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The main problemwith the soft-computing algorithms is a determination of their parameters. The tuning rules are very general and
need experiments during a trial and error method. The equations describing the bat algorithm have the form of difference
equations, and the algorithm can be treated as a stochastic discrete-time system. The behaviour of this system depends on its
dynamic and preservation stability conditions. The paper presents the stability analysis of the bat algorithm described as a
stochastic discrete-time state-space system. The observability and controllability analyses were made in order to verify the
correctness of the model describing the dynamic of BA. Sufficient conditions for stability are derived based on the Lyapunov
stability theory. They indicate the recommended areas of the location of the parameters. The analysis of the position of
eigenvalues of the state matrix shows how the different values of parameters affect the behaviour of the algorithm. They indicate
the recommended area of the location of the parameters. Simulation results confirm the theory-based analysis.

1. Introduction

In recent years, the nature-inspired metaheuristic algorithms
for optimization problems become very popular. Though
these algorithms do not guarantee the optimal solution, they
generally have a tendency to find a good solution and become
powerful methods for solving many difficult optimization
problems [1–3]. The heuristic methods are based on the
many different mechanisms occurring in nature. The genetic
algorithms [4] are based on the biological fundamentals, tabu
search is based on the social behaviour [5], and ant colony
optimization [6, 7] or particle swarm optimization (PSO)
[8] is based on the swarm behaviour. The bat algorithm
(BA) proposed by Yang [9] belongs to the last. The bats use
some type of sonar, called echolocation, to detect prey or to
avoid obstacles. The echolocation guides their search and
allows discrimination of different types of insects, even in
complete darkness.

There are some much powerful modifications of BA, for
instance, BA based on differential operator and Lévy flight

trajectory (DLBA) proposed by Xie et al. [10], the improved
bat algorithm (IBA) proposed by Yilmaz and Küçüksille
[11], and enhanced bat algorithm proposed also by Yilmaz
and Küçüksille [12], but the simple BA is a base and is more
popular than other modifications. For this reason, the analy-
sis for simple BA is made in the paper.

The main problem with the soft-computing algorithms is
a determination of their parameters. The tuning rules are
very general and need experiments during a trial and error
method. The main idea in this process is to balance the run-
ning algorithm between exploration and exploitation. In the
case of too little exploration and intensive exploitation, the
algorithm can converge to a local optimum. Otherwise, too
much exploration and too little exploitation can give the
algorithm with a very small convergence [13–15].

The behaviour of the algorithm and ability to converge to
the global optimumdepend on its dynamic, which is described
by difference equations. This behaviour depends on the stabil-
ity works of algorithms especially. There are some stability
analyses of PSO algorithm based on the location of the roots
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[16–18] and the Lyapunov function [19–21]. We made a sim-
ilar study for BA in [22].

The present paper is the extended version of the confer-
ence paper [22] published in INnovations in Intelligent Sys-
Tems and Applications (INISTA) 2017. The way of the
approach presented in the paper is largely new and much
more general. New in the paper is an extension of the
dynamic description of the bat algorithm to the third order
by taking into account all variables used by individuals in
the population. Thereby, the description of BA becomes
more complete and general. Then the use of a description
in the form of the state-space and checking the controllability
and observability allow reducing the order of dynamic. The
method of stability analysis proposed in [22] is based on
the location of the roots of the difference equation which is
appropriate for linear time-invariant systems. This method
was used after omitting the randomness of parameters and
treatment of the algorithm as stationary. In the present
paper, the new approach of the stability analysis of the
dynamics of BA by using the Lyapunov stability theorem
and Sylvester’s criterion is made. It provides to obtain the
desired range of parameters providing stability work of the
algorithm. The Lyapunov theory defines the necessary and
sufficient conditions for absolute stability of nonlinear and/
or time-varying systems. Any simplifications are not needed
during stability analysis, which is important because the
obtained results are more reliable than the results from the
previous work [22]. Both methods give the similar solution,
then the present paper confirms the correctness of simplicity
used in preceding work [22]. As an illustrative example, the
same four benchmark functions were used, but the graphs
were made for not presented earlier Griewank function.

The paper is organized as follows. In Section 2, the BA
algorithm is described. The next section details the Lyapunov
stability theory. After this, the dynamic of BA is described
and analysed with a special focus on the stability condition.
The example experiments and discussion are presented in
the last section.

