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This paper considers the classical separable nonlinear least squares problem. Such problems can be expressed as a linear
combination of nonlinear functions, and both linear and nonlinear parameters are to be estimated. Among the existing results, ill-
conditioned problems are less often considered. Hence, this paper focuses on an algorithm for ill-conditioned problems. In the
proposed linear parameter estimation process, the sensitivity of the model to disturbance is reduced using Tikhonov regu-
larisation. The Levenberg-Marquardt algorithm is used to estimate the nonlinear parameters. The Jacobian matrix required by LM
is calculated by the Golub and Pereyra, Kaufman, and Ruano methods. Combining the nonlinear and linear parameter estimation
methods, three estimation models are obtained and the feasibility and stability of the model estimation are demonstrated. The
model is validated by simulation data and real data. The experimental results also illustrate the feasibility and stability of the model.

1. Introduction

The separable nonlinear least squares problem is a special
type of nonlinear least squares problem. It was proposed by
Golub and Pereyra for estimating the parameters of the
formula for atomic physical ion half-life [1]. In the separable
nonlinear least squares model, the estimated model can be
expressed as a linear combination of nonlinear problems.
To utilise the special structure of the separable nonlinear
least squares problem, in 1973, Golub and Pereyra proposed
the variable projection (VP) algorithm [1], which eliminates
linear parameters and simplifies the problem into a set of
nonlinear parameter estimation problems. This method also
reduces the computational complexity. Compared with the
corresponding algorithm for a direct solution, the VP algo-
rithm has fewer iteration steps and less initial point guessing.
Moreover, when the original problem is ill posed, the degree
of ill-posedness can be reduced [2-5]. As research has pro-
gressed, the mathematical models of many problems in actual
engineering can be expressed as separable nonlinear least
squares, for instance, in inverse problems and problems in
signal processing, medical and biological imaging, neural

networks, communication, electrical and electronic engi-
neering, and differential equation dynamic systems [6-15].
In 1980, Ruhe and Wedin analysed the separation and
nonseparation of parameters and concluded that the pa-
rameter separation approach was simpler and more effective
[16]. In 1990, Shen and Ypma used the variable projection
method to transform a separable nonlinear least squares
problem into a case containing only nonlinear parameters,
which improved the computational efficiency of the function
[17]. In 2003, Golub and Pereyra summarised the devel-
opment and application of separable nonlinear least squares
over the past 30 years [18]. In recent years, many studies and
application of the separable nonlinear least squares problem
have obtained various results. Chen studied the nonlinear
four-parameter sine wave model and calculated it using the
variable projection method. Experiments show that the
convergence speed has a strong relationship with the fre-
quency parameter [19]. Chung and Nagy applied separable
nonlinear least squares to large-scale ill-posed problems and
improved the distortion problem in image processing [20].
There are a large number of research results for separable
nonlinear least squares, but there are relatively few studies
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on potentially ill-conditioned problems with parameters.
When a singular value becomes very small, the least squares
model may be ill-conditioned. Regularisation is a commonly
used method to solve ill-conditioned problems that causes
regression coefficients to have smaller variance values, thus
solving potentially ill-posed problems [21-28]. The Tikho-
nov regularisation (TR) method [21-23], truncated singular
value method [24, 25], kernel function-based regularisation
method [26, 27], and [, norm regularisation method [28] are
often used to solve ill-posed problems. When estimating
nonlinear parameters, iterative search methods such as the
Gauss-Newton method, steepest gradient method, and LM
method are commonly used [29-34]. In these methods, the
Jacobian matrix has a strong influence on the computational
efficiency of the algorithm.

This paper proposes a hybrid VP-based algorithm that
combines the LM and TR methods and evaluates the effect of
different Jacobian matrix algorithms on its accuracy and
efficiency. The TR method is used to regularise the linear
parameter estimation, and the LM algorithm is used to
estimate the nonlinear parameters in a separable nonlinear
least squares problem. The Jacobian matrix is calculated
using three methods: Golub and Pereyra (GP), Kaufman
(KAU), and Ruano (RJF). The algorithm proposed in this
paper combines the advantages of the LM algorithm with
those of a regularisation method and can improve the es-
timation efficiency. The model was validated using two
examples: exponential fitting and the determination of
waveform parameters for airborne radar sounding data.

