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Time delays and fractional order play a vital role in biological systems with memory. In this paper, we propose an epidemic model
for Zika virus infection using delay differential equations with fractional order. Multiple time delays are incorporated in the model
to consider the latency of the infection in a vector and the latency of the infection in the infected host. We investigate the necessary
and sufficient conditions for stability of the steady states and Hopf bifurcation with respect to three time delays 7,, 7,, and 75. The
model undergoes a Hopf bifurcation at the threshold parameters 77, 75, and 7;. Some numerical simulations are given to show the
effectiveness of obtained results. The numerical simulations confirm that combination of fractional order and time delays in the

epidemic model effectively enriches the dynamics and strengthens the stability condition of the model.

1. Introduction

Zika infection is a mosquito-borne disease, transmitted to
humans through the bite of an infected Aedes mosquito. It was
first discovered in Uganda in 1947 in rhesus monkey. The first
human cases were reported in Nigeria in 1954. Zika was
thought to cause mild symptoms in humans, including mild
fever, skin rashes, conjunctivitis, muscle and joint pain, and
headache, which lasts for three to twelve days normally.
However, the World Health Organization (WHO) has con-
cluded that Zika virus infection during pregnancy is also
a cause of congenital brain abnormalities, including micro-
cephaly [1]. Moreover, Zika virus is a trigger of Guillain-Barre
syndrome [2]. There is no doubt that mathematical modeling
of Zika infection plays an important role in gaining un-
derstanding of transmission of disease and to predict the
behaviour of any outbreak [3, 4].

Recently, mathematical modeling of dynamics of in-
fectious diseases, using differential equations with memory
(time-delay terms or fractional orders), has attracted much
attention of many researchers (see, e.g., [5] and references
therein). Time delay in models of population dynamics and

in particular in macroscopic models of the immune response
are natural and common [6]. Naturally, time delay or
memory is an unavoidable factor in dynamics of most real-
life phenomena. Time delay has influence on dynamical
behaviours of biological systems in various aspects. There-
fore, considering time delays in the investigation of bi-
ological systems is significant in both theoretical and
practical point of views. In fact, when immune system works
against the non-self-cells, it may take some time (time lag) to
interact with the pathogen. Therefore, time delays cannot be
ignored in models for immune response. Accordingly, the
analysis of dynamical properties of system with time delays
is important (see [5, 7-12]). Dengue fever is analyzed in [13],
using a system of four nonlinear differential equations with
two time delays. In [12], the authors considered the vector-
borne epidemic model with time delay. The authors in-
tensively discussed the impact of time delay in the host-to-
vector transmission term that can destabilize the system.
Periodic solutions can also be raised through Hopf
bifurcation.

In the existing literature, most of the biological problems
are studied through the integer-order mathematical modeling
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by using ordinary, partial, and delay differential equations
[9, 10, 14]. In the last few decades, fractional-order models
have been incorporated in several areas of science, engi-
neering, applied mathematics, economics, and bioengineering
[15-20]. One advantage of the fractional-order differential
equation is that they provide a powerful instrument for in-
corporation of memory and hereditary properties of the
systems as opposed to the integer-order models, where such
effects are neglected or difficult to incorporate. In addition,
when fitting data, the fractional models have one more degree
of freedom than the integer-order model (see [21]). Based on
these advantages, some authors have developed interesting
applications to investigate the dynamics of such fractional-
order models with systems of memory [22-26]. In [5, 22], the
authors studied fractional-order cancer immune systems. In
[25], a fractional-order model for HIV with nonlinear in-
cidence has been considered and stability for various equi-
librium points has also been discussed. The authors in [27]
investigated the dynamics of Ebola virus with time delay and
fractional order and reported that combination of time delay
and fractional order can effectively enrich the dynamics and
strengthen the stability condition of the infection model.
Analysis and dynamics of Zika transmission have been ex-
amined by many researchers (see, e.g., [3, 28, 29]. In [3],
a mathematical model for transmission of Zika virus has been
proposed with control measures of Zika virus. Stability
properties of the Zika infection model have been investigated
in [30]. The authors in [31] have compared the Zika infection
model with dengue to show effect of the virus on population.
The dynamical analysis of the SIS model is studied by con-
sidering bifurcation parameters in [32]. The authors [33] have
discussed absence and presence of diffusion in the Zika virus
disease model. The stability analysis and Hopf bifurcation
point for various generalized epidemic models have been
discussed in the literature [33-35]. However, the dynamics of
fractional order with multiple time-delay models for Zika
virus infection has not been yet studied in mathematical
epidemiology.

Herein, we demonstrate that a nonlinear fractional-or-
der differential equations model, with multiple time delays,
can simulate the dynamics of Zika virus infection much
more than the classical epidemic models. The application of
fractional derivatives is in several cases justified because they
provide a better model than integer-order derivative models
do [36, 37]. One important feature of fractional derivatives is
that they are nonlocal opposed to the local behaviour of
integer derivatives. In this way, the next state of a fractional
system depends not only upon its current state but also upon
all of its historical states [38—40].

Motivated by the above discussion, in this paper, we
investigate the dynamics of Zika virus infection with
fractional order and time delays. In Section 2, we formulate
the model and study the nonnegativity of the solutions. In
Section 3, we investigate the asymptotic stability analysis
and Hopf bifurcation properties by taking time-delay pa-
rameters as bifurcation parameters. Sufficient conditions
are derived to ensure the asymptotic stability and Hopf
bifurcation behaviours of the addressed model. Finally,
some numerical simulations are provided with various
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fractional orders and time delays to demonstrate the ef-
fectiveness of our theoretical findings in Section 4. We then
conclude in Section 5.

Before we start analysis, we provide some useful
preliminaries.

L.1. Preliminaries. Herein, we provide some basic definitions
and properties of integration and differentiation with
fractional-order (free order) a (see [41]).

Definition 1. Let a € (0,00), the operator I on L, [a,b] is
defined by

I°f(1) = ﬁ J (t-9)* ' f(s)ds, feLlablte abl,
(1)

which is called the fractional integral (or Riemann-Liouville
integral) of order «, where I? = Id is the identity operator.

Definition 2. Let «a € [0,00) and n=[a], where
[x] = min{k € Z : k>x}, and the operator y; D% is defined
for f € L,[a,b] by

o _ 1 d " n—a—1
r Dy f (1) = m(a) L (t=95)"""f(s)ds, (2)

which is called the Riemann-Liouville fractional derivative
of order «.

