SUPPLEMENTARY MATERIAL

APPENDIX A. PROOF OF THEOREM 1

Proof:
(1) Let

ozl o] o] ol (a3 oo

To prove QROFAMMA(Zy, 2o, ..., En) = <u, v>, We need to prove

[ @®(_5m))”l = (s, v)

n'.s i

The proof process is as follow:
According to the power operation in Equation (4), we have

B = < (6 F () 97 (@g(vp(”)»

According to the product operation in Equation (2), we can obtain

é?(af;(i)) = < f l[i(cx f (u,,m))], g (i(cxg(vp(i)))D

i=1 i=1

According to the sum operation in Equation (1), we have

@iz {o"(Zo{ (Blorom)] o (g o (S

According to multiplication operation in Equation (3), we can obtain

s (o (5o (Faro))} (5 o (B )

The following expression is obtained according to the power operation in Equation (4)

Er N (A R ) |

i=1

gl (ag (o))

i=1

AN

AN

(2) To prove qROFAMMA(Z,, =o, ..., En) is a qROFN, we need to prove 0 <u<1,0<v<1,and 0 < pd +19< 1. We
firstly prove 0 <u <1 and 0 <v < 1. The proof process is as follow:

1) According to the definition of a gROFN in Definition 1, we have 0 < up) < 1. Because f(t) is monotonically decreasing,
we further have
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é‘if(o)zdf(ﬂp(i))zéf(l)

and

[Zéj f<0)=§(5if<o))z

El

n

(61 () 2 26,1 ) =[i ijfa)

i=1

Since fX(t) is monotonically decreasing, we can obtain

(e (oo (£6)o)

Because g(t) is monotonically increasing, we further have

()l ()]

({5 ol (gl 35)]

Since g~X(t) is monotonically increasing, we can obtain

e e e
(o))

Because f(t) is monotonically decreasing, we further have

1) (880 oo 5 1)
({52

f(0)> 215 ( ( Zg( 1@(5if(upm))mxa)

Finally, since f(t) is monotonically decreasing, we can obtain

0=f*(f(0)=<f™" gf[ ( Zg( (Z(&f(ﬂp(,)))DJ]Sf'l(f(l))zl

i=1

and
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That is 0 <u < 1. Similarly, we can prove 0 <v <1.

2) We then prove 0 < u% + v < 1. The proof process is as follow:

Since0<u<land0<v<1l,wehave 0<u%<land0<vi<1,and thus 0 <pf+19<2.

According to the definition of a qROFN in Definition 1, we have upp® + vpi)® < 1 and gpy? < 1 — v Since f(t) is
monotonically decreasing, we further have

f (/‘p( )> f (1 Vp(n))
Because f(1-t) = g(t), we have
f (ﬂg(i) ) =9 (Vz(i))
and
;(5”%('))) 2(59( po)))
Since f1(t) is monotonically decreasing, we can obtain
fl[g(@ f (ﬂgm))j < fl(;(‘yig("gm))j
Because f1(t) =1 — g (t), we have
f (;(5' f (ﬂgm))j SRR (2(59( p<|)))]

Since g(t) is monotonically increasing, we further have

gl ()

i=1 i=1

Because g(1-t) = f(t), we can obtain

g [ f 1(2(@ f (uﬂm))D <f [91@(@9 ("30))))]

i=1 i=!

and

1 n n
_,Zﬁ{fl[ (@f(ﬂ3<i>))n<—2 f( l( ( g(v g(i)))n
N pep, i—1 peP, i=1

Since g~*(t) is monotonically increasing, we have

o (m 3o r(Blarean]] o [13 [o(Slon01)

Because g () = 1 — f(t), we further have

e (URER)ERE A QUEER))

Since f(t) is monotonically decreasing, we can obtain
f 1[ 3 o ]j
[ [ gp: ( . 1( ( |40 ))

Lol (el o))<

i=1 i=1

Because f(1-t) = g(t), we can obtain
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5 (o (el Barwa)] ool (5 (o Elastsn)] )

