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This paper addresses variable-time impulsive control for coordinated tracking problem in nonlinear multiagent systems. To make
followers coordinately track the leader, a variable-time impulsive controller is designed. Under some well-selected conditions, the
comparison system of variable-time impulsive tracking control system is constructed by employing B-equivalence method. And
we theoretically demonstrate that the two systems have the same stability property. Coordinated tracking criteria of multiagent
systems are obtained by considering the comparison system. Numerical simulation is also provided to illustrate the correctness of

theoretical results and the efficiency of the variable-time impulsive controller.

1. Introduction

Multiagent systems consist of many interacting dynamical
units with specific contents [1, 2]. They are wildly applied to
both science and engineering fields like ecosystems, social
networks, traffic management, expert systems, and so on.
Recently, coordination phenomena in multiagent systems are
investigated from a wide range of disciplines for their vast
potential applications, including network management, wire-
less sensor networks, and autonomous vehicles maneuvering
[3]. Among the common coordination phenomena such
as synchronization and consensus of multiagent systems,
coordinated tracking is an important topic. In this topic, a
small number of agents play the leading roles in the systems,
while others are the followers tracking the leader agents
[4-6]. And the primary researches on coordinated tracking
problem are to design appropriate control protocol for the
multiagent system.

Alot of useful coordinated tracking control methods have
been obtained in the previous research works. In [3], a con-
stant bearing strategy was considered in the distributed con-
trol law for multiple autonomous surface vehicles. Adaptive
neural network control of uncertain dynamical was studied
in [7]; therein, the adaptive controller with an augmented

NN adaptive term was designed based on the state informa-
tion of its neighborhood. And, moreover, this method was
also extended to output feedback case. In [8], a nonlinear
distributed control protocol for leader-following consensus
of nonlinear multiagent was proposed. Fuzzy observed-based
adaptive controller is proposed for second-order multiagent
systems with heterogeneous nonlinear dynamics in [9]. It
observes that all the control strategies in above-mentioned
works were continuous time control. In realistic application,
due to limited energy of agent and real-time communica-
tion constraints of networks, continuous time control for
multiagent systems is generally costly. However, impulsive
control provides the viewpoint that control strategy only
occurs at some discrete times, which reduces the transmission
among agents dramatically [10]. Because of the discrete-
time impulse, impulsive control protocol provides an efficient
mechanism to deal with the large uncertainties in multiagent
systems and has better performance in transient response and
bandwidth usage.

Impulsive control for multiagent systems has been pro-
foundly studied in many aspects, for example, network
topology switch [11], different order agents [12], and commu-
nication time delay. In [11], a distributed impulsive protocol
was proposed to implement second-order multitracking task
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by using only position sampled data of agents. Reference [13]
investigated network-based leader-following impulsive con-
sensus in nonlinear multiagent systems, which took network-
deduced delay into consideration. However, impulsive con-
trol of [11-13] often happens at fixed time, which means
the impulsive instants are predesigned and independent of
systems. In the practical cases, especially in biological and
physiological fields, impulses do not always happen at fixed
time. Instead, variable-time impulses often arise naturally.
So, variable-time impulsive control for multiagent systems is
much more practical in modeling and application. Despite
these efforts on fixed-time impulsive control, there are few
(if any) literatures addressing variable-time impulsive control
for multiagent systems, because they present numerous ana-
lytical challenges of augmenting an variable-time impact on
impulsive instants in impulsive control method.

On the other hand, a number of useful results have been
obtained on variable-time impulsive system. In [14, 15], B-
equivalence method was proposed to analyze discontinuous
system. By using this method, variable-time impulsive system
can be reduced to fixed-time one, which can be regarded
as the comparison system of the original one. Based on
these results, a theoretical framework was formulated to
reveal the principle of reduction and comparison in nonlinear
variable-time impulsive system in [16]. The authors therein
constructed the relationship between the original jump
operator and comparison system jump operator and then
demonstrated that the two systems have the same stability
property. The stability of Hopfield neural networks (HNN)
with state-dependent impulses was discussed in [17] and the
periodicity and stability for variable-time impulsive neural
networks was discussed in [18]. Mittag-Leffler stability in
fractional-order neural networks under time-varying control
was investigated in [19, 20]. In [21], the authors analyzed
synchronization between two memristive systems under
state-dependent control. Note that most of the existing results
on stability discussion of variable-time impulsive system
concentrated on system with one dynamic without commu-
nication topology. However, compared with systems with one
or two dynamics, multiagent systems are composed of large
number of agent dynamics and each agent interacts with
other agents according to their communication topology.
Therefore, the discussion on variable-time impulsive control
for multiagent systems is more complex than the works
mentioned above.