Definition 3. Let a € [0, 00) and fis such that "™ f ) exists,
where n=[a], f € A"[a,b] (the set of all function
f: [a,b] — R provided that £V be absolutely contin-
uous), then we define the operator D by

« _ 1 t a1l £ (n)
cDLf (1) = Tn-a) L (t-s) 7 (s)ds, (3)

which exists for almost everywhere x € [a, b]. The operator
D4 f (t) is called the Caputo fractional derivative of order a.
In particular, when 0 <@ <1, we have
1 L fl(s)
Dif(t) = ds. 4
cDaf F(l—oc)J-q(t—s)“ ) )

Remark 1. Let B,y € R, and a € (0, 1). Then,

@I IF:L,— L, and if f(t)eL,, then
IPIVf (1) = IFY £ (1)
(ii) limﬁanlgf (x)=1,f(t) uniformly on [a,b],

n=123, ..., where I.f(t) = I;f(s)ds

(iii) limﬁéolﬁf(t) = f(t) weakly

(iv) If f(t) is absolutely continuous on [a,b], then
lim,_,Dgf (t) =df (t)/dt

(v) Thus, Dif(t) = (d/dt)Ié_"‘f(t) (Riemann-—
Liouville sense) and D®f(t)=IL%(d/dt)f (¢)
(Caputo sense)
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Remark 2. We notice that the fractional derivatives involve
an integration and are nonlocal operators, which can be used
for modeling systems with memory.

We should mention here that Caputo’s definition of
fractional derivative is a modification of the Riemann-
Liouville definition and has the advantage of dealing with
initial value problems in a proper way.

2. Model Formulation

The literature reveals that most mathematical modeling of
biological systems with memory is based either on delay
differential equations (DDEs) with integer-order or frac-
tional-order differential equations without a delay. However,
fractional-order calculus is more suitable, than integer-order
ones, in modeling biological systems with intrinsic memory
and long-range interactions such as epidemic evolution
systems [42]. Modeling of such systems by fractional-order
differential equations has more advantages than classical
integer-order mathematical modeling, in which the effects of
memory or long-range interactions are neglected. Indeed,
memory effects play an essential role in the spreading of
diseases. Including memory effects in the susceptible-in-
fected-recovered (SIR) epidemic models seems very ap-
propriate for such an investigation (see Remark 2). Herein,
we investigate the impact of combining both time delays and
fractional order in an epidemic model for Zika virus
infection.

The underlying model is governed by a system of
fractional-order differential equations with multiple time
delays for Zika virus infection. The model includes the
dynamics of susceptible individuals, Hg(t), with Zika
symptoms and infected portion, H;(t), and recovered
portion, Hp (¢), individuals recovered from Zika, the sus-
ceptible mosquitoes, M (), in infected mosquitoes, M (t).
Thus, the total human population N (f) =H (t)+
H, (t) + Hg (t). The overall vector (mosquito) population, at
time t, is N, (t) = M, (t) + M;(t). Assume that 3, is the
transmission rate from humans to mosquitoes. f3,, is the
transmission rate of Zika from the vector (mosquitoes) to
humans. Natural death rate of host is denoted by d,,. The
recruitment rate into susceptible population is denoted by
A,. Natural death rate of vector is denoted by d,,. 7 is the
recovery rate from treatment. A, is the recruitment rate into
susceptible mosquito population. Also, y is the average
infectious period for humans. We use time delays in the
model to consider the latency of the infection in a vector and
the latency of the infection in an infected host. In our model,
we consider time-delay 7, to represent the transferring of the
infection from infected mosquitoes into suspected humans.
The incubation period (time delay) 7, is incorporated to
represent the time required for an individual/susceptible to
become infectious, after becoming infected. 7; is the in-
cubation period of susceptible mosquitoes to become in-
fectious (see Figure 1). The memory of the earlier times,
which are represented by time lags, could have less effect on
the present situation, as compared to more recent times.
However, it is expected that long-range memory,

represented by fractional order, effects decay in time more
slowly than an exponential decay but can typically behave
like a power-law damping function. The model then takes
the following form:

D*Hg(t) = My, = ByHs (t — 7, )M (t - 1)

- BpHs(t - 72)H, (t - 7,) — d),H;
D*H, () = ByHg(t — 7, )M, (t - 1)

+BpHs (t - 72)H, (t - 7,) - d,H; - yH,
D*Hy (t) = yH; - d,Hy + nH,
D*Mg(t) = A, — B,Mg(t — 73)H, (t - 73) — d,,M,,
DM, (t) = B, Mg (t — 13)H, (t — 13) — d,,, M.

(5)

The initial conditions for system (5) should be provided
so that Hy(0)=Hy, Hg(t)=¢(t), H;(t)=¢,(t),
M (t) = ¢5(t), and M, (t) = ¢, (t), when ¢ € [max{-7;},0]
for i =1,2,3, time lag, 7, >0.

Remark 3. The fractional derivative a € (0, 1] is defined by
Caputo sense (4), so that introducing a convolution integral
with a power-law memory kernel is useful to describe
memory effects in dynamical systems. The decaying rate of
the memory kernel (a time correlation function) depends on
a. A lower value of « corresponds to more slowly decaying
time-correlation functions (long memory). Therefore, as
a —> 1, the influence of memory decreases.

2.1. Nonnegative Solution. Since model (5) monitors the
dynamics of human populations, therefore, all the param-
eters are assumed to be nonnegative. Furthermore, it can be
shown that all state variables of the model are nonnegative
and bounded for all time t >0 (see [42]).

Lemma 1. The closed set Q = {(H,, H;, Hg, Mg, M;) € R> :
Hg+ H;+Hp< (A\/dy), Mg+ M; < (A,/d,,)} is positively
invariant with respect to model (5).

Proof. In order to prove the nonnegativity of system (5), it is
assumed that there exists a t, >t such that Hg(t,) = 0 and
Hg(t)<0fort € (t,,t;] wheret, is sufficiently close to £ .. If
H,(t) =0,

D*H(t,) = . (6)

Thus, one obtains D*H(¢) >0 for all t € [t,,f;] and
D*Hg>eHg, where € > 0. Hence, one derives

Hg(t)>Hg(t,)E,(e(t—1t,)%), te[t, t]. (7

Since Hg(t,) = 0, one gets Hg(¢) >0, t € [t,,t,], which
contradicts the assumption. Hence, H(t) >0 for any ¢ > ¢,.
In the same manner, we have H,(t),Hg(t),
M (t), and M (t) are nonnegative.

To show that the system is bounded, we add the first
three equation of System (5), and we get
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FIGURE 1: Transmission and dynamics of Zika virus infection between the host (human) and the vector (mosquitoes).