2. Bat Algorithm

The bats have fascinating abilities such as finding prey and
discriminating different types of insects even in complete
darkness. Bats use echolocation by emitting high-frequency
audio signals and receiving a reflection of those. The time
delay between emission and detection of the echo and its var-
iation of loudness allow bats to recognize surroundings.

The metaheuristic BA uses some simplicity and ide-
alized rules:

(1) All bats use echolocation to appoint a distance and
direction to the food. They also can recognize the dif-
ference between food/prey and background barriers

(2) The i-th bat is at position xi and flies randomly with a
velocity vi. It emits an audio signal with a variable fre-
quency between fmin, fmax , a varying wavelength λi,
and loudness Ai to search for food. It can automati-
cally adjust the wavelength (or frequency) of its

emitted pulses and adjust the rate of pulse emission
r ∈ 0, 1 , depending on the proximity of its target

(3) The loudness can vary in many ways. We assume that
the loudness varies from a large (positive) L0 to the
smallest constant value Lmin

Each of the artificial bats in the k-th step has a position
vector xki , velocity vector vki , and frequency vector f ki which
is updated during iterations by using the below relations,
from (1) to (3). The position vector of the bat represents
some specific solution of the optimization problem. Every
bat emits an audio signal with a randomly assigned frequency
f ki , which is drawn uniformly from the range fmin, fmax :

f ki = fmin + fmax – fmin βk, 1

where βk ∈ 0, 1 is a random vector with a uniform distribu-
tion. The velocity of the i-th bat in the k-th step vki depends
on the position of the current global best solution achieved
so far xkbsf :

vki = vk−1i + xk−1i − xkbsf f ki 2

The new position of the bat and thus the new solution of
the problem follow from his earlier position and velocity:

xki = xk−1i + vki 3

The local search procedure is also used. A new solution
for a bat is generated locally using current best solution and
local random walk:

xnew = xold + εLk, 4

where ε ∈ −1, 1 is a random number with a uniform distri-
bution, while Lk is the average loudness of all bats at the
k-th time step.

We can consider BA as a balanced combination of
exploration, realized by an algorithm similar to the standard
particle swarm optimization and exploitation realized by an
intensive local search. The balance between these techniques
is controlled by the loudness L and emission rate r, updated
as follows:

Lk+1i = αLki , 5

rk+1i = r0i 1 – exp –γk , 6

where the coefficients α and γ are constants. In the simplifi-
cation case, α = γ is often used. We can consider the param-
eter α as similar to the cooling factor in simulated annealing.
The loudness and the pulse emission rate are updated only
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when the new solution is improved. It means when the bat is
moving toward the best solution.

The operation of BA can be described as follows. In the
beginning, the metaheuristic BA initializes a population of
bats, by assigning to individuals values of its parameters.
They are most commonly defined randomly. Every bat will
move from initial solutions toward the global best solution
with each iteration using the position of the current global
best solution attained so far. If any bat finds a better solution
after moving, the best so far solution, pulse emission and
loudness are updated. This process is repeated continuously
until the termination criteria are satisfied. The best so far
solution achieved is considered the final best solution. The
pseudocode of BA is presented in Pseudocode 1.

3. Lyapunov Stability Theory

The basic theorems for system stability are the Lyapunov sta-
bility theorems [23–25]. The second Lyapunov criterion
(direct method) allows proving the local and global stabilities
of an equilibrium point using proper scalar functions, called
Lyapunov functions, defined in the state-space. This criterion
refers to particular “positive definite” or “positive semidefi-
nite” scalar functions, which often have the meaning of
“energy functions.” By looking at how this energy-like func-
tion changes over time, we might conclude that a system is
stable or asymptotically stable without solving the nonlinear
differential equation. The necessary and sufficient condition
for the Lyapunov function, described by the matrix, to be
positive definite is determined by Sylvester’s criterion.