Motivated by the above discussions, we investigate
variable-time impulsive control for coordinated tracking
problem in nonlinear multiagent systems. The main con-
tributions of this paper are twofold: first, compared with
fixed-time impulsive control for coordinated tracking in
multiagent systems in the existing works in [I11-13], the
impulsive time instants are designed to a more general case,
varying with time, called variable-time impulsive control. To
cope with the difficulty in directly analyzing the variable-time
impulsive controllers, we select some proper conditions that
guarantee that the coordinated tracking solution intersects
impulsive surface only at once, and then B-equivalence
method is employed to construct comparison systems with
fixed-time impulsive controller of the variable-time ones;
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at last, we theoretically present that the two systems have
the same stability. Coordinated tracking criteria of variable-
time impulsive controller can be derived by analyzing fixed-
time impulsive one without any difficulty. Second, from
the variable-time impulsive system [16-21] standpoint, we
extend the application of B-equivalence method on one
dynamic to multiple dynamics, which should consider the
constrains of communication topology among dynamics.
And, moreover, coordinated tracking controller is designed
to specific function containing impulsive matrices; this is
more challenging in analysis than virtual functions in [16-21].

The rest of this paper is organized as follows: some
preliminaries are introduced in Section 2. In Section 3,
problem formulation is described and a global tracking
error system between leader and followers is established.
In Section 4, along the line of research on variable-time
impulsive nonlinear system, some assumptions are proposed
to ensure that each solution of the global tracking error
system meets each surface of the discontinuity exactly once;
then B-map between the original system and comparison
system is constructed. According to the B-map and using B-
equivalence method, original variable-time impulsive system
is reduced to fixed-time one. Furthermore, we demonstrate
that the two systems have the same stability properties. In
Section 5, several sufficient criteria are proposed to guarantee
the stability of the global tracking error system between
the leader and the followers. By considering the selected
Lyapunov function candidate and numerical simulation,
we prove the followers’ coordinated tracking of the leader
under the variable-time impulsive control with the proposed
criteria.

2. Preliminaries

In this section, some preliminaries about model are
described. Let G = (V,(, A) be digraph (or directed graph)
of order N with a node set V = {m;, 7, --- , 5} and an edge
set ¢ € V x V. The matrix A = (a;;)nxy is the weighted
adjacency matrix; if there is connection between m; and
Tj a; = 1; otherwise, a; = 0. The index set of neighbors
of node 7; is denoted by N; = {m; € V | (nj,rr,-) e (L
D = diag(d,d,,...,dy), with d; = Y7 a;;,
degree matrix of graph G, and the Laplacian of graph G is
L =D-A L = (lj)nxn- The Euclidean norm of a vector

x=(x,%, - x,) € R"is denoted by ||x|| = \/ZL x?, and
the spectral norm of a matrix P = (p;;) .., € R"" is denoted
by P = Ao (PTP); A0 () is the maximum eigenvalue
of matrix P. The appropriate dimension identity matrix

is denoted by I. The Kronecker product of two matrices
R= (rij)nxn and S = (Sij) is defined as

denotes the

nxn

nxn

S S oo or,S
ryP 1S o0 1,8

ReS=| b @)
TynP 1S o+ 1,5
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and some properties of Kronecker product are restated as
follows:

(i) k(R®S)=kR®S=R®kS, keR;
(ii)) (R+S)®C=Re®C+S®C; (2)
(iii) (R®S®C)=Re(S®C).

3. Problem Description

Now we consider a class of multiagent systems consisting of
N follower agents indexed by i € {1,2,..., N} and one leader
agent labeled as i = 0. The dynamics of ith follower agent are
governed by the following nonlinear dynamical equation:

% (8) = f (o (1) +1; (1), @)

where x; = (x;1,%;,...,%;,)" € R" is the state of agent i,
u; € R" denotes the controller of follower agent i, and f(Z, x;)
is continuous with f(¢,0) = 0, which satisfies the Lipschitz
condition with respect to x; that is, there exists a positive
number lf such that || f(x;) — f(xj)II < lfllxi - xll for any
X X € R".

The dynamics of the leader agent are described by

%o (8) = f (%0 (1)) (4)

where x, is the state of the leader agent.

Make the assumption that at least one follower can
exchange information with the leader. Then the impulsive
coordinated tracking controller for multiagent systems is
described as follows:

U = ih(f— te) by (( > (% (6) ~ x; (t))>

JEN;

©)
+6; (x; (£) = % (t))> ,

where t, (k = 1,2,3,---) are the discrete instants varying
with state of agent to be specified later; h(t) is Dirac delta
a+e

function with the property that L_E gh(t — a)dt = g(a)
for ¢ # 0. The Dirac delta function is often used to
describe the narrow spike function such as an impulse. b; €
R" where b; is the impulsive strength constant of the ith
controller to be designed later; g; is the connected weight
between followers; if and only if there is an information
communication between follower agents, a; = 1; otherwise
a, = 0, A = diag(a;,ay...,ay) € RV, and ¢ is the
connected weight between follower x; and leader x, similarly
defined as a;, C = diag(c;,¢,...,cy) € RN*N Without
loss of generality, we assume that the solution x;(t) is left-
continuous; that is, lim,_;_,x(t) = x(&).