D‘X(HS'FHI‘FHR) :)Lh—ths—thI—thR‘l'f’]HI.
(8)

We know that all parameters value is positive, and one
can obtain

D*(Hg+H;+Hyg) <M\, —d,(Hg+ H; + Hy),

« (9)
DNy <A, —d,Ny,
where Ny =Hg(t)+ H,(t)+ Hg(t), and solving this
equation, we have

Ny (1)< (—A—h+NH (0))Ea(—dht“) +A—h. (10)
dj dy
The solution is given by Ny (t)=Ny(0)E,,
(=dyt®) + At Eq o1 (=dyt*), where E g is the Mittag-Leffler
function. Considering the fact that Mittag-Leftler function
has an asymptotic behaviour,

w Z—K

et @(IzlfH‘)),
L T(B-aK) -

Etx,ﬁ (Z) ~

an
|z| — o0, > < larg(z)| <.

Ay

One can observe that N (t) — A,/d), ast — oo. The
proof of the mosquitoes (vector) population is similar to
human (host) population, and we obtain N, (t) — A,,/d,,,.
Therefore, all solutions of the model with initial conditions
in Q remain bounded in the positively invariant region Q for
all ¢ € [0,00). The region Q) is positively invariant with
respect to model (5). O

The equilibrium points (steady states) are obtained by
setting D*Hg= D*H; = DHyp = D*Mg¢=D*M; =0, in
model (5). The model has two equilibrium points: (i)
disease-free equilibrium point E° = (HY, HY, H%, MY, M%)
= ((A\,/d,),0,0, (A,,/d,,),0) and (ii) endemic steady state
E*, which is

* Ah
E bl
(/311 (ﬂm/\mH;/dm (ﬁmH; +dm))+ﬁhH; +dh

B
dh )ﬁmH; +dm)dm (ﬁmH; +dm) .

(12)

gy Hiey) A,

Here, HJ is the positive root of the following equation:

BuknH] )

ﬁh(ﬁh (ﬁmAmH}k/dm (ﬁmH; -i'dm))-f_ﬁhH;= +dh dm (ﬁml_l;= +dm)

A

(13)

4 h(/sh B3y (B + dy)) + Byl 4y

H*> ~d,H; - yH; = 0.
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3. Stability and Bifurcation Analysis
To study the stability of model (5), suppose

E*(Hg,Hj,Hy, Mg, M7) is the steady state of the linearized
system:

D*Hg(t) = -B,HgM; (t — 7,) = B,M[Hg (¢t — 7,) = B,HsH, (t - 7,) — B, H  Hs (¢

DH, (t) = BHsM, (t — 7)) + B,M[ Hg(t — 7,) + B, HgH; (t — 7,) + B, H; Hg (t —

D“HR(t) =yH; +nH; - d,Hy,
DaMS (t) = _ﬁmMgHI (t - TS) _/ij;MS (t - T3) - deS’
D*M;(t) = B,,MgH, (t - 73) + B,,H; M (t - 75) - d,,M,.

Taking Laplace transform [43] on both sides of the
linearized system (14), we obtain

0

-7

s*X, (s) = s, (0) + B,Hze " [—XS (s) - j e s (t)dt]

0

+B,Mje " [—Xl (s) - J_ e Vo, (t)dt] +B,Hge "™ [—Xz (s) - J
0

+B,Hie ™" [—Xl (s) — ,[, e o, (t)dt] -d, X, (s),

0
"X, (s) = 5“71% (0) + B,Hge ™" [XS (s) + J_ e os (t)dt]
0

0
+B,Mje " |:X1 (s) + J_ e_s'f(p1 (t)dt:| +B,Hge ™" [Xz (s) + J

0
+B,Hje™ [Xl (s) + J, e (t)dt] —d, X, (s) — yX, (s),
s X5 (s) = s* 9, (0) + yX, (s) + X, (s) — d, X5 (5),

0
s X, (s) = 5", (0) + B, Mge ™" [—xz (s) - j e o, (t)dt]

0

+ B, He " [—X4 (s) - I e "o, (t)dt] —d, X, (s),

—T3

0
s*X5(s) = s 5 (0) + B,,Mge ™" [xz (s) + J e o, (t)dt]

0
B, He™™ [X4 (s)+ I o, (t)dt] —d, X4 (s),

X (s)
where X, (s), X, (s), X5(s), X,(s), and X (s) are Laplace e
transforms of Hg, H;, Hy, Mg, and M, respectively, with X5 ()
X, (s) = Z{H (1)}, X, (s) = Z{H,; (1)}, X5 (s) = L{HRy (1)}, A(s)] X;5(s)
X, (s) = Z{Mg (1)}, and X, (s) = L{M; (¢)}. Then, (15) can X, (s)

be written in the following matrix form as
X5(s)

- 1,) —d,Hs,
Tz) —d,H; - yH,,

e "o, (t)dt]

ki (s)
ky (s)
=| ks(s) |
ky(s)
ks (s)

(14)

(15)

(16)



6 Complexity
in which
s“+a e +ae”" +ay ae”" 0 0 a,e”"
—a, e —a,e”" s*—ae” " +ag 0 0 —a,en
A(s) = 0 a6 s*+a, 0 0 ,
0 a,e " 0 s*+age™s +aq 0
0 —a,e”h 0 —age™*" s +aqg
. 0 0
Ky () = g, (0) = B H J s (N — fre M J e, (1)dt
! !
0 0
B H: j o, (t)dt - B, H j o, (DL,
-7, ) (17)

0
Ko (9) = 790 (0) 4 fre L | gt + B |

0
+Bye Hg j e o, (t)dt + B,e " H; J
)

ks (s) = 5" 95 (0),

0
ky(5) = 1, (0) = B M J g, ()t - e " H] J

0 0
ks (s) = "5 (0) + B, Miie™™ j e, (1)dt + B, e H] [

where a, = M}, a, = B,Hj, a5 = d, ay = p,Hg, as = d),+
V> g =-1—Y, a; = B,,Mg, ag = B,Hj, and a, =d,, and
A(s) is considered as the characteristic matrix of system (5)
The characteristic polynomial is then

P =P+ Py (s)e™™ + P, (s)e*™ + P, (s)e*™
+ P (s)e T + Pg(s)e >
L P, ()e(177) 4 P (5)e ()
£ Py ()6 (47) L P (s)e =07
+P, ()e > 4P, (S)eﬂ(rlwﬁﬁ).

(18)

The coeflicients P;(s), i =1,...,12, are estimated by
Mathematica and given in Appendix.