2. VP Model and Its Parameter
Estimation Method

2.1. VP Model. The separable nonlinear least squares model
can be expressed in the following form:

y(t) = ZGL(/)j(eN;tt)’ (1)
s

where gbj(GN;tt)(j =1,2,...,m t=12,...,n) are non-
linear functions; y (t), (f = 1,2,...,n) are observation data;
t, is the relevant variable of y(f); and
O = (011,01 ,,...,0,,) and Oy = (Oy,,0n,»- - Ony) are
the linear and nonlinear parameters, respectively, to be
estimated.

The optimal parameters ; and 0y can be obtained by the
following nonlinear function:

2

(6, 0x) = argén%nz y(t) - Z Ou; (Onite) | - (2)
j

LN t=1

The above formula can be expressed using matrices as
follows:

(0, 6y) = argren’%n "}’ - (D(QN)QL”;’ (3)

where the column vector of matrix ®(6y) is a nonlinear
tunction ¢ i (0 t,), the element of vector y is y (), and ||-||§
is the Euclidean norm. For given nonlinear parameters 0y,
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the linear parameters 6; can be obtained by solving the
following nonlinear least squares problem:

6. =(0(6y) @(8y)) @(B) y=@(6) 3 @

where ®(6y)" is the pseudoinverse of ®(6y). If
(@ (O) D (By) '@ (By)" is computable, then (4) can be
solved. Hence, the premise of (4) is that matrix
(GD(GN)T(D(GN))_I is nonsingular, but this premise is not
true in some cases.

2.2. Determination of the Linear Parameters. Without loss of
generality, the power system can be expressed as

y =@ (0\)0, = ®O;, (5
where @ € R g>b, 0, € Rb, and y € R

We can then perform singular value decomposition
(SVD) on @, which can be expressed as

]
O =USV" =) wo;, (6)

i=1

where U = [u,uy,...,u,] € R”?  and V= [v,v,,
.., v,] € R™® are the unitary matrices composed of column

axb 0i>i =j
= .. L= > > e
vectors. S = (s;) € R, s 0 i%j’ 0,20,2
s [
>0;>0,0p,, = 0y, =+ = 03, = 0. In addition, {o;},_, is the

singular value of ®. Using SVD to solve (5), we obtain

I T

6, = Y42y, 7)

iz1 i

1

To reduce the sensitivity of the SVD method to dis-
turbances, a filter factor f; can be added. The SVD form with
the added filter factor is

oo
6, = Zfiu;_yvi' (8)
i=1

i

Different filtering factors will result in different regu-
larisation methods, and the TR method is a widely applied
method [35, 36]. The filtering factor obtained by the TR
method can be expressed as f; = 67/ (0?7 + 07), and (8) can be
expressed as

1
0° !
b= ) s ©)

2.3. Determination of the Nonlinear Parameters. For matrix
F(Glf\,, ) =y- CD(GN?CGL,kthe Jacobian matrix ](0;) is the
first derivative of F (0, 0):

(6t) = <aF(9’1§,9’E)>T_ (10)

00k

Assume
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FIGURE 1: Observation data and fitting curves. (a) VPgp. (b) VPxau. (¢) VPgryr.
L _ k\\ "
Py o) =(1-(6K)(81)) - (11) o
Jxau = —PaDOD y. (14)
The matrix can be expressed as
p(@’;I , 9’;) = (1-0(6y)6,)y. (12) (3) Ruano proposed an even simpler calculation method

The Jacobian matrix can be calculated in the following
three ways:

(1) The calculation method given by Golub and Pereyra
is as follows:

Jep = DPLy = —PLDOD y — (P5DOO )y,  (13)

where D is the Fréchet derivative of the map. In
addition, @~ is the symmetric generalised inverse of
® that satisfies @O @ = @ and (OD)" = OO~

(2) Kaufman proposed the following simplified calculation
method for the Jacobian matrix after studying (13):

for the Jacobian matrix based on Kaufman’s method:

]R]F = —Dq)(D_y (15)

Ruano et al. [37] proved that (15) is valid and can be
obtained from Kaufman’s Jacobian matrix (14). It can be
proved that the same gradient vector can be obtained by the
above three Jacobian matrices [38].

