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q-Rung orthopair fuzzy number (QROEN) is a flexible and superior fuzzy information description tool which can provide stronger
expressiveness than intuitionistic fuzzy number and Pythagorean fuzzy number. Muirhead mean (MM) operator and its dual form
geometric MM (GMM) operator are two all-in-one aggregation operators for capturing the interrelationships of the aggregated
arguments because they are applicable in the cases in which all arguments are independent of each other, there are in-
terrelationships between any two arguments, and there are interrelationships among any three or more arguments. Archimedean
T-norm and T-conorm (ATT) are superior operations that can generate general and versatile operational rules to aggregate
arguments. To take advantage of QROFN, MM operator, GMM operator, and ATT in multicriteria group decision making
(MCGDM), an Archimedean MM operator, a weighted Archimedean MM operator, an Archimedean GMM operator, and a
weighted Archimedean GMM operator for aggregating QROFNs are presented to solve the MCGDM problems based on qROFN's
in this paper. The properties of these operators are explored and their specific cases are discussed. On the basis of the presented
operators, a method for solving the MCGDM problems based on qROFNSs is proposed. The effectiveness of the proposed method
is demonstrated via a numerical example, a set of experiments, and qualitative and quantitative comparisons. The demonstration
results suggest that the proposed method has satisfying generality and flexibility at aggregating q-rung orthopair fuzzy in-
formation and capturing the interrelationships of criteria and the attitudes of decision makers and is feasible and effective for
solving the MCGDM problems based on qROFNs.

1. Introduction

Multicriteria group decision making (MCGDM) or multi-
criteria group decision analysis is a process of finding op-
timal alternatives in complex scenarios via synthetically
evaluating the values of multiple criteria of all alternatives
from a group of experts [1]. In this process, one of the
fundamental tasks is to accurately and effectively describe
the values of multiple criteria. For such description, there are
various available mathematical tools, where fuzzy set is one
of the most important and popular tools. To date, over

twenty different types of fuzzy sets have been presented
within academia [2]. Among the presented fuzzy sets,
Zadeh’s fuzzy set (ES) [3] is a well-known type of fuzzy set
that quantifies the satisfaction degree via a membership
degree whose range is [0, 1]. The expressiveness of FS is
stronger enough for expressing the fuzzy information in
some applications. However, FS is incapable of describing
the complex fuzzy information that contains the dissatis-
faction and hesitancy degrees.

To describe complex fuzzy information, Atanassov [4]
presented the intuitionistic fuzzy set (IFS) theory. In this
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theory, an IFS has a membership degree and a non-
membership degree (both degrees and their sum are re-
stricted to [0, 1]), which can, respectively, quantify the
satisfaction and dissatisfaction degrees, and the hesitancy
degree is naturally obtained using one minus the sum of the
membership and nonmembership degrees. Because of such
expressiveness, IFSs have been widely used to express the
values of multiple criteria in MCGDM during the past few
decades. A variety of research topics about IFSs for
MCGDM, such as operational rules of intuitionistic fuzzy
numbers (IFNs) [5, 6], aggregation operators of I[FNs [7-9],
intuitionistic preference relations [10, 11], intuitionistic
fuzzy calculus [12, 13], and multicriteria decision making
(MCDM) or MCGDM methods based on IFSs [14-16], have
become hot topics in the research of MCGDM in this period.

Although IFSs have gained importance and popularity in
the field of MCGDM, their application is still limited by their
expressiveness. To be more specific, the sum of the mem-
bership and nonmembership degrees must be in [0, 1] in
IFSs. But in some practical applications, there may be some
values of criteria whose membership and nonmembership
degrees’ sum is greater than one. Such values cannot be
described via IFSs. To solve this issue, Yager [17] proposed
the Pythagorean fuzzy set (PFS) theory, in which the con-
dition is relaxed to the following: the sum of squares of the
membership and nonmembership degrees is restricted to [0,
1]. As a result, the values whose membership and non-
membership degrees’ sum is greater than one could be
expressed using PFSs. Because of stronger expressiveness
than IFSs, PESs have also achieved a wide range of appli-
cations in MCGDM. A number of research topics regarding
PESs for MCGDM, such as operational rules of Pythagorean
tuzzy numbers (PFNs) [18, 19], correlation and correlation
coefficient of PFSs [20], information measures of PFSs
[21-23], aggregation operators of PFNs [24-27], and
MCDM or MCGDM methods based on PFSs [28-30], have
received widespread attention during the past few years.

To further improve the expressiveness of PFSs, Yager
[31] presented the q-rung orthopair fuzzy set (qQROEFS)
theory, in which the condition is further relaxed to the
following: the sum of the g-th (=1, 2, 3, ...) power of the
membership degree and the g-th power of the non-
membership degree is in [0, 1]. From this condition, it is not
difficult to find that qQROFS is actually the generalization of
IFS and PFS since qROFS will reduce to IFS when g=1 and
will reduce to PFS when g=2. In addition, it can also be
found that as the value of the rung g increases, the ex-
pressiveness of qROFSs will continue to increase, which
provides more freedom for the quantification of fuzzy in-
formation. Due to such characteristic,c qROFSs have also
received extensive attention in the field of MCGDM during
the past few years. Various research topics about qROFSs for
MCGDM, such as operational rules of g-rung orthopair
tuzzy numbers (QROFNs) (i.e., q-rung orthopair member-
ship grades) [32, 33], approximate reasoning in qROFSs
[34], aspects of QROFSs [35], correlation coeflicient between
qROFSs [36], distance measures of qROFSs [37], and ag-
gregation operators of qROFNs [38-50], are gaining im-
portance and popularity within academia.

Complexity

For solving MCGDM problems, there are usually two
ways. One way is to leverage traditional methods (e.g.,
TOPSIS, VIKOR, TODIM, ELECTRE, and PROMETHEE),
and the other way is to use aggregation operators [51-53]. In
general, aggregation operators can solve MCGDM problems
more effectively than traditional methods because they can
generate comprehensive values and rankings of alternatives,
while traditional methods can only provide rankings [42]. So
far, over twenty different aggregation operators of gqROFNs
have been presented. Representative examples are the
weighted exponential (WE) operator presented by Peng et al.
[38], the weighted point (WP) operators presented by Xing
et al. [39], the weighted averaging (WA) operator and
weighted geometric (WG) operator presented by Liu and
Wang [40], the weighted Bonferroni mean (WBM) operator
and weighted geometric Bonferroni mean (WGBM) oper-
ator presented by Liu and Liu [41], the weighted Archi-
medean Bonferroni mean (WABM) operators presented by
Liu and Wang [42], the weighted extended Bonferroni mean
(WEBM) operator presented by Liu et al. [43], the weighted
partitioned Bonferroni mean (WPBM) operator and
weighted  partitioned geometric Bonferroni mean
(WPGBM) operator presented by Yang and Pang [44], the
weighted Heronian mean (WHM) operator and weighted
geometric Heronian mean (WGHM) operator presented by
Wei et al. [45], the WHM* operator (please note that this
operator is different from the WHM operator in [45] al-
though they have the same names) and weighted partitioned
Heronian mean (WPHM) operator presented by Liu et al.
[46], the weighted Maclaurin symmetric mean (WMSM)
operator and weighted geometric Maclaurin symmetric
mean (WGMSM) operator presented by Wei et al. [47], the
weighted power Maclaurin symmetric mean (WPMSM)
operator presented by Liu et al. [48], the weighted power
partitioned Maclaurin symmetric mean (WPPMSM) oper-
ator presented by Bai et al. [49], and the weighted Muirhead
mean (WMM) operator and weighted geometric Muirhead
mean (WGMM) operator presented by Wang et al. [50].
Each operator has its own features and application condi-
tions. However, there is not yet an operator that is both
versatile and flexible for capturing the interrelationships of
criteria and the attitudes of decision makers when solving
the MCGDM problems based on qROFNG.

In actual MCGDM problems, the interrelationships of
criteria and the attitudes of decision makers are likely to
change as the actual situation changes. An ideal aggregation
operator should provide desirable generality and flexibility
to adapt to these changes [42]. Among the aggregation
operators of QROFNs above, the WE, WP, WA, and WG
operators are only applicable for the qROFNs based
MCGDM problems where all criteria are independent of
each other. The WBM, WGBM, WABM, WEBM, WPBM,
WPGBM, WHM, WGHM, WHM*, and WPHM operators
are more general in capturing the interrelationships of
criteria than the WE, WP, WA, and WG operators. They can
be used to solve the problems in which there are no in-
terrelationships among criteria or there are interrelation-
ships between two criteria. The WMSM, WGMSM,
WPMSM, WPPMSM, WMM, and WGMM operators are
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the most versatile in dealing with the interrelationships.
They are applicable for the problems where all criteria are
mutually independent or there are interrelationships be-
tween two or among more criteria. But their flexibility in
reflecting the attitudes of decision makers is limited because
the aggregations in these operators are based on the fixed
Algebraic T-norm and T-conorm operation. Based on this,
the motivations of this paper are summarized as follows:

(1) To develop aggregation operators of QqROFNs that
are versatile in capturing the interrelationships of
criteria, the Muirhead mean (MM) and geometric
MM (GMM) operators [54] are introduced. The MM
and GMM operators, which are the generalizations
of the generalized arithmetic averaging, generalized
geometric averaging, Bonferroni mean (BM), geo-
metric BM (GBM), Maclaurin symmetric mean
(MSM), and geometric MSM (GMSM) operators, are
two all-in-one aggregation operators for dealing with
the interrelationships of criteria because they are
suitable for the cases in which all criteria are in-
dependent of each other, there are interrelationships
between any two criteria, and there are in-
terrelationships among any multiple (more than
two) criteria [50, 55, 56].

(2) To improve the generality and flexibility in reflecting
decision makers’ attitudes of the aggregation oper-
ators, the Archimedean T-norm and T-conorm
(ATT) operations [57] are adopted to perform the
operations in them. The ATT operations are im-
portant mathematical tools for constructing general
operational rules for fuzzy numbers. A fuzzy in-
formation aggregation operator based on them is
rather versatile and flexible for capturing the atti-
tudes of decision makers [42].

Based on the motivations above, the present paper
combines the MM and GMM operators with the ATT op-
erations under q-rung orthopair fuzzy environment to
construct Archimedean MM and GMM operators of
qROEFNSs for the MCGDM problems based on qROFNs. Due
to such combination, the constructed operators can achieve
satisfying generality and flexibility in capturing both the
interrelationships of criteria and the attitudes of decision
makers. The major contributions of the paper are as follows:
(1) a g-rung orthopair fuzzy Archimedean MM (qRO-
FAMM) operator and a q-rung orthopair fuzzy weighted
Archimedean MM (QROFWAMM) operator are presented;
(2) a q-rung orthopair fuzzy Archimedean GMM (qRO-
FAGMM) operator and a q-rung orthopair fuzzy weighted
Archimedean GMM (qQROFWAGMM) operator are pre-
sented; and (3) a MCGDM method based on the presented
operators is developed. Although there are already two
Muirhead aggregation operators of QROFNss (i.e., the WMM
and WGMM operators in [50]), the presented operators are
still of necessity because they are more general and flexible
than these two operators. The WMM and WGMM operators
are based on the Algebraic T-norm and T-conorm, one of
the many families of ATTs, while the Archimedean MM and

GMM operators can be applied to any families of ATTs and
the WMM and WGMM operators are just their special cases,
respectively.

The remainder of the paper is organized as follows. A
brief introduction of some related fundamental concepts is
provided Section 2. Sections 3, respectively, explains the
details of the presented Archimedean MM and GMM op-
erators. A MCGDM method based on the Archimedean MM
and GMM operators is designed in Section 4. Section 5
demonstrates and evaluates the presented operators and
designed method via a numerical example, a set of exper-
iments, and qualitative and quantitative comparisons. Sec-
tion 6 ends the paper with a conclusion.

2. Preliminaries

In this section, some prerequisites in the qROFS theory,
operational rules of QROFNs based on ATT, and MM and
GMM operators are briefly introduced to facilitate the
understanding of the present paper.

2.1. qROFS Theory. qROFS [31] is the generalization of FS
[3], IFS [4], and PES [17]. Its formal definition is as follows.

Definition 1 (see [31]). A qROFS § in a finite universe of
discourse X is S = {<x;, ps(x), vs(x)> | x € X}, where pg: X — [0,
1] is the membership degree of x € X to S and vs: X — [0, 1]
is the nonmembership degree of x€X to S, such that
0< (us(x)1+ (vs(x))1<1 (g=1, 2, 3, ...). The hesitancy
degree of xe X to S is mg(x) = (1 — (us(x))?— (vs(x)))"4.

For convenience, a pair <gg(x), vs(x)> is called a qROFN,
which is commonly simplified as Z = <y, v>. To compare two
qROEFN:Ss, their scores and accuracies are required, which can
be calculated according to the following definitions.

Definition 2 (see [40]). Let & = <u, v> be a qROEN. Then its
score is S(E) =u?—»%. Obviously, -1 <S(E) < 1.

Definition 3 (see [40]). Let & = <y, v> be a qROFN. Then its
accuracy is A(E) =u?+ 1 Obviously, 0<A(E) < 1.

Using S(8) and A(E), two qROFN’s can be compared via
the following definition.

Definition 4 (see [40]). Let E; = <y, v;>and B, = <yy, v,> be
any two qROFNS, S(E,) and S(E,) be, respectively, the scores
of By and E,, and A(E,) and A(E,) be, respectively, the
accuracies of E; and E,. Then, (1) if S(&,) > S(E,), then
B> 8, (2) if S(B)) =S(E,) and A(E,) > A(E,), then E; > E,;
and (3) if S(El) = S(Ez) and A(El) =A(Ez), then El = 52.

2.2. Operational Rules of qROFNs Based on ATT. Based on
ATT, a set of general and flexible operational rules of
qROFNs were presented in [42], which can be formally
defined as follows.