Case 1. 7,>0,7, =0, and7; = 0.
When 1,>0,7,=0, and7; =0,
equation (18) becomes

the characteristic

PL(s)+ P, (s)e” + Py (s)e ¥ =0, (19)

0
e o, (t)dt

0
e o, (Hdt,

2

0
e "o, (t)dt,

-7

e Po,(t)dt,

—15

where
Pr(s) =P (s) +P5(s) + Py (s) + Pe (s) + Pg(s) + Py, ()
=%+ D5 + D, + Dys” + Dys* + D,
Py(s) =Py (s) + P, (s) + Py (s) + Py, ()
=G s+ Gy + Gy + Gys* + G,
Py (s) = Ps(s) + Py (s) = H; 8% + Hys™ + Hys™ + H,.
(20)
Now, we prove that the characteristic equation (19) has
no pure imaginary roots for any 7, > 0. Assume that char-
acteristic equation (19) has pure imaginary root, and let it be

s =1& = E(cos(m/2) +isin(7/2)), & > 0. If we multiply e on
both sides of equation (19), we get

PL(8)e™ + Py (s) + Py (s)e " = 0. (21)

Now, we substitute the expression of s into (21) to have
(o, +iB)e" + oy +iB, +(dy+iBs)e”" =0. (22)

The coefhicients «/,, o,, and &/, and B, RB,, and %,
are real and imaginary parts of %, (s), %, (s), and P;(s),
respectively, so that
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Sam 4am 3amr
o, =E%cos -+ D, & cos R D,&% cos -

2arr an
+ D& cos -t D, &% cos B Ds,

Sam dam 3an
%1 = 550‘ sin T+ D1£4a sin T'I' D2£3a sin T

2arm an
+ D352“ sin —~ + D, sin >

4am 3amr 2arm
A, = G, £ cos -t G, cos S G3E% cos —~

an
+G,&" cos B Gs,

4o 3amr 2arm
B, = G, sin — G, sin = G,E% sin —

o
+G,&% sin —,
2
30 3amr o 2am " %1
oy =H, & cos T+HZE cos ——+ H,&" cos 7+H4,

3 2
B, = H,E%sin 0T, H, & sin T, H;&" sin o
2 2 2
(23)
Separating real and imaginary parts yields
o, cosét) — B sinér) = —(of5coséty + Bysinér, + oA,),
o sinét; — B, cosér) = —(B5 cosét) — oy sinét, + B,).
(24)
It follows from (14) that
A+ B — oAy — B — s - B =2[ B, (A, sinr,
+ B, cosér)) + o5 (A, cosér) — B, sinér))].
(25)
Using the fact that cos’6+ sin6=1, we have

sinét, = /1 — cos? &7y, and then (25) can be written in the

following form:

ds —sP(8)e + s P (s)e™*h

[ + B — ot~ B2 — A~ B~ 2(B, B + oyl y)cos ér, ||

= [2\[1 - cos? &t (Byd, — A3 B,) 2.
(26)

It can be concluded from (26) that
@,cos” &7+ @, cosET+ @5 = 0, (27)

where
Q, = A2’ + A2 B + AL B + 4B R,
Q, = 4(B, By + Ayl (- — B + ol + By + Ay + B3),
Q= [l — (o, - B:)' (s — By + B,) (s + B, + By
A (A + B - (s~ By~ By) (A + B)) - B,
(28)

The quadratic equation (27) has roots, so we can obtain
the expression of cos {7, and denote cos &z, = f, (§), where
f1 (&) is a function of ¢.

Substituting the expression of cosér; = /1 — sin® &7,

into (27), we can get expression of sinér,. Assume that

sinét, = f,(£). Moreover, we have f%(f) +f§ & =1.
Thus, it follows from cos &z, = f, (§) that

T, = % [arccos (£, (§)) + 2kn],

We suppose that ff €3) +f§ (&) =1 has at least one
positive root, and thus, the bifurcation point is defined as

7} =min{r{"}, k=0,1,2,.... (30)

k=0,1,2,.... (29)

Now, differentiating equation (21) with respect to 7, we
obtain

d d d
P (s)emﬁ + P (Tlﬁ + s) + P, (s) ﬁ
1 1 1
(31)

_er ds o ds
+ Py (s)e ot Pse ‘(—TIdTl - s) =0,

1

where 2| (s), P,(s), and P;(s) are derivatives of
P (s), P, (s), and P4 (s), respectively. It follows that

_M(s)

dr, - Pl (s)esn + 1, P, (s)esT + Py (s) + Py (s)e™T — 1, P, (s)e=n N(s)

From (32), by some computation, we deduce that

re &5 _M,N, + M,N,
dr, N3+ N3

> (33)

7,=77,§=§,

(32)

where M, N, and M,, N, are the real and imaginary parts
of M(s), N (s). Also, &, stands for the critical value and 7}
denotes the bifurcation point. Here,
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- BEsin 1),

M, = —-d & cos &) + B &y sin&y1) + &y A5 cos &) — Bs&, cos &y,

* * * . * * * * . * * * * * e *
N, =g cos&yt] — By siné,r] + 1, cos &1, — 1] B, siné,1] + o, + 95 cos &1 + B, sin&,1;

* % * . *
-1y coséyT] — T, By siné, 1],

* . * * * * . * * * * * . * * *
N, =9l sinéyr| + B cos&yr| + 1,9 siné 1] + 1] B, cos &) + B, — o5 siné 1| + B; cos&1]

* . * * *
+ 1,95 sinéy1] — 1] By cos &y1],

564-1€08 (500 — 1)

4a-1€08 (4o — 1)1

30-1€08 (3a — D)7

. n
| = 5ag, +4aD,§, +3aD,& :
+2aD; éa—1C05(206 -Dr N aD4£8‘_1COS(a - 1)71’
’ (34)
B, = Sasgaflsin@xf—m + 4qp, gloisinta = D 3“D2§3“*1W
_1sin(2a -1 _si -1
+ 20D, 8 1sin (2a )n+¢xD4 « 1sm((x2 )n’
* - da - 1) _ 3a- 1) _ 20— Dt ) D
o = 4aG &' 1M+3a@fé“ icos(3a - Uz +2aG, " icos (20~ Uz + aG, & 17&5(0; ig
B! = 40, gl SHATIT o pensinBaz DT pentsin@aZ DT o pecrsin (ocz— D
* _1cos(3a—1)m _1cos(2a - 1)m cos(a— 1
o = 3, £ CE DT gy e €0SQEZ DT 08 (a - D
* _sin(3a — 1 ,sin(Qa—1 . si -1
B = 3aH,E" 1sin (3a )ﬂ+2¢xH2 2 1sin (2 )71+(XH3£3 1sin (a )7-:'