Theorem 1 (see [26]). Consider the equilibrium point x = 0
of the stochastic discrete-time system, defined by the state-
space equation:

xk+1 = Akxk, 7

where xk is a state vector at time k and Ak ∈ Rn×n is a nonsin-
gular matrix with stochastic values. The equilibrium point is

asymptotically stable if there is a nonnegative scalar Lyapunov
function V xk defined as

V xk = xk
T
Pxk, 8

where P is a positive definite symmetric matrix, with V 0 = 0,
which satisfies that the expected value of changes of the Lyapu-
nov function E ΔV is greater than zero:

E ΔV = E V xk+1 −V xk < 0 9

We can write it as

E ΔV = E xk+1
T
Pxk+1 − xk

T
Pxk < 0, 10

which after simple transformation, using (7) and (10), leads to
a useful formula:

E ΔV = E xk
T
ATPA − P xk < 0 11

Remark 1. The stochastic discrete-time system (7) is asymp-
totically stable if and only if for any positive definite matrix
Q there exists a positive definite symmetric matrix P that
satisfies the Lyapunov equation [27, 28]:

E ATPA − P = −Q 12

The symmetric matrix P is positive definite if it fulfils
Sylvester’s criterion.

Theorem 2 (see [29]). The necessary and sufficient condition
for the matrix to be positive definite is that the determinants of
all the successive principal minors of the matrix are positive.

1. Initialize the bat population x0i i = 1, 2… , n and v0i
2. Initialize pulse frequency f 0i , pulse rates r

0
i , and the loudness L0i

3. While (the stop condition is not fulfilled)
4. Generate new solutions by adjusting frequency,
5. Updating velocities and locations (eq. (2,3))
6. If rand > rki
7. Select a solution among the best solutions
8. Generate a local solution (eq. (4))
9. End if
10. Generate a new solution by flying randomly
11. If rand < Lki & f xki < f xkbsf
12. Accept the new solutions
13. Reduce Lk+1i and Increase rk+1i (eq. (5,6))
14. End if
15. Rank bats and find current best xkbsf
16. End while

Pseudocode 1: The pseudocode of BA.
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For the symmetric matrix P defined as

P = 

p11 p12 ⋯ p1n

p21 p22 ⋯ ⋯

⋯ ⋯ ⋯ ⋯

pn1 pn2 ⋯ pnn

, 13

where P = PT ; the successive principal minors must be positive:

p11 > 0,
p11 p12

p21 p22
> 0,… ,

p11 p12 ⋯ p1n

p21 p22 ⋯ ⋯

⋯ ⋯ ⋯ ⋯

pn1 pn2 ⋯ pnn

> 0

14

4. Analysis of the Bat Algorithm as a
Dynamic System

By assuming the velocity of the bat vki , its position xki and

loudness Lki , as state variables ξk = vki xki Lki
T and the

position of the current global best solution achieved so far
xkbsf as an input uk, the dynamics of the BA described by
(2), (3), and (5) can be presented in the state-space form:

vk+1i

xk+1i

Lk+1i

=
1 f ki 0

1 1 + f ki ε

0 0 a

vki

xki

Lki

+
−f ki

−f ki
0

xkbsf ,

yki = 0 1 0
vki

xki

Lki

,

15

where the locus of the i-th bat is treated as an output yki .
Equation (6) describing the emission rate affects only

on the control of the algorithm in step 6 of its pseudocode
(Pseudocode 1). For some random iteration, the local search
around the best individual is made. It has no influence on the
trajectory of individuals and was omitted in the description
of the dynamics of BA in relations (15).

Each bat, the i-th dimension of (15), updates indepen-
dently from the others; thus, without losing the generality,
the analysis of the algorithm can be reduced to the one-
dimensional case. Therefore, consequently to the general
form of the state-space:

ξk+1 = Akξk + Buk,
yk = Cξk +D,

16

and a one-dimensional case of (15), we obtain the state
matrix A, the input matrix B, the output matrix C, and the
feedforward matrix D:

Ak =
1 f k 0
1 1 + f k ε

0 0 a

,

B =
−f k

−f k

0

,

C = 0 1 0 ,
D = 0

17

For the dynamic system described by the state-space
form, the analyses of its observability and controllability are
essential. Without losing the generality of this analysis, we
can assume the constant value of frequency f k equals its
expected value f k = E f k = f .

Theorem 3 (see [30]). The system is completely observable if
any initial state vector x t0 can be reconstructed by examin-
ing the output of the system y t over the finite period of time
from t0 to t f . Then the system is completely observable if and

only if the set of vectors C CA … CAn−1 T is literary

independent, i.e., rank C CA … CAn−1 T = n, where

n is a size of state-space vector ξk ∈ Rn×1.
The rank of the matrix of observability for BA dynamics

(15) is equal:

rank CCACA2 T

= rank

0 1 0

1 1 + f ε

1 + f 2 + f 1 + 2f ε 1 + f + a

= 3,

18

which means the system is observable.