Definition 5 (see [42]). Let E=<pu, v>, E; =<y, v1>, and
8, = <s, V2> be any three QROFNSs, and ¢ and 7 be any two



real numbers and o, 7> 0. Then the sum, product, multi-
plication, and power operations of QROFNs based on the
Archimedean T-norm T(x, y)=f'(flx)+f(y)) and its
T-conorm T(x, ) =g "'(g(x)+g(y)) can be, respectively,
defined as follows:

E @8, = (TC (1> 12), T (V1 V2)>
=g (g () + g (@) f (F () + F ()

(1)
E®E, = <T(P‘1’/42)’TC (7/1,1/2)>
= (7 @)+ F @) g (@) +a(m)s
2)
o8 = (g (cg ), f (@f (M), (3)
= (" (f g (g). )

2.3. MM and GMM Operators. The MM operator was in-
troduced to aggregate crisp numbers by Muirhead [54]. It
has prominent characteristics in capturing the in-
terrelationships among multiple aggregated arguments and
providing a general form of a number of other aggregation
operators. The formal definition of the MM operator is as
follows.

Definition 6 (see [54]). Let (0, ®,, ..., ®,) bea collection of
crisp numbers, A=(Jy, 6y, ..., §,) (where 81, 85, ..., §,=0
but not at the same time §, =3,=...=4,=0) be a collection
of n real numbers, p(i) be a permutation of (1, 2, .. ., n), and
P, be the set of all permutations of (1, 2, ..., n). Then the

aggregation function,
s,
) , (5

M (0,,0,,... <
is called the MM operator.

In this operator, whether the interrelationships are
considered depends on the values of §; (i=1, 2, ..., n): (1) if
;>0 and §,=053=...=9,=0, then the interrelationships
are not considered; (2) if §;, §,>0and §3=30,=...=6,=0,
then the interrelationships between two crisp numbers are
considered; and (3) if §;, 85, ..., 0x>0 (k=3,4, ..., n) and
Ok+1=0ks2=...=0,=0, then the interrelationships among k
crisp numbers are considered.

The dual form of the MM operator is called the dual MM
or GMM operator. Its formal definition is as follows.

> [Tef

© peP,i=1

Definition 7 (see [55]). Let (0, ®,, ..., ®,) bea collection of
crisp numbers, A =(dy, 6y, ..., §,) (where &1, 85, ..., §,=0
but not at the same time §, =8, =...=0,=0) be a collection
of n real numbers, p(i) be a permutation of (1, 2, .. ., n), and
P, be the set of all permutations of (1, 2, ..., n). Then, the
aggregation function,

Complexity

o))

(6)

M:

GMM*(0,,0,,...,0,

I
—_

< peP, i
is called the GMM operator.
Similarly, in this operator, whether the interrelationships
are described also relies on the values of §; (i=1, 2, ..., n)
with the same cases as they are in the MM operator.

3. Archimedean Muirhead
Aggregation Operators

This section consists of two subsections. In the first sub-
section, a QROFAMM operator and a qROFWAMM op-
erator are presented using the MM operator and the
operational rules of gQROFNs based on ATT. The properties
of these two operators are proved and their specific cases are
discussed. In the second subsection, the dual form of the
qROFAMM operator, i.e., a QROFAGMM operator, and the
dual form of the qROFWAMM operator, ie., a qROF-
WAGMM operator, are presented using the GMM operator
and the operational rules of QROFNs based on ATT. The
properties of these two operators are explored and their
specific cases are discussed.

3.1. Archimedean MM Operators

3.1.1. gqROFAMM Operator. A qROFAMM operator is a
MM operator for aggregating QROFNs, in which the sum,
product, multiplication, and power operations are per-
formed using the operational rules of qROFNs based on
ATT. Its formal definition is as follows.

Definition 8. Let (B, By, ..., B,) (Bi=<upv>,i=1,2,...,n)
be a collection of n QqROFNs (q=1,2,3,...),A=(61, 05, . . .,
6, (6, &5 ..., 6,20 but not at the same time
61=0,=...=0,=0) be a collection of n real numbers, p(i)
be a permutation of (1, 2, ..., n), P, be the set of all per-
mutations of (1,2,...,n),E; ® Ejand E;® E; (i,j=1,2,...,n)
be, respectively, the sum and product operations of &; and &;
based on ATT, and 68, and E} (r,s=1,2, ..., 1n;0,7>0) be,
respectively, the multiplication operation of E, and the
power operation of Z; based on ATT. Then, the aggregation
function,

/28

ROFAMM? (2 5)=(+ @ & (2
q BBy By al pep, =1\ TPO) ’
(7)

is called the QROFAMM operator.
According to equations (1)—(4) and (7), the following
theorem is obtained.

Theorem 1. Let (55, &, ..., 5,) (Ei=<u, vi>,i=1,2,...,n)
be a collection of n qROFNs (q=1, 2, 3, ...). Then
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1
qQROFAMM®" (E,,E,,...,8,) ={ /| ==
(1 2 ) Zi:lai

and gROFAMM?* (5}, Es, ..., &,) is still a gqROFN.

For the details of the proof of this theorem, please refer to
Appendix A. The following three theorems, respectively,
state the idempotency, monotonicity, and boundedness of
the QROFAMM operator:

Theorem 2 (idempotency). Let (Z;, 5, ..., 5,) (Ei=<pi, vi>,
i=1,2, ..., n)beacollection of n gROFNs (q=1, 2, 3, ...). If
E=<u,v>foralli=1,2, ..., n, then gROEAMM* (5}, E,,

Theorem 3 (monotonicity). Let (555, Z;5 ... E1,)
(E]),’z <["1,i} vl,i>x i=1, 2, e 1’1) and (52,1, 52,2, e 52,,1)
(:2 i=<Wap» V2:>) be two collections of n qROFNs (q=1, 2, 3,

). If ppi> yg,and v1i<Vy; for all i=1, 2, ..., n, then
qROFAMM (Eib E12 - E1n) 2 qROFAMMA(E,,, 552

QS EZ,n)'

Theorem 4 (boundedness). Let (Z;, Z,, ..., E,) (Z;=<ps

V>, i=1,2, ... n)bea collection of n qROFNs (q=1, 2, 3
..),  Eup=<max(u;), mm(v,)> and Epp=<min(u;),

max(vl)> Then HLB<qROFAMM (B, E5 .., EL)<Eus.

For the details of the proofs of these three theorems,
please refer to Appendixes B-D, respectively.

Equation (8) is a generalized form of the QROFAMM
operator. If specific values are assigned to g and 61, 65, . . ., 8,
and specific forms are assigned to f, then specific operators
can be obtained:

(1) If g =1, then the qROFAMM operator will reduce to
an intuitionistic fuzzy Archimedean MM operator.

(2) If g =2, then the qROFAMM operator will reduce to
a Pythagorean fuzzy Archimedean MM operator.

3)If §,=6>0 and &,=903=...=6,=0, then the
qROFAMM operator will reduce to a q-rung
orthopair fuzzy Archimedean generalized arithmetic
averaging operator.

(4) If 6,, 6,>0 and 63=0,=...=3,=0, then the
qROFAMM operator will reduce to the g-rung
orthopair fuzzy Archimedean BM operator pre-
sented by Liu and Wang [42].

(5) If §;=6,=...=6,=1 and 04y =0s2=...=6,=0,
then the qROFAMM operator will reduce to a
q-rung orthopair fuzzy Archimedean MSM operator.

(6) If §,=6,=...=38,=6>0, then the qROFAMM
operator will reduce to a q-rung orthopair fuzzy

5
] ) 9<f_1 (i(‘gif(#m)))))))
peP, i=1
(8)
el
Archimedean generalized geometric averaging

operator.

(7) If fit) = ~Int%, then g(t)=—-In(1 -9, f ()= ("4,
and g'(t)=(1- e Ha, According to equation (8),
a g-rung orthopair fuzzy Archimedean Algebraic MM
(QROFAAMM) operator is constructed as follows:

qQROFAAMM® (E,,E,,...,E,)
1/

2
Uty VEL SN
0
pepP, i=1
<1 )

n s Unix VE 8\ V4
(H(-{nae-r) ) 7))
(9)

This operator is actually the q-rung orthopair fuzzy
MM operator presented by Wang et al. [50]. It has
the following special cases:

(1) If g=1, then the qROFAAMM operator will
reduce to

[1]

o

() )™
(o))

(10)

which is the intuitionistic fuzzy MM operator
presented by Liu and Li [55].

(2) If g=2, then the qROFAAMM operator will
reduce to

<(< <pel_P[< Hﬂp(,>>>”m>l/z7"")
(1(1@(1“(1 ())5»/) ) >

(11)

which is the Pythagorean fuzzy MM operator
presented by Zhu and Li [56].

(3) If 6,=6>0 and 6,=05=...=0,=0, then the
qROFAAMM operator will reduce to



(<1 _<:1(1 ‘#?5)>1/n>”5>

which is a g-rung orthopair fuzzy generalized
arithmetic averaging operator.

1/n(n-1) 1/(61+62) Y
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,(1—(1—(ﬁ<1_(1_y?)8>>1/n>1/6) ) (12)

(4) If 6;, 6,>0 and 65=0,=...=0,=0, then the
qROFAAMM operator will reduce to

1/n(n-1) 1/(61+62) Y4

n

1| [T0-u) | e T (-0t -)°) ,

i,j=1
JHi

which is the g-rung orthopair fuzzy Archime-
dean Algebraic BM operator presented by Liu
and Wang [42].

ij=1
JHi

(13)
(5) If 61=62=...=6k=1 and 6k+1=6k+2=...=

0, =0, then the qROFAAMM operator will re-
duce to

" k Kl (n=k)ni\ 1k \ 14 n P Kl (n=k)ni\ 1k \ 14
_ _ q 1 _ _ .4
<<1 1 (1) ) > ,<1 (- 11 (-TI0-) ) ) ,
1<i<..<ig<n =1 1<i<...<ip<n j=1

which is the g-rung orthopair fuzzy MSM op-
erator presented by Wei et al. [47] and Liu et al.
[48].

(6) If61=0,=...=6,=0>0, then the ROFAAMM
operator will reduce to

T
<<1H(1)> ) )

which is a g-rung orthopair fuzzy generalized
geometric averaging operator.

(7) If fit)=In[(2—-1t9)/t7], then g(t)=In[(1+17)/
-], f)=02/(+1)]", and g(t)=
[(e'~1)/(e" + 1)]"4. According to equation (8), a
q-rung orthopair fuzzy Archimedean Einstein
MM (qROFAEMM) operator is constructed as
follows:

(15)

(14)

[11

qROFAEMM" (B, &,, ...,

n)

<< 2(' — 1) CR) >1/q
- (' + 3)1/(2,":15,.) (- 1)1/(2,115,.) ’

(O + 3)”(2?=15:) —( - 1)1/(2,-1]6,») Y
(' + 3)1/(2?:16") +(v' - 1)”(2?:15,-) ’

(16)
where
5 1/n!
n a q
, Hi:l((z_xup(i))/tup(i)) +3
“o l_P[ n q g\’ )
Pesn Hi:1<<2_ﬂp(i)>/ﬂp<i)> 1
8 1/n!
n q q
()
Y =
5
peP, ]_[L((l+vg(i)>/<l—v;(i)>> -1
(17)
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(8) If At)=In{[A+ A -N)t]/t7} (A >0), then g(t)=
In{[A+(1-N)A-D]/(1 -9}, f1(O)=[Me"+
A-1)1"4, and g7 '(t)=[(e'-1)/(e"+ A -1)]".
According to equation (8), a q-rung orthopair
fuzzy Archimedean Hamacher MM (qRO-
FAHMM) operator is constructed as follows:

qROFAHMM" (E,&,, .. .,E,)

Ay - 1)1/(zy:la,.)

1/q
_ <((ﬂ' w22 1) CR gy - 1)”(2""‘5")) )

(o + 22— 1) R0y _yuCrs) \"
(1/’ +A%7 - 1) +(A-1)( - 1)1/(27:‘5’) )

1/(22,9;)
(18)
where
3, 1/n!
' H’tl((“(l_A)”Zu))/”;m) -1
o 3
™ H?:l((l-'—(l_A)MZ(i))/.“Z(i)) -1
)= 1—[ H?:l((AJr(l_A)(l_vi(n))/(l—vZ“)))s’+/\2_1 1n!
- H?:l(()”(l_A)(l_vf’“)))/(l_”z«)))ﬁi_l
(19)

(9) If fit)y=-In[(e-1)/(&-1)] (y=t% e>1), then
g =—-In[(e- D/ -1, £ = {log.l(e~
1+e"/e1}"%, and g1 (t) = {1 —log.[(e - 1 +¢7")
fe~"}V. According to equation (8), a g-rung
orthopair fuzzy Archimedean Frank MM
(QROFAFMM) operator is constructed as
follows:

qROFAFMM* (E,,E,, ..., E,,)
(5}4” _ 1)1/(2?:16!‘)
= logs 1+ —(s - 1)1/ (2?:15,)—1
( 1-" 1)1/(2?:161') Ya
g
(1— 10g£(1+ (8_1)1/(2?:]&)_1 )) >

(20)

1/q

where

el +(HPEP,,(($— 1)/(5174’ _ 1)))1/n!
(Hpepn((f - 1)/(517,/ _ 1)))1/n!

/,t” =1-log,

>

e 1 +(HpePn((8 - 1)/(51/ _ 1)))1/n!
(HpePn((S - 1)/(81/ _ 1)))1/n!

e-1+ H:’:1<(s - 1)/(8;47,“) ~ 1))(3,»
H,’Ll((e - 1)/<guf,m } 1))(&
el Hi-il((e— 1)/(81%(,.) - 1))&

H?:l((s - 1)/(8”?;«) _ 1>>5f
(21)

V" =log,

>

!

u = log,

Y =1- log,

3.1.2. qROFWAMM Operator. The QqROFAMM operator
has advantages in having desirable generality and flexibility
and capturing the interrelationships among multiple ag-
gregated qROFNs. But it does not consider the relative
importance of each aggregated QROFN. To make up for this
deficiency, weights are introduced and a qROFWAMM
operator is presented. The formal definition of the presented
operator is as follows.