Case 2. 7, =0,7,>0, and 75 = 0.
When 7, =0,7,>0,73 =0, the characteristic equation
(18) becomes

Pu(s) + Ps ()€™ + Py (s)e P =0, (35)

where
Pu(s) =P () +P,(s) + Py(s) + Ps(s) + Py (s)
+ P (s) =+ ] 5™+ 8+ 5™+ T st + T
Ps(5) = Py (s) + P, (s) + Py (s) + Py, (s) = L;s™ + L™
+Lys™ + L,s™ + L,
P (s) =P (s) + P, (s) = R;s™ + Rys™ + Rys™ + R,
(36)

2

Now, we prove that the characteristic equation (35) has
no pure imaginary roots for any 7, >0. Assume that char-
acteristic equation (35) has pure imaginary root, and let it be
s =1 = &(cos(n/2) +isin(n/2)), £>0. Now, multiplying
e*™ on both sides of equation (35), we get

Py ()€’ + P (s) + Py (s)e "™ = (37)
Substitute the expression of s into (37) to have
(A +iBL)e™ + A5 +iBs + (g +iBg)e" =0, (38)

where o, 5, o and B,, Bs, B, are real and imaginary
parts of P, (s), P (s), and P (s), respectively. Here,



Complexity

S5am 4o 3amr
o, = E%cos -+ J,E* cos -t J,E% cos -

2am [0 %1
+ ]38 cos -t J,&% cos -+ Is,

S5am 4o 3am
B, = E%sin —— + J, & sin —— + J,&%sin —
2 2 2
2armr o
+ ]3€2a sin T + ]4{“ sin 7,

4am 3amr 2am
s = L& cos -t L,& cos -t LyE% cos —

an
+L,&% cos B Ls,

dam 3am 2am
%5 = L1£4a sin T + L2£30¢ sin T + L3£2a sin T

ar
+ L& sin —,
2
30 3am 2 2am o o
¢ =R & cos 5t R,& cos — 1 Ry&% cos > R,,

3 2
B = R, E%sin 20T, R,&* sin o, R;&" sin a
2 2 2
(39)
Separating real and imaginary parts yields
A ycosét, — By sinér, = —(9 g coséry + B sinét, + A 5),
A ysinét, — B, cosét, = —(Bg coséty — dgsinét, + Bs).
(40)
It follows from (40) that
A+ By~ s~ Bl — s — B = 2[ B (A5 sin
+ Bscoséty) + A (A5 coséry, — By sinér,)].
(41)

We know that cos® 0 + sin? 6 = 1; by using it, we have

sinét, = 1/1 — cos? £7,, and then (41) can be written in the

following form:
(o + B — s~ B~ A — B
2
—2(Bs B + A9 g)cos &, | (42)

2
= [2\/1 - cos?ét, (Beds — A RBs)| .

ds —sP,(5)e + sP (s)e™™™

It can be concluded from (42) that
@4c052 ET+ Qs coséT+ Qg = 0, (43)
where
@, = Adlrdl’ + AL B + 4A 2 B + ABL B,

Q5 = 4(Bs B + A5l )(—3l; — B + ol + B + ol + By,

Qo =i~ (A5 — Be) — (g~ By + Bs) (g + Bs + By)|
: [di — (s + Bs)' ~ (A~ By~ Bs) (s + By) - ‘%’5]-
(44)

As we know, the quadratic equation (43) has roots, we
can obtain the expression of cosér, and denote
cosér, = f, (&), where f,(£) is a function of &.

Substituting the expression of coséz, = /1 — sin’ &7,
into (43), we can get expression of sinéz,. Let us denote
sinért, = f, (&), where f, (£) is a function with respect to &.
Moreover, f2 (§) + f3 () = 1. Thus, it follows from cos &7, =
f1(§) that

T, = ! [arccos (£, (§)) + 2kn],

k=0,1,2,.... (45
£ (45)

Clearly, ff (&) + f% (&) = 1 has at least one positive root.
The bifurcation point is defined as

7, =min{r{"}, k=0,1,2,.... (46)

We obtain the transversality condition of the occurrence
for Hopf bifurcation at 7, = 7.
Differentiating equation (37) with respect to 7, yields

, o ds o, ds ,, . ds
P,(s)e Zd_‘rz + Py(s)e (Tzd_rz + s) + P (s) d_‘r2

(47)

_er, ds e ds
+ P (s)e zd—‘rz + P (s)e 2<—12d—_[2 - s) =0,

where P, (s), Pi(s), and P¢(s) are derivatives of
P, (s), Ps(s), and P (s), respectively. It follows that

M)

d—T2 - Py (5)esT + T, P, (8)esT + Pi(s) + Py (s)e™T — 1, P (s)e™T

From (48), by some computation, we deduce that

Re(ds> _ MW+ N
dr,

VR
1 2

7,=75,§=§,

Sy (48)

where #,, /', and M ,, V', are the real and imaginary parts
of M (s), V (s). Also &, stands for the critical value and 75
denotes bifurcation point. Here,
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My = A& sinégry + By cosyry + dEysinéyry — A& sinéyr,

My = - &y cos &gty + B siné s + &g cos &gty — BE,coséyT;,

Ny =9, coséyr, — B, sinéyT, + 1,9, cos &1, — 1, B, sin&,1; + A + A coséyry + By siné,1,
- 1,9 cos &1, — T, Bg sin&yT,,

* . * * * * . * * * * * . * * *
Ny = siné 1, + B, cos&y, + 1,9, sin &1, + 7, B, cos &y, + B — o sinyT, + B cos &1,

* . * * *
+ 1,9 ¢ sin &1, — 17, Bg cos &1,

" _icos(ba—1)m _icos(da— 1) _1cos(B3a—1)m
!Qi4 — Safga 1 ( ) +4‘x]1£ga 1 ( > ) +3(X]2 gtx 1 ( > )
_1cos (2o — ) _jcos(a— 1)
+2a], (2)“ ! +af & ! ,
2 2
N _sin(5a — 1) _sin (4o — 1)1 sin(3a— 1)1
5 = 5agg DTy a8 pisinBe- )
(50)
18Sin Qe = 1)m _isin(a— 1)
+ 2], éocl ( ) +“]4£gll ( ))
2 2
" _icos(4da—1)m cos(B3a—1)m _cos(2a—1)m
ot = dal &" icos (4o = D +3aL,E" 1c0s (3a - Lz +2aL,E" 1€0s (2a - m
2 2 2
_icos(a—1)m
+aL £
480 2
N _sin (4o — )7 sin(3a — 1) sin(Qa — 7
B = 4aL1£§x1———£—————l—4—3aL25§x1———S——————l—+-2aL3f§x1———£—§———2—
_sin(a— 1)
+al & —
—
. _1cos(3a—1)m _1cos(2a—1)m _1cos(a—1)m
ay =3aR & icos (3o~ + 2aR, & 1cos (20— + aR,Ey icos (o= > n
N sin(3a— D)7 sin(2a— D)7 sin(a— 1)
5%6::3aR1£§”1——5—————2—4-2aR2 g*l__f_____l_4-aR3zg1__5____l<
2 2 2
Case 3. 7, =0,7, =0, and 75 > 0. Again, we prove that the characteristic equation (51)
When 17,=0,7,=0,and7;>0, the characteristic  has no pure imaginary roots for any 7, >0. Here, we
equation (18) becomes assume that characteristic equation (51) has pure imag-
P, (s) + Py (s)e”* =0, (51) inary root, let it be s = i§ = £(cos(71/2) +isin(7/2)), £> 0.