The following equation can be used to iterate nonlinear
parameters:

o = Ok + Bidy (16)

where By is a scalar step size that ensures that the objective
function [y — ® (0y)0, I, is decreasing and d,, is the search
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FIGURE 2: Change in parameters with respect to the number of iterations. (a) VPgp. (b) VPxau. (¢) VPgjk.
TaBLE 1: Parameter results. TaBLE 2: Quantitative comparison of performance for each
method.
Method M Ay B B,
VPapir 3.0067 2.8893 10.5868 14004  Method  Runtime Number of Residual o\ rop
VPrAUsTR 3.0068 2.8891 10.5868 1.4004 ) lterations sum
VPrjrerr 3.0067 2.8893 10.5868 1.4004 VPgpirr  40.596687 10 0.1477  0.0859
VPyaustr  17.186718 10 0.1477  0.0859
VPyeorr  31.073001 100 0.1477  0.0859

direction. In the LM algorithm, 3, can be determined by the
following equation [39]:

r(@k + pmkdk) < r(@k) +p™grd,, (17)

where m is the smallest nonnegative integer satisfying (17),
p=0.5,gi =J(0)r(0;), and B = p™.
d) can be determined by the following equation:

[1(68)'1(68) + ot = 1) F(Ghott). 19

where y, is the damping factor and affects both the gradient
and d;. If y, tends to infinity, d;, tends to the fastest

direction. If y; tends to zero, d), tends to the Gauss—Newton
direction. There are many methods of selecting damping
factor y, [40]. After obtaining y;, the search direction d can
be obtained by solving (17). Step parameter 5, can be ob-
tained by a linear search algorithm with mixed quadratic
interpolation and cubic interpolation [41-43].

Combining the above methods for the linear and non-
linear parameters, three algorithms can be obtained. The LM
algorithm is used for the nonlinear parameters, and the three
methods of GP, KAU, and RJF are used to calculate the
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Jacobian matrix in this algorithm. For the linear parameters,
the TR method is used. The formula is as follows:

. L
(01, 6x) = arg{n;;n ”J’ - ®(9N)9L"§) O, = ;02 e Tiyvi ]’

(19)
Moreover, the specific algorithm is as follows:

Step 1: give the initial value 6% of the nonlinear pa-
rameter, and predefine the maximum number of it-
eration steps k., and error ¢

max
Step 2: calculate the initial value 6 of the linear pa-
rameter using the TR method of (5) and (9)

Step 3: alternately update the nonlinear parameters and
linear parameters

Step 4: repeat the third step until either the maximum
number of iteration steps k., is reached or
05 — 6| <e

3. Numerical Experiments

The experimental environment used in this study was
MATLAB 2016b, running on a PC equipped with a 2.30 GHz
CPU, 4 GB of memory, and a Windows 10 operating system.

3.1. Index-Fitting Model. Two experiments were used to
evaluate the three algorithms proposed in this paper. The
first of these experiments was derived from the observation
of the decay of radioactive materials. The model describes
the sum of the exponential terms of two unknown atten-
uation factors and is written as follows:

(B A1) = Bre ™ + B, (20)

where = (B,,5,)" and A= (1,1,)" are the linear and

nonlinear unknown parameters to be estimated, re-

spectively. Moreover, there are 21 f; and corresponding

observations y;, i = (1,2,...,21). We minimise the fol-

lowing functions according to the principle of least squares:
21

12 , 1
52—y B0 =23 [y
i=1

i=1

_ _ 2
—/316 )Llf +/326 Azt]