In this paper, we design the impulsive instants varying
with state of agent. This is different from the fixed-time
impulsive controller designed in the previous works. The
instants of impulsive controller adjust according to the agents’
state; it is more realistic modeling in the field of ecological

management and medical science. Moreover, we need not
predesign the accurate impulsive instants before coordinated
tracking. The function of instants t; is described as follows:

ty = O + T (%) (6)
where x = (x;7,%,7,...,xy7)", 6, satisfies 0 = 6, < 6, <
<0 <0 <-ee L limg L, 0 = +00,and T(x) € Risa

continuous function.
Under variable-time impulsive controller, we say that
followers coordinately tracked the leader if and only if

Jim i () = xo (0)] = 0. )

To move on, let §;(t) = x;(t) — x,(t) be the track-
ing error between follower x;(t) and leader x,(t), § =
(81T,82T,...,8NT)T, x = (xlT,sz,...,xNT)T, and 1y =
(I,I,...,I )T; then the global tracking error §(t) is described
as

(1) = x— 1yx,- (8)

Denote @;(5;) = D;(x; — xo) = f(x;) — f(x,). Under
controller (5), the tracking error dynamic can be written as
an impulsive system:

5 (1) = @;(8; (1), t#6+T(x),
AS; (t)

©)
=b, ( Y (ag (%, = x;(®))) + ¢ (% (£) - x, (t))> ,

JEN;

Let impulsive strength b, of each agent be the same constant
that b, = b; then system (9) can be written as a compact form:

5B =D@B®), t+0+17.(0),
(10)

AS@H) =b(L+C)@DSE), t=6,+1.(3),

where ®(8) = (©,(8,), D,(8,),..., D))", L is the
Laplacian of communication graph of followers, 7(§) € R
is a map of 7(x) satistying 7(8) = T(x) for all x € RN™,
7;(0) = 0, and there exists a positive number . such that
I7;(6,) — 7;(S ) < LIS, — 8,ll, for all i € Z,. Moreover,
we assume that there exists a positive constant ¢ such that
0<1(8)<¢ forallie Z,,0 ¢ RN™",
To move on, the following definitions are required.

Definition 1 (see [10]). Let V: R, x RN — R_; then V is
said to belong to class of ), if

(a) V'is continuous in (7;_, 7;] X R™N and, for each 8 €
R™N i=1,2,..., lim(t,y)_)@)(;)V(t, y) = V(1/,0) exists,

(b) V is locally Lipschitzian in 8.

According to the definition of V, it observes that, in
analyzing the stability of ODE, V associated with system
(10) is the analog Lyapunov-like functions, which are usually
discontinuous. Therefore, a generalized derivative known as
the right and upper Dinfi’s derivative should be defined.



Definition 2 (see [10]). The right upper Dini’s derivative of
V(t, ) is defined as

D'V (t,98)

(11)

= hng sup {V[t+h 6 +hd(t,0)] -V (t,0)}.

Definition 3 (see [10]). For any t > t,, if there exist constants
a > 0 and w > 0 such that the global tracking error

—a(t-t)), (12)

system (10) is said to be exponentially stable.

16:(2.£0,8 (to))]] < wexp (

From the definition of §(¢), one can find if system (10)
is exponentially stable, the tracking error between followers
and leader asymptotically reaches zero. For system (3), the
followers exponentially coordinately tracked leader under
controllers (5).

4. Comparison System

In this section, we shall construct a fixed-time impulsive
system that can be considered as the comparison system
of system (10) by using B-equivalence method. By means
of B-equivalence method, we first propose some conditions
that guarantee that each solution of system (10) meets the
impulsive surface exactly at once and then prove that the two
systems have the same stability.

Denote by T; = {(t,8(t)) € R, xR™ : t = 0,+1,(8(t)), t €
R,, 8 € R™N} the ith surface of discontinuity. By means of B-
equivalence method, the following theorem is necessary.

Theorem 4. Each solution §(t) of system (10) intersects each
surface T; exactly once, if the following conditions hold:

(H1) There exist positive numbers 6 and 6, such that 6 +
¢<0,-6,_, <0-g foralli e Z,, which demonstrates that
0 < [0, + 7, ()] - [0, + 7,(8)] < 6 and implies that “beating
phenomenon” will not occur.

(H2) 7;(6 + b((L+ C) ® I)3) < 1,(5), foralli € Z,.

(H3) VNI, - Mg, < 1, where Mg, = sup |®;(t,8,)|| < +co.