Since fX(t) is monotonically decreasing, we have

le ( (B [z(apr(.)))]mﬁf’l 215( (R <ﬂ<»>>mj

i=1

-1

Finally, because f2(t) = 1 — g7(t), we can obtain

- Zlﬁ- ( [ zg( @(a‘if(uzm))m s1-g" 55 { [ Zf[ (26 (S“Mm

and

—
|
AN

ozl o) oo 2t

When g = 1, according to the above inequality, we have

. Z1 [ { Zg[ [Z(5f(ﬂp(.)))ij +g? Zldg{f[%z f(g-l[g(@g(vpm))m

IN
[EEN

i=1 i=1

Thatis, u +v<1.

Now we need to prove that the inequality also holds when g =2, 3, .... Let m =2, 3, .... The purpose is transformed into

proof of ™ +v" < 1.

According to x + v < 1 and the binomial theorem, we can obtain

(y+v)mzzm:(cnk1ym’kvk) um v -+-Z:(Ck mok k)<1

Because ¢ > 0 and v > 0, we have

Z(Ck m-k k)>0

k=
Therefore, we can obtain 4™ + v™ < 1. Now it can be concluded that x4 +v4<1forq=1,2,3, ....
Since we have proved 0 < 9 +v9<2 and u% +19< 1, we can obtain 0 < % +9< 1,

APPENDIX B. PROOF OF THEOREM 2

Proof:

Since ui = 1 and p(i) is a permutation of (1, 2, ..., n), we have
o f (,Up(i)) =0, f(u)

and

g(@f(ﬂp(i))) Z(5f(ﬂ) =[Z§J (f(w)

Then we can obtain
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(gt {oo)

and

(o))

Further, we hav

sl (g () o (g2}

ol (ol (B (B
g, Lozl (B (oo

B gf[gl[ﬁgﬁg(f1@(5&(%(.)))]}]]} P (f)=u

Similarly, we can prove

B ;%9( ( 2 [ (Z(ﬁ.g(vpo))DDJV

Therefore, we can obtain QROFAMMA(Zy, Z», ..., En) = <u, v>.

APPENDIX C. PROOF OF THEOREM 3

Proof:
According to Theorem 1, we have

qROFAMM*(E,,E,,,...E,,) = (s, v,) and QROFAMM*(E,,,E,,,...5,,)={m,, V)

where

gt
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S FR G ERA )| PR )

i
i=1

and 0 <y <1 and 0 < gy < 1. Since ua,i > i for all i =1, 2,..., n, we have upe,iy > upe.iy. Because f(x) is monotonically
decreasing, we can obtain

;(d T E ;(@ F(ya))

Since f*(x) is monotonically decreasing, we have

- (Zﬂl(@ f (/‘p(l‘i)))j = [Zn;(é' ' ('up(z’i)))j

i=1 i=1

Because g(x) is monotonically increasing, we can obtain

=53 g[ [i(@ f (upm))D Ly g[fl[i(@ f (up(z,i)))j]

PEP =1 peP i=1

Since g (x) is monotonically increasing, we have

o (3o (Blertn) ]2 3 T o (B0

Because f(x) is monotonically decreasing, we can obtain

il. ( [ zg( @(@f(mn))m 215 ( [ zg( 1(;(5‘”"“2“)))]]}}

i=1

Finally, since f*(x) is monotonically decreasing, we have

el ma o omel o)

i=1 i=1

That is s > . Similarly, we can prove vi < vy Since

S(QROFAMMA(Z11, Ei, ..., E1n)) = u? — v® and S(QROFAMMA(Zz.1, E, ..., Zan)) = i — v
and 1 > 1> wun>0and 0 <v < vy <1, we can obtain

S(QROFAMMA(Z1,1, E12, ..., E1n)) > S(QROFAMMA(E2.1, Z2.2, ..., Z2n))
and thus qROFAMMA(Z1.1, Z1.2, ..., E10) > QROFAMMA(Z2.1, Z22, ..., Z2n).