[

1

1
"2

[ Z/% (*, t)]

(21)

N
—

i

According to the composition of the function matrix in the
second part, the nonlinear function part can be expressed as a
matrix form as @ (A) = Z 19 (A, ;). After SVD, for @ (1), the
estimated values of the linear parameters gF are obtained from
(9). For the nonlinear parameters, the Ob]eCthC function
F (9 6’{) is first constructed by (12), the Jacobian matrix is
then obtained by the three different methods, and the LM
algorithm is substituted into (16) to determine the parameters.
When iterating, we set the initial value to 1, = [7,3]", the
maximum number of iteration steps to 100, and € = 107°.

Performing SVD on @ yields singular values of 1.8480 and
0.3586.

Figure 1 shows the observations and their fitting curves.

The curves of the observation value fit the results of the
three methods very well. The curves obtained by the three
methods are basically the same, demonstrating that all three
methods are feasible and the results are reliable.

Figure 2 shows the change in parameters A, and A, with
respect to the number of iterations.

As Figure 2 shows, for A, the change in parameter curves
for the two methods VPgp.rr and VPgjg, R are basically the
same, and the specified accuracy can be achieved after nine
iterations. Visually, it is clear that after five iterations, the
solution is very close to the final result. In contrast, the
VPgaus+tr Mmethod reached the maximum number of iter-
ations (100). However, after 30 iterations, even though the
result changes a little, it is close to the final result.

For A,, the change in parameter curves for the two
methods VPgp,rr and VPgjg,1r are also basically the same,
and the specified accuracy is also achieved after nine iter-
ations. The graph shows that, after four iterations, the so-
lution is very close to the final calculation result. The
VPyausrr method again reached the maximum number of
calculations, but the solution is close to the final result after
20 iterations.

Table 1 lists the results of the parameters obtained by the
three methods.

The table shows that, as for the curves in Figure 1, the
results obtained by the three methods are basically the same.

Table 2 gives the runtime (in seconds), number of it-
erations, residual sum, and root mean square error (RMSE)
for the three methods.

The quantitative indicators (residual sums and RMSE)
are equal and very small, indicating that the three algorithms
achieve the same calculation accuracy, which is relatively
high. The difference between them is only the number of
iterations and runtime. The VPgp,rr method takes the
longest to calculate because this method uses the most
complicated way to calculate the Jacobian matrix. In con-
trast, VPrsp,rr is a simple method for calculating the Ja-
cobian matrix. However, to meet the accuracy requirements,
the number of iterations is also large, so the calculation time
is also long. The VPxay,rr method somewhat simplifies the
calculation of the Jacobian matrix, and to some extent, the
accuracy of the calculation is guaranteed, so the runtime is
the shortest. For this simulation experiment, the VPgau,tr
method performs the best of all methods.

3.2. Waveform Parameter Calculation for Airborne Laser
Radar Sounding Data. The second experiment used laser
radar sounding waveform data. The experimental data were
flight experimental data obtained from a flight over the sea
near Sanya City, Hainan Province, China.

The waveform sample data are stored as an array, and the
amplitude of each sample point is recorded separately. The
sample information is presented as a ‘waveform’ form on a
two-dimensional plane. The onboard laser system records
discrete echoes that simulate the “waveform” of the raw
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TABLE 3: Parameter results.
Method a b U o
VPgpiTr 207.1076 498.6737 14.0070 3.4534
VPraAvU+TR 207.0941 498.6461 14.0068 3.4540
VPgjritr 207.0518 498.5602 14.0085 3.4560
Data and fitted curve Data and fitted curve
800 . . . . . . . T 800 : T T T T T T T
700 - 700 e
600 B 600 e
500 B 500 e
400 1 400 -
300 4 300 ,
200 4 200 ,
100 1 1 1 1 1 1 1 1 100 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 0 5 10 15 20 25 30 35 40 45
() (b)
Data and fitted curve
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FIGURE 3: Waveform data and fitting curves. (a) VPgp,rr. (b) VPrausTr. (€) VPRiESTR