We have the observations that if HI holds, for (i < j < k),
i € Z,, then each solution &(t) of (10) intersects I; and I}
must intersect I}, and intersect every surface I; if H2 and H3
hold, each solution &(¢) of (10) intersects I; at most once. This
proof follows theorem 11in [16]; we omit it.

Now we shall use B-equivalent method to construct the
comparison system of system (10).

Fix a number i; let 8°(t) = 8(¢, 0,,9) be a solution of the
continuous subsystem of (10) in time interval [6};, ;], which
intersects the surface I; of discontinuity at the moment &;, and
& =0, +1,(8°(&,)). Note that & > 0, because of 0 < 7;(8) < .
Let 8'(¢) be another solution of the continuous subsystem of
(10) in time interval (6;,&;] having the relationship of 8°(1)
that

8'(§)=8"(§+)=8"(&)+b(L+C)®1,)8"(§). (13)
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Define the following map:

W, (8) =68 (6;,) - 8°(6;)

-5 )+ | 0(6' ) ds-2' @)

i

=8°(E)+b(L+C)®1,) 8" (&)

+ J:i (5" (5))ds - 6° (6))
’ (14)

_ ri ©(8° (5)) ds
[?)

i

&
b((L+C)®1,) (50 ) + J ®
6,

) .
+ L O] (5 (s)) ds.

i

(8°(9) ds>

Based on the map W;(8) and Figure 1, the following observa-
tions are obtained obviously.

Observation 5. 8°(t) =
system (10) in R, .

8(t,0;,6) can be extended to be

Observation 6. 8'(t) = &(t, Ei,50(€i+)) is the solution of
the following multiagent systems with fixed-time impulsive
control in R, :

St =D (t,5(@1), t+0,
(15)
AS=W,(8(6)). =0,
Observation 7. In the time interval (§;_;,0,], fori € Z,, one
has
3" (1) =6"
8" (6:+) = 8" (6,) + W, (50 (91')) (16)
8" (§+) = 8" (§) + b (L +C) 8" (&)
Observation 8. For alli € Z_, on time interval (6;,&;],
8" (1)~ 8" (1) = 8" (6) + W; (8° ()
+j (6" () du - o° (6))
61
j (6 (w)d 17)
6,

i

=W, (8°(6)
o[ (@5 ) -

i

0] (80 (u))) du

To present the relationship of system (15) and system (10),
we have the following theorem.
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: Ty ot =0 + 731 (6)
) 1 T : t=0;+7; (8) 1
( .'
L8 = 81
t= 0; t=¢ l I !
FIGURE L: The B — map of the two systems.
Theorem 9. The variable-time impulsive system (10) and 0 J b 0
the fixed-time impulsive system (15) have the same stability <l |o (9’)" th 0, ® (6 (s))ds
property.
<L “50 (61)" + VNM,l, (§ - 6)
Proof. From the definition of W;(8°(6,)), we have estimation
of [W;(8°(6,))]l as follows: =1 |6°(6)] + VNMyl,; (8 (5))
(19)
& That is
0 0 >
i (5 @) |, @(6°0) o i}
’ 7,(8°(&)) < (1- VNMgL) L [6°(6)].  (20)
&
+b((L+C)®1,) (80 (6;) +J CD(60 (s))ds) We get
6;
0 [w; (8° 0))] < (VNMol, 2+ bI((L +C) @ D))
1
; L (6" (9)) ds| < 2VNMz (& - 6,) )
" (18) (1= VNMol,) +bI((L+C)® 1)||) |8° 8] @

oz +oren)|s° @) o
=di[s° @),
+ mM@ "b (L+O)® In)“ (&-6)= \/NME (2 -
where d, = VNMgl, (2 +b|(L+C)®I)|)(1 - VNI Mg) ™" +
+b](L+O) o)) (% (8°(&))) BI((L +C) ® D).

Moreover, for all t € (6;,&;], we can obtain

R 6" ®) - 6" ] < |w (6" (6))]

Note that + J: “d) (61 (u)) -0 (80 (u))" du
‘ (22)

7 (6°(8)) <1, |° (&) <[w(s°@)]

_ t
3°(6,) + r’ ©(8° (5)) ds *lo L‘ 6" @ - 8° )] du,
) ;

=lT



and by utilizing the Gronwall-Bellman Inequality, one has
160~ 0] < [w (5 @) =
< de[|6° (6,)] -
This completes the proof. O

From Theorem 9, system (15) can be regarded as the
comparison system of system (10). Therefore, we can get
the stability criteria of system (10) by analyzing system (15).
Thus, it avoids difficulty in directly considering variable-time
impulsive system.

5. Main Results

We know that the impulsive system (10) is the compact global
tracking error form of multiagent systems (3) and (4) with
impulsive control instants function (5). The stability criteria
of system (10) can be obtained by considering system (15).
Therefore, we proposed the following theorem.

