'xq xq'+nq |yq Vq

T, T, T, T,
EACAS A RACHSH|

<o - ol
Remark 2. For the dynamic analysis of complex-valued
recurrent neural networks models, the most results are based
on the existence, continuity, and boundedness of the partial
derivatives for real and imaginary parts [32, 33, 46, 49].
Then, by the mean value theorem, it can be proved that
they satisfy the inequalities similar to those in Assumption 1.
In fact, only the inequalities can be used in the process of
obtaining the main results. Thus, the existence, continuity,
and boundedness of the partial derivatives are unnecessary
and they also lead to limitations in choosing complex-valued
activation functions. Here, we remove these constraints and
provide a more suitable assumption, Assumption 1, made
on the activation functions, so that the current work can be
applied to solve more engineering problems. This advantage
can be seen from example 2.

Remark 3. It should be noticed that such an assumption is
made on the activation functions in the literature [44, 45];
Le, hy(z) = h(Re(2)) + iy (Im(2)), my(z) = m(Re(2)) +
imé(lm(z)) for the complex number z and the following
inequalities hold:

hf; (x1) - hf; (x2) -

£ <
1 Xp =%
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hy (1) = g (72)

£ <
g =0

< Ef;

my (x;) = mg (x,)

Xp =Xy

s <
my (1) = my (3,)

(<
1 V1= 2

< Cé*
(4)

forallg = 1,2,...,n, where z; = x; + y; and z, = x, + y,.
Obviously, this assumption is a special case of Assumption 1.
Therefore, in this paper, we will not discuss this case in detail,
but a numerical example for this case will be provided to show
the effectiveness.

In this article, the corresponding response system is
defined by

—d,Z, () + Z Apq q(zq (t))

Z, () =
©)

qu a3 (t

—1,))+T, (1) +u, (t)

with the initial conditions

Z,0)=7,0), 0e[-1,0l, p=12....n.  (6)

Let z,(t) = x,(t) + z‘yp(t) Tp(®) = To(®) + i, (), wp(s) =
w§(3)+i1//£(s), Gpg = ap +zapq, bpq bR +szq, Z,(f) = x,(t)+
5,0, 7,(5) = ) + 76, h(Z,(0) = WRGE,(0,5,(0) +
L (%, (0, 7, (0) myZ,(t ~ 1)) = mE(Ey(t = 7,), Fy(t = 7,)) +
7), ,(t = 7,)), and u,(t) = u;}(t) + iu;(t). Then,
by separating system (1) with (2) and system (5) with (6) into
the real and imaginary parts, respectively, we have

. Iy~
zmq(xq(t -

=—d,x, + Zapth (x7q)
Zapqhé(xq’yq) Z e (%> i)
Z b q(xq’yq)Jr]ﬁ(t)
Eiapqhﬁ( v Ya)
DXCICRAR L RACED

EE;W 3 (5 20) + 1, ®

3
x,(0) =y, 6),
75 ©0) =y, ),
0¢e[-1,0], p=1,2,...,n
@)
and
p="dpX +Z %q q( % Ja)
Z %q q( q,fq) Z pa'" q(qu’yqq)
Z oy (%> 74’ ) + T () + 1y ()
Z“pth( %y 7y)
(8)

+ Z“pqhé( ) Z pa™ q( ;q’yziq)

Z M (547 ) + T (0 + 1y, (1)
x,(6) =3, ©),
7,6) =3, ©6),
0¢e[-1,0], p=1,2,...,n
Define the error vector between the drive system (1) and
the response system (5) as ep(t) = Zp(t) - zp(t) = eﬁ(t) +

ieé(t) = X,(t) = x,(t) +i(y,(t) — y,(1)); it follows from (7)
and (8) that

éﬁ ®) = _dpe§ ® + Zlaﬁq (hf; (fq’ j761) - hf; (xq’yq))
=
- Z;a;q (hé (’?q’ )761) - hé (xq’ yq))
o

+ by (g (271, 77) = (g1 32'))
Z o (m

+ 14y (1)

n
I I
d €, () + ziapq
=

2 (a5 74") = my (g 34'))

é, (1) =

(hg (Eq’ j7q) - hf; (xq’ yq))



n

+ Zaﬁq (h; (xq’yq) - h; (xq’yq))

q=1

Z ACACEDRUACN)

n

+ Dby (my (54, 507) = my (7' ')

g=1
+ u; ()
e, (0) = ¢, (6),
e, (0) = ¢,(6),
0e[-1,0], p=1,2,...,n
)
Let wp(t) = [e Z; ] then equation (9) can be rewritten as

¢y (0)

wp<9>=¢>p<9>=[¢,(e)
P

] , 0¢€[-1,0]
forp=12,...,n

Before deriving the main results, the following definition
and lemmas are provided.