Definition 9. Let (B, By, ..., B,) (Bi=<upv>,i=1,2,...,n)
be a collection of n QqROFNs (q=1,2,3,...),A=(61, 65, ..,
6, (6, 03 ..., 0,20 but not at the same time
0;=06,=...=0,=0) be a collection of n real numbers, p(i)
be a permutation of (1, 2, ..., n), P, be the set of all per-
mutations of (1,2,...,n), &; ® E;and E;®E; (i,j= 1,2, ...,n)
be, respectively, the sum and product operations of E; and &;
based on ATT, o0&, and E] (1, s=1, 2, ..., n; 0, 7>0) be,
respectively, the multiplication operation of E, and the
power operation of E; based on ATT, and w,, w,, ..., w, be,
respectively, the weights of E;, B,, ..., E, such that 0<w,,
wy, ..., w,<1 and w, +w, +...+w, =1. Then, the aggre-
gation function

qQROFWAMM" (§,,E,,...,5,)

1 5 \Z
= (n' o &1 (mwp))Epn) )

is called the QROFWAMM operator.
According to equations (1)—(4) and (22), the following
theorem is obtained.

(22)

Theorem 5. Let (5}, =5, ..., E,) (Ei=<y, v>,i=1,2,...,n)
be a collection of n qROFNs (q=1, 2, 3, ...). Then



qQROFWAMM* (&, 8,,.. .,

[1]

n)

o 1 L1 .
(a3
e

and gROFWAMM?(E,, &, ..., E,) is still a gROFN.
q q

For the details of the proof of this theorem, please refer to
Appendix E. In addition, it is similar to prove that the
qROFWAMM operator has the properties of monotonicity
and boundedness (Please note that the QROFWAMM op-
erator no longer has idempotency).

Like equation (8), equation (23) is a generalized form of
the QROFWAMM operator. If specific values are assigned to
qand dy, 65, .. ., §,, and specific forms are assigned to f, then
specific operators can be obtained:

(1) If g=1, then the QROFWAMM operator will reduce
to an intuitionistic fuzzy weighted Archimedean
MM operator.

(2) If g =2, then the QROFWAMM operator will reduce
to a Pythagorean fuzzy weighted Archimedean MM
operator.

(3)If 6;=6>0 and 0,=085=...=9,=0, then the
qROFWAMM operator will reduce to a q-rung

qQROFWAAMM" (§,,8,,...,8,) = (1 - < I

This operator is actually the q-rung orthopair fuzzy
weighted MM operator presented by Wang et al. [50]. It has
the following special cases:

(EpE—

which is the intuitionistic fuzzy weighted MM op-
erator presented by Liu and Li [55].

s

/51,6,

(- tie-m)) )

Complexity

sl (i)

(5ig(f1((nwp(,->)f(”p<i>))))>>>>>>’

orthopair fuzzy weighted Archimedean generalized
arithmetic averaging operator.

(4) If 6, 6,>0 and 03=06,=...=0,=0, then the
qROFAMM operator will reduce to the g-rung
orthopair fuzzy weighted Archimedean BM operator
presented by Liu and Wang [42].

(5) If §;=6,=...=0k=1 and Oy =042=...=6,=0,
then the QROFWAMM operator will reduce to a
q-rung orthopair fuzzy weighted Archimedean MSM
operator.

(6) If 6;=9,=...=6,=6>0, then the QROFWAMM
operator will reduce to a q-rung orthopair fuzzy
weighted Archimedean generalized geometric av-
eraging operator.

(7) Iff(t) = —Int?, then g () = -In(1 - ), f () = (e,
andg'(t) =(1- e Hla, According to equation (23),
a q-rung orthopair fuzzy weighted Archimedean
Algebraic MM (QROFWAAMM) operator is con-
structed as follows:

s 6\ V4

" o\ S, 1/n! =
q pG) \"i
(o)™ |
i=1
" s 1/n!
Wy \

(-i6-5)) )

i=

(24)
Uz 6\ V4

(1) If g=1, then the QROFWAAMM operator will re-
duce to

1z, 6;

>, (25)

(2) It g=2, then the QROFWAAMM operator will re-
duce to



Complexity

(((n

which is the Pythagorean fuzzy weighted MM op-
erator presented by Zhu and Li [56].

n

-]

i=1

[1

Pep,

which is a q-rung orthopair fuzzy weighted gener-
alized arithmetic averaging operator.

Unis VL8 V2

9
Unly VZL0; 12
n 5;

H (1 _ (1 — vj:?;;}’(i)) >> ) ) (26)

peP, i=1
3)If 6,=6>0 and 6,=903=...=6,=0, then the

qROFWAAMM operator will reduce to
lq

2 _ A (27)

(1_(1 l

7))

4)If 6, 6,>0 and &3=0,=...=0,=0, then the
qROFWAAMM operator will reduce to

1/n(n-1) 1/(81"'52) Y
L nw; dy nw;\ 0,
[ T1(-0- 00 -G ,
ij=1
J#i
(28)
-y Y (8+6,)\ 1
1 ) nw; \ 0.
1-]1- H(l—(l—v?”“’f)l(l—v? f')2> ,
ij=1
j#i
which is the q-rung orthopair fuzzy weighted B)If 6,=0,=...=0k=1 and 0441 =0ks2=...=6,=0,

[

1<i<..<ip<n

1l

Archimedean Algebraic BM operator presented by
k
-1

n

Liu and Wang [42].
(-
j
[1

k
1-{1- 1- (1 -
1<i<...<ig<n j=1

which is the g-rung orthopair fuzzy weighted MSM
operator presented by Wei et al. [47] and Liu et al. [48].

1

k! (n—k)!/n!
(-0-a)™)) )

qnw,

then the QROFAAMM operator will reduce to

1k 14

(29)

1k~ Y4

k! (n—k)!/n!
i )> >

(6) If 6,=0,=...=6,=8>0, then the QGROFWAAMM
operator will reduce to
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(1‘0—71O—u—ﬂﬁﬂﬁw)wy{((«qj@—@-u_ﬁWﬂS“>l)”, o)

i=1

which is a q-rung orthopair fuzzy weighted gener- According to equation (23), a q-rung orthopair fuzzy
alized geometric averaging operator. weighted Archimedean Einstein MM (qROF-
(7) I f(t) = In[(2 - 19)/17], then g (£) = In[(1 + £9)/(1 - £9)], WAEMM) operator is constructed as follows:

FU0 =12/(e"+ 1)]"4, and g ' (£)=[(e'~1)/(e"+1)]"4.

2 (' - 1)" R >l/q ((v’ +3)! GR8) _ oy _q)Y @*ﬁ»)”q >
1K :

Afe = = —

) + (‘Ll, _ 1)1/(211151‘ (1/, + 3)1/ (2?=16i) + (,)/’ _ 1)1/ (2?:161')
(31)
where
n 1 MWp ) 31— 4 ") (144 Wy 1- 1 mwy \ \ 3 !
(T so) ™ 43 -a0) (o) T -(1-k0) )
w= g " q \"ro g \"™ro g "o q mwyi\ \ 9 ’
AT (i) 3(-wp0) " ((1e0) = (0-000) )
1/n! (32)
n W i) qnw , ; Wp i) qnw,, ;
(P e
Yy =
pep, n 2 il 3570 /[ (5 _ 41 PO gy K 1
[T~ IO 90 i) TV -
(8) If fit)y=In{[A+Q-M)t1]/t"} (A>0), then g(t)=In equation (23), a g-rung orthopair fuzzy weighted
{A+Q-1)A - D/ -}, £ =M +A-1)]Y9, Archimedean Hamacher MM (QROFWAHMM) op-
q P
and g '(®=[('-1)/(e+1- 1), According  to erator is constructed as follows:
n 1/q
A ! _ 1 ”(Zizl‘si)
qQROFWAHMM® (8,,8,,...,8,) = y (2(“ N ) erib
(W +2 =) - -1)
(33)

n

(o 22— 1) /R0 ey A\
(VI + /\2 _ 1)1/(2?:1&’) + (/1 _ 1) (7/, _ 1)1/(21':161‘) '

where
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1/n!

e (A +@ =21 -u? nw ) . ()Lz _ 1) 1— () A(nsa-n1-u " L w6 o1
W= 11 — oo Hp Hpa) Hpa)
_ . " m 1w, \ 0
n (0] (i) @ P ‘
- Hi:l(((/l+(1 _A)(l_ﬂﬁ("))) T (’12_1)<1 ‘.”Z(») P )/(’H(l 7/1)(17#2(0)) - (17‘;(:‘)) ' ) -1
n 2 1-1 q nwy ;) )Lz 1 qnw, ;) (2 -2 q nw ) grw, ) &; /\2 . 1/n!
T (((A+ =0, + (V=1 F(1-Apd, o it

nwp; nwp . 3
peP, 1-[;.;1(((“(14)4(,.)) ”’+(M—1)vf,”(j.‘)’“‘>)/((/1+(1—A)vg(,.)) ‘”—vj,’ﬁ.‘;l"“)) -1

(34)
9) If f()y=-In[(e-1)/(&-1)] (y=t% e>1), then According to equation (23), a g-rung orthopair fuzzy
g(t)=—In[(e- D/ -1)], fﬁl(t) ={log.[(e~1+e7")/ weighted  Archimedean Frank MM (qROEF-

e 1V4,  and gl (O={1-log[(e-1+e™")/ e M. WAFMM) operator is constructed as follows:

qQROFWAFMM®* (E,E,,.. ., &,)

(e - 1)(&“'" 3 l)ll(ZL&) 1/q (e 1)(817””, ~ 1)1/(2?:]&) 1/q (35)
= (logg<1 + e~ VL) )) , (1 - logg(l + e DU CLD) )) ,

where 3.2. Archimedean GMM Operators

- 1/nl 3.2.1. qROFAGMM Operator. A qQROFAGMM operator is a
e-1+ (HPGPn((e -/ (5 B 1))) GMM operator for aggregating qROFNS, in which the sum,
(HpeP ((s -1) /(51_,4” _ 1)))1/"! ’ product, r'nultiplication, 'and power operations are per-
g formed using the operational rules of QROFNs based on

ATT. Its formal definition is as follows.

‘um — 1 _ lOge

" 1/n!
y e 1 (Tper, (- DI - 1)) "
v =log£ " 1/n! > D iti 10. L = " = == i=1.2
(HpePn((‘g _ 1)/(81, _ 1))) efinition 10. . et (B, By .. By Ei=<up v, i=1,2, ..,
n) be a collection of n QROFNs (q=1, 2, 3, ...), A= (6}, 85,
v 0,) (61, 02 ..., 6,20 but not at the same time

. e—1+ H;Ll((g _ 1)/(8ﬂ' _ 1))5" 0;=0,=...=0,=0) be a collection of #n real numbers, p(i)
y =log, ; o be a permutation of (1, 2, ..., n), P, be the set of all per-
H:’:l((s - 1)/(5" - 1)) l mutations of (1,2,...,1),E; ® 8;and 8,® 8, (i,j=1,2, .., n)
be, respectively, the sum and product operations of &; and &;
; - 5 based on ATT, and 68, and E{ (r,s=1,2, ..., n; 0, 7>0) be,
" e-1+ Hi:1((5 -1/ (5 - 1)) respectively, the multiplication operation of Z, and the

vy =1-log , . = .
¢ n 1y 5 power operation of & based on ATT. Then the aggregation

Hizl((s - 1)/(8 - 1)) functi
unction
1 1/n!
M A &m =)= 5 (8.8

, <£1*#f><o - 1> o qQROFAGMM™ (€, 8,,.. ., &,) = 2?:15i<P§,n ffl(‘swp(i))) ’

u = 1- lOg‘g 1+ 4(5 ~ 1)”wp(i)_1 > (37)

is called the QROFAGMM operator.
y nw, According to equations (1)—(4) and (37), the following
: (8 P — 1) theorem is obtained.
v =log,| 1+ 7(5 " |
Theorem 6. Let (51, &, ..., 5,) (Ei=<up, vi>,i=1,2,...,n)
(36)  be a collection of n gROFNs (q=1, 2, 3, ...). Then
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qROFAGMM* (&,,8,, .. .,

1]

VA
)= <g (zz‘_l 5

-1 1 a1
rgae (53

and qROFAGMM?*(E,, E,, ..., &,) is still a qROFN.

For the details of the proof of this theorem, please refer to
Appendix F. The following three theorems, respectively,
state the idempotency, monotonicity, and boundedness of
the QROFAGMM operator.

Theorem 7 (idempotency). Let (53, 5, ..., &) (Ei= <y, v;>,
i=1,2,...,n)bea collection of n qROFNs (q=1, 2, 3, .. ). If
V> for alli=1, 2, ... n, then GROFAGMM* (5,

Theorem 8 (monotonicity). Let (515, Z15 ... Zi.)
(E]),’z <[’ll,i) vl,i>) i= 1, 2, e l’l) a?’ld (52,1, 52,2, e 52,,1)
(52,,-: <Uai» V2;>) be two collections of n qROFNs (q=1, 2, 3,

). If pri> /,12, and vl,gvz,,- for all i=1, 2, ..., n, then
qROFAGMM (i Erz .. 51n)=qROFAGMM*(5,,,

‘—‘227 CIE) ~—‘2n)

Theorem 9 (boundedness). Let (Z;, =5, ..., E,) (5;=<u;
v;>, i=1,2, ... n)bea collection of n qROFNs (q=1, 2, 3,

...)  Eyp=<max(y;), min(v;)> and Erg=<min(y;),
max(v;)>. Then HLB<qROFAGMM (B, &5 .., EL) < Eus

For the details of the proofs of these three theorems,
please refer to Appendixes G-I, respectively.

Equation (38) is a generalized form of the QROFAGMM
operator. If specific values are assigned to g and 61, 65, . . ., 8,
and specific forms are assigned to f, then specific operators
can be obtained:

qROFAAGMM (B1,8p...,E

5
SN—
Il
—_
|
/-~
—
|
/-~
s
m
o=
s
~/~
—
i 3

Complexity

(o))
)

(1) If g=1, then the qROFAGMM operator will reduce
to an intuitionistic fuzzy Archimedean GMM
operator.