APPENDIX D. PROOF OF THEOREM 4

Proof:

According to Theorem 3, we have

qROFAMMA(Z.B, ZL8, ..., Eis) < QROFAMMA(Z4, 2, ..., Zn) < QROFAMMA(Zus, Eue, ..., Zus)
According to Theorem 2, we have

qROFAMMA(Z g, Eis, ..., Z18) = ELs and QROFAMMA(Eyg, Zus, ..., Zus) = Zus

Therefore, we can obtain Z g < QROFAMMA(Z4, Eo, ..., Zn) < Zus.
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APPENDIX E. PROOF OF THEOREM 5

Proof:
(1) Let

= f [( 215) f [g{% 29 [ f 1( > (67 (g™ ((nwpm)g(ﬂp(i)))))Dm,
AT R —

To prove qQROFWAMMA(Z,, =y, ..., En) = <u, v>, We need to prove

>

[% @‘)(>n:<)((r“"’p<i))Ep(i))5i ]ZB& = (s, v)

= peP, i=1

The proof process is as follow:
According to the multiplication operation in Equation (3), we have

(an(i))Ep(i) = <g_l ((an(i))g(ﬂp(i)))! f ((an(i)) f (Vp(i)))>

According to the power operation in Equation (4), we can obtain

((an(i))E p(i) )é‘l = < f (5. f (gil ((nwp(i))g(/up(i)))))l 971 (é‘lg ( f ((nwp(i)) f (VP(i)))))>
According to the product operation in Equation (2), we have

n

R ((W,)Z, ) = < f 1[&(@ f (g1((nwp(i))g(up(i)))))]. gl[ (6.9 ( 7 ((wyg)f (vpm))))j>

i= i=1 i=1

According to the sum operation in Equation (1), we can obtain

DR ((W,)=,0)" = <g( o (Sl (g1((nwp(ipg(ﬂ,,m))))]jj,

peP, i=1 i=1

f{ > 1[0 Zlon( (0wt ‘W”))))BD

According to multiplication operation in Equation (3), we have

% DR((W,)Z, )" = <gl(% %9 ( £ (2(5 fg” ((nwp(i))g(ﬂpm))))m,

* peP, i=1 i=1

E EPIER R |

n! peP, i=1

The following expression is obtained according to the power operation in Equation (4)
1 i - % Tlo -1 4 4 1 4l < -1
[m pspng((nwp(i)):‘p(i)) ]'21: = <f ([ ;5‘) f (g [m pgp: g (f [;(5. f (g ((an(i))g(ﬂp(ﬁ)))jj}]},
g {[ Z::@ j g ( = [% Zp: f (gl (Zl“(é, g ( £ ((nwp(i)) f (vp(i)))))jDJD
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(2) To prove ROFWAMMA(Z1, s, ..., En) is a qROFN, we need to prove 0 < <1,0<v<1,and 0 <pd ++v9<1. We
firstly prove 0 < <1 and 0 <v < 1. The proof process is as follow:

1) According to the definition of a qROFN in Definition 1, we have 0 < up < 1. Because g(t) and g~%(t) are monotonically
increasing, we further have

(an(i))g(O) < (an(i))g(/up(i)) < (an(i))g(l)
and
gil((nwp(i))g(o)) = gil((nwp(i))g(/'lp(i))) = gil((nwp(i))g(l))

Since f(t) and f(t) are monotonically decreasing, we can obtain

n

g(a} (97 ((w,)9(0)))) = Z(a (07 (W) 9(4,)))) = (67 (97 ((w,)90)))

and

£ (Z(cs f (g'l((nwp(i))g(O))))j <f (2(5 (g '1((nwp(i)>g(up(i)))))j < f'l[i(ai f (g'l((nwp(i))g(l))))j

i=1

Because g(t) and g~*(t) are monotonically increasing, we have

( 1((2”“5.]1‘(0% ZQ[f1(2(6}]‘(91((an(i))g(0))>)j]<—Zg[ 1[2(@1‘(91((nwp<i))g(up(i)))))Ds

i=1 loer i=1 peh, i1

% Z g [f [2(5 (g 1((nwp(i))g(l))))D ~d [ ~ [(Z‘Ej f(l)D

i=1

()0 e o s ()

Finally, since f(t) and f(t) are monotonically decreasing, we can obtain

f(0)=( gdjf[f‘l[@@jf(mnz( 25) [ ( p;gb (
i)y

and

>

( (9_1((”me)g(ﬂp(i)))))jDJz

_fl(f(0)<fl{( 25j[ ( Zg[ [Z( (g1((nwp(i))g(up(i)))))DDJgf1(f(1)):1

peP

That is 0 < u < 1. Similarly, we can prove 0 <v < 1.