Theorem 10. The comparison system (15) is globally exponen-
tially stable, if there exists a positive constant y such that

Ind +1;(6-¢) < -y, (24)

whered, = VNMgl (2+|b(L+C)@I)+I|)(1- VNI Mg) "+
bI(L+C) & I) +1.

Before the proof of this theorem, we first compute the
range of [W;(8) + J; similar to computation of [W;(8)| in
Section 4, we have

[wi (6° 8)) +0°(6)]
< (VNMl, 2+ b (L +C) @ D))
(25)
(1= VNLMy)  +Ib(L+C)@T) + 11)
ol
Proof. The following Lyapunov function is considered:
Ve)=8" 8. (26)

Whent # 0, by calculating the Dini derivative of V() along
the continuous subsystem of (15), we can obtain that

D'V (1) =280 © (1)
=381 (f (3 () = f (%0 (1))
<3 (x5 (0 - %0 (0) (f (5, (0) = f (%0 )))

<1EN a0 - x O < 1,60 8 ().

(27)
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When t = 0, it follows from the state jump subsystem of (15)
and (25) that

V(8(6,) + Wi (8(6,)))
= [8(6,) + Wi (8 (61" [8(6¢) + Wi (8 (61))]
=8 (6) + W (8 (B < i 6 (B’
= d; ((8(6))" (3(60)).

Therefore, we have
D'V (S (1) <LV(8(t), t#6 (29)
V(8(6) + Wi (8(6) < iV (8(6k)), t=6. (30)

We now show that the following claim holds.

Claim. V((t)) < Vpexp{l;t + Yr Ind?}, for any t €
(64, B4, k € Z,., where V, = V(5(0)).

We introduce the mathematical induction to prove the
claim.

(i) When t € (0,0,] and k = 0, from (26) and (30), we
have

V(1) < Vyexp{lst},
V(8(6,) + W, (8(6,))) <7V (8(6,)) 31
< deO exp {lfel} .
(ii) When t € (6,,0,] and k = 1, from (15), it follows that
V(1) <V (8(6,+)) exp {It}
=V, exp {lft + lndf} ,
(32)
V(8(6,) + W, (8(6,))) < d3V (8(65))
< did3Vy exp {1,6,},

and, therefore, when t € (0,,0,] and k = 1, the claim is true.
(iii) When k = s, s > 1, we assume that the claim holds;
that is,

i=1

V(8 (t)) <V, exp {lft + Zlndf} te(6,0,,]. (33)
(iv) When t € (0,,,,0,,,] and k = s+ 1, one observes that
V(1) =<V(8(6))

+ Ws+1 (8 (05+1)) exp {lf (t - 65+1)}

<d’, |V, exp {lft+21ndi2]> (34)

i=1

s+1
=V, exp <llft.‘+ Zlndf]».

i=1
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From the above discussion, whent € (0,,,0,,,] andk = s+1,
the claim holds. So, for all t € (0;,0,,,], k € Z,, the claim
holds.

Note that

Ok =01 — Ok + O =6,y +---+0, -6, +0, — 6,
k+1 _ (35)
<Y (6,-61) <(k+1)(0-¢).

i=1

Therefore, when t € (0),0;,,], we have t < (k + D@ - ¢),
which implies that k > ¢/(6 — ¢) — 1 and

Kk
V(8 (1) < Vyexp {lft + Zlndf]» <V,

i=1

k+1 k
- exp {lfz 6,-6._,)+ Zlndf} =V,
i=1

i=1

.exp{zf(@_g)}exp{z[lnd§+zf(e,._ei_l)]} ¢9)

i=1

< Vyexp {lf (@ - c)} exp {-ky} <V,

.exp{zf(é_g)w}exp{_<(§fc)>f}.

Hence, we can obtain from (26) that

16 @I

yt } (37)

< or Tl gy

The last inequality implies that system (15) is globally expo-
nentially stable. O

Combining Definition 3 and Theorem 9, we have the
following corollary without proof.

Corollary 11. Under the stability criteria of system (15), the
followers of the multiagent systems coordinately track the leader
by variable-time impulsive control.

6. Numerical Simulation

In this section, a numerical simulation is given to illustrate
the correctness of the theoretical results obtained in the
previous sections. Consider multiagent systems consisting
of 3 followers and 1 leader agent with the communication

follower

FIGURE 2: The topological structure of one leader and 3 followers.

topology represented by Figure 2. And the Laplacian and the
connection matrix are defined as follows:

T2 -1 -1
L=|-1 2 -1},
[-1 -1 2
(38)
100
C=]000
(000

The dynamics of each agent are governed by the Chua
circuit [22], which exhibits the chaotic phenomena described
as

- [xil —Xi2 ~ Pi (xil)] >
flx((®) = % — x5 + X33 (39)
—Bxip>

where |lx;ll < 1,i = 0,1,2,3, j = 1,2,3,a = 9.2156, B =
15.9946, p; = px; +0.5(g — p)lllx; + 1l = llx;; — 1[1], and
g =-1.24905and p = —0.75735.