Theorem 4 (see [23]). The system is completely controllable if
there exists a control signal u t defined over a finite interval
0 ≤ t ≤ t f , which can force system states x t f to any desired
value. Then the system is completely controllable if and only
if the set of vectors B AB … An−1B is literary inde-
pendent, i.e., rank B AB … An−1B = n.

The rank of the matrix of controllability for BA dynamics
described by (15) is equal:

rank B AB A2B

= 

−f −f 2 − f −f 3 − 3f 2 − f

−f −f 2 − 2f −f 3 − 4f 2 − 3f

0 0 0

= 2
19
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The obtained rank of matrix A equals 2 and is less than the
size of the state-space vector n = 3. The system (15) is uncon-
trollable. It results that the order of the system is reduced from
third to second. We can see it as simplifying the common
expression z − a from the numerator and denominator
while calculating the transfer function describing this system:

G z = C zI − A −1B +D

= −f z z − a
z2 − 2 + f z + 1 z − a

= −f z
z2 − 2 + f z + 1

20

The uncontrollable state-variable is the loudness Lk, but if
we assume α ∈ 0, 1 , then Lk is decreasing during iteration
and can be treated by the system as some disturbance. After
leave out the earlier simplification and take into account the
variability of the value of frequency f k and present the state-
space form as

vk+1i

xk+1i

=
1 f k

1 1 + f k

vki

xki

+
−f k

−f k
xbsf +

0

ε
Lki ,

yki = 0 1
vki

xki
21

The description of the system can be modified to the auton-
omous form by taking new state variables and neglecting dis-
turbances with the equilibrium point at ξk = 0 0 T :

xk = xk − xbsf , 22

then state-space take the form

vk+1i

xk+1i

=
1 f k

1 1 + f k
vki

xki
,

yki = 0 1
vki

xki

23

According to Theorem 1, for any positive definite matrix
Q, there must exist symmetric positive definite matrix P ful-
filling the Lyapunov function (8). We can define matrix Q as

Q = 
c1 0
0 c2

, 24

with c1, c2 > 0. The symmetric matrix P equals

P =
p1 p2

p2 p3
25

Substituting the matrices P and Q into relation (12), we
obtain

which leads to the system of relations:

p1 + 2p2 + p3 = −c1,

E f k p1 + 1 + 2E f k p2

+ 1 + E f k p3 = 0,

E f k
2
p1 + 2E f k 1 + E f k p2

+ 1 + E f k
2
p3 = −c2

27

Assuming f = E f k , we can easily calculate that

p2 =
f
2 p1 − c1 ,

p3 = −f p1 + −1 + f c1

28

Matrix Pmust be positive definite. According to Sylvester’s
criterion in Theorem 2, the successive principal minors must
be positive, which leads to equations

p1 > 0,
p1p3 − p2

2 > 0,
29

where

p1p3 − p2
2 = −

f 2

4 + f p1
2 + f 2

2 + f − 1 c1p1

−
f 2

4 c1
2 > 0

30

Considering the quadratic polynomial ap1
2 + bp1 + c, we

obtain

E
p1 + 2p2 + p3 f kp1 + 1 + 2f k p2 + 1 + f k p3

f kp1 + 1 + 2f k p2 + 1 + f k p3 f k
2
p1 + 2f k 1 + f k p2 + 1 + f k

2
p3

= 
−c1 0
0 −c2

, 26
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a = −
f 2

4 + f ,

b = f 2

2 + f − 1 c1,

c = −
f 2

4 c1
2 < 0,

31

and well-known relations

Δ = b2 − 4ac,

λ1,2 =
−b ± Δ

2a
32

We will look for a range of parameter f for which the poly-
nomial (30) is greater than zero. We can divide the range of
value of frequency f into some subsets.

(I) a > 0

This is met for the mean value of frequency f ∈ −4, 0 .
Assuming the big enough value of p11 > λ1,2 and p11 > 0, we
obtain that BA is stable in this range of f .

(II) a < 0

The condition p11 > 0 can be satisfied only when Δ > 0,
which is met for f < 0 5. We need to examine two conditions:

(i) f<−4

Because of a < 0 and c < 0, b2 > Δ, and consequently,
λ1,2 < 0. The condition λ1 > p11 > λ2 > 0 indicate unstable
dynamics of BA.