2) We then prove 0 < u% + v3 < 1. The proof process is as follow:

Since0<u<land0<v<1l,wehave 0<u%<land0<vi<1,and thus 0 <pd+v9<2.

According to the definition of a qROFN in Definition 1, we have up@? + vei® < 1 and wpa)? < 1 — vp)d. Because g(t) is
monotonically increasing and g(1-t) = f(t), we further have

9(4 ) <9(1-vin )= F(vio)

and
(nW,)9 (ﬂg(i) ) < (W) f (Vga))
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Because g*(t) is monotonically increasing and g~%(t) = 1 — f"(t), we can obtain

((nwp())g(yp(,)) ((an( A ( p())) =1- fﬁl((nwp(i))f ("gm))

Since f(t) is monotonically decreasing and f(1-t) = g(t), we have

f (g’1<(an(i))g(ﬂg(i)))) = f (1_ fﬁl((nwp(i))f (Vg(n))) =9 ( f ’1((nwp(i))f ("g(i))))

and

21:(5 (97 (w9 (ﬂﬂ(i))))) > iz;:(@g( (W) f (v p()))))

Because f(t) is monotonically decreasing and f*(t) = 1 — g~X(t), we can obtain

(St (o (oo ) = 2 Sloro( ()t o20) |10 Sfoin( (w1 42,)

Since g(t) is monotonically increasing and g(1-t) = f(t), we have

g[f'l(i(@ f (g'l((nwp(i))g(ﬂ‘;m)))))] < 9[1— g*[i(@g( ((w) F (v p()))))jj -

i=1 i=1

f(g—l[i(@g(f ((wy) £ (v P”)))m

i=1

and

2l Sl omm ) oSt fomn )

Because g*(t) is monotonically increasing and g~%(t) = 1 — f"(t), we can obtain

o (oSl tommstua) o (53 (o (Bl (mra) -
(5 o (Blonlr (omarr o))

Since f(t) is monotonically decreasing and f(1-t) = g(t), we have

(o (gl (Blorte temamtso] e o (G [ (Bt Gommri] -
g [ " [% > (9[2(59 (£ () ¢ (vﬁm))))m

RS TR e —
Va5 (o (Blon( (omarr b))

Finally, because f(t) is monotonically decreasing and f*(t) = 1 — g~%(t), we can obtain

{8 (o (el (Eor o emmntn ]
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{( Z5j ( [ zf( [( 07 ((w) (v ))))MDZ
& Zé‘}g[ [ Zf( (an:(é‘ig(f1((nwp(i))f(Vg(i)))))DD]

When g = 1, according to the above inequality, we have

{[ Zéjf[ (Ao (2l (g-l((nwp(i))g(yp(i)))))jjm+
I ——

Thatis, u +v<1.
Now we need to prove that the inequality also holds when q =2, 3, .... Let m =2, 3, .... The purpose is transformed into
proof of ™ +v" < 1.
According to x + v < 1 and the binomial theorem, we can obtain
m m-1
(IU + V)m _ Z(Cnl:ﬂm—kvk ) _ ﬂm + Vm + Z(C'l;lum—kvk ) <1
k=0 k=1
Because x>0 and v > 0, we have
Z(Ck m—k k ) > O
k=1
Therefore, we can obtain 4™ + v™ < 1. Now it can be concluded that % +v9<1 forq=1, 2,3, ....

Since we have proved 0 < pf+ v <2 and u9+v4< 1, we can obtain 0 <y +v4< 1.