(2) If g =2, then the qROFAGMM operator will reduce
to a Pythagorean fuzzy Archimedean GMM
operator.

3)If 6,=6>0 and &,=83=...=0,=0, then the
qROFAGMM operator will reduce to a q-rung
orthopair fuzzy Archimedean generalized geometric
averaging operator.

4)If &, 6,>0 and &3=0,=...=8,=0, then the
qROFAGMM operator will reduce to a q-rung
orthopair fuzzy Archimedean GBM operator.

(5) If 61:82:.. .:6k:1 and 6k+1:8k+2:. . .:(Sn:O,
then the QROFAGMM operator will reduce to a
q-rung orthopair fuzzy Archimedean GMSM
operator.

(6) If §,=6,=...=0,=0>0, then the qROFAGMM
operator will reduce to a q-rung orthopair fuzzy

o(r (i 2ol

N
'\n
/\
M=

Archimedean generalized arithmetic averaging
operator.
(7) Iff(t) = —Int?, then g (t) = -In(1 - t9), f '(t) = (e HVa,

and g (1) =(1 —ehla, According to equation (38),
a q-rung orthopair fuzzy Archimedean Algebraic
GMM (qROFAAGMM) operator is constructed as

follows:
Unl\ VZL,6; lq
S
_ 1=4 '
Hpa) >
i=1
(39)
Unt VELO; Va
n
a9
peP, i=1
/526,

This operator is actually the q-rung orthopair fuzzy
GMM operator presented by Wang et al. [50]. It has the
following special cases:

(1) If g =1, then the qGROFAAGMM operator will reduce
to

e

/26,

a0+

(40)
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which is the intuitionistic fuzzy GMM operator

(2) If g =2, then the qROFAAGMM operator will reduce
presented by Liu and Li [55]. to

1/2

Unl\ VL0 Unl\ VZL6 112
n 5y NG s, 41
(emletrena) ) ) (o)) ) )
per, 1= i=

pePVl

which is the Pythagorean fuzzy GMM operator (4) If 6, 6,>0 and 65=0,=...=0,=0, then the
presented by Zhu and Li [56].

qROFAAGMM operator will reduce to
(3)If §,=6>0 and &,=03=...=0,=0, then the

qROFAAGMM operator will reduce to the operator
in equation (15).

1(8,+8,)\ V4

1/(8,+6,)\ /4
n s 5.\ Un(n-1) n 5. o, 1/n(n-1) (42)
1- 1_1_[(1—(1—#?)1(1—#;1)2) A f - TT(=9) ’

i,j=1 ij=1

i j#i

which is a q-rung orthopair fuzzy Archimedean B)If 61=0,=...=0,=1 and 0441 =0k2=...=0,=0,
Algebraic GBM operator.

then the QROFAAGMM operator will reduce to

. . J
1<i<<ip<n

" k Kl (n=k)lnl 1k . . Kl (nek)ml § VKN V4
1-{1- J] (1- (1—,;3) d11- 1 1=+ RENCS)
1i < <igsn =1 ! i1

which is the q-rung orthopair fuzzy GMSM operator (7) If f(t) =In[(2 — t7)/¢7], then g (t) =In[(1 + t1)/(1 — 7],
presented by Wei et al. [47].

ST =12/ + D]V and g7 () = [(¢'~ /(e + D]
According to equation (38), a q-rung orthopair fuzzy

Archimedean Einstein GMM (QROFAEGMM) oper-
ator is constructed as follows:

n n 1/ n 1/
N T— _ (‘Ll, + 3)1/ (E,-zl&-) _ (MI _ 1)1/(2i:15i) q 23 ('V/ _ 1)1/ (Eizlﬁi) q
qQROFAEGMM? (E,,E,....,E,) = : n , n ’
(‘u! " 3)1/(2i:18f) i (‘l/l, _ 1)1/(21':161') 1/(zi:15[)

(v +3) G (o _ 1)

(6) If 61=6,=...=6,=0>0, then the qROFAAGMM
operator will reduce to the operator in equation (12).

(44)
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where (8) If fit)y=In{[A+Q-M)t1]/t1} (A>0), then g(t)=In
5 1n! A+ -D)A - -1}, £7(8)= M +1-1)]",
Hn—1(<1 +ul. )/<1 -l >> +3 and g '(H)=[(e'- 1)/(e'+1-1)]"% According to
, i= p (i) p() . / .
Yy = H 5 , equation (38), a q-rung orthopair fuzzy Archimedean
PEP, Hﬂl((l +ul ) /<1 —ul >> "1 Hamacher GMM (qQROFAHGMM) operator is con-
- P P structed as follows:
5 1/n!
, 1‘[;11«2 - VZ(:‘))”’?(:’)) +3
T l_P[ n a g\
Pesn Hi:l((z - ”p(i)>/”p(i)> -1

(45)

(‘Ll, + AZ _ 1)1/(2;‘:181') _ (!’l, _ 1)1/(2‘;;181‘) )I/q
) >

qROFAHGMM" (E,, &,,...,8,) = - -
(‘ur +/12 _ 1)1/(21':161‘) + ()L _ 1)(‘”' _ 1)1/(21':151‘

(46)
A - 1)1/(2?:1&) l/q
(v 422 1) CE) gy (o - 1y )
where
S, 1/n!
' HL(('H(I_’1)<1_P‘Z<i)>)/(1‘#Zm)) A -1
W= :
peP, H?:1<(A+(l—A)(l—‘ui(l.))>/<1—yg(i)>> -1
(47)
S 1/n!
n 1 2
' H":l((“(l "A)”;i))/”?)(i)) +AT -1
=TT 8{
per T (R - )iy ) -1
9) If fi=-In[(e-1)/(¢-1)] (y=t% e>1), then According to equation (38), a q-rung orthopair fuzzy
g(t)==In[(e-1)/(¢' 7= 1)], f~'(t)={log.[(e-1+¢")/ Archimedean Frank GMM (qQROFAFGMM) oper-
N, and g7l (B)={1-logcl(e-1+e)/e ]}, ator is constructed as follows:
(81—!4” _ 1)1/(2?:151‘) Va (sw B 1)1/(2?:151') 1/q
g8 = = _
qROFAFGMM® (B, 8,,...,E,) = { [ 1 - log,| 1+ ) .| log.| 1+ R ,

(48)
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where
" og t 1+([Tpep,((e - DI(&* - 1)))
£ (HpePn((e — 1)/(£‘u’ _ 1)))1/;1!

e-1 +(HpePn((€ - l)/(slﬂf _ 1)))1/n!
(Hpepn((f - 1)/(81—1/ _ 1)))1/n!

1/n!

>

v" =1-log,

>

i HL((E B 1)/<£1_”1<i> _ 1)>5"
H?:1((£ - 1)/(51"‘}1(;) } 1))&

e—1+ H?:1((5 - 1)/(872(0 - ))Si

H?:1<(8 - 1)/<€V?’<t> _ 1)>6i

u'=1-log,

>

v =log,
(49)

3.2.2. qROFWAGMM Operators. The qROFAGMM oper-
ator has advantages in having desirable generality and
flexibility and capturing the interrelationships among
multiple aggregated qROFNs. But it does not consider the
relative importance of each aggregated QROFN. To make up
for this deficiency, weights are introduced and a

qROFWAGMM" (E,8,,...,8,) = ( g nl gl [
21

L 1 »
/ <z:‘_16,-f<g <

and qROFWAGMMA(El, E, ..., E,) is still a qROFN.

For the details of the proof of this theorem, please refer to
Appendix J. In addition, it is similar to prove that the
qROFWAGMM operator has the properties of monotonicity
and boundedness (please note that the QqROFWAGMM
operator no longer has idempotency).

Like equation (38), equation (51) is a generalized form of
the QROFWAGMM operator. If specific values are assigned
to g and 63, 95, ..., 8, and specific forms are assigned to f,
then specific operators can be constructed:

(1) If g=1, then the QROFWAGMM operator will re-
duce to an intuitionistic fuzzy weighted Archime-
dean GMM operator.

(2) If g=2, then the QROFWAGMM operator will re-
duce to a Pythagorean fuzzy weighted Archimedean
GMM operator.
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qROFWAGMM operator is presented. The formal definition
of the presented operator is as follows:

Definition 11. Let (B}, E,, .., B,) (E;=<pp v>,i=1,2, ..,
n) be a collection of n QROFNs (q=1, 2, 3, ...), A= (6}, 02,

v 0,) (61, 05 ..., 0,20 but not at the same time
61=0,=...=0,=0) be a collection of n real numbers, p(i)
be a permutation of (1, 2, ..., n), P, be the set of all per-
mutationsof (1,2, ...,n),E; ® Ejand E;®E;(i,j=1,2,...,n)
be, respectively, the sum and product operations of &; and E;
based on ATT, o0&, and E] (1, s=1, 2, ..., n; 0, 7>0) be,
respectively, the multiplication operation of E, and the
power operation of E; based on ATT, and w,, w,, ..., w, be,
respectively, the weights of &y, ,, ..., &, such that 0<w,,
w,, ..., w,<1 and w; +w, +...+w, =1. Then the aggre-
gation function,

qQROFWAGMM" (E,,E,, . . .,

[11

n)

1 1/n!
n nw.
-5 8 8(650"))

Z?_15i(1’€1’ni—1< Tr

is called the QROFWAGMM operator.
According to equations (1)—(4) and (50), the following
theorem is obtained.

(50)

Theorem 10. Let (55, 55, ..., E,) (Ei=<u, v>, i=1,2, ..,
n) be a collection of n gqROFNs (q=1, 2, 3, ...). Then

2 3 (o (Sastr Gutenn)))))
2 2 o (36506 Cuetna ))))))

(51)

3)If 6,=6>0 and &,=03=...=6,=0, then the
qROFWAGMM operator will reduce to a q-rung
orthopair fuzzy weighted Archimedean generalized
geometric averaging operator.

4) If 6, 6,>0 and 83=0,=...=0,=0, then the
qROFWAGMM operator will reduce to a g-rung
orthopair fuzzy weighted Archimedean GBM operator.

(5) If (SIZ(SZ:.. .=6k= 1 and 8k+1=6k+2= . =6n=0,
then the QROFWAGMM operator will reduce to a
q-rung orthopair fuzzy weighted Archimedean GMSM
operator.

(6) If 6,=0,=...=6,=6>0, then the ROFWAGMM
operator will reduce to a q-rung orthopair fuzzy
weighted Archimedean generalized arithmetic av-
eraging operator.

(7) Iff(t) = —Int?, then g (t) = -In(1 - t9), f '(t) = (e HVa,
andg '(H)=(1- e Y, According to equation (51), a
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q-rung orthopair fuzzy weighted Archimedean Al-
gebraic GMM (QROFWAAGMM) operator is con-

structed as follows:

qQROFWAAGMM" (8, E,,. ..

=
)‘:n =

This operator is actually the q-rung orthopair fuzzy
weighted GMM operator presented by Wang et al. [50]. It

has the following special cases:

1/n!
1-( 1 LT (1= o)
-(1=-TT(1- ( =~ () )
peP, i=1

which is the intuitionistic fuzzy weighted GMM
operator presented by Liu and Li [55].

" . 5, 1/n!
(@)
t-( -1 1- (““p(if)
peP, i=1

UzL,8,

s 6\ 12

(1o)™Y ) )

-1 (I )

; (1’ [] <l—ﬁ(1_(1_%))"%“))&)1/";)

s 1/n! i
qnw ;) i
[T{1-] <1‘”p<i)P ) > > )

VAN

sz 8\ V4

(52)

(1) If g=1, then the QROFWAAGMM operator will
reduce to

UEL6;

(53)

i=1

(2) If g=2, then the qROFWAAGMM operator will
reduce to

s 6\ 12

peP, i=1 ,
(54)
which is the Pythagorean fuzzy weighted GMM (4) If 6, 6,>0 and 03=6,=...=0,=0, then the
operator presented by Zhu and Li [56]. qROFWAAGMM operator will reduce to
(3)If 6,=6>0 and &,=83=...=0,=0, then the
qROFWAAGMM operator will reduce to the op-
erator in equation (30).
(8,+8,)\ V4
n nw:\ O, 1/n(n-1)
1- 1—H<1—(1—y?"‘”t‘)6‘(1—y‘} ])a) ,
i,j=1
(55)

n

T (- (™) (- (™))

ij=1
J#i

1/(8,+8,)\ V4
n(n-1)
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which is a q-rung orthopair fuzzy weighted Archi- B)If §;=0,=...=0k=1 and 6.1 =0k2=...=6,=0,
medean Algebraic GBM operator. then the QROFWAAGMM operator will reduce to

. . Kty VR V4 . L K (n-k)lmt\ VKN 14
qnw; q nwi;
<(1—<1— I1 <1—H(1_Hij ,)) ) ) ,((1— I1 <1—H(1—(1—vij) )) > ) >
1<i<..<ig<n j=1 1<i<..<ig<n j=1
(56)
which is the q-rung orthopair fuzzy weighted GMSM (7) If f(t)=In[(2 - t1)/t], then g (¢)=In[(1 +7)/(1 - tT)],
operator presented by Wei et al. [47]. ) =[2/(e"+ 1)]"9, and gl =[("-1)/(e"+ nyY
6)If 8,=0,=...=0,=0>0, then the qROF- 1. According to equation (51), a g-rung orthopair
WAAGMM operator will reduce to the qROFW- fuzzy weighted Archimedean Einstein GMM
GAA operator in equation (27). (QROFWAEGMM) operator is constructed as

follows:

n n 1/q n 1/q
! 3 1/(21’:1‘5:') _( _ 1 1/(21':181') 2 I _ 1 1/(21‘:161')
qQROFWAEGMM® (E,,5,,...,5,) = (W +3) W 1) : o 1) g ,
(v +3) )1/(2,.:16[)