sampled data using the most appropriate functional model.
To improve the sounding accuracy, it is highly desirable to
choose a high-precision theoretical model.
This experiment has a total of 320 waveform data, and
the function model is as follows:
y=a+be W (22)
Selecting reasonable data can effectively reduce the in-
fluence of noise. In this study, we selected some of the data
that have no gross errors. We extracted 42 data from the
waveform data to determine the parameters. When iterating,
we set the initial value to A, = [15, 3]”, the maximum number

of iteration steps to 100, and the error to ¢ = 107. SVD for @
yielded singular values of 6.5941 and 1.9585.

Table 3 lists the calculation results of the model
parameters.

The results given in the table show that the results ob-
tained by the three methods are basically the same, indicating
that all three methods are feasible approaches. The result
obtained by VPgjp,1r is slightly different from those of the
other two methods because this method simplifies the cal-
culation of the Jacobian matrix the most, resulting in a gap.

Figure 3 shows the fitting curves of the model.

In Figure 3, all three methods fit the curve well, which also
intuitively illustrates the feasibility of these three methods.
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FIGURE 4: Change in parameters with respect to the number of iterations. (a) VPgpirr. (b) VPraustr. (€) VPRiEiTR

TaBLE 4: Quantitative comparison of performance for each
method.

Method Runtime (s) Number of iterations RMSE
VPopirr 263.797378 10 38.0979
VPeavsrr  91.929637 10 38.0980
VPrjeotr 9.817583 10 38.0983

Figure 4 shows the change in parameters y and o with
respect to the number of iterations.

The results in Figure 4 show that for parameters ¢ and o,
when error € = 1073, the parameter change is basically stable
after five iterations. This shows that the convergence of these
three methods is fast and accurate.

Table 4 lists the runtime (in seconds), number of iter-
ations, and root mean square error (RMSE).

For £ = 1073, number of iterations and RMSE (i.e., the
convergence speed and accuracy) of these three methods are
basically the same. With respect to runtime, the VPgp,1r
method again takes the longest because of its calculation of

the Jacobian matrix. Hence, the same number of iterations
takes longer. Similarly, the Jacobian matrix of the VPgjp,1r
method is the simplest and requires the shortest time to
calculate. For the VPygay,rr method, the computational
complexity is between those of the other two methods, and it
takes moderate amount of time to calculate.

4. Conclusion

For the separable nonlinear least squares problem, this paper
establishes a solution model consisting of an LM algorithm
combined with TR. For linear parameter estimation, the
sensitivity of the model to disturbance is reduced by the TR
method. For the nonlinear parameter estimation, the LM
algorithm is adopted and the Jacobian matrix is calculated by
the Golub and Pereyra, Kaufman, and Ruano methods.
Combining nonlinear and linear parameter estimation
methods, three estimation models are obtained and the
stability and accuracy of model estimation are demon-
strated. The model was verified by simulation data in the



experiment in Section 3.1 and real data in the experiment in
Section 3.2. The experimental results also illustrate the
feasibility of the model.

In future research, we will apply the Jacobian matrix
decomposition to the VP algorithm. This decomposition can
simplify the model and improve the efficiency of the
algorithm.

Data Availability

The data used to support the findings of this study are
available from the corresponding author upon request.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

This research was supported by the National Natural Science
Foundation of China (Grant no. 41774002) and the scientific
research fund project for the introduction of talents of
Shandong University of Science and Technology (Grant no.
2015RCJJ022).

References

[1] G. H. Golub and V. Pereyra, “The differentiation of pseudo-
inverses and nonlinear least squares problems whose variables
separate,” SIAM Journal on Numerical Analysis, vol. 10, no. 2,
pp. 413-432, 1973.