APPENDIX F. PROOF OF THEOREM 6

Proof:
(1) Let

ol el {2 ezl o)

To prove qROFAGMMA(Ey, Zo, ..., Zn) = <u, v>, We need to prove

Zn:é] {p@l@( = pm)f?w v)

i=1

The proof process is as follow:

According to the multiplication operation in Equation (3), we have
=0 = < (090)). (8 f(Vp(i)))>

According to the sum operation in Equation (1), we can obtain

D(6Z,0 )= <gl(i(@g(up(i,))], fl(i(@f(vp(i)))D

i=1 i=1 i=1

According to the product operation in Equation (2), we have
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ppé@(' )= < 1(;1‘(91(2(@9(#@))}]} gl[pepngﬂf 1(g(df(vp<n))m>

According to power operation in Equation (4), we can obtain

gt (331 (o (w0 (3 o( (Sorean]

The following expression is obtained according to the multiplication operation in Equation (3)

S e (R e |

I
i=1 i=1

G (ReE)

(2) To prove qROFAGMMA(Z4, =y, ..., En) is a qROFN, we need to prove 0 < u<1,0<v<1,and 0 < pd +9< 1. We
firstly prove 0 < <1 and 0 < v < 1. The proof process is as follow:

1) According to the definition of a qROFN in Definition 1, we have 0 < uy) < 1. Because g(t) is monotonically increasing,
we further have

6,9(0) <5,9(x,)) <590

and

[zajgw) > (690)= X (30())= X(390) [ia.}g(l)

i=1 i=1

Since g*(t) is monotonically increasing, we can obtain

o{(53)o0)s G (o)

Because f(t) is monotonically decreasing, we further have

({5 o) o {50

and

(o) 5 (3 o) 5 o )
;P" f (91 [(;@)MDJ] =(nhf [91 [(;@)9@}}

and

(o335 o e o5 )

Since fX(t) is monotonically decreasing, we can obtain

>
E
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(o[ o) 2 o )
SR

Because g(t) is monotonically increasing, we further have

o3 3 )
fol(g)-gobo

and

g(@sfég( ( Zf[ @(@g<up<i))))j]]sq(1)

i=1

Finally, since g %(t) is monotonically increasing, we can obtain

*(g(0)<g™ ;g[ ( ;;f( [Z::(@g(yp(i)))jJJj (g)=1

That is 0 < < 1. Similarly, we can prove 0 <v < 1.

2) We then prove 0 < u% + 9 < 1. The proof process is as follow:

Since0<u<land0<v<Il,wehave 0<p%<land 0<1v9<1,and thus 0 <pd+v91<2.

According to the definition of a qROFN in Definition 1, we have pp@® + vpiy? < 1 and ppa? < 1 — vp). Since g(t) is
monotonically increasing, we further have

9(x50)<9(1-v30)

Because g(1-t) = f(t), we have
9(4 )< F(vio)
and

g(@ g(,uﬂ(i))) 2(5 f ( Vi) ))

Since g~*(t) is monotonically increasing, we can obtain

9_1(.&:(@9(#20)))) <g” (,Zl:(é" fvho ))j

i=1l

Because g *(t) = 1 — f(t), we have

gl(g(é‘ig(ﬂg(i)))j<l f1[2(5f( <|>))]

Since f(t) is monotonically decreasing, we further have

f (gl[g(@g(#ﬂm))ﬁ =1 (1_ fl[g(@ f (Vg‘”))j]

Because f(1-t) = g(t), we can obtain
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f (gl(i(@g(ﬂﬂm))n 29 ( f l[i(@ (Vo ))n

i=1 i=1

and

ST )

Since fX(t) is monotonically decreasing, we have

[z (s (Bosesn] ) (7 gl (St

Because f1(t) = 1 — g (t), we further have

(gl (3ol i)

i=1 i=!