(4 + 3)1/(2?:151) F (- 1)1/(2¥‘:15f) V(ELe) | -1

(57)
where
1/n!
n Wp i) qnw,, ; MWp i) qnw,, ; 5
, 1_[ 1_[1.:1((<2—‘up(1)) +3P‘p(f)P()>/((2_“Z(z)) _Aup(i)P()>> +3
# = nw nw,, ; i ’
pep, Hn 9 _ p() +3 qnw, ;) / 9 _ q p() AWy 5; 1
i=1 [0 0 10 $10)
PG
Y q nw,; q p(i) q 1w, gy nwp ;) é; 1/n!
/ 1_[ [T, (1+vp(l)> +3< vp(i)) /(<1+Vp(;)> —<1—vp(i)> ) +3
b0 Z—
e H" Lt nw, ) 3140 nw ) (14 nw, ) (1_40 mwp )\ \ 9 _1
i=1 130 p (i) p(i) pi)

(8) If f(t)=In{[A+(1-A)t1]/tT} (A>0), then g(t)=In equation (51), a q-rung orthopair fuzzy weighted
{A+a-1)A-D])/Q -9}, fH(6) =M +A- 1], Archimedean Hamacher GMM (QROFWAHGMM)
and g '(t)=[(e'~1)/(e"+ 1~ 1)]"%  According to operator is constructed as follows:

(2,8, e Vg
qQROFWAHGMM?® (&, 8,, ..., §,) = (i + 22 1) BBy (i)
=l =2 =) T n n
(‘Ll, +)L2 _ 1)1/(Zi:15i) +(A - 1)(#’ _ 1)1/(21:151‘)
(59)

A -1 ) "
((V’ +A2 _ 1)1/(2?:151’) + (/1 _ l)(’)ll _ 1)1/(2;1151‘)) ’

where
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[T

0] nw,
N (R R S e e (e

Complexity

1/n!
"W i)

p)

5,
)) +A2 -1

W (i)
1- /\).“Z(i)) —u

Wy, (; Hw.
(A +(1- A)yzm) (2 - 1)t

(s VO o)\
Hp i) 0]
nw i) nw (i) nw. (i)

l—vz(i))) ! +(A2—1)<1—vzm) ! )/((A+(1—A)(1—v2m)) ! —(l—v?,(i)

1/n!

Y e

T (r+a=n(1=50 )™ =2 - 1) (194

9) If fin=-In[c-D/(-1)] @@=t e>1),

e, and g (t)={1-log[(e—1+e ")/}

Ao (s—l)(
qROFWAFGMM" (E, E,, .. 1+

then
g(t)=-In[(e - D/ -1)], f’l(t) ={log.[(e -1+ el

e - 1)

MW (i) MW i) i)\ \ O
o) P a=n(i=00)) T (1050) )

(60)

According to equation (51), a g-rung orthopair fuzzy
weighted ~ Archimedean Frank GMM (qROF-
WAFGMM) operator is constructed as follows:

1/(21,6;) 1/q

e-p(e” —1)" R

E
HE,

(e

) = (1— logg(

where
m e—1+ HPGP,,,((S - 1)/(8/4” _ 1))1/71!
y = log, : D)
Hpepn((f - 1)/(9“ — 1))
) -1 log e—1+ Hpepﬂ((‘e— 1)/(81—1)" B 1))1/n!
© e, (6= V(e = 1))
- " ((e- NN
‘un —1- logss 1 -:lel((E 1)/(:5 “ 811))
Hi:l((e - 1)/(51—H - 1))
Y = 1o e—1+ H?:l((g _ 1)/(£y’ _ 1))5,»
£ H?:l((é‘— 1)/(81/ _ 1))5i
=1 1 +M
u =108, (8— l)nwp(i),l N
- g| 1+

(5 _ 1)”’“;7(1’)‘1

(62)

ICI) (e — 1)V (Z9)

(el

4. MCGDM Method

In this section, a MCGDM method based on the qROF-
WAMM operator and the qROFWAGMM operator is
proposed to solve the MCGDM problems based on qROFNS.

Generally,a MCGDM problem based on qROFNs can be

) )

(61)

described via a set of alternatives A={A,, A, ..., A,,}, a set
of criteria C={Cy, C,, . . ., C,}, a vector of weights of criteria
w= [wl) w2) - wn] (Oswla U)2, e wnS 1;

w, +w, +...+w,=1,and each element, respectively, stands
for the relative importance of the criteria Cy, Cs, ..., C,), a
set of experts E={E;, E,, ..., En}, a vector of weights of
experts w=[®, @ ..., On] (0<®, @ ..., Oy,
@1+ @yt ... +®y=1, and each element, respectively, stands
for the relative importance of the expert Ej, E,, . . ., Ey), and
N g-rung orthopair fuzzy decision matrices My = [Ej ;] nxn
(k= 1, 2, R N, i= 1, 2, I m;j= 1, 2, R (N E‘k,i,j=<[’lk,i,j’
Vkij> is a QROFN that stands for the evaluation value of
criterion C; with respect to alternative A; provided by expert
Ej). Based on these components, the MCGDM problem can
be described as follows: determining the optimal alternative
with the help of a ranking of the elements of A based on My,
w, and w. Using the qROFWAMM operator or the
qROFWAGMM operator, the problem is solved according
to the following steps:

(1) Normalize the q-rung orthopair fuzzy decision
matrices. In general, a MCGDM problem may
contain two different types of criteria, i.e., benefit and
cost criteria. They affect the aggregation results
positively and negatively, respectively. To eliminate
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such effects, the gq-rung orthopair fuzzy decision
matrices Mg = [Eg ;j],uxn are normalized as

[<.”k,i, i Vki, j>]mxn’ if C;isabenefitcriterion,

[(Vk,i, i lhicij ]mxn’

Nk — . . e
if C] 1sa cost criterion.

(63)

(2) Calculate the collective evaluation value of each
criterion of each alternative. Taking the normalized
g-rung orthopair fuzzy decision matrices My and
the expert weight vector @ as input, the collective
evaluation value of criterion C; of alternative A; is
computed using the following equation:

8, =t ;»7;> = QROFWAMM"
(64)
. (:,l,i)j, Boijor-o> zN’,-,j),
or

B,; =t ;» ;> = QROFWAGMM"
(65)
(B Baijo- - B )

where qROFWAMM is an arbitrary specific
qROFWAMM operator, such as the QROFWAAMM
operator in equation (24), the QROFWAEMM op-
erator in equation (31), the QROFWAHMM operator
in equation (33), and the qQROFWAFMM operator in
equation (35); QROFWAGMM is an arbitrary spe-
cific QROFWAGMM operator, such as the qROF-
WAAGMM operator in equation (52), the
qROFWAEGMM operator in equation (57), the
qROFWAHGMM operator in equation (59), and the
qROFWAFGMM operator in equation (61); and the
values of the elements in A=(&;, &5, ..., 0,) are
determined via judging whether the evaluation re-
sults of all experts are mutually independent, there
are interrelationships between the evaluation results
of any two experts, or there are interrelationships
among the evaluation results of any three or more
experts. Generally, the evaluation results of all ex-
perts should be independent. Therefore, ;>0 and

0,=08;=...=4,=0.

(3) Establish a collective q-rung orthopair fuzzy decision
matrix. According to the collective evaluation value
of each criterion of each alternative Ei) the collective
q-rung orthopair fuzzy decision matrix is established
as M= [Ei,j]mxn-

(4) Calculate the collective overall preference of each al-
ternative. Taking the collective q-rung orthopair fuzzy
decision matrix M and the criterion weight vector w as
input, the collective overall preference of alternative A;
is computed using the following equation:

8, = {7, = QROFWAMM" (8, &5, ..

=
> —‘i’n >

(66)
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or

8, =up7;) = QROFWAGMM" (&, &5, ...

=,
>~in)>

(67)

where qROFWAMM is the same specific qROF-
WAMM operator used in equation (64), qROE-
WAGMM is the same specific qROFWAGMM
operator used in equation (65), and the values of
the elements in A=(8;, &5, . . ., §,) are determined
via judging whether all criteria are mutually in-
dependent, there are interrelationships between
any two criteria, or there are interrelationships
among any three or more criteria. When all cri-
teria are mutually independent, then &; >0 and

6,=0;=...=6,=0; when there are in-
terrelationships between any two criteria, §,
§,>0and 65=0,=...=0,=0; and when there are
interrelationships among any r (r=3, 4, ..., n)
criteria, &8;, &5, ..., 6,>0 and §,.;=
6r+2=' . -=6n=0'

(5) Calculate the score and accuracy of the collective
overall preference of each alternative. The score and
accuracy of the collective overall preference of al-
ternative A; is, respectively, computed using the
equations in Definitions 2 and 3.

(6) Generate a ranking of all alternatives and determine
the optimal one. On the basis of the scores and
accuracies of the collective overall preferences of all
alternatives, a ranking of these alternatives can be
generated according to the comparison rules in
Definition 4. The optimal alternative is determined
with the help of the ranking.

5. Example, Experiments, and Comparisons

In this section, a numerical example is firstly leveraged to
illustrate the working process of the proposed MCGDM
method. Then a set of experiments are carried out to ex-
plore the effects of different specific operators and different
parameter values on the aggregation results. Finally,
qualitative and quantitative comparisons between the
proposed method and some existing methods are made to
demonstrate the feasibility and effectiveness of the pro-
posed method.

5.1. Example. A numerical example about the determination
of the best company for investment from five possible
companies (cited from Reference [58]) is used to demon-
strate the proposed MCGDM method. In this example, the
five possible companies are A}, A, As, Ay, and As. There are
four determination criteria of these companies, which are
the risk analysis (C;), the growth analysis (C,), the social-
political impact analysis (Cs), and the environmental impact
analysis (C,). The relative importance of these criteria is
measured by the weight vector w=1[0.2, 0.1, 0.3, 0.4]. The
evaluation group consists of three different experts E;, E,,
and E; whose relative importance is quantified by the weight
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vector @ = [0.35, 0.40, 0.25]. To provide more freedom in the
evaluation of the values of the four criteria of each company,
experts were allowed to use QROFNSs. The evaluation results
of the three experts are, respectively, given in the following
three matrices:

[ <0.5,0.4> <0.5,0.3> <0.2,0.6> <0.4,0.4> ]
<0.7,0.3> <0.7,0.3> <0.6,0.2> <0.6,0.2>
<0.5,0.4> <0.6,0.4> <0.6,0.2> <0.5,0.3> |,
<0.8,0.2> <0.7,0.2> <0.4,0.2> <0.5,0.2>
L <0.4,0.3> <0.4,0.2> <0.4,0.5> <0.4,0.6>
[<0.4,0.5> <0.6,0.2> <0.5,0.4> <0.5,0.3> ]
<0.5,0.4> <0.6,0.2> <0.6,0.3> <0.7,0.3>

<0.4,0.5> <0.3,0.5> <0.4,0.4> <0.2,0.6> |,
<0.5,0.4> <0.7,0.2> <0.4,0.4> <0.6,0.2>
L <0.6,0.3> <0.7,0.2> <0.4,0.2> <0.7,0.2>
[ <0.4,0.2> <0.5,0.2> <0.5,0.3> <0.5,0.2> 7
<0.5,0.3> <0.5,0.3> <0.6,0.2> <0.7,0.2>

<0.4,0.4> <0.3,0.4> <0.4,0.3> <0.3,0.3>

<0.5,0.3> <0.5,0.3> <0.3,0.5> <0.5,0.2>

[ <0.6,0.2> <0.6,0.4> <0.4,0.4> <0.6,0.3>

(68)

With the g-rung orthopair fuzzy decision matrices M, M,
and M, the expert weight vector @, and the criterion weight
vector w, the determination of the best company for in-
vestment can be carried out using the proposed MCGDM
method. The process of the determination consists of the
following six steps:

(i) Normalize the q-rung orthopair fuzzy decision

matrices. Since the four criteria are all benefit cri-
teria, normalization is not required. In other words,
each normalized g-rung orthopair fuzzy decision
matrix My (k=1, 2, 3) is equal to M, ie,
MN,k = Mk.

(ii) Calculate the collective evaluation value of each

criterion of each company. Taking My, and @ as
input, the collective evaluation value of G(i=123,
4) of A; (i=1, 2, 3,4, 5) can be computed according
to equation (64) or equation (65). Without loss of
generality, the QROFWAHMM operator in equa-
tion (33) and the qROFWAHGMM operator in

Complexity

equation (59) (it is worth nothing that if =1 and
A =2, the Hamacher operators will reduce to the
Algebraic and Einstein operators, respectively) are,
respectively, used in equations (64) and (65).