Equation (39) is rewritten into compact form as follows:

f @) =Qxi (0 +p(x; (1), (40)
where x;(t) = (x;1, X, X;3)" € R¥3,Q = [_“(;p) :0;1; E’] and

p((x,(0)) = 10.5(g — p)(llxy + 11 - 1, - 11,0.0)1".

To make followers coordinately track the leader, we
design the following impulsive controller with impulsive
instants varying with error 8,;, t = 0.01k + 0.0001||8,, ||, and
b =-0.36.

(1) = =036 Y (x;(t) - x; (1))
JEN; (41)

+ ¢ (x; (1) — x (t)|t:0‘01k+0‘0001||621|| >



and, together with (40), the multiagent system under
variable-time impulsive control can be described as

% =Qux; +p(x;), t#0.01k+0.0001[6,],

Ax; = —0.36( Z (xi () —x; (t))>

jeN; (42)

+6(x; (1) — x4 (1),

t = 0.01k + 0.0001 [|8,, -

By means of B-equivalence method of systems (42), (HI)-
(H3) in Theorem 4 should be satisfied.

For (HI), note that . = 0.0001, ¢ = max{z(5)} = 0.00036,
and 6;;, — 6; = 0.01. Obviously, there exist positive numbers

0 and 6, such that 0 +¢ < 0, - 0,_, < 0 — g; that is, (H1) holds.
For (H2), note that b = —0.36 and 7(8) = 0.0001[|8,, [I; we
have

T (0 +b(L+C)8y) — 74 (65)

<0.0001 |I; + b (L + O)|| [|65,] - 0.0001 ||8,,]  (43)

= 0.0001 x (0.9035 |8, || - [[6:1]]) < 0,

and, therefore, 7,.(§ + b(L + C) ® I) < 1,.(8); (H2) holds.
For conditions (H3), we have the following computation:

= sup “f (x;) - f (x0)||

< sup [[f ()] + sup || f (o)

< 2sup |Qx; (1) + p (x; ()] (44)
<2(IQlllx @ + [l ()]

<2(IQl x; )] + |g - p|) = 65.0674,
and thus VNI M, = 1.7321 x 0.0001 x 65.0674 < 1; (H3)
holds.

Thereupon, (H1)-(H3) hold, which illustrate that the
parameters we selected guarantee that solutions of systems
(42) intersect the surface t = 0.01k + 0.0001|3,, || exactly
at once. Therefore, the comparison systems associated with
tracking error system of (42) are presented by employing B-
equivalence method:

E0) (Qxo () + p (x4 (1))

t+0.01k, (45)

=Qx; (1) +p(x; (1) -

AS; (t) =W (8;(t)), t=0.01k,
where k € Z_; W(6,(t)) is defined in Section 4.
By utilizing the results of Theorem 10, we consider this

Lyapunov function candidate of system (45):

V) =88 (46)

Complexity

As each agent governed by Chua circuit, when ¢ # 0.01k,
the Dini derivative V(8(t)) with respect to time ¢ is calculated
as follows:

i=3
D'V (& (1) =2 (x(t) —x, (1)
i=1 (47)
(Qux; () + p (x; (1) = Qxq (1) = p (x4 (1)) -

Noting that g — p <0and -1 < xi; <1

(x; (1) = %0 ()" (p (3 (1) = p (x5 (1))

3

Z (0.5(g - p) (5, (£) = x0; (1))

(48)
“(lein + 1 = e = 1] = Jlxor + 1 = [0 = 1))
3
=(g-p) z (%1 — x01)2 <0.
i=0
Then,
D'V (8 (t)
i=3
<2) (% (1) = x0 ()" (Qx; () - Qo (1))
i=1
(49)

< A (Q+ Q") (3, () = 50 ()T (3, (6) = x, (1)
= Ao (Q+ Q)0 (1) 8 (1)
< 16.54988 (1) 8 (t).
When ¢ = 0.01k, according to inequality (25), one has
V@ (6)+W (@)
=WE®)+3®I' WE®)+5®]  (50)
<d28 1))

whered;, = VNMgl (2+|b((L+C)®I)+1|)(1- VNI M) " +
bIL+C)®I) + 1|

Substituting parameters to d, we calculate d;, = 0.9418.
Thus, we have lf = 16.5498, d;, = 0.9418, and 0- ¢ =0.01
of criteria in Theorem 10; then y = 0.0746, which satisfy
criteria of Theorem 10. Therefore, system (45) is globally
exponentially stable. Combining with Corollary 11, we have
reasons to state that, under the variable-time controller
(42), followers exponentially coordinately tracked the leader.
Taking initial values of agents randomly selected as x,(0) =
(—0.0032,-0.4190, 0.3455)T, the followers