Since g(t) is monotonically increasing, we can obtain

sl oz o ool lage( ()

i
i=1 i=1

Because g(1-t) = f(t), we can obtain

o (i gome) - o gl g

Since gX(t) is monotonically increasing, we have

G| S R )

Finally, because g *(t) = 1 — f"(t), we can obtain

g iZf@ g{f1(%%f(g1(Z(dg(ﬂ8<n))}m <1-f7 Zn]15 f[gl(%pemg[f1(Z(§if(vg(i)))BD

and

g ileléi g[f1($%f£g1(;(629(#30)))}}}} +f gf[gl[ﬁpeﬂg[f1(§(af(vg(i)))m} <1

When g = 1, according to the above inequality, we have

g’ illéi g[f‘l($%f[g‘l(g(dg(#pm))mJ +f £5 f[g‘{%pgpﬂg[f‘l(g(@f(vpm))jm <1

Thatis, u +v<1.

Now we need to prove that the inequality also holds when q =2, 3, .... Let m = 2, 3, .... The purpose is transformed into
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proof of u™ +V" < 1.

According to u + v < 1 and the binomial theorem, we can obtain

(,U+y)m=i(cn"q#m_kvk) 1"+ +Z( Ck k)

k=0

Because >0 and v > 0, we have

Z(Ck m—k k)>0

k=1
Therefore, we can obtain 4™ + v™ < 1. Now it can be concluded that u®+v9<1 forq=1, 2,3, ....

Since we have proved 0 <% +v9 <2 and u?+v9< 1, we can obtain 0 <y +v4< 1.

APPENDIX G. PROOF OF THEOREM 7

Proof:
Since ui = x and p(i) is a permutation of (1, 2, ..., n), we have

é}g(ﬂp(i)) =6,9(1)

and

n

3(6.90,0)) = (39() =(25j 9(u))

i=1 i=

Then we can obtain

gl[i(@g(ﬂp(i)))j =g [(25 j(g(u))]

i=1

and

(o {01 ()00

Further, we have

S e S L ) R )
S ) R U ) R

Finally, we can obtain

n15 [ ( Zf[ (g(@g(ﬂp(i)))DD=§g(gl[[g@](g(ﬂ))DZQ(ﬂ)

i
i=1 i=1

and

9" 1@( (an[ [Z(ag(up(.)))m=gl(g(u)):y

i=1

Similarly, we can prove
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g G-

i=1

Therefore, we can obtain ROFAGMMA(Z4, Z, ...

APPENDIX H. PROOF OF THEOREM 8

Proof:

According to Theorem 6, we have

qROFAGMM (-—111-12! YEl,n):</u|’

where
w=g?| o
=g 55 [ [nup; f( 1@(@9(%‘2‘”))]}]] SO gla

and 0 < g <1 and 0 < < 1. Since p1i > o forall i =1, 2,...,

increasing, we can obtain

Zn‘,(é‘u g(,up(l,i))) 2 Zn‘,(é‘. g(,up(z,i)))

i=1 i=1

Since g (x) is monotonically increasing, we have

gl[i(oﬂg(upa,i)))) > gl[i(ég(up@,i)))j

i=1 i=:

Because f(x) is monotonically decreasing, we can obtain

peP i=1 peP =1

Since f1(x) is monotonically decreasing, we have

RS RECEEE

Because g(x) is monotonically increasing, we can obtain

o R TR o

i=1 i=1

Finally, since g *(x) is monotonically increasing, we have

s En) = <,u! V>,

>

v,) and qQROFAGMM*(Z,,,5,,,...5,,) = (s, vy)

(- (B

n, we have upuiy > ppei)- Because g(x) is monotonically

Zf( (i(cxg(upa,i)))D Zf( [i(@g(up(z,i)))D

_1(6ig(up(z,i>))j]]
o

2 (o (Btastnnn) )
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i=1
That is g > wn. Similarly, we can prove v < vy Since
S(QROFAGMMA(Z14, E12, ..., E1n)) = % — vi@ and S(QROFAGMMA (2,1, a2, ..., Z2.)) =t — vi®
and 1 > >un>0and 0 <v; < v <1, we can obtain
S(QROFAGMMA(Z1 4, E12, ..., Z1n)) > S(QROFAGMMA(Z21, Ez2, ..., Z2n))
and thus QROFAGMMA(Z1,1, E12, ..., Z1n) = QROFAGMMA(Z21, Ez2, ..., Z2n).