(a) When the QROFWAHMM operator (it is as-
sumed that the evaluation results of the three
experts are independent. Therefore, A is
assigned as A= (&, 85, §5) =(1, 0, 0). Further, A
and g are, respectively, assigned as A=3 and
q=1) is used, the computed results are as
follows:

81,1 =<0.4359,0.3748>, B, , = <0.5415, 0.2313>,
8,3=<0.3994, 0.4357>, and E;,=<0.4659,
0.3024>
B, =<0.5774, 0.3376>, 5, , = <0.6149, 0.2561 >,
H,3=<0.6000, 0.2361>, and B&E,4=<0.6673,
0.2361>
B3, = <0.4359, 0.4385>, B, = <0.4127, 0.4385>,
E;5=<0.4745, 0.2952>, and E;,=<0.333l,
0.4052>
4.1 = <0.6270,0.2952>, B, , = <0.6562, 0.2220>,
E,3=<0.3754, 0.3385>, and E,,=-<0.5415,
0.2000>
Bs1=<0.5348, 0.2719>, E5 , = <0.5815, 0.2403>,
E53=<0.4000, 0.3356>, and Es,=-<0.5815,
0.3374>

(b) When the QROFWAHGMM operator (A =(J;,
0y, 63)=(1, 0, 0), A=3, and g=1) is used, the
computed results are as follows:

E11=<04335 03929>, ZE,,=<05391, 0.2350>,
By3=<0.3730, 04511>, and E,,= <0.4636, 0.3106>
8,1=<0.5673,0.3404>, E, , = <0.6084, 0.2600>,
E,3=<0.6000, 0.2400>, and E,,=<0.6646,
0.2400>

83,1 =<0.4335,0.4409>, E; , = <0.3909, 0.4409>,
53,3 = <04652, 03057>, and 53)4 = <03118,
0.4283>

B41=<0.6006, 0.3057>, B, , = <0.6481, 0.2250>,
H43=<0.3731, 0.3575>, and E,,=<0.5391,
0.2000>

85,1 = <0.5255, 0.27505, 55, = <0.5632, 0.2505>,
Hs3=<0.4000, 0.3582>, and Es,=<0.5632,
0.3741>

(iii) Establish a collective g-rung orthopair fuzzy de-

cision matrix. According to the calculated E;;, the
collective q-rung orthopair fuzzy decision matrix
can be established:

(a) When qROFWAHMM is used, the collective
q-rung orthopair fuzzy decision matrix is as
follows:
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[ <0.4359,0.3748>
<0.5774,0.3376>
<0.4359,0.4385>
<0.6270,0.2952>

| <0.5348,0.2719>

<0.5415,0.2313>
<0.6149,0.2561>
<0.4127,0.4385>
<0.6562,0.2220>
<0.5815,0.2403>

(b) When qROFWAHGMM is used, the collective
q-rung orthopair fuzzy decision matrix is as

follows:

<0.4335,0.3929>
<0.5673,0.3404>
<0.4335, 0.4409>
<0.6006, 0.3057>
<0.5255,0.2750>

MGMM =

<0.5391, 0.2350>
<0.6084, 0.2600>
<0.3909, 0.4409>
<0.6481, 0.2250>
<0.5632,0.2505>

<0.3994,0.4357>
<0.6000,0.2361>
<0.4745,0.2952>
<0.3754,0.3385>
<0.4000, 0.3356>

<0.3730,0.4511>
<0.6000, 0.2400>
<0.4652,0.3057>
<0.3731,0.3575>
<0.4000, 0.3582>

<0.4659,0.3024> 7

<0.6673,0.2361>
<0.3331,0.4052>
<0.5415,0.2000>

<0.5815,0.3374> |

<0.4636,0.3106>
<0.6646, 0.2400>
<0.3118,0.4283>
<0.5391, 0.2000>
<0.5632,0.3741>
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(69)

(70)

(iv) Calculate the collective overall preference of each
company. Taking My or Mgvm and w as input,
the collective overall preference of A; can be
computed according to equation (66) or (67). Since
qROFWAHMM and qROFWAHGMM are, re-
spectively, used in the second step, they are, re-
spectively, used in equations (66) and (67) to
calculate the collective overall preference of A;:

(a) When qROFWAHMM (it is assumed that there
are interrelationships among the four criteria.
Therefore, A is assigned as A=(8;, 6, 03,
04 =(, 2, 3, 4). Further, A and g are, re-
spectively, assigned as A=3 and g=1) is used,
the computed results are as follows:

B, =<0.4424, 0.3722>, E,=<0.5991, 0.2999>,
E3;=<0.4030, 0.3995>, E,=<0.5170, 0.3065>,
and E5=<0.5047, 0.3299>

(b) When qROFWAHGMM (A=(6;, J, 05,
64)=(, 2, 3, 4), =3, and g=1) is used, the
computed results are as follows:

E1=<0.4493, 0.3558>, E,=<0.6213, 0.2601>,
E5=<0.4179, 0.3903>, E,=<0.5235, 0.2670>,
and E5=<0.5121, 0.3274>

(v) Calculate the score and accuracy of the collective
overall preference of each company. According to
the calculated Z;, the score and accuracy of the
collective overall preference of A; can be computed
using the equations in Definitions 2 and 3:

(a) When qROFWAHMM is used, the score and
accuracy of E; are, respectively, as follows:

S(E))=0.0702, S(E,)=0.2992, S(Ez)=0.0034,
S(E4)=0.2105, and S(E5)=0.1748
A(E)) =0.8146, A(E,)=0.8990, A(E;)=0.8025,
A(E,) =0.8235, and A(Es) =0.8346

(b) When QROFWAHGMM is used, the score and
accuracy of E; are, respectively, as follows:
S(E;)=0.0934, S(E,)=0.3612, S(E3)=0.0276,
S(E4) =0.2565, and S(Es5) =0.1847

A(E;)=0.8051, A(E,)=0.8814, A(E;)=0.8082,
A(E4) =0.7905, and A(Es) = 0.8394

(vi) Generate a ranking of all companies and determine
the optimal one. On the basis of the calculated S(E;)
and A(E)), a ranking of the five companies can be
generated according to the comparison rules in
Definition 4:

(a) When qROFWAHMM is used, the generated
ranking is A, > Ay > As>A; > A;

(b) When qROFWAHGMM is used, the generated
ranking is Ay > Ay > As>A; > A,

With the help of the generated ranking, the optimal
company is determined as company A,.

5.2. Experiments. To explore the effect of using different
groups of specific operators and assigning different values to
parameters on the aggregation results, the following four
experiments were carried out.

5.2.1. Experiment 1. It was carried out to show the influence
of the use of different groups of specific operators on the
aggregation results. In this experiment, Myy (k=1, 2, 3), @,
and w in the example were used as the input of the presented
eight groups of Archimedean Muirhead aggregation oper-
ators (when adapting the eight groups of operators, A = (4,
82, 83) =(1, 0, 0) (for equation (64) or equation (65)), A =(Jy,
8, 03, 84) =(1, 2, 3, 4) (for equation (66) or equation (67)),
A=e=3, and g=1). The results of the experiment are the
calculated scores of the collective overall preferences of the
five companies and the generated rankings of the five
companies, which are listed in Table 1. As can be seen from
the table, there are slight differences among the scores of
the same company calculated by the four groups of
weighted Archimedean MM operators or the four groups of
weighted Archimedean GMM operators. But the scores of
each group of GMM operators are obviously greater than
the scores of the corresponding group of MM operators.
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TaBLE 1: The results of Experiment 1.

Complexity

Specific operator used in equation Specific operator used in equation
(64) or equation (65)

(66) or equation (67)

Calculated scores of the collective overall

preferences of the five companies

Generated ranking

Sl Sz S3 s4 S5
qROFWAAMM qROFWAAMM 0.0431 0.2400 -0.0460 0.1834 0.1430 A,>A;>As>A;>A;
GROFWAEMM qROFWAEMM 0.0554 02718 —0.0172 0.1950 0.1580 A, > A,> As> A, > As
qROFWAHMM qROFWAHMM 0.0702 0.2992 0.0034 0.2105 0.1748 A,>As>As>A;>A;
GROFWAEMM qROFWAEMM 0.0525 0.2636 —0.0227 0.1913 0.1541 A,> A,>As> A, > As
GROFWAAGMM qROFWAAGMM 01508 0.3815 0.0698 0.3077 02321 A,>Ay>As> A, > Ay
qROFWAEGMM qROFWAEGMM 01155 0.3696 0.0464 02760 0.2033 A,>A,> As> A, > As
qQROFWAHGMM qQROFWAHGMM 0.0934 03612 0.0276 0.2565 0.1847 A,> Ay>As> A, > As
qROFWAFGMM qROFWAFGMM 01217 03712 0.0510 0.2812 0.2076 A,> A, > As> A, > As

This indicates that the GMM operators tend to provide
optimistic expectations, while the MM operators tend to
generate pessimistic results relatively. Nevertheless, the
rankings remain the same with respect to the eight groups
of specific operators. This suggests that the use of different
groups of specific operators has no obvious effect on the
aggregation results.

5.2.2. Experiment 2. It was carried out to show the influence
of the assignment of different values to the rung q on the
aggregation results. In this experiment, Myp; and w and
MgmM and w in the example were, respectively, used as the
input of the qROFWAHMM operator (A=(d8;, &5, &5,
04)=(1,2,3,4),A=3,and q=1, 2, .., 10) in equation (66)
and the QROFWAHGMM operator (A = (8y, 85, 63, 64) =(1,
2,3,4),A=3andgq=1,2,...,10) in equation (67) (it is worth
nothing that only the most generalized Hamacher operators
were included in this and the subsequent experiments for the
sake of simplicity). The results of the experiment are the
calculated scores of the collective overall preferences of the
five companies, which are depicted in Figure 1. From the
figure, it can be found that the scores and ranking of the five
companies will change as the value of g changes. When g=1,
2, 3, 4, 5, the rankings generated by the two operators are all
Ay > Ay >As>A; > As. The best company has always been
A,. When ¢=6, 7, 8, 9, 10, the rankings generated by
qROFWAHMM are difficult to distinguish, and the rankings
generated by qROFWAHGMM are all
Ay > Ay > As> Ay > Az The best company has changed to A,.
Obviously, if g=1, the QqROFNs will become IFNs; if g=2,
the QROFNs will become PFNs. From the experiment results
in Figure 1, it is reccommended that the smallest g that can
satisfy 0 < u?+v7< 1 is assigned in practical applications. For
example, if the value of a criterion is <0.9, 0.6>, then g is
assigned 3 since 0.9°+0.6°>1 and 0.9° + 0.6 < 1. All of the
values in Myy and Mgym can satisfy g + v < 1, and thus, the
value of q in the experiment can be assigned from 1.

5.2.3. Experiment 3. It was carried out to show the influence
of the assignment of different values to the parameter A on
the aggregation results. In this experiment, My, and w and
Mgmm and w in the example were, respectively, used as the
input of the qROFWAHMM operator (A=(d;, &5, &5,
04)=(1,2,3,4),q=1, and A whose value ranges from 0.0001

to 20) in equation (66) and the QROFWAHGMM operator
(A=(8y, 65, 65, 64)=(1, 2, 3, 4), g=1, and A whose value
ranges from 0.0001 to 20) in equation (67). The results of
the experiment are the calculated scores of the collective
overall preferences of the five companies, which are
depicted in Figure 2. It can be seen from the figure that the
scores of the five companies computed by qROFWAHMM
gradually increase, the scores computed by qROF-
WAHGMM gradually decrease, and the rankings generated
by the two operators remain the same, as the value of A
gradually increases. Thus, the parameter A can be seen as an
optimistic factor for the QROFWAHMM operator, while a
pessimistic factor for the qROFWAHGMM operator.
Generally, if the attitude is neutral, a small A (1, 2, or 3) is
recommended. If the attitude is optimistic enough, a bigger
(smaller) A can be assigned when qROFWAHMM
(QROFWAHGMM) is used. Otherwise, a smaller (bigger) A
is recommended.

5.2.4. Experiment 4. It was carried out to show the influence
of the assignment of different values to the parameters 8y, 65,
03, and &, on the aggregation results. In this experiment,
My and w and Mgy and w in the example were, re-
spectively, used as the input of the QROFWAHMM operator
(A=(8y, 85, 85, 04)=(1,0,0,0); (1,2,0,0); (1,2, 3,0); (1, 2, 3,
4), g=1, and A=3) in equation (66) and the qROF-
WAHGMM operator (A = (6;, 62, 85, 84) =(1,0,0,0); (1, 2,0,
0); (1, 2,3,0); (1, 2, 3, 4), g=1, and A =3) in equation (67).
The results of the experiment are the calculated scores of the
collective overall preferences of the five companies and the
generated rankings of the five companies, which are listed in
Table 2. As can be seen from the table, the rankings of the five
companies generated by the two operators remain the same,
in the cases where (1) all of the four criteria are independent
of each other, (2) there are interrelationships between any
two criteria, (3) there are interrelationships between any
three criteria, and (4) there are interrelationships between all
of the four criteria. From such results, it is difficult to see the
differences of how the four cases affect the aggregation
results. Even so, this does not mean that such differences do
not exist, since the numerical example is a very simple
example that includes only four criteria. For complex ex-
amples with more criteria, the differences may be more
obvious.
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FIGURE 1: The results of Experiment 2. Scores of the five companies calculated by (a) QROFWAHMM and (b) qROFWAHGMM.
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FIGURE 2: The results of Experiment 3. Scores of the five companies calculated by (a) QROFWAHMM and (b) qROFWAHGMM.

5.3. Comparisons

5.3.1. Comparisons with Muirhead Aggregation Operators of
IFNs and PFNs. It is of necessity to make comparisons with
the MCGDM methods based on Muirhead aggregation
operators of IFNs and PFNs because these methods are very
relevant to the proposed MCGDM method. At present, a
number of Muirhead aggregation operators of IFNs and
PFENs have been presented. Representative examples are the
intuitionistic fuzzy MM (IFMM) and intuitionistic fuzzy
GMM (IFGMM) operators presented by Liu and Li [55] and
the Pythagorean fuzzy MM (PFMM) and Pythagorean fuzzy

GMM (PFGMM) operators presented by Zhu and Li [56]. In
this subsection, the following qualitative and quantitative
comparisons between the methods based on these operators
and the proposed method were carried out.

(1) Qualitative Comparison. In general, a qualitative com-
parison among different MCGDM methods can be made by
comparing their characteristics. For the four existing
methods and the proposed method, the application range
from the perspective of the values of criteria, the generality
and flexibility in the aggregation of the values of criteria, and
the capability to capture the attitudes of decision makers are
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TaBLE 2: The results of Experiment 4.