(ii) 0 < f < 0 5

For this range of f , the value of b < 0 and consequently
λ1,2 < 0 which indicate unstable dynamics of BA.

Lyapunov theory leads to the conclusion that the dynamic
of BA is stable for the frequency belonging to the range
f ∈ −4, 0 .

Theorem 5. A linear discrete-time system described by the
state (16) is asymptotically stable if and only if all eigenvalues
of A have magnitude smaller than one. For eigenvalues lying
on the unit circle, the system is on the stability border.

The eigenvalues of A are calculated from the characteristic
equation defined as

det zI − A = 0, 33

where I =
1 0
0 1

, or they are defined as the roots of the

denominator of the transfer function (20) equivalently, which
leads to the equation

z2 − 2 + f z + 1 = 0 34

The roots are equal:

z1,2 =
2 + f ± f 2 + 4f

2 35

Figure 1 presents the eigenvalues of matrix A on the z-
plane. For f ∈ −4, 0 , the eigenvalues are complex, and their
absolute value equals one ∣z1,2∣ = 1. In this case, they lie
on the stability border, and the algorithm behaves as an
undamped oscillator. The samples of the responses of the algo-
rithm are presented in Figures 2(b) and 2(c). The response of
the algorithm is periodic and oscillates around the best indi-
viduals. For f<−2, the ringing occurs, and the unit changes
of the position of individuals are big. It is visible in
Figure 2(b) as a high oscillation. For f ∈ −2, 0 and especially
for f → 0, the changes are smaller, and the algorithm system-
atically scans the solution space. It is visible in Figure 2(c) as
intermediate values between the greatest and the smallest
values of the response.

For f<−4 and f > 0, the eigenvalues have only a real part,
and at least one of them lies outside the unit circle ∣z1,2∣ > 1;
the algorithm is unstable. The samples of the response of the
algorithm for f = −4 2 and f = 0 2 are presented in
Figures 2(a) and 2(d), respectively. For the frequency f smaller
than f<−4, the response has an oscillatory character with
amplitude exponential growing; the faster, the farther from
the border frequency f = −4. For the positive frequency f > 0,
the response is aperiodic and growing exponentially, the faster,
the farther from the f > 0. For already shown points, lying
close to the limit values, the value of the amplitude is near
103 after only 15 iterations. This causes that the individuals
often are going beyond search space, in the case of constrained
optimization. The procedure of repair infeasible individuals
becomes important. This procedure is not predefined in the
algorithm and strongly depends on the designer of the algo-
rithm. The simple replacing by the limit value is often used.
It is always a type of heuristic, and it causes that the echoloca-
tion does not work correctly. The procedure of mutation of the
best individuals dominates in that algorithm.
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Figure 1: The eigenvalues of the matrix A on the z-plane.

6 Complexity



5. The Example Experiments and Discussion

The size of the population of BA was equalN = 40; the largest
number of function evaluations for each call of BA has been
set as 50·103. Step 7 of the code of BA in Pseudocode 1
(“Select a solution among the best solutions”) is not prede-
fined and can be used any, like a roulette wheel, stochastic
universal sampling or other. The first one of the above-
mentioned methods was used during the experiments. Four
benchmark functions, presented in Table 1, were used in order
to check and analyse the efficiency of the BA. They are used as
a quality function J during searching for global minimum
value by BA. The BA was run 50 times for each benchmark
function. The limitation of search space was presented in
Table 1. This table also includes the values of parameters, the
loudness L and emission rate r, used during experiments.

The range of variability of frequency f was divided
into three types C presented in Table 2. The frequency was

determined by (1) using the lower and upper bounds appro-
priately for each range and value of parameter B. In the sec-
ond type of constraints, the mean value of frequency is
equal to zero, and the only range of variability of frequency
f is changed which influences the variance of the distribution
function. The first and third types of constraints lie fully on
the stable or unstable region, and both the mean value and
variance are changing.