[2] Y. Zhao and W. Zhang, “Observer-based controller design for
singular stochastic Markov jump systems with state de-
pendent noise,” Journal of Systems Science and Complexity,
vol. 29, no. 4, pp. 946-958, 2016.

[3] S. Ling, X. Cheng, and T. Jiang, “An algorithm for con-
eigenvalues and coneigenvectors of quaternion matrices,”
Advances in Applied Clifford Algebras, vol. 25, no. 2,
pp. 377-384, 2015.

[4] J. Chen, T. Zhang, Z. Zhang et al., “Stability and output
feedback control for singular Markovian jump delayed sys-
tems,” Mathematical Control ¢ Related Fields, vol. 8, no. 2,
pp. 475-490, 2018.

[5] X. Liu, Y. Li, and W. Zhang, “Stochastic linear quadratic
optimal control with constraint for discrete-time systems,”
Applied Mathematics and Computation, vol. 228, pp. 264-270,
2014.

[6] Y. Zhang, K. Lv, S. Wang, J. Su, and D. Meng, “Modeling gene
networks in saccharomyces cerevisiae based on gene ex-
pression profiles,” Computational and Mathematical Methods
in Medicine, vol. 2015, Article ID 621264, 10 pages, 2015.

[7] H.-J. Ma and T. Hou, “A separation theorem for stochastic
singular linear quadratic control problem with partial in-
formation,” Acta Mathematicae Applicatae Sinica, English
Series, vol. 29, no. 2, pp. 303-314, 2013.

[8] S. Ding, H. Huang, X. Xu, and J. Wang, “Polynomial smooth
twin support vector machines,” Applied Mathematics & In-
formation Sciences, vol. 8, no. 4, pp. 2063-2071, 2014.

[9] Z. Tian, M. Tian, Z. Liu, and T. Xu, “The Jacobi and Gauss-
Seidel-type iteration methods for the matrix equation
AXB=C,” Applied Mathematics and Computation, vol. 292,
pp. 63-75, 2017.

Complexity

[10] Y. Wang, “Beyond regular semigroups,” Semigroup Forum,
vol. 92, no. 2, pp. 414-448, 2016.

[11] G. Ma and B. Huang, “Optimization of process parameters of
stamping forming of the automotive lower floor board,”
Journal of Applied Mathematics, vol. 2014, Article ID 470320,
9 pages, 2014.

[12] J. de Jesus Rubio, E. Garcia, A. Gustavo, C. Aguilar-Ibanez,
J. Pacheco, and J. A. Meda-Campafia, “Recursive least squares
for a manipulator which learns by demonstration,” Revista
Iberoamericana De Automatica E Informatica Industrial,
vol. 16, no. 2, pp. 147-158, 2019.

[13] J. D. J. Rubio, “SOFMLS: online self-organizing fuzzy mod-
ified least-squares network,” IEEE Transactions on Fuzzy
Systems, vol. 17, no. 6, pp. 1296-1309, 2009.

[14] C. N. Giap, L. H. Son, and F. Chiclana, “Dynamic structural
neural network,” Journal of Intelligent ¢ Fuzzy Systems,
vol. 34, no. 4, pp. 2479-2490, 2018.

[15] J. D. J. Rubio, E. Lughofer, J. A. Meda-Campana,
L. A. Paramo, J. F. Novoa, and J. Pacheco, “Neural network
updating via argument Kalman filter for modeling of Takagi-
Sugeno fuzzy models,” Journal of Intelligent ¢ Fuzzy Systems,
vol. 35, no. 2, pp. 2585-2596, 2018.

[16] A.Ruhe and P. A Wedin, “Algorithms for separable nonlinear
least squares problems,” SIAM Review, vol. 22, no. 3,
pp. 318-337, 1980.

[17] Y. Q. Shen and Y. J. Ypma, “Solving nonlinear systems of
equations with only one nonlinear variable,” Journal of
Computational ¢ Applied Mathematics, vol. 30, no. 2,
pp. 235-246, 1990.