Values of the
elements of A

Calculated scores of the collective overall

in equation  Specific operator used in equation (66) or equation

(66) or (67) preferences of the five companies Generated ranking

equation (67)

61 62 63 64 Sl Sz S3 S4 Ss

1 0 0 0 qQROFWAHMM 0.1033 0.3688 0.0262 0.2686 0.2084 A,>A,>As>A, > As
qROFWAHGMM 0.0735 0.3576 -0.0100 0.2363 0.1665 A,>As>As>A,> Az

1 2 0 0 qQROFWAHMM 01161 0.3495 0.0596 0.2505 0.2206 Ay>A,>As> A, > As
qQROFWAHGMM 0.0220 0.3239 —0.0327 0.1831 0.1063 A,>As>As>A, > As

1 2 3 0 qROFWAHMM 0.1130 0.3590 0.0621 0.2538 0.2219 A,>A,>As>A ;> A3
qQROFWAHGMM 0.0227 0.3273 —0.0254 0.1927 0.1196 A,>As>As>A, > As

1 2 3 4 qROFWAHMM 0.0702 0.2992 0.0034 0.2105 0.1748 A,>As>As5>A;>A;
qQROFWAHGMM 0.0934 03612 0.0276 0.2565 0.1847 A,>As>As>A, > As

TaBLE 3: The results of the qualitative comparison with the MCGDM methods based on Muirhead aggregation operators of IFNs and PFNs.

MCGDM method Application range from thfe pferspectlve Generality and ﬂe).(lblhty in the Capability j[o capture the
of the values of criteria aggregation attitudes
IFMM [55] When the values of all criteria are in IFNs Limited No
IFGMM [55] When the values of all criteria are in IFNs Limited No
PFMM [56] When the values of all criteria are in IFNs or PFNs Limited No
PFGMM [56] When the values of all criteria are in IFNs or PFNs Limited No
When the values of all criteria are in IFNs or PFNs or e
qROFWAMM qROFNSs Satisfying Yes
When the values of all criteria are in IFNs or PFNs or e
qROFWAGMM qROFN's Satisfying Yes
selected as the comparison characteristics. The results of the uh
comparison are shown in Table 3. The details of the com-
parison are explained as follows: 1
(1) Application range from the perspective of the values
of criteria: the methods based on the IFMM and
IFGMM operators are applicable when the values of
all criteria are in IFNs. The methods based on the
PFMM and PFGMM operators can be applied when
the values of all criteria are in PFNs, which include 0 1 v

IFNs. The proposed method is applicable when the
values of all criteria are in qROFNs, which include

—— IFNs - 0<u+

both IFNs and PFNs. The relationships among IFNs, — PENs - ;2:!2 +

PFENs, and qROFNSs are depicted in Figure 3. From <1

the figure, it can be seen intuitively that the proposed —— QROFNs -« 0<ui+

method has the widest application range among all Vi<l

comparison methods. In other words, the methods FiGURE 3: The relationships among IFNs, PFNs, and qROFNs.

based on the IFMM, IFGMM, PFMM, and PFGMM
operators are just the special cases of the proposed
method (to be more specific, qROFWAMM
(QROFWAGMM) will reduce to IFMM (IFGMM) if
fit)y=-Int? and g=1 and will reduce to PFMM
(PEGMM) if f() = —Int? and q=2).

aggregations in the remaining methods are based on
the fixed Algebraic T-norm and T-conorm opera-
tion. These methods relatively have limited gener-
ality and flexibility.

(2) Generality and flexibility in the aggregation: the (3) Capability to capture the attitudes: the proposed

generality and flexibility of the proposed method are
desirable because the aggregations in it are based on
the operations of any family of ATTs. The

method has this capability because the aggregations
in it are based on the operations of any family of
ATTs and some families of ATTs (e.g., Hamacher
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T-norm and T-conorm, and Frank T-norm and
T-conorm) can provide flexible parameters to de-
scribe the attitudes of decision makers. The
remaining methods do not have the capability since
the aggregations in them are based on the fixed
Algebraic T-norm and T-conorm operation.

As can be summarized from the qualitative comparison,
the proposed method can provide more flexible application
range and more desirable generality and flexibility in the
aggregation of the values of criteria and the capturing of the
attitudes of decision makers over the methods based on
Muirhead aggregation operators of IFNs and PFNGs.

(2) Quantitative Comparison. Generally, a quantitative
comparison among different MCGDM methods can be
carried out using the same numerical example. The nu-
merical example in Subsection 5.1 is used to quantitatively
compare the MCGDM methods based on the IFMM,
[FGMM, PFMM, and PEGMM operators and the proposed
MCGDM method. The results of this comparison are the
calculated scores of the collective overall preferences of the
five companies and the generated rankings of the five
companies, which are listed in Table 4. As can be seen from
the table, all of the comparison methods can be used to solve
the MCGDM problem in the example and the rankings
generated by them are exactly the same. This is because the
values of all criteria in the example are in IFNs (ie., the
values of all criteria can satisty y + v < 1). From these results,
it is difficult to see the superiority of the proposed method
over other comparison methods.

To show the superiority, suppose the value of Z, 4, in M;
is changed to <0.8, 0.7> (such value is entirely possible in
practical MCGDM problems) and the same methods are
applied to solve the changed MCGDM problem. The results
are also listed in Table 4. It can be seen from the table that
only the proposed method is applicable and can generate
results. The reason is that <0.8, 0.7> cannot satisfy y+v<1
and p® +v* <1, but can satisfy y? + 1< 1 (q=3,4,5, .. .). This
means that the application range of the proposed method
from the perspective of the values of criteria can be adjusted
by setting an appropriate value to the flexible parameter q.
Thus, it can be concluded that the proposed method can
provide more flexible application range over the methods
based on Muirhead aggregation operators of IFNs and PFNGs.

5.3.2. Comparisons with Aggregation Operators of qROENEs.
It is also of necessity to make comparisons with the
MCGDM methods based on aggregation operators of
qROFNs, since both these methods and the proposed
MCGDM method are for qQROFNs. As mentioned in the
introduction, more than twenty different aggregation op-
erators of QROFNs have been presented so far. The repre-
sentative aggregation operators are the WE [38], WP [39],
WA and WG [40], WBM and WGBM [41], WABM [42],
WEBM [43], WPBM and WPGBM [44], WHM and WGHM
[45], WHM* and WPHM [46], WMSM and WGMSM [47],
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WPMSM [48], WPPMSM [49], and WMM and WGMM
[50] operators. In this subsection, the following qualitative
and quantitative comparisons between the methods based on
these operators and the proposed method were carried out.

(1) Qualitative Comparison. For the twenty existing methods
and the proposed method, the generality and flexibility in
the aggregation of QROFNSs, the capability to deal with the
cases where all criteria are independent of each other, there
are interrelationships between any two criteria, and there are
interrelationships among any multiple (more than two)
criteria, and the capability to capture the attitudes of de-
cision makers are selected as the comparison characteristics.
The results of the comparison are shown in Table 5. The
details of the comparison are explained as follows:

(1) Generality and flexibility in the aggregation: for the
method based on the WP operator, any one of the
twenty WP operators that have different operations
can be used in the aggregation. Thus, its generality
and flexibility can be seen as moderate. The gener-
ality and flexibility of the methods based on the
WABM operator and the proposed method are
desirable because the aggregations in them are based
on the operations of any family of ATTs. The ag-
gregations in the remaining methods are based on
based on the fixed Algebraic T-norm and T-conorm
operation. These methods relatively have limited
generality and flexibility.

(2) When all criteria are independent of each other: it is
no doubt that all methods can deal with this case.

(3) When there are interrelationships between any two
criteria: the methods based on the WE, WP, WA, and
WG operators are only suitable for the independent
case. Except these methods, all methods can handle
this situation.

(4) When there are interrelationships among any mul-
tiple criteria: among all methods, the methods based
on the WMSM, WGMSM, WPMSM, WPPMSM,
WMM, and WGMM operators can process this case
due to the use of the MSM or MM operator in them.

(5) Capability to capture the attitudes: the methods
based on the WABM operator and the proposed
method have this capability because the aggregations
in them are based on the operations of any family of
ATTs and some families of ATTs (e.g., Hamacher
T-norm and T-conorm, and Frank T-norm and
T-conorm) can provide flexible parameters to de-
scribe the attitudes of decision makers. The
remaining methods do not have the capability since
aggregations in them are based on the fixed Alge-
braic T-norm and T-conorm operation.

As can be summarized from the qualitative comparison,
the proposed method has desirable generality and flexibility
at both aggregating the values of criteria and capturing the
interrelationships of criteria and the attitudes of decision
makers.
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TaBLE 4: The results of the quantitative comparison with the MCGDM methods based on Muirhead aggregation operators of IFNs and
PENs. Notes: when comparing the proposed method, the QROFWAHMM and QROFWAHGMM operators were selected. When adapting
the groups of IFMMs, IFGMMs, PFMMs, and PEGMMs, A = (6, 8, §5) = (1, 0, 0) for IFMM and PFMM in equation (64) and IFGMM and
PEGMM in equation (65), and A = (6, 85, §5) = (1, 2, 3, 4) for IFMM and PFMM in equation (66) and IFGMM and PEGMM in equation (67).
When adapting the groups of QROFWAHMMSs and QROFWAHGMMs, g =3, A =3, and A=(8;, 5, §3) =(1, 0, 0) for GROFWAHMM in
equation (64) and QROFWAHGMM in equation (65), and g=1,A=3, and A =(6;, 65, 63) = (1, 2, 3, 4) for qJROFWAHMM in equation (66)
and QROFWAHGMM in equation (67).

Specific operator used in

Specific operator used in

Calculated scores of the collective overall

Zalue of equation (64) or equation  equation (66) or equation preferences of the five companies Generated ranking
Tt (65) (67) Si S, Ss Si  Ss

<0.8,0.2> IFMM [55] IFMM |[55] 0.0431 0.2400 —0.0460 0.1834 0.1430 A,>Ay>As>A; > A,
<0.8,0.2> IFGMM [55] IFGMM [55] 0.1508 0.3815 0.0698 0.3077 0.2321 A,>A,>As>A; > A,
<0.8,0.2> PEMM [56] PEMM [56] 0.0353 0.2196 —0.0545 0.1525 0.1277 Ay>As>As> A, > As
<0.8,0.2> PFGMM [56] PFGMM [56] 0.1410 0.3447 0.0696 0.2830 0.2038 A,>A,;>As>A;>A;
<0.8,0.2> qROFWAMM qQROFWAMM 0.0863 0.3024 0.0303 0.2186 0.1871 A,>As>As>A, > As
<0.8,0.2> qQROFWAGMM qROFWAGMM 0.0713 0.3519 0.0052 0.2414 01458 A,>A,>As>A;> A,
<0.8, 0.7> IFMM [55] IFMM [55] Cannot be calculated Cannot generate
<0.8,0.7> IFGMM [55] IFGMM [55] Cannot be calculated Cannot generate
<0.8, 0.7> PFMM [56] PFMM [56] Cannot be calculated Cannot generate
<0.8, 0.7> PFGMM [56] PFGMM [56] Cannot be calculated Cannot generate
<0.8,0.7> qROFWAMM qQROFWAMM 0.0863 0.3024 0.0303 01830 0.1871 A,>As>As>A;>As
<0.8,0.7> qROFWAGMM qROFWAGMM 0.0713 0.3519 0.0052 0.1976 0.1458 A,>A,>As> A, > As

TaBLE 5: The results of the qualitative comparison with the MCGDM methods based on aggregation operators of qROFNS.

MCGDM method

Capability to deal with the interrelationships of

Generality and flexibility in the

criteria

Capability to capture the

aggregation i attitudes
g87c8 Independent An}r two Any fnul-tlple
criteria criteria
qROFWE [38] Limited Yes No No No
qROFWP [39] Moderate Yes No No No
qROFWA [40] Limited Yes No No No
qROFWG [40] Limited Yes No No No
qROFWBM [41] Limited Yes Yes No No
qROFWGBM [41] Limited Yes Yes No No
qROFWABM [42] Satisfying Yes Yes No Yes
qROFWEBM [43] Limited Yes Yes No No
qROFWPBM [44] Limited Yes Yes No No
?ﬁ?FWPGBM Limited Yes Yes No No
qROFWHM [45] Limited Yes Yes No No
qROFWGHM [45] Limited Yes Yes No No
qROFWHM* [46] Limited Yes Yes No No
qROFWPHM [46] Limited Yes Yes No No
qROFWMSM [47] Limited Yes Yes Yes No
?E]OFWGMSM Limited Yes Yes Yes No
?LEJOFWPMSM Limited Yes Yes Yes No
?f;])FWPPMSM Limited Yes Yes Yes No
qROFWMM [50] Limited Yes Yes Yes No
?;)]OFWGMM Limited Yes Yes Yes No
qROFWAMM Satisfying Yes Yes Yes Yes
qROFWAGMM Satisfying Yes Yes Yes Yes

(2) Quantitative Comparison. The numerical example in
Subsection 5.1 is used to quantitatively compare the
MCGDM methods based on the WA, WG, WBM, WGBM,

WABM, WHM, WGHM, WHM*, WMSM, WGMSM,
WMM, and WGMM operators (please note that the
methods based on the WE, WP, WEBM, WPBM, WPGBM,
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TaBLE 6: The results of the quantitative comparison with the MCGDM methods based on aggregation operators of qROFNs. Notes: for easy
comparison, all the methods used the same score function (see Definition 2). When comparing the method based on WABM, the most
generalized q-rung orthopair fuzzy weighted Archimedean Hamacher Bonferroni mean (WAHBM) operator was selected. When com-
paring the proposed method, the most generalized WAHMM and WAHGMM operators were selected. When adapting the fourteen groups
of operators, g = 1 for all groups of operators; A = 3 for the groups of WAHBMs, WAHMMs, and WAHGMMs. s=1 (a=1) and t=0 (b=0)
for WBM and WAHBM (WHM and WHM?¥) in equation (64) and WGBM (WGHM) in equation (65); s=1 (a=1) and t=2 (b=2) for
WBM and WAHBM (WHM and WHM") in equation (66) and WGBM (WGHM) in equation (67); k=1 (A=(d), 85, §3)=(1, 0, 0)) for
WMSM (WMM and WAHMM) in equation (64) and WGMSM (WGMM and WAHGMM) in equation (65); and k=4 (A =(8y, &5, 63) = (1,
2, 3, 4)) for WMSM (WMM and WAHMM) in equation (66) and WGMSM (WGMM and WAHGMM) in equation (67).