The main influences of frequency f on the stability of
algorithms can be seen as a number of individuals out of
the boundaries of the seeking area. The problem of crossing
the border can exist in both, for the location and speed.
The per cent of new individuals with location and velocity
outside the permitted area for the Griewank function is pre-
sented in Figures 3(a) and 3(b). Similar figures for the Schwe-
fel and the Ackley functions were presented in [22]. A low
absolute value of B gives generally less per cent of new indi-
viduals crossing the bounds. The number of individuals
crossing the bounds for the stable area is smaller even than
for the frequency with a mean value equal to zero, i.e., for
the type II of the constraints of frequency. In this second case,
the variation of the sign of the frequency f results in balan-
cing of positive and negative values of frequency and conse-
quently the lower number of new individuals with speed
and position out of the permissible value. Figure 4 presents
the mean value of quality Jmin as a function of the lower
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Figure 2: The responses of the algorithm with eigenvalues from Figure 1 to initial conditions.

Table 1: Benchmark functions used for calculating the quality function J and analysing the efficiency of BA with specified parameters (the
loudness L and emission rate r) used during experiments.

Function Search range Type of function min Loudness L Emission rate r

Sphere [−5.12–5.12] Unimod. 0 0.01 0.1

Griewank [−600–600] Multim. 0 4 0.1

Ackley [−32,768–32,768] Multim. 0 0.7 0.6

Schwefel [−500–500] Multim. 0 1.1 0.1

Table 2: The type of constraints of the frequency f as a function of
the absolute value B (B > 0).

Type of constraints C Lower bound f min Upper bound fmax

I −B 0

II −B B

III 0 B
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fmin and upper fmax bounds of frequency. The best results are
obtained for the negative frequency f k ∈ −2, 0 , which fulfils
the stability condition f ∈ –4, 0 . The best mean value of the
frequency equals f mean = −1. Table 3 presents, obtained dur-
ing experiments, the optimal mean values of frequency and
the best mean normalized value of the fitness function for
different bounds of frequency. The mean fitness functions
Jmean for all types of constraints C of frequency, from

Table 2, are normalized using the best of them Jmean best as
a normalizing factor:

Jmean C = Jmean C
Jmean best

36

The best solutions are bolded in the table. The
Sphere and the Schwefel functions are very sensitive to
the value of frequency and the stability of BA. The Ackley
and the Griewank functions have the best solution for
negative frequency, but the dominance of these frequencies
is not significant.

6. Conclusions

In the paper, we described the dynamic of BA by the state-
space form. The analyses of observability and controllability
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Figure 3: The per cent of new individuals with (a) location and (b) velocity, outside the permitted area for the Griewank function.
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Figure 4: The mean value of the quality Jmean of the algorithm as a
function of the absolute value of the lower and upper bounds of
frequency for Griewank function.

Table 3: The mean normalized value of the performance Jmean for
the benchmark function for different bounds of frequency and the
best found mean values of the frequency.

Frequency symmetry The best mean
value of frequency

f mean

Negative Symmetric Positive
−B 0 −BB 0B

Sphere 1.00 1 06E + 05 1 16E + 06 −4
Griewank 1.00 1.50 2.26 −1
Ackley 1.00 2.33 3.74 −1
Schwefel 1.00 2 67E + 08 3 96E + 09 −2.5
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allow reducing the dynamics of BA from third to second
order. The Lyapunov stability theory and Sylvester’s criterion
applied to the stochastic dynamic of BA determine the condi-
tion for asymptotic stability and convergence to the equilib-
rium point. We also made the analysis of the location of
eigenvalues of the state transition matrix and its influence
on the response of the algorithm. Presented in the paper
results can be used during the process of design and tuning
the BA. As an illustrative example, four benchmark functions
were used, with particular emphasis on the behaviour of BA
used for Griewank function.

Data Availability

The data used to support the findings of this study are avail-
able from the corresponding author upon request.

Conflicts of Interest

The author declares that there is no conflict of interest
regarding the publication of this paper.

References

[1] M. Seyedmahmoudian, S. Mekhilef, R. Rahmani, R. Yusof, and
A. Asghar Shojaei, “Maximum power point tracking of partial
shaded photovoltaic array using an evolutionary algorithm: a
particle swarm optimization technique,” Journal of Renewable
and Sustainable Energy, vol. 6, no. 2, article 023102, 2014.

[2] A. Moeed Amjad and Z. Salam, “A review of soft computing
methods for harmonics elimination PWM for inverters in
renewable energy conversion systems,” Renewable and Sus-
tainable Energy Reviews, vol. 33, pp. 141–153, 2014.

[3] R. Talebi, M. M. Ghiasi, H. Talebi et al., “Application of soft
computing approaches for modeling saturation pressure of
reservoir oils,” Journal of Natural Gas Science and Engineering,
vol. 20, pp. 8–15, 2014.