[18] G. Golub and V. Pereyra, “Separable nonlinear least squares:
the variable projection method and its applications,” Inverse
Problems, vol. 19, no. 2, pp. 112-124, 2003.

[19] K. F. Chen, “Estimating parameters of a sine wave by sepa-
rable nonlinear least squares fitting,” IEEE Transactions on
Instrumentation and Measurement, vol. 59, no. 12,
pp. 3214-3217, 2010.

[20] J. Chung and J. G. Nagy, “An efficient iterative approach for
large-scale separable nonlinear inverse problems,” SIAM
Journal on Scientific Computing, vol. 31, no. 6, pp. 4654-4674,
2010.

[21] C.-Y. Han, F.-Y. Zheng, T.-D. Guo, and G. He, “Parallel al-
gorithms for large-scale linearly constrained minimization
problem,” Acta Mathematicae Applicatae Sinica-English Se-
ries, vol. 30, no. 3, pp. 707-720, 2014.

[22] J. Chen, Z. Ma, and Y. Hu, “Nonlocal symmetry, Darboux
transformation and soliton-cnoidal wave interaction solution
for the shallow water wave equation,” Journal of Mathematical
Analysis and Applications, vol. 460, no. 2, pp. 987-1003, 2018.

[23] X. Jin, Y. Liang, D. Tian, and F. Zhuang, “Particle swarm
optimization using dimension selection methods,” Applied
Mathematics and Computation, vol. 219, no. 10, pp. 5185-
5197, 2013.

[24] J. Tang, G. He, L. Dong, L. Fang, and J. Zhou, “A smoothing
Newton method for the second-order cone complementarity
problem,” Applications of Mathematics, vol. 58, no. 2,
pp. 223-247, 2013.

[25] J. Yu, M. Li, Y. Wang, and G. He, “A decomposition method
for large-scale box constrained optimization,” Applied
Mathematics and Computation, vol. 231, pp. 1-12, 2014.

[26] J. Zhu and H. Binbin, “A new class of smoothing functions and
a smoothing Newton method for complementarity problems,”
Optimization Letters, vol. 7, no. 3, pp. 481-497, 2013.

[27] S.Pang, T.Li, F. Dai, and M. Yu, “Particle swarm optimization
algorithm for multi-salesman problem with time and capacity



Complexity

constraints,” Applied Mathematics & Information Sciences,
vol. 7, no. 6, pp. 2439-2444, 2013.

[28] J. Tang, G. He, L. Dong, and L. Fang, “A new one-step
smoothing Newton method for second-order cone pro-
gramming,” Applications of Mathematics, vol. 57, no. 4,
pp. 311-331, 2012.

[29] Z. Z. Feng, L. Fang, and G. He, “An O(V/N L) iteration

primal-dual path-following method, based on wide neigh-

bourhood and large update for second-order cone pro-

gramming,” Optimization, vol. 63, no. 5, pp. 679-691, 2014.

C. Liu, Y. Shang, and P. Han, “A new infeasible-interior-point

algorithm for linear programming over symmetric cones,”

Acta Mathematicae Applicatae Sinica, English Series, vol. 33,

no. 3, pp. 771-788, 2017.

[31] Z. Pang, G. Liu, D. Zhou, and D. Sun, “Data-based predictive
control for networked nonlinear systems with packet dropout
and measurement noise,” Journal of Systems Science &
Complexity, vol. 30, no. 5, pp. 1072-1083, 2017.

[32] Z. Tian, M. Tian, C. Gu, and X. Hao, “An accelerated Jacobi-
gradient based iterative algorithm for solving sylvester matrix
equations,” Filomat, vol. 31, no. 8, pp. 2381-2390, 2017.

[33] J. Zhu and H. Binbin, “A new noninterior continuation
method for solving a system of equalities and inequalities,”
Journal of Applied Mathematics, vol. 2014, Article ID 592540,
6 pages, 2014.

[34] C.-Q. Miao, “Computing eigenpairs in augmented Krylov
subspace produced by Jacobi-Davidson correction equation,”
Journal of Computational and Applied Mathematics, vol. 343,
pp. 363-372, 2018.