0.9760 0.5331 0.3322
-0.7381 -0.8092 -0.9703 |, (51)
—-0.4236 0.6335 0.9710

Xij 0) =



Complexity

0.8}
) 0.6 |
o
= 04}
1}
=02
Z 0 L
T #
& —02 -
7 —0.4Irﬂ
—0.6}
-0.8 -
0 1 2 3 4 5 6

Xq1 (1) = Xq1 (1)
X1 gtg - X01gt;
— X31(t) — xp; (t
FIGURE 3: The 1-dimensional error value of agent x; and leader agent
Xy

Xp2(t) = Xpo(t)
Xp(t) = Xpa(t)
— x3(t) = x02()
FIGURE 4: The 2-dimensional error value of agent x; and leader agent
X,

where x;; denotes the initial value of j-dimensional agents
x;(0),1 <i<3,1<j<3.

Simulation results are shown in Figures 3-5. Figures 3, 4,
and 5, respectively, show the 1-dimensional, 2-dimensional,
and 3-dimensional tracking error between followers and
leader. It can be seen from Figures 3-5 that each dimensional
error between followers and leader converges to 0. These
illustrate that each follower coordinately tracked the leader
under the variable-time impulsive control we proposed.

7. Conclusion

In this paper, we have investigated coordinated tracking
problem in the nonlinear multiagent systems under variable-
time impulsive control. Rigorous analysis by employing B-
equivalence method has demonstrated that the variable-
time impulsive controller we proposed guarantees that each

=
[

v

|
S
wn

Xi3(t) — xp3(t),i=1,2,3

|
—_

-1.5

FIGURE 5: The 3-dimensional error value of agent x; and leader agent
Xy

follower agent coordinately tracked the leader. However, the
constraint of impulsive instants function ¢, = 6, + 70) is
rigorous, and the stability criteria are also conservative as a
result of conservative estimation on norm of map W, (6). It
is excepted to extend this presented method to more general
variable-time impulsive controller for multiagent systems.

Data Availability

The readers are welcome to request the source codes of the
figures by sending an email to licd@cqu.edu.cn.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

This work is supported by the National Natural Science Foun-
dation of China (no. 61633011 and no. 61672119), the Qatar
National Research Fund, a member of the Qatar Foundation,
the National Priorities Research Program under Grant NPRP
9-166-1-031, and the Chongging Research Program of Basic
Research and Frontier Technology (cstc2015jcyjA40041 and
cstc2015jcyjBX0052).

References

[1] X. Liu, K. Zhang, and W.-C. Xie, “Consensus seeking in
multi-agent systems via hybrid protocols with impulse delays,”
Nonlinear Analysis: Hybrid Systems, vol. 25, pp. 90-98, 2017.

[2] W. Li, H. Zhou, Z.-W. Liu, Y. Qin, and Z. Wang, “Impulsive
coordination of nonlinear multi-agent systems with multiple
leaders and stochastic disturbance,” Neurocomputing, vol. 171,
pp. 73-81, 2016.



10

[3] Z. Peng, J. Wang, and D. Wang, “Distributed maneuvering of
autonomous surface vehicles based on neurodynamic optimiza-
tion and fuzzy approximation,” IEEE Transactions on Control
Systems Technology, vol. 26, no. 3, pp. 1083-1090, 2018.

[4] J. Wang, “Distributed coordinated tracking control for a class of
uncertain multiagent systems,” IEEE Transactions on Automatic
Control, vol. 62, no. 7, pp. 3423-3429, 2017.

[5] Y. Zhao, Z. Duan, G. Wen, and G. Chen, “Robust consensus
tracking of multi-agent systems with uncertain lure-type non-
linear dynamics,” IET Control Theory & Applications, vol. 7, no.
9, pp. 1249-1260, 2013.

[6] H. W. Zhang and F. L. Lewis, “Adaptive cooperative track-
ing control of higher-order nonlinear systems with unknown
dynamics,” Automatica, vol. 48, no. 7, pp. 1432-1439, 2012.

[7] Z. Peng, D. Wang, H. Zhang, and G. Sun, “Distributed neural
network control for adaptive synchronization of uncertain
dynamical multiagent systems,” IEEE Transactions on Neural
Networks and Learning Systems, vol. 25, no. 8, pp. 1508-1519,
2014.

[8] Y. Shi, Y. Yin, S. Wang, Y. Liu, and F. Liu, “Distributed leader-
following consensus of nonlinear multi-agent systems with
nonlinear input dynamics,” Neurocomputing, vol. 286, pp. 193—
197, 2018.