where
P, (s) =P (s) + Py (s) + P5(s) + P5(s) + Py (s) + P, (s)
=54 U s + U, + U™ +Us™ + U,
Pg(5) =P, (s) +Pg(s) + Py (s) + Pyp(s) + Py () + Py (s)
=V s+ V8 4 Vs + Vst 4 Ve

(52)

Now, we substitute the expression of s into (51), and we
have

A +iB, + (g +iBg)e " =0, (53)

where o/, o/ and %B,, By are real and imaginary parts of
P, (s) and Py (s), respectively. Here,
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S5am 4o 3am
o, = E%cos -+ U, &% cos -t U,&% cos -

2am an
+U, 8 cos - U,&" cos -+ Us,

Sam dam 3am
B, = Esin -t U, sin -t U, &% sin —

2ar an
+ U8 sin == + U, & sin —,
2 2
4ot 3am 2
A5 =V, E% cos — + V% cos — + V, 8 cos —
2 2 2
ar
+V,&% cos -+ Vs,
2a

dam 3am
e%’s = Vlf‘m sin T + szsa sin T + V3£2‘X sin T

an
+V,&%sin Ex

(54)
Separation of real and imaginary parts yields
g coséty + Bysinér, = -, (55)
—dgsinéty + By cosér, = -AB,.
From (14), we have
—Ay iy~ BBy _—
T, =————— = N
coséT, 72+ B f1(®
(56)
) B,y — A By —
S £T3 = W = f2 (E)

It is clear that cos® 0 + sin® @ = 1; from (56),

My = & siné T, — BgEycos &y,
Moy = &, coséTy + By sinéyT;,

11
(F,®) +(£®) =1 (57)

Hence, it follows from cos 75 = 71 (&) that
Ty = ! [arccos(?1 (f)) + 2k71], k=0,1,2,.... (58)

§

We suppose that (57) have at least one positive root. The
bifurcation point is defined as

7y =min{r’}, k=0,1,2,.... (59)

We obtain the transversality condition of the occurrence
for Hopf bifurcation at 75 = 73.

Now, differentiating equation (51) with respect to 75, we
obtain

ds oz, ds s ds
P1(s) i, + Py (s)e i, + Py (s)e*" (—T3d—T3 - s) =0,
(60)
where P, (s) and Py (s) are derivatives of 2, (s) and P (s),
respectively. It follows that

ds —sPg (s)e™ M) e
dry  PL(s) + Py(s)e=™s — T3P (s)ess N (s)
From (61), by some computation, we deduce that
ds MN |+ My
Re| —— R Ry R (62)
dr, ry=r =ty N+ N5

where #,, V| and M ,, V', are the real and imaginary parts
of M (s), V (s). Also &, stands for the critical value and 7
denotes bifurcation point. Here,

Ny =9+ g coséty + By sinéy1, — 13 [dg cos T, + BgsinéyT; ],

Ny =By + RBg cos &, — g sinéy1; — 13 [Bg cos 15 — A gsinéyT; ],

50-1€08 (5 — 1)

_1cos(4a—1)m
4o—1 ( ) +3(XU20

i 3aU,¢&,

T 2av,E

30-1€08 (3 — )7
2
’ (63)

31 8in (3o — 1)1
2

>

2a-1€08 2a — 1) a1cos(a—1)m

+ ,
2 450 2

7 =5 + 4aU
7 = Sadg 2 aU, &, >
- 2a—1 - -
20 g ORIy pearcosle” D
:%; = Sagga—lw + 4ocU1€3‘HM
_ysin(2a — 1 Csin(a—1
20075 SRRET DT gy poasinta D
. 10-1€08 (40 — 1)1 3q-1€08 (3o — 1)
Ay = 4aV g 5 +3aV,&; —
4zx—ISin (4“ - 1)

* us —
B =4aV &, +3aV,86"

sin(3a— 1)7
1—( ) +2aV5€,

2a-1Sin (2 — 1)

T sin(a— 1)
+aV, &, isin(a - D .

2
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TaBLE 1: &, values and 7] values for different fractional-order a.

Fractional order («)

Critical frequency (&)

Bifurcation point (77})

1 0.30125 1.2104
0.9 0.17811 4.5874
0.8 0.09392 11.8356
0.7 0.04573 23.2562
0.6 0.00152 744.420
Case 4. 7, =1, =73 =0. 0+ 20" + Zyw™ + 2,0 + Zy0" + Zs = 0. (64)

When 7, = 7, = 73 = 0, the characteristic equation (18)
becomes

Z, =2a;+as+2ay+a; —a,+a,+ag,

Here,

2 2
Z, = a; +4asay + 2a;a;5 + 2asay + a, + a,a; — 2a;a, + a,as + 2a,a9 — 2a,a4 + a,a; + a,as + 2a,a¢ + 2a;ag

+ asag + agdg — a,a, + Ay0, + 4,04 — A,a, + Ay0g — 4,0, + A,Ag — Aydg,

2 2 2 2 2 2 2
Z3 = 20504 + asaq + 20509 + a3a; + 40430509 — 30, + a,03a05 + 20,0309 — 4a;a,a9 + 2a,a509 + a0y — a4,

2 2
+ a,a;a;5 + 2a,a;a4 + 20,0504 + a,aq + azag + 2a3a5ag + 2a;a3a4 + asagdg — a1d;a, — 2a,a,09 + d,a30,

+2a,a,a9 + a,030, — A,0304 + 2a,a,09 — 20,0409 + A,030g + 4,050 + AyAg0g — 203040, + A A30g — 2030403

+a,asag —a,a;ay +a;dgdg — ayagay,

2 2 2 2 2 2 2 2 2 2
Zy = a0y + 2030504 + 2050509 — 2050409 + 2a,030509 + 40304 — 203040 + A,050q + AyA304 + 0,050,

2 2 2 2 2
+ 2a,asa5a4 + azasag + asdgag + 203050509 — a1A,04 — 20,050,404 + 20,050,409 + a,0,09 — 4,040 + A,03050g

2 2
+a,030309 + Ay050309 — A50,0, + A1A3050g — 050,405 — 2030,0,09 + 4030309 — 2a30,0509 + 050509 — A1 A30,40g

—a,a,040q9 t+ a,a;0,40¢ + AyA,0509 + A1030,40g — AyA30,40¢ + 40,0509 — A,A,0504,

7 = dad® —da i 2 2, 2 -~ 2 2 2 2
5 = a30504 — 430,04 + A1A30504 + A,A30504 + A3A50309 — A1A30,0q + AyA30,0y — AyA3040q + A,)A3050309 — A5040;0g

+ a,a;a5aga,.