APPENDIX |I. PROOF OF THEOREM 9

Proof:

According to Theorem 8, we have

gROFAGMMA(ELg, ELs, ..., Ei8) < QROFAGMMA(EL, Ea, ..., Zn) < QROFAGMMA(Eus, Zus, ..., Zus)
According to Theorem 7, we have

qROFAGMMA(ELg, ZEs, ..., Zis) = Zs and QROFAGMMA(Zus, Zue, ..., Zus) = Zus

Therefore, we can obtain 2 g < QROFAGMMA(Z4, =y, ..., En) < Eue.
APPENDIX J. PROOF OF THEOREM 10

Proof:
(1) Let

u=gt [[]/ inl s j g ( £l (% pzp: f [g‘l ( in1 (dg (7 ((wyg) f (ﬂp(i))))mm,
=g (o (e (S0 mmen)]

To prove ROFWAGMMA(Zy, Zo, ..., En) = <u, v>, We need to prove

1
1 n o, nt
; (@@(%&“)} = v)
5 eh, 1=

i=1 I

The proof process is as follow:
According to the power operation in Equation (4), we have

Er;\n(lip)(i) = < f ((an(i)) f (/’lp(i)))! g ((an(i))g(Vp(i)))>
According to the multiplication operation in Equation (3), we can obtain
Eo = <g*1(5ig(f*1((nwp<i>) Fly))) £(6 1 (g*((nwp(i))g(vpm)))»

According to the sum operation in Equation (1), we have

B(o=n )= <gl(i(@g(fl((nwpm) f (ﬂp(i,))))j, fl[ (61 (g1((nwpa>>g<vpm>>))]>

i=1 i=1 i=1
According to the product operation in Equation (2), we can obtain
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i=1

1(2 [ (i(, <g—1<<nwpm>g<vp«)>>>>JJJ>

hed il(fiE%"):<f 1{pepnf[ I(Z( o( f '1((nwp(i))f(ﬂp(i)))))jD,

i=1
According to power operation in Equation (4), we have

(@@(@:%")T- < [ Zf( (Z( (f1((nwpm)f(ﬂp(i)))))m,

peP, i=1 i=1

( Zg[ [Z( (g*((nwp(”)g(vp(i)))))jm

i=1

The following expression is obtained according to the multiplication operation in Equation (3)

[t | (o (Y0 o (33 (o (Sl e
f[( ZSM ( Zg[ (3o (9(<w>g<>)))j]jj]>

i=1
(2) To prove qROFWAGMMA(Z4, Eo, ..., Zn) is a qROFN, we need to prove 0 <u<1,0<v<1,and 0 <p%+19<1. We
firstly prove 0 < <1 and 0 < v < 1. The proof process is as follow:

1) According to the definition of a qROFN in Definition 1, we have 0 < up) < 1. Because f(t) and f(t) are monotonically
decreasing, we further have

(W, ) T(0) = (W,)) F (42,) = (MW ) £ (D)
and

£ (W) F(0)) < £ 7 ((wy)) F (2tp) ) < £ 74 (W) (D)
Since g(t) and g *(t) are monotonically increasing, we can obtain

izill(ﬁi g ( r ((nwp(i)) f (O)))) < Z(d, 9 ( f ((nwp(i)) f (ﬂp(i))))) =

and

g [g(a‘ig (£ (W)t (0>)))] <g” @(a‘ig (7wt (up(i)))))j < gl[i(d g1 (W) 1 (1)))))

n

> (aia (1 () F0)))

i=1

Because f(t) and f(t) are monotonically decreasing, we have

f(gl(@d)g@n Zf( (Zl( o(f" ((nwp(.))f(o)))m
L Z[ (Z( (f1((nwp(i))f<1))))jj:f[g1(@5‘]("@%

and

g [@ajg@] <t (%Z f [g‘l(i:(cxg(f'l((nwp(i»f(upm))))ms g [(ilajg(l)]

Finally, since g(t) and g~%(t) are monotonically increasing, we can obtain

>

| [N

P f( ( ( (f1((nwp(i))f(up(i)))))nz

3
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{15 o (52 o0 Y 3o s omarn]
51 (5o -

and
0*(00)<g" W Zdj [ '{%pezpnf(g*@(@g(f‘1((nw,m)>f(yp(i»)))]m “(g)=1

That is 0 < u < 1. Similarly, we can prove 0 <v < 1.