[4] M. Gen and R. Cheng, Genetic Algorithms and Engineering
Optimization (Vol. 7), John Wiley & Sons, 2000.

[5] F. Glover, E. Taillard, and E. Taillard, “A user’s guide to tabu
search,” Annals of Operations Research, vol. 41, no. 1, pp. 1–
28, 1993.

[6] J. Paplinski, “Continuous ant colony optimization for iden-
tification of time delays in the linear plant,” in Swarm and
Evolutionary Computation, pp. 119–127, Springer Berlin
Heidelberg, 2012.

[7] J. P. Paplinski, “Time delays identification by means of a
hybrid interpolated ant colony optimization and Nelder-
Mead algorithm,” in 2013 International Conference on Process
Control (PC), pp. 42–46, Strbske Pleso, Slovakia, 2013.

[8] J., Kennedy, “Particle swarm optimization,” in Encyclopedia of
Machine Learning, pp. 60–766, Springer US, 2010.

[9] X. S. Yang, “A new metaheuristic bat-inspired algorithm,” in
Nature Inspired Cooperative Strategies for Optimization
(NICSO 2010), pp. 65–74, Springer Berlin Heidelberg, 2010.

[10] J. Xie, Y. Zhou, and H. Chen, “A novel bat algorithm based on
differential operator and Lévy flights trajectory,” Computa-
tional Intelligence and Neuroscience, vol. 2013, Article ID
453812, 13 pages, 2013.

[11] S. Yılmaz and E. U. Küçüksille, “Improved bat algorithm (IBA)
on continuous optimization problems,” Lecture Notes on Soft-
ware Engineering, vol. 1, no. 3, pp. 279–283, 2013.

[12] S. Yılmaz and E. U. Küçüksille, “A new modification approach
on bat algorithm for solving optimization problems,” Applied
Soft Computing, vol. 28, pp. 259–275, 2015.

[13] X. S. Yang, “Harmony search as a metaheuristic algorithm,” in
Music-Inspired Harmony Search Algorithm, pp. 1–14, Springer
Berlin Heidelberg, 2009.

[14] S. ShabnamHasan and F. Ahmed, “Balancing explorations
with exploitations in the artificial bee colony algorithm for
numerical function optimization,” International Journal of
Applied Information Systems, vol. 9, no. 1, pp. 42–48, 2015.

[15] F. Xue, Y. Cai, Y. Cao, Z. Cui, and F. Li, “Optimal parameter
settings for bat algorithm,” International Journal of Bio-
Inspired Computation, vol. 7, no. 2, pp. 125–128, 2015.

[16] I. C. Trelea, “The particle swarm optimization algorithm:
convergence analysis and parameter selection,” Information
Processing Letters, vol. 85, no. 6, pp. 317–325, 2003.

[17] M. Clerc and J. Kennedy, “The particle swarm—explosion, sta-
bility, and convergence in a multidimensional complex space,”
IEEE Transactions on Evolutionary Computation, vol. 6, no. 1,
pp. 58–73, 2002.

[18] J. L. Fernandez-Martinez and E. Garcia-Gonzalo, “Stochastic
stability analysis of the linear continuous and discrete PSO
models,” IEEE Transactions on Evolutionary Computation,
vol. 15, no. 3, pp. 405–423, 2011.

[19] N. R. Samal, A. Konar, S. Das, and A. Abraham, “A closed
loop stability analysis and parameter selection of the particle
swarm optimization dynamics for faster convergence,” in 2007
IEEE Congress on Evolutionary Computation, pp. 1769–1776,
Singapore, 2007.

[20] H. M. Emara and A. Fattah, “Continuous swarm optimization
technique with stability analysis,” Proceedings of the 2004
American Control Conference, pp. 2811–2817, 2004.

[21] Q. Jia and Y. Li, “The parameter selection of PSO using Lyapu-
nov theory,” International Journal of AppliedMathematics and
Statistics™, vol. 52, no. 5, pp. 69–75, 2014.

[22] J. P. Paplinski and M. Lazoryszczak, “The stability analysis of
bat algorithm,” in 2017 IEEE International Conference on
INnovations in Intelligent SysTems and Applications (INISTA),
Gdynia, Poland, 2017.