Definition 4 (see [27]). Consider the drive-response systems
(1) with (2) and (5) with (6). If for a suitable controller u,(t) =
uﬁ(t) + iu;(t), there exists a function T' = T((/)P) > 0
depending on the initial value ¢,, such that

Jim [ )] = Jim [e, ] = 0 )

and |e§(t)| = Ie;(t)l =0fort > T,p = 1,2,...,n
then the drive system (1) and the response system (5) achieve
synchronization in finite time.

Lemma 5 (see [24]). An open set U € C([-, 0], R*). The
class & denotes all the strictly increasing continuous functions
s: R, — R, and s(0) = 0. If there exist s, € & and a
continuous function V : [0,+00) x U — R, for system (10)
such that

Complexity

1) V(t,0) =0, s(|x) < V(t,x), t €[0,+00),
(2) DV (t, x) < —(V(t, x)) with Ioe(dz/g(z)) < 400,

foralle > 0, x € U, then, system (10) is finite-time stable and

the settling time T' < I(:/(O’(P)(dz/g(z)). In particular, if o(V) =
kV# (k> 0, 0 < p < 1), then the settling time

o gz VIH(0,¢)
re, 0@ k(1-p)

Lemma 6 (see [52]). Ifa>0,b>0,0<«a; <1,0<a, <1,
then there must exist a scalar 0 < « < 1 depending on &, and
&,, such that

(12)

(a+b)”

(13)
20(

a” +b% >
Remark 7. In order to deal with the finite-time stabilization
problem for complex-valued neural networks system and
estimate the upper bound of Dini-derivative of Lyapunov
function, the inequality in Lemma 6 was proposed and
proved by us in Lemma 8 of [52]. Moreover, from the
proof of the inequality stated in [52], we can see that either
« = a or « = «p, which can be used to compute the
settling time. This point can be shown in examples 1 and
2.

Lemma 8 (see [24]). For real numbers ¢, ¢, ...,
k, < k,, the following inequality holds:

soar]" ]

3. Main Result

¢, and 0 <

In this section, new sufficient conditions will be derived to
ascertain the finite-time synchronization for system (1) and
(5). The new nonlinear controller up(t) in response system
(5) is designed as the following form:

u, (t) = u;} ) + iu; (t)

u§ (t) = oclpep (t) - [31P |e (t)' sgn e (t))
lee wlwn(60) o
u; (t) = —oczpe; () - /32p 'e; (1‘)'”2 sgn (eé (t))

Vsz| €q

where ®1p 0 :81;: > 0, [J’ZP > 0, Yip> Yopr 0 < py < 1, and
0 < u, < 1 are constants forp =1,2,...,n

' sgn (e (t))

Remark 9. In this paper, we design the controller (15) with
independent parameters g, and y,, which are different from



Complexity

the most existing results based on y; = y,, such as [17, 18, 22].
This is one of the main features for our work, which also
leads to difficulty in studying finite-time dynamic behavior
of the considered system. To solve this difficulty, we use
the inequality in Lemma 6 proposed and proved by us in
[52].

First, for convenience, we denote

KR = diag {KFR, K?R,...,KSR} )
dlag{x1 ,K?l,...,xfl},
At = (|a§q )nxn’
—d1ag{;<1 ,K2 SN R},
= dia {Kl ,K2 N 4 },
(| )nxn’
= diag {nfR, n?R, e ﬂﬁR} >
= diag {niu,nﬁu, . .,nfl} >
BR = | P‘Z' nxn’
= diag {”1 ,néR,...,TrflR},
= diag {”1 ,ng,...,rrff},
BI = (|b1174 )nxn’
I = diag {VII’VIZ""’Vln}
T, =tr(T))E,
I, = dlag{ 21’V22’~-~’V2n}

I,=tr(L,)E,

E, = diag{1,1,...,1},

D, = diag{d, + ay;,dy + ayys....d, +ay,},
D, = diag{d, + oy, dy + ay,...,d, + 0, },
L,=[L1....1",
I =col{l, I},

D, 0
D=

L0 D,
ro [0 0],

[0 T,

[ AR Al
4= Al AR

5
BR B!
b= B! BR
KRR KRI
K= 5
KIR KH
RR 7_[RI
T= IR nH ’
G, =D-(Ax)",
G,=T-(Bn)".
(16)

Based on the controller (15), the main result of our paper
can be obtained as follows.