[35] Z. Zhao, F. Xiang, Y. Lin, W. Fang, and S.-K. Wang, “Im-
proved rao-blackwellized particle filter by particle swarm
optimization,” Journal of Applied Mathematics, vol. 2013,
Article ID 302170, 7 pages, 2013.

[36] T. Jiang, Z. Jiang, and S. Ling, “An algebraic method for
quaternion and complex least squares coneigen-problem in
quantum mechanics,” Applied Mathematics and Computa-
tion, vol. 249, pp. 222-228, 2014.

[37] A. E. B. Ruano, D. J. Jones, and P. J. Fleming, “A new for-
mulaion of the learning problem of a neural notwork con-
troller,” in Proceedings of the 30th IEEE Conference on
Decision and Control, pp. 865-866, Brighton, UK, December
1991.

[38] J. Tang, G. He, and L. Fang, “A new non-interior continuation
method for second-order cone programming,” Journal of
Numerical Mathematics, vol. 21, no. 4, pp. 301-323, 2013.

[39] X. Zeng, H. Peng, F. Zhou, and Y. Xi, “Implementation of
regularization for separable nonlinear least squares prob-
lems,” Applied Soft Computing, vol. 60, pp. 397-406, 2017.

[40] M. Zhai, G. Liu, Q. Tao, and M. Xin, “A novel characteristic
value correction iteration method,” Communications in Sta-
tistics—Simulation and Computation, vol. 48, no. 2, pp. 591-
600, 2019.

[41] Z. Yan and W. Zhang, “Finite-time stability and stabilization
of ito-type stochastic singular systems,” Abstract and Applied
Analysis, vol. 2014, Article ID 263045, 9 pages, 2014.

[42] H. Li, Y. Zhu, J. Liu, and Y. Wang, “Consensus of second-
order delayed nonlinear multi-agent systems via node-based
distributed adaptive completely intermittent protocols,” Ap-
plied Mathematics and Computation, vol. 326, pp. 1-15, 2018.

[43] C. Song and ]. Feng, “Polynomial solutions to the matrix
equation X—-AX"B=C,” Journal of Applied Mathematics,
vol. 2014, Article ID 710458, 8 pages, 2014.

(30



Advances in Advances in . Journal of The Scientific Journal of
Operations Research Decision Sciences  Applied Mathematics World Journal Probability and Statistics

|nternational
Journal of
Mathematics and
Mathematical
Sciences

Journal of

Optimization

Hindawi

Submit your manuscripts at
www.hindawi.com

International Journal of
Engineering
Mathematics

International Journal of

Analysis

Journal of : Advances in ] Mathematical Problems International Journal of Discrete Dynamics in
Complex Analysis Numerical Analysis in Engineering Differential Equations Nature and Society

International Journa!

of
Stochastic Analysis Mathematics Function Spaces Applied Analysis Mathematical Physics

Journal of Journal of Abstract and ; Advances in



https://www.hindawi.com/journals/jmath/
https://www.hindawi.com/journals/mpe/
https://www.hindawi.com/journals/jam/
https://www.hindawi.com/journals/jps/
https://www.hindawi.com/journals/amp/
https://www.hindawi.com/journals/jca/
https://www.hindawi.com/journals/jopti/
https://www.hindawi.com/journals/ijem/
https://www.hindawi.com/journals/aor/
https://www.hindawi.com/journals/jfs/
https://www.hindawi.com/journals/aaa/
https://www.hindawi.com/journals/ijmms/
https://www.hindawi.com/journals/tswj/
https://www.hindawi.com/journals/ana/
https://www.hindawi.com/journals/ddns/
https://www.hindawi.com/journals/ijde/
https://www.hindawi.com/journals/ads/
https://www.hindawi.com/journals/ijanal/
https://www.hindawi.com/journals/ijsa/
https://www.hindawi.com/
https://www.hindawi.com/