[9] C.Chen, C.-E.Ren, and T. Du, “Fuzzy observed-based adaptive
consensus tracking control for second-order multi-agent sys-
tems with heterogeneous nonlinear dynamics,” IEEE Transac-
tions on Fuzzy Systems, vol. 24, no. 4, pp. 906-915, 2016.

[10] T. Yang, Impulsive Control Theory, vol. 272, Springer, Berlin,
Germany, 2001

[11] W. He, G. Chen, Q.-L. Han, and F. Qian, “Network-based
leader-following consensus of nonlinear multi-agent systems
via distributed impulsive control,” Information Sciences, vol.
380, pp. 145-158, 2017.

[12] Y. Qian, X. Wu, J. Lii, and J.-A. Lu, “Second-order consensus
of multi-agent systems with nonlinear dynamics via impulsive
control,” Neurocomputing, vol. 125, pp. 142-147, 2014.

[13] G.-S.Han, Z.-H. Guan, J. Li, D.-X. He, and D.-F. Zheng, “Multi-
tracking of second-order multi-agent systems using impulsive
control,” Nonlinear Dynamics, vol. 84, no. 3, pp. 1771-1781, 2016.

[14] M. Akhmet, Principles of Discontinuous Dynamical Systems,
Springer, New York, NY, USA, 2010.

[15] M. U. Akhmet, “On the general problem of stability for impul-
sive differential equations,” Journal of Mathematical Analysis
and Applications, vol. 288, no. 1, pp. 182-196, 2003.

[16] C.Li, Y. Zhou, H. Wang, and T. Huang, “Stability of nonlinear
systems with variable-time impulses: B-equivalence method,”
International Journal of Control, Automation, and Systems, vol.
15, no. 5, pp. 2072-2079, 2017.

[17] X. Zhang, C. Li, and T. Huang, “Hybrid impulsive and switch-
ing Hopfield neural networks with state-dependent impulses,”
Neural Networks, vol. 93, pp. 176-184, 2017.

[18] H.Li, C.Li,and T. Huang, “Periodicity and stability for variable-
time impulsive neural networks,” Neural Networks, vol. 94, pp.
24-33, 2017.

[19] X.-J. Yang, C.-D. Li, and Q.-K. Song, “Muttag-Lefller stability
analysis on variable-time impulsive factional-order neural net-
works,” Neurocomputing, vol. 207, pp. 276-286, 2016.

[20] Q. Song, X. Yang, C. Li, T. Huang, and X. Chen, “Stability
analysis of nonlinear fractional-order systems with variable-
time impulses,” Journal of The Franklin Institute, vol. 354, no.
7, pp- 2959-2978, 2017.

Complexity

[21] S.Yang, C.Li,and T. Huang, “Synchronization of coupled mem-
ristive chaotic circuits via state-dependent impulsive control,”
Nonlinear Dynamics, vol. 88, no. 1, pp. 115-129, 2017.

[22] L. O. Chua, L. Pivka, and C. W. Wu, “A universal circuit
for studying chaotic phenomena,” Philosophical Transactions of
the Royal Society A: Mathematical, Physical and Engineering
Sciences, vol. 353, no. 1701, pp. 65-84, 1995.



Advances in Advances in . Journal of The Scientific Journal of
Operations Research Decision Sciences  Applied Mathematics World Journal Probability and Statistics

|nternational
Journal of
Mathematics and
Mathematical
Sciences

Journal of

Optimization

Hindawi

Submit your manuscripts at
www.hindawi.com

International Journal of
Engineering
Mathematics

International Journal of

Analysis

Journal of : Advances in ] Mathematical Problems International Journal of Discrete Dynamics in
Complex Analysis Numerical Analysis in Engineering Differential Equations Nature and Society

International Journa!

of
Stochastic Analysis Mathematics Function Spaces Applied Analysis Mathematical Physics

Journal of Journal of Abstract and ; Advances in



https://www.hindawi.com/journals/jmath/
https://www.hindawi.com/journals/mpe/
https://www.hindawi.com/journals/jam/
https://www.hindawi.com/journals/jps/
https://www.hindawi.com/journals/amp/
https://www.hindawi.com/journals/jca/
https://www.hindawi.com/journals/jopti/
https://www.hindawi.com/journals/ijem/
https://www.hindawi.com/journals/aor/
https://www.hindawi.com/journals/jfs/
https://www.hindawi.com/journals/aaa/
https://www.hindawi.com/journals/ijmms/
https://www.hindawi.com/journals/tswj/
https://www.hindawi.com/journals/ana/
https://www.hindawi.com/journals/ddns/
https://www.hindawi.com/journals/ijde/
https://www.hindawi.com/journals/ads/
https://www.hindawi.com/journals/ijanal/
https://www.hindawi.com/journals/ijsa/
https://www.hindawi.com/
https://www.hindawi.com/