Theorem 10. Under Assumption 1, if the vectors G,I > 0 and
G,I > 0, then via the controller (15), the drive system (1) and the
response system (5) are synchronized in finite time. Moreover,
the settling time satisfies T, < (2/(1 — y))Vl_”(O), where 3 =

min{f;, B}, By = min{B,,}, B, = min{B,,}, p = L,2,...,n,
and 0 < p < 1 depending on py and p,.
Proof. If G,I > 0 holds, then for all p = 1,2,...,n, we have

dp+¢xlp

n

R RR I IR I RR R IR

- Z;(|“qp|’<p + |“qp|Kp + '“qp"cp + |“qp|Kp )
p

(=)

>
(17)
dp + 05,

n
I
2. (lazp 5" + gy + gl 5" + a5

> 0.

Similarly, if G,I > 0 holds, then forall p = 1,2,...

n
Zqu
g=1

, 1, we have

n
= 2 (el " + ol "+ [eag " + g 75)
ap ap ap ap
s

>0

Z Y2q
gq=1

(18)

n
_Z ' p|” ' p'” ' p'” ' p'”
a

> 0.



For the error system (9) or (10), choose the following
Lyapunov function:

V(t) = Z les (1)] + Z le; )] (19)
p=1 p=1

Along the trajectories of system (9) or (10) and by (15), the
upper Dini-derivative of V() can be computed as

D'V ()= sgn (e;} ) e';} ()

p=1

+ Z sgn (e; (t)) é; (t) = Z sgn (e‘}; (t))
p=1

P
| S (4 ) ()
-l (5 7,) . (s 3,)

b FR (i (52, 57) - R (52 070)

- S o (557 - 45)
—aypel () = By [ (O] sgn (e ()

iy JeR (£~ 7,) sen (X (f))] (20)
gq=1

+ Z sgn (e; (t)) [—d},e‘f7 (t)
p=1

n

+ Za;q (h? (’?q’yq) - h? (xq’ yq))

2
DYACICRARATRY)

o St O (55.5) - (55.9)
X0 o (5.57) o (57)
— ey () = Bop ey (8)] 7 sgn (e}, (1)

3 Jed (1= 7,) sem (b ) .
gq=1

Complexity

By means of Assumption 1, D*V(¢) can be bounded as
D'V ()< Y |- (d,+ay,) e @)
p=1
e 3 Jal | (8 ek o]+ e o]
=1
o3 Jat| (e 0]+ e )
gq=1
+ Zl [Bpal (74" g (£ = 73] + 75" [eq (£ = 7,)])
+Z| | q)'+ﬂq (t_Tq)D
~Bupleg O =y, ) eg (- 7,)]
=1
' ()
+ Z - (dp + “Zp) 'e; (t)'
p=1
+ 2 Ja] (3" e O] + 3" [eg )
+2@M¢@mw¢@mo

+Z| o O e (£ =)+ 75" Jeg (£ = 7,)])
+Z| | q)'+ﬂq (t_Tq)D

|-

D'V(t)< ) [—(dp +ay,)|es

p=1

1
_ﬁzp p

By uniting like terms, we have

n

+ 2 ((apal 25" + [l 5°) e )
gq=1

B

+ Z ('aﬁq' K;U + 'a;q' K;I) efz (t)'
q

=1

Mx

' q| ”§R + 'bIIJq| ”tlzR - le) '65 (t - Tq)'

=
Il
=

Mx

(gl 3" + [opal m3') e (£ = 7o)

B
I
—_
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n .
R\ |H I where = min{f,, f,}, f; = min{B,,}, B, = mln{ﬁZp} p=
~Pup |eP (t)' :| + Z_: [_ (dP +“2P) 'ep (t)' 1,2,...,n. In addition, by Lemma 8, ff)rO <p <L0<y,<
=! 1, the following inequalities hold:
n
RR IR
S o o) o
o

n n Hh

St -0l
=1 =1

b 3 (] a0 e ) ' ! RS
q

— n n &
; S| Siel| -
p=1 p=1

B

HM:

(1ohal 7+ [egel ma = v25) e (£ =)

Then, substituting (25) into (24), one has

n H n Ha
D*V(r)s—ﬁ([2|e§(t)|] +[Z|e§(t)|] ) (26)
p=1 p=1

(10l 7" + ool ") e (1 =)
rq Pq q

~Pay |e§> Ol

HM:

(22)
By Lemma 6, there exists a 0 < u < 1 depending on ¢, and
Then, by taking the common factors, one has Hy, such that
u
D'V (t) < e(t)[ (d,+a + B~k S
Zi > ®) 1v) D'V (1)< -2 Zl|ep )]+ Zl|ep (®)|
p= p= (27)
R| RR | I | IR | T]| RR, | R| IR
AR AR A E) <L,
4=
+ Z 'e (t)' |: d + oczp) Moreover, j;(Z/[J’z“)dz =2¢'#/B(1-p) < +oo, forall & > 0.
p=1 Thus, from Lemma 5, we know that the error system (9) or
" (10) is finite-time stable. That is to say, the drive system (1) and
n Z | a ' © | | © | | Ky ' at ' . the response system (5) can be synchronized in finite time via
= » (23)  the controller (15). This completes the proof. O
L Remark 11. Recently, the finite-time stabilization and syn-
Z Z (' p' m | p| T[ | p| m chronization problems of real-valued neural networks have

been investigated and the time for system trajectories tend-

non ing to an equilibrium point is finite [22-29]. However,

| P|7T '6 t— | Z z | P'ﬂ for finite-time stability analysis of complex-valued neural
p=lg=1 networks models, until now, few results have been developed.

I For instance, the finite-time synchronization problem for

| |7T | qp‘ T ' P| m VZq) |ep (t - Tp)| complex-valued neural networks (CVNNs) with infinite-

" " time distributed delays is discussed in [51] and the finite-

- Z Bip |e§ (t)'” ' Z /52P| ; time stabilizability and instabilizability for complex-valued
p=1 p=1 memristive neural networks with time delays are studied in
[52]. Here, Theorem 10 further provides sufficient conditions
Then, by (17) and (18), one can obtain for the finite-time synchronization of the considered system
and their effectiveness can be illustrated in numerical exam-

+ RS LN [N ples. From the point of theory development, our result is
DV = Zi Prp |e1> (t)' Zl Pay 'ep (t)' significant in dynamical behavior analysis of complex-valued
P P models and it can be regarded as the extension of the previous
" work.
<Y |es 0 —ﬁzz ol ey
p=1
4. Numerical Examples
n n
<-p < Z |€‘§ (f)'ﬂ1 + Z ' ; ) This section will provide two examples to show the effective-
p=l p=1 ness of the given conditions of Theorem 10.
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2 0 _ 0 2 4
_ . T2 g 4 2 v
Y1:Y2:)15)2 X1>X2,X1,X)
— 2z — 0z
4 . . . . . . : : :
EN 27
=0}
2
S
—4 -
-6 -5 -4 -3 -2 -1 0 1 2 3 4
X1,X2,X1,X)
— z — 7z
— 2z Z,

FIGURE 1: Time responses of the variables z,, z,,Z;, and Z, in 3D and
2D spaces without controller for example 1.

Example 12. Consider complex-valued neural networks as
the drive system given by

2
z,(t) =—d,z, () + Zlapqhq (zq ®)
! (28)

qu (2 (£

whered, = 1.5,d, = 1,a;;, = 1+2i,a;, = -2—-i,a,; = -2.5-1,
ay, = —1-0.5i,b;; = 2—i,b;, = —1+i,by; = —1+2i,b,, = 2+i,
7, = 01,7, =02, J,(t) = 6sin(t + 1) — 4 cos(t — 1)i, and
J,(t) = 5cos(t + 1) — 6sin(t — 1)i. Moreover, the activation
functions are taken as

—1,))+1,(1), p=12

—X,

l1—-e ™ | 1
hq(zq)_1+e‘xq+11+e‘yq’

l-e? 1 (29)
mq(zq) “Tren Tren

(q=12).

Then, from Assumption 1, it can be computed that K;R = 0.5,

i _ RI _ IR _ RI _ IR _ RR _
Ky = 0.25, Ky =K, 0, m, 0.5, , 0.25, and m,

I _ _
, =0forg=1,2.

The response system is provided by

Zy(t) = =d,Z, (8) + Z 9pq q(zq (t))
(30)

qu a3 (t-

—1,))+ T, (1) +u, ().

Complexity

Under the initial conditions z,(0) = -2 + 2.4i, z,(0) =
-1 - 1.4i,z,(0) = -2.3 — 1.8i, and Z,(0) 1.2 — i for
0 € [-0.2,0], Figures 1 and 2 depict the trajectories of systems
(28) and (30) without controller, which show that the drive
system (28) does not synchronize with the response system
(30).