From the Routh-Hurwitz criteria, if we choose
Z;>0,i=1,2,3,4,5 Z,2,Z,>75+273Z, and (Z,Z,-
Z)Z, 232y~ 72~ 722,) >Zs(Z,Z, — Z5)* + Z,Z2, then
the five eigenvalues of the characteristic equation (64) have
negative real parts. Hence, the steady state fractional-order
system (5) is asymptotically stable when 7, =7, =73, =0
(without time delays).

We arrive at the following theorem.

Theorem 1. If « € (0, 1] and an endemic equilibrium point
E* exists for system (5), then the following results hold:

(i) When 1, >0,7, =0, and 15 = 0, the endemic steady
state E* is asymptotically stable for T, € [0, 1}) and
the system undergoes a Hopf bifurcation at the origin
at T, = 1] and the transversality condition holds,
Re (dS/dT1)|r1:r;,f:50 #0

(ii)) When 1, = 0,7,>0, and 15 = 0, the endemic steady
state E* is asymptotically stable for 7, € [0,1;) and

(65)

system undergoes a Hopf bifurcation at the origin
when 1, = 1, and the transversality condition holds,
Re (ds/de)IfzzT;,EZEO #0

(iii) When 1, =0,7, =0, andt,>0, E* of is asymp-
totically stable for t5 € [0,73) and system (5) un-
dergoes a Hopf bifurcation at the origin at 75 = T}

and transversality —condition holds, Re(ds/
dT3)|73:T;>5250 # 0
(iv) When Z,Z,Zy>75+23Z, and (Z,Z,-Zs)

(212,25~ 723~ Z22,)> Zs(Z, 2, = Z3) + Z, 2%
holds, the endemic steady state E* is asymptotically
stable for T, =1, =13=0

Remark 4. Theorem 1 reports the asymptotic stability of
the endemic equilibrium point E*. The analysis can be
extended to investigate the stability of infection-free
equilibrium points E° for the fractional-order model.
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Humans-susceptible, H(t)

Humans-infected, H(t)
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Time
— a=09 — a=09
— a=038 — a=0.8
— a=0.7 — a=0.7
8

Humans-recovered, Hy(t)

200 250 300 350
Time

400

Mosquitoes-susceptible, Mg(t)
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— a=0.8 — a=0.8
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FIGURE 2: State trajectories for model (5)

Mosquitoes-infected, M;(t)

100 150 200 250 300 350

o 50

400
Time
— a=09
— a=0.38
— a=0.7

200 250 300 350
Time

400

13

with @ =0.9,0.8, and 0.7 and 7, = 10,7, = 0.0, and 7; = 0.0. For « = 0.9 and 7, = 10 > 7}, the

equilibrium point is unstable (red trajectory) for (5); however, for 7, <7} and a = 0.8,0.7, it is asymptotically stable (blue and green

trajectories).
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4. Numerical Simulations and Observations

In this section, we provide some numerical simulations for
system (5) to demonstrate the effectiveness of our main
results. The simulations have been done by using stable
implicit Euler approximation scheme, discussed in [44]. Of
course, many other methods have been used for fractional-
order delay differential equations such as the Adams-
Bashforth-Moulton scheme [45]. The parameter values of
system (5) are taken as follows:

Ay = 0.5,

A, =4.58,

B, = 0.05,

B = 0.09, (66)
n =0.01,
y =02,

d, =0.714,

d,, =0.437.

Case 1. 7,>0,7, =0, and 75 = 0. In this case, time-delay 7,
is chosen as the bifurcation parameter. We then discuss the
dynamic effect of system (5) with the above parameter
values. We calculate the critical frequency &, and bifurcation
point 7} of various fractional-order «. Figure 2 shows the
numerical simulations of model (5) when 7, = 10, 7, = 0.0,
and 7;=0.0, with different fractional orders « =
0.9,0.8, and 0.7 and estimated bifurcation point 7] = 4.587,
11.835, and 23.256 (see Table 1). Here, 7, = 10 ¢ [0, 7}) for
the fractional-order & = 0.9 and whereas 7, = 10 € [0, 7})
which satisfies the condition (i) in Theorem 1. The equi-
librium E* of the model (5) is asymptotically stable for
a =0.8,0.7. When 7, = 10 ¢ [0, 1), which does not satisfies
the condition (i) of Theorem 1, the system undergoes a Hopf
bifurcation for the functional-order a = 0.9.

Case 2. 7, =0,7,>0, and 7; = 0. We choose time-delay 7,
as a bifurcation parameter of system (5) with parameter
values:

/lh = 05,
A, = 4.58,
B, = 0.05,
=0.08,
" 0.05 (67)
1 = 0.05,
y =102,
dh = 03,
d, =0.78.

We then calculate the critical frequency &, and bi-
furcation point 7; of various fractional-order « (see Table 2).
Figure 3 shows the dynamics of system (5) for 7, =
0.0, 7, = 14, and 75 = 0.0, with values of & = 1,0.9, and 0.8.

Complexity

TaBLE 2: &, values and 7} values for different fractional-order .

Fractional order («) freqi?;lcc;l( £) Bifurcation point (73)
0

1 0.12290 11.1762

09 0.09602 14.2931

0.8 0.05174 35.797

0.7 0.0363 47.963

0.6 0.0158 131.001

TaBLE 3: &, values and 7} values for different fractional-order a.