Calculated scores of the collective overall
preferences of the five companies

Si S S S4 Ss
0.1144 03724 0.0417 02810 02244 A,>As>As> A, > As
0.0592 0.3523 -0.0261 0.2212 0.1455 A,>A;>As>A;>A;
—0.8638 —0.8114 —0.8753 —0.8295 —0.8437 A, > Ay>As> A, > As
0.8917 0.9342 0.8789 09149 0.9058 A,>A,>As>A, > A,
0.1161  0.3495 0.0596 0.2505 02206 A,>A,>As> A, >A;
—0.3015 —0.0385 —0.2834 —0.0923 —0.2129 A,>A,>As>A;> A,
0.3455 0.6063 0.3428 0.5258 0.4046 A,>A;>As>A;>A;
—0.8509 —0.7779 —0.8495 —0.7931 —0.8298 A, > Ay > As> As> A,
0.9035 0.9383 0.8908 0.9200 09159 A,>A,>As>A,>A;
~0.8696 —0.8179 —0.8839 —0.8407 —0.8590 A, > Ay> As> A, > As

Specific operator used in
equation (64) or equation (65)

Specific operator used in

equation (66) or equation (67) Generated ranking

qROFWA [40]
qROFWG [40]
qROFWBM [41]
qROFWGBM [41]
qROFWABM [42]
qROFWHM [45]
qROFWGHM [45]
qROFWHM* [46]
qROFWMSM [47]
qROFWGMSM [47]

qROFWA [40]
qROFWG [40]
qROFWBM [41]
qROFWGBM [41]
qROFWABM [42]
qROFWHM [45]
qROFWGHM [45]
qROFWHM* [46]
qROFWMSM [47]
qROFWGMSM [47]

qROFWMM [50] qROFWMM [50] 0.0431 0.2400 —0.0460 0.1834 01430 A,>A,>As>A, > A,
qROFWGMM [50] qROFWGMM [50] 0.1508 0.3815 0.0698 0.3077 02321 A,>A,>As>A, > A,
qROFWAMM qROFWAMM 0.0702 02992 0.0034 02105 0.1748 A,>A,>As>A, > A,
qQROFWAGMM qROFWAGMM 0.0934 03612 0.0276 02565 0.1847 A,>A,>As>A, > A,

WPHM, WPMSM, and WPPMSM operators were not in-
cluded in the quantitative comparison because of the fol-
lowing: the WE operator was presented to deal with the case
in which the values of criteria are expressed by a fuzzy
number in Zadeh’s FS and the values of weights are de-
scribed by qROFNs; the WP operator was presented to
control the uncertainty of the evaluation results of some
experts; the WEBM operator was presented to handle the
heterogeneous relationship among criteria and unknown
criterion weights; the WPBM, WPGBM, and WPHM op-
erators were presented to handle heterogeneous in-
terrelationships of criteria; the WPMSM operator was
presented to reduce the influence of biased evaluation
values on the aggregation result; the WPPMSM operator
was presented to deal with the situation with heterogeneous
interrelationships of criteria and some biased evaluation
values; and the proposed method does not consider these
characteristics) and the proposed MCGDM method. The
results of this comparison are the calculated scores of the
collective overall preferences of the five companies and the
generated rankings of the five companies, which are listed
in Table 6.

As can be seen from Table 6, the rankings of the pro-
posed method are exactly the same as the rankings of the
methods based on the WA, WG, WBM, WGBM, WABM,
WGHM, WMSM, WGMSM, WMM, and WGMM opera-
tors, and it just has differences at the fourth and fifth places
with the rankings of the methods based on the WHM and
WHM* operators. These results indicate its feasibility and
effectiveness in solving the MCGDM problems based on

qROEFNs. However, because of such results, it is difficult to
see the differences of the comparison methods intuitively.
To show the differences more intuitively, the elements
Eraa (k=1,2,3) in My x were constantly adjusted according
to Table 7. It is easy to guess that such adjustments will affect
the ranking of A,, which may probably be changed from the
best company to the worst one because the membership
degree becomes smaller and smaller and the nonmember-
ship degree becomes larger and larger. To confirm this
conjecture, Figures 4-8, respectively, depict the change of
the places of A, in the rankings generated by the methods
based on the group of WAs and the group of WGs, the group
of WBMs and the group of WGBMs, the group of WHMs
and the group of WGHMs, the group of WMSMs and the
group of WGMSMs, and the group of WAMMs and the
group of WAGMMs. From these figures, it can be seen that
the results generated by all of the ten comparison methods
are consistent with the conjecture. This also demonstrates
the effectiveness of the proposed method. Further, it can also
be seen that the ten methods have different sensitivities to
the changes in the input values of criteria, which is reflected
in the difference in the backward speed of the ranking of A,.
Among the methods based on WAs, WBMs, WHMs,
WMSMs, and WAMMs, the backward speed of WMSMs is
the fastest, while the backward speed of WAs and WHMs is
the slowest. Among the methods based on WGs, WGBMs,
WGHMs, WGMSMs, and WAGMMs, the methods based
on WGs and WGHMs have the fastest backward speed,
while the method based on the WAGMMs has the slowest
backward speed, and the backward speed of WGMSMs is
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TABLE 7: Seven groups of Ex,4 (k=1, 2, 3) in Myy.

Number Bioa Broa B304

0 <0.6, 0.2> <0.7, 0.3> <0.7, 0.2>
1 <0.5, 0.3> <0.6, 0.4> <0.6, 0.3>
2 <0.4, 0.4> <0.5, 0.5> <0.5, 0.4>
3 <0.3, 0.5> <0.4, 0.6> <0.4, 0.5>
4 <0.2, 0.6> <0.3, 0.7> <0.3, 0.6>
5 <0.1, 0.7> <0.2, 0.8> <0.2, 0.7>
6 <0.1, 0.7> <0.1, 0.9> <0.1, 0.8>

Score
Score

0 : : : : ; -0.4 ' : : : :
0 1 2 3 4 5 6 0 1 2 3 4 5 6
Values of C, of A, Values of C; of A,

—— A —— Ay —— A —— Ay
—— A, —o— A; —— A, —o— A;
As As

(a) (b)

FIGURE 4: The change of the places of A, in the rankings of the group of WAs [40] and the group of WGs [40]. Scores of the five companies
computed by the group of (a) QROFWAs and (b) qQROFWGs.
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FiGure 5: The change of the places of A, in the rankings of the group of WBMs [41] and the group of WGBMs [41]. Scores of the five
companies computed by the group of (a) QROFWBMs and (b) qROFWGBMs.
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FIGURE 6: The change of the places of A, in the rankings of the group of WHMs [45] and the group of WGHMs [45]. Scores of the five
companies computed by the group of (a) QROFWHMs and (b) gqROFWGHMs.
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F1GURE 7: The change of the places of A, in the rankings of the group of WMSMs [47] and the group of WGMSMs [47]. Scores of the five
companies computed by the group of (a) QROFWMSMs and (b) qROFWGMSMs.

also slow. From these results, it can be seen that the sen-
sitivities of WAs, WBMs, WHMs, WMSMs, and WAMMs
and the sensitivities of their dual forms are opposite,
respectively.

Finally, it should be noted that the purpose of the
quantitative comparison is not to illustrate that the proposed
method is better than the comparison methods, but to verify

its feasibility and effectiveness and show the differences of
these methods. In general, it is difficult to say that one
MCGDM method is better than another one because dif-
ferent methods have different characteristics, which de-
termines their different application scenarios. What users
have to do is choose suitable methods for specific application
scenarios.
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F1GURrE 8: The change of the places of A, in the rankings of the group of WAMM s and the group of WAGMMs. Scores of the five companies
computed by the group of (a) QROFWAMMs and (b) QROFWAGMMs.

6. Conclusion

In this paper, a qROFAMM operator, a qQROFWAMM
operator, a QROFAGMM operator, and a QROFWAGMM
operator have been presented to aggregate q-rung orthopair
fuzzy information for solving the MCGDM problems based
on qROFNs. The idempotency, monotonicity, and bound-
edness of these operators have been proved and their four
specific operators have been constructed using the Algebraic,
Einstein, Hamacher, and Frank families of ATTs and their
additive generators. On the basis of the presented operators,
a method for solving the MCGDM problems based on
qROFNSs has been proposed. The paper has also provided a
numerical example to show how the method works, carried
out a set of experiments to explore the characteristics of the
method, and made qualitative and quantitative comparisons
to verify the advantages, feasibility, and effectiveness of the
method. The results of the experiments and comparisons
suggest that the presented operators and the proposed
method are general and flexible at both the aggregation of
q-rung orthopair fuzzy information and the capturing of the
interrelationships of criteria and the attitudes of decision
makers and are feasible and effective for solving the
MCGDM problems based on qROFNs.

Future work will focus especially on extending the
presented operators from the aspect of dealing with more
complex interrelationships of criteria and reducing the in-
fluence of biased evaluation values on the aggregation result.
The partitioned averaging operator and the power averaging
operator will probably be introduced and combined with the
presented operators to construct new aggregation operators.
Further, the application of the proposed method in solving
practical decision-making problems in manufacturing en-
vironment, such as determination of additive manufacturing

processes, planning of part build directions in additive
manufacturing, and selection of automated inspection sys-
tems, will also be studied in the future work.

Acronyms

ATT: Archimedean T-norm and T-conorm

BM: Bonferroni mean

ES: Fuzzy set

GBM: Geometric Bonferroni mean

GMM: Geometric Muirhead mean

GMSM: Geometric Maclaurin symmetric mean

IFGMM: Intuitionistic fuzzy geometric Muirhead
mean

I[FMM: Intuitionistic fuzzy Muirhead mean

IFN: Intuitionistic fuzzy number

IES: Intuitionistic fuzzy set

MCDM: Multicriteria decision making

MCGDM: Multicriteria group decision making

MM: Muirhead mean

MSM: Maclaurin symmetric mean

PFGMM: Pythagorean fuzzy geometric Muirhead
mean

PFMM: Pythagorean fuzzy Muirhead mean

PFN: Pythagorean fuzzy number

PES: Pythagorean fuzzy set

qROFAGMM: q-rung orthopair fuzzy Archimedean
geometric Muirhead mean

qROFAMM: g-rung orthopair fuzzy Archimedean
Muirhead mean

qROEN: q-rung orthopair fuzzy number

qROES: q-rung orthopair fuzzy set

qROFAAMM: q-rung orthopair fuzzy Archimedean

Algebraic Muirhead mean
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qROFAEMM:
qROFAFMM:
qROFAHMM:

qROFWAAMM:

qROFAAGMM:
qROFAEGMM:
qROFAFGMM:
qROFAHGMM:

qROFWAAGMM:

qROFWAEGMM:

qROFWAFGMM:

qROFWAHGMM:

qROFWAEMM:
qROFWAFMM:

qROFWAHMM:

qROFWAMM:

qROFWAGMM:

(QROF)WA:
(QROF)WABM:
(QROF)WBM:
(QROF)WE:
(QROF)WEBM:
(QROF)WG:
(QROF)WGBM:

(QROF)WGHM:

q-rung orthopair fuzzy Archimedean
Einstein Muirhead mean

q-rung orthopair fuzzy Archimedean
Frank Muirhead mean

q-rung orthopair fuzzy Archimedean
Hamacher Muirhead mean

q-rung orthopair fuzzy weighted
Archimedean Algebraic Muirhead
mean

q-rung orthopair fuzzy Archimedean
Algebraic geometric Muirhead mean
q-rung orthopair fuzzy Archimedean
Einstein geometric Muirhead mean
q-rung orthopair fuzzy Archimedean
frank geometric Muirhead mean
q-rung orthopair fuzzy Archimedean
Hamacher geometric Muirhead mean
q-rung orthopair fuzzy weighted
Archimedean Algebraic geometric
Muirhead mean

q-rung orthopair fuzzy weighted
Archimedean Einstein geometric
Muirhead mean

q-rung orthopair fuzzy weighted
Archimedean Frank geometric
Muirhead mean

g-rung orthopair fuzzy weighted
Archimedean Hamacher geometric
Muirhead mean

q-rung orthopair fuzzy weighted
Archimedean Einstein Muirhead mean
q-rung orthopair fuzzy weighted
Archimedean Frank Muirhead mean
g-rung orthopair fuzzy weighted
Archimedean Hamacher Muirhead
mean

q-rung orthopair fuzzy weighted
Archimedean Muirhead mean
q-rung orthopair fuzzy weighted
Archimedean geometric Muirhead
mean

(q-rung orthopair fuzzy) weighted
averaging

(q-rung orthopair fuzzy) weighted
Archimedean Bonferroni mean
(q-rung orthopair fuzzy) weighted
Bonferroni mean

(q-rung orthopair fuzzy) weighted
exponential

(q-rung orthopair fuzzy) weighted
extended Bonferroni mean

(q-rung orthopair fuzzy) weighted
geometric

(q-rung orthopair fuzzy) weighted
geometric Bonferroni mean

(q-rung orthopair fuzzy) weighted
geometric Heronian mean
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(QROF)WGMM:  (q-rung orthopair fuzzy) weighted
geometric Muirhead mean

(QROF)WGMSM:  (q-rung orthopair fuzzy) weighted
geometric Maclaurin symmetric mean

(QROF)WHM: (q-rung orthopair fuzzy) weighted
Heronian mean

(QROF)WMM: (q-rung orthopair fuzzy) weighted
Muirhead mean

(QROF)WMSM:  (q-rung orthopair fuzzy) weighted
Maclaurin symmetric mean

(QROF)WP: (q-rung orthopair fuzzy) weighted
point

(QROF)WPBM: (q-rung orthopair fuzzy) weighted
partitioned Bonferroni mean

(QROF)WPGBM:  (q-rung orthopair fuzzy) weighted
partitioned geometric Bonferroni mean

(QROF)WPHM:  (qg-rung orthopair fuzzy) weighted
partitioned Heronian mean

(QROF)WPMSM:  (q-rung orthopair fuzzy) weighted
power Maclaurin symmetric mean

(qROF) (q-rung orthopair fuzzy) weighted

WPPMSM: power partitioned Maclaurin
symmetric mean.
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