[23] F. Garofalo, G. Celentano, and L. Glielmo, “Stability robust-
ness of interval matrices via Lyapunov quadratic forms,” IEEE
Transactions on Automatic Control, vol. 38, no. 2, pp. 281–284,
1993.

[24] M. C. de Oliveira, J. Bernussou, and J. C. Geromel, “A new
discrete-time robust stability condition,” Systems & Control
Letters, vol. 37, no. 4, pp. 261–265, 1999.

[25] R. D. DeGroat, L. R. Hunt, D. A. Linebarger, and M. Verma,
“Discrete-time nonlinear system stability,” IEEE Transactions
on Circuits and Systems I: Fundamental Theory and Applica-
tions, vol. 39, no. 10, pp. 834–840, 1992.

[26] Y. Li, W. Zhang, and X. Liu, “Stability of nonlinear stochastic
discrete-time systems,” Journal of Applied Mathematics,
vol. 2013, Article ID 356746, 8 pages, 2013.

[27] J. M. Ortega, Matrix Theory: A Second Course, Springer
Science & Business Media, 2013.

[28] S. N. Elaydi, Discrete Chaos: With Applications in Science and
Engineering, CRC Press, 2007.

9Complexity



[29] G. T. Gilbert, “Positive definite matrices and Sylvester’s
criterion,” The American Mathematical Monthly, vol. 98,
no. 1, pp. 44–46, 1991.

[30] R. Kalman, “On the general theory of control systems,” IRE
Transactions on Automatic Control, vol. 4, no. 3, pp. 110–
110, 1959.

10 Complexity



Hindawi
www.hindawi.com Volume 2018

Mathematics
Journal of

Hindawi
www.hindawi.com Volume 2018

Mathematical Problems 
in Engineering

Applied Mathematics
Journal of

Hindawi
www.hindawi.com Volume 2018

Probability and Statistics
Hindawi
www.hindawi.com Volume 2018

Journal of

Hindawi
www.hindawi.com Volume 2018

Mathematical Physics
Advances in

Complex Analysis
Journal of

Hindawi
www.hindawi.com Volume 2018

Optimization
Journal of

Hindawi
www.hindawi.com Volume 2018

Hindawi
www.hindawi.com Volume 2018

Engineering  
 Mathematics

International Journal of

Hindawi
www.hindawi.com Volume 2018

Operations Research
Advances in

Journal of

Hindawi
www.hindawi.com Volume 2018

Function Spaces
Abstract and 
Applied Analysis
Hindawi
www.hindawi.com Volume 2018

International 
Journal of 
Mathematics and 
Mathematical 
Sciences

Hindawi
www.hindawi.com Volume 2018

Hindawi Publishing Corporation 
http://www.hindawi.com Volume 2013
Hindawi
www.hindawi.com

The Scientific 
World Journal

Volume 2018

Hindawi
www.hindawi.com Volume 2018Volume 2018

Numerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical Analysis
Advances inAdvances in Discrete Dynamics in 

Nature and Society
Hindawi
www.hindawi.com Volume 2018

Hindawi
www.hindawi.com

Di�erential Equations
International Journal of

Volume 2018

Hindawi
www.hindawi.com Volume 2018

Decision Sciences
Advances in

Hindawi
www.hindawi.com Volume 2018

Analysis
International Journal of

Hindawi
www.hindawi.com Volume 2018

Stochastic Analysis
International Journal of

Submit your manuscripts at
www.hindawi.com

https://www.hindawi.com/journals/jmath/
https://www.hindawi.com/journals/mpe/
https://www.hindawi.com/journals/jam/
https://www.hindawi.com/journals/jps/
https://www.hindawi.com/journals/amp/
https://www.hindawi.com/journals/jca/
https://www.hindawi.com/journals/jopti/
https://www.hindawi.com/journals/ijem/
https://www.hindawi.com/journals/aor/
https://www.hindawi.com/journals/jfs/
https://www.hindawi.com/journals/aaa/
https://www.hindawi.com/journals/ijmms/
https://www.hindawi.com/journals/tswj/
https://www.hindawi.com/journals/ana/
https://www.hindawi.com/journals/ddns/
https://www.hindawi.com/journals/ijde/
https://www.hindawi.com/journals/ads/
https://www.hindawi.com/journals/ijanal/
https://www.hindawi.com/journals/ijsa/
https://www.hindawi.com/
https://www.hindawi.com/