Fractional order («) freqierzlr:lccyal( &) Bifurcation point (73)
1 0.3777 2.255
0.9 0.2943 3.281
0.8 0.2172 4912
0.7 0.01490 7.755
0.6 0.0920 13.404

The corresponding bifurcation point is 75 =11.176,
14.293, and 35.797. 1, = 14 € [0, 1) satisfies the condition
(ii) of Theorem 1. Therefore, the equilibrium E* of the model
(5) is asymptotically stable for a =0.9and0.8, which is
shown in Figure 3. However, for 7, = 14 ¢ [0,7;), a Hopf
bifurcation occurs for the functional-order « = 1.

Case3. 17, = 0,7, =0, and 75 > 0. We consider time-delay 7,
as a bifurcation parameter of system (5) with parameter
values:

Ay, = 0.5,
A, =10,
By, = 0.05,
B, = 0.4,
(68)
n = 0.05,
y=0.2,
d, =0.714,
d,, = 0.437.

We calculate the critical frequency ¢, and bifurcation
point 7; of various fractional-order a. When 7, = 0.0,
7, = 0.0, and 75 = 8.0, the dynamics of system (5) is shown
in Figure 4 with different fractional-order « = 1,0.9, and 0.8,
its corresponding bifurcation points 7; = 2.255,3.281,
and 4.912 (see Table 1). Here, 75 =8 ¢ [0, 7;) and a Hopf
bifurcation occurs for the factional-order & = 1,0.9, and 0.8
which not satisfies the condition (iii) in Theorem 1.
Therefore, the equilibrium point E* is of model (5) is un-
stable, which is shown in Figure 4.

Case 4. 7, = 0,7, =0, and 75 = 0, without time delays. As-
sume the parameter values:
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FIGURE 3: State trajectories for model (5) for a =1,0.9, and 0.8 and 7, = 0.0, 7, = 14, and 7; = 0.0, when a =1 and 7, = 14> 13; the

equilibrium point is unstable (red trajectory) for (5). However, for 7, < 75 with « = 0.9and 0.8, it is asymptotically stable (blue and green
trajectories).
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FIGURE 5: State trajectories of model (5) for various values of a = 0.9, 0.8, and 0.7, when 7, = 7, = 75 = 0. The steady state of the system is

asymptotically stable.



18
/1]1 = 05,
A, = 10,
ﬂh = 005,
=04,
Bon (69)
n = 0.05,
y=0.2,
d, = 0.714,
d, =0.437.

Hence, system (5) is asymptotically stable, which is
shown in Figure 5.

5. Conclusion

Fractional derivatives have the unique property of capturing
the history of the variable; that is, they have short and long
memory. This cannot be easily done by means of the integer-
order derivatives. In this paper, we proposed a fractional-
order model for Zika virus infection with multiple time
delays 7., 7,, and 75. We studied the asymptotic stability and
Hopf bifurcation properties for the model. Time delays and

Complexity

fractional order play a vital role in the stability and com-
plexity of the model. By evaluating the characteristics, some
sufficient conditions have derived to ensure the asymptotic
stability in terms of the fractional order and time delays.
Moreover, we estimated the thresholds bifurcation param-
eters: 7}, 75, and 7;. The transversality conditions have been
obtained to confirm the existence of Hopf bifurcations for
different values at the threshold parameters and particular
values of fractional orders. Our findings illustrate that using
the time delays as bifurcation points, one can conclude that
when time delay increases, the equilibrium loses its stability
and Hopf bifurcation occurs. These models can be used to
understand key aspects of the viral life cycle and to predict
antiviral efficacy. Finally, numerical simulations show that
a combination of fractional order and time delays in the
model effectively enriches the dynamics and strengthens the
stability condition of the model.

Including control variables in the model is desirable to
determine the best strategy of treatment and control and
eliminate the infection, which will be considered in future
work.

Appendix

The coefficients of equation (18) are as follows:

P, (s) = % + 5™ (a; + 2ay) + 53“(a§ +2a,as + 2asaq + ag) + sza(agas + 4a;a5a, + 20,05 + asag)

afs 2 2 2 2
+s (2a3a5a9 + 2a3a5a9) + azag,

4 3 2 2 2 2
P,(s) =s“a; + s (a,a; + a,as + 2a,a,) + s “(a1a3a5 +2a,a5a, + 2a,a5aq + a1a9) + s“(2a1a3a5a9 +a,a;a, + alasag)

2
+a,a;a;d,,

_ A« 3a 2a 2
P;(s) = s (a, — ay) + s (aya;3 — 2a3a, + a,as + 2a,aq — 2a,a,) + $ (—a3a4 + 0,005 + 20,0509 — 405a,a4 + a,a50,

2 2 a 2 2 2 2 2 2 2
+a,ay — a4a9) +s (—2a3a4a9 + 2a,a3a5a9 + a,a3ay — 2a;a,aq + a2a5a9) + a,asasay — aza,d,,

_ A« 3a 20 2 af 2 2
P,(s) = s%ag + s (2a;a4 + asag + aga,) + s (a3a8 + 2azasag + 2asagag + a5a8a9) +s (a3a5a8 + azagag + a3a5a8a9)

2
+ asasagdg,

_ 3« 2a o« 2
P (s) = s (aya,) + s~ (aya3a, — 2a,a4a4 — a,a5a5a4) + S (a1a3a4a7 + a1a4a9),

_ 3a 2 o 2 2
P (s) = s (aya,) + s~ (aya3a, + 2a,a,4a,) + s (a2a4a9 + a2a3a4a9) + aya;a,ay,

P (s) = §°

_ 4« 3« 2a 2 o« 2 2 2 2
P, (s) = s (-a,) + s (—a,a, + a,ag — asa,) + s (a2a3a5 +2a,a5a9 + a4a9) +s (a2a9 + a1a4a9) +a,050,0q — 0,030,04,

2a
—a4a; + a,ag — auag) + 57 (=2a5a,4a, + a,a;a4 + A30,ag + A,a505 — 440,04 + A,Agdy + A4a500)

af 2 2 2 ) 2
+ s (—aza,a, — asa,ag — 2a3a,4a,09 — +0,03a30¢ — 203040309 + 45050309 ) — A50,0,09 + A,A3050309,

_ 3B 2 o
Py (s) = s%ayag + s~ (aya,4a, + a,a;a4 + a,asag + a,a4a,) + s° (a,a;a5a4 + a,a5a504 + a,a5a304) + a105050,ds,

Py, (s) = s"(a,a5a4a; + a,a,a,a4) + a,a5a,a,0,,

o
Py (s) =" (-a,a4a, - ayasa,a, - aya,a;a,) — a,a3,a,a0,

_ 2« o4
Py, (s) = s (—a,a4a; + aya,a,) + s° (—a,asa,a, + a,a;a,0, — a,0,0,09 + 4,a,40,09) — 4,030,049 + A,030,0400.

(A1)
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