By choosing the parameters of the controller (15) as «;; =
23,00, = 16,0 = L1,y = 08,3, = B3 = By =
B = Lyn = Lyy =067y =15y, =164 =
0.5, and 4, = 0.6, it is easy to check that the conditions
of Theorem 10 are satisfied. Then, under the corresponding
controller, the drive system (28) can be synchronized with
the response system (30) in finite time. In addition, according
to Theorem 10 and Remark 7, it can be computed that T} <
max{10.88,10.95} = 10.95 seconds. The synchronization
curves between the drive system (28) and the response system
(30) are displayed in Figure 3. The time responses of the
synchronization errors between them are shown in Figure 4.
From Figures 3 and 4, it can be seen that system (28) can syn-
chronize with system (30) in finite time via the corresponding
controller under the given initial values. These also further
show that the obtained result is effective and our work is
meaningful.

Next, one example with special activation functions stated
as in Remarks 2 and 3 is given to illustrate the validity of our
result.

Example 13. Consider a drive system as follows:

2, (t) = —dyz, () + Z Apq q(zq (t))
(31)

qu a(2(t

—7,))+ ], (1), p=1.2

whered, = 1,d, = 05,a;; = -05+1i,a,, =2—-1i,a, =
1.5 1.8i, ay, = —1 + 2i, by, = —0.8 — 0.5i, b, = —1 + 1.5},
by =2+15i,by = -1+2i,7, =0.1,7, = 0.2, J;(t) = 3 — 4,
and J,(t) = =2 + 5i. The activation functions are chosen as

hy (zq) =My (Zq)

:|xq+1'_'xq_1|+i|yq+1'_‘yq_l| (32)
2 2 ’

(a=12).

Obviously, (9/0x,)((Ix, + 1| = |x, — ll)/z)lxq:il and (0/

ayq)((lyq + 1] - Iyq - 1|)/2)|yq:il do not exist. Hence, the

obtained results in many references, such as [32, 33, 46, 49],

cannot be applied in these functions. This leads to limitations

for their results in applications whereas our work has just

filled the gap. Moreover, from Assumption 1, it is easy to
11 RR 11 IR RI

. RR _ _ _ _ RI _ _ _
obtain that K, =K, =TT, , 1, K, K, ,

=0forg=1,2.
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FIGURE 2: Time responses of real and imaginary parts of the variables z,, z,, Z, and Z, without controller for example 1.

The response system is given by

2
zZ,(t) =-dZ,(t) + Zlapqhq (zq (t))
" (33)

2
+ prqmq (zq (t - Tq)) + ], (8) + 1, (b))
g=1

Under the initial conditions z;(0) = 0.8 — 0.91, z,(0) =
1.1-4,Z,(0) = —-1+i,and z,(0) = —0.6+ 1.1li for 0 € [-0.2,0],
Figures 5 and 6 depict the trajectories of systems (31) and (33)
without controller, which shows that the drive system (31)
does not synchronize with the response system (33).

By choosing the parameters of the controller (15) as &y,
42,005 = 65,0 = 44,09 =59, By = B1, = oy = P =
Yiu = 25912 = 3Ly = 2,9 = 36,4 = 05 4
0.6, it is easy to check that the conditions of Theorem 10 are
satisfied. Thus, under the corresponding controller, the drive
system (31) can be synchronized with the response system
(33) in finite time. Moreover, according to Theorem 10 and
Remark 7, we get T, < max{10.95,11.19} = 11.19 seconds
by simple calculation. The synchronization curves between
the drive system (31) and the response system (33) are shown
in Figure 7. The time responses of the synchronization errors
between them are depicted in Figure 8. From Figures 7
and 8, it can be seen that system (31) can synchronize with
system (33) in finite time via the corresponding controller

—

under the given initial values. This example also further
illustrates the effectiveness and superiority of our proposed
result.

5. Conclusion

In this paper, the finite-time synchronization problem of
complex-valued recurrent neural networks with time delays
has been studied. Based on the more general assumptions for
activation functions, a nonlinear controller with independent
parameters, and a new inequality proposed and proved by
us in [52], some sufficient conditions have been established
and the settling time for synchronization has been estimated.
The obtained results have been shown to be effective and
superior by two examples. Moreover, it is well known that the
systems with stochastic terms are more extensive in practical
applications [56-60], such as the noises, and we will discuss
the addressed models with noises deeply in the future.
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