2) We then prove 0 < %+ 1% < 1. The proof process is as follow:

Since0<u<land0<v<I,wehave 0<pu%<land 0<19<1,and thus 0 <ud++9<2.

According to the definition of a gROFN in Definition 1, we have zpi? + vpi)? < 1 and g < 1 — wpii)?. Because f(t) is
monotonically decreasing and f(1-t) = g(t), we further have

f (#p(.)) 2 f (1 Vp(l)) Y (Vg(i))
and
(W) f (/‘ga) ) = (W, )9 (Vga))
Because f(t) is monotonically decreasing and f*(t) = 1 — g~X(t), we can obtain
((”Wp<u))f (ﬂp(.) )) ((nwp(,))g( 0} )) =1-g ((an<.))9( V() ))
Since g(t) is monotonically increasing and g(1-t) = f(t), we have
9 ( f ((nwp(i)) F (450 ))) <9 (1_ g ((nwp(i))g (Vi ))) =1 (gil ((an(i))g (Vi )))
and
Z;l(d 9 ( f <(an(i)) f (450 )))) < .221:(5' f (gfl ((an(i))g (Vi ))))
Because g*(t) is monotonically increasing and g~%(t) = 1 — f"(t), we can obtain
g*[g(a}g (1 ((w,g) (uﬁm))))j < 9(2(5 (g7 (W) (Vg(n))))j =1- f(Z(rS (g (W) (Vgu))))))

Since f(t) is monotonically decreasing and f(1-t) = g(t), we have

f (g(z(ag (7w, f (ﬂ‘;m))))D > 1 (1— f[z(a (g ((w)g “3@))))]] -

g [ f 1(2}(5 f (g‘l((ana))g (ng))))D |

and
ni ZP [ - (2(@9 ( f ((an(i)) f (ﬂg(i) ))))D = % ; g ( f (2(5. f (971 ((an(i))g ("g(i) ))))D
Because f(t) is monotonically decreasing and f*(t) = 1 — g~X(t), we can obtain

[ Zf( (le( (f‘l((nwp(i))f(ug(i)))))m {nlpzplg{ (an:(éif(g'l((nwp(i))g(Vg(i)))))jn=
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Since g(t) is monotonically increasing and g(1-t) = f(t), we have

{ ( pzp:f( [g(@g(f’l((nwp(i))f(ﬂﬂ(i)))))BDS( { ;9[ (( (g‘l((nwp(i))g(vg(i)))))DD:
( [ p;‘g( (Z‘( (gl((”""mw)g("Sm))))nn

Yol (A o (Slonlr(ommr o)) 2
YEa)i(o (Ao (St (omaata)] )

Finally, because gX(t) is monotonically increasing and g*(t) = 1 — f'(t), we can obtain

(o)l i (Bt tommrin)
{5 gl (Sl tomonta]]
(8o (e (St omems)] )

When g = 1, according to the above inequality, we have

{50 {3 (o Bt tomar )]
1[( 25]( [ ng( (Z( (91((“me)9(vp(i)))))Dmﬂ

Thatis, u +v<1.

Now we need to prove that the inequality also holds when g =2, 3, .... Let m =2, 3, .... The purpose is transformed into
proof of ™ +v™" < 1.

According to u + v < 1 and the binomial theorem, we can obtain

(y+v)mzzm:(cnk1ym’kvk) "+ +Z(Crl;umk k)

Because x>0 and v > 0, we have

Z(C:”um k k)>0
k=1

Therefore, we can obtain 4™ + v™ < 1. Now it can be concluded that x4 +v4<1forq=1,2,3, ....

Since we have proved 0 < pd+v9<2 and % +v4< 1, we can obtain 0 <y +4< 1.
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