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Assume that H, and H, are two given closed subintervals of R and that f, : H, — H, and f, : H, — H, are continuous
maps. Let Y ( h1> hy) = (f, (hy), f5(h;)) be a Cournot map over the space H; x H,. In this paper, we study (&, &,)-chaos (resp.
strong (4,,9,)- chaos) of such a Cournot map. We will show that the following are true: (1) Y is (&, &,)-chaotic (resp. strong
(¥,,@,)-chaotic) if and only if YzlA is (¥, @,)-chaotic (resp. strong (&, &,)-chaotic) if and only if FZIA is (¥, ?2) chaotlc
(resp. strong (€, %,)-chaotic). (2) Y is (&,,%,)-chaotic (resp. strong (&,,&,)-chaotic) if and only if Y? |A uA,

(%,,@,)-chaotic (resp. strong (&, &,)-chaotic). (3) f,of, is (¥€,,&,)-chaotic (resp. strong (%, &,)-chaotic) if and only if so is

faof1. MR(2000) Subject Classification: Primary 37D45, 54H20, and 37B40 and Secondary 26A18 and 28D20.

1. Introduction

Let H, and H, be closed subintervals of R, and let f, :
H, — H, and f,:H, — H, be continuous. In the
whole paper, Y:H,xH, — H;xH, is defined by
Y (hy, hy) = (f, (hy), f,(hy)) for any (h,,h,) € H x H,.
Such a map has been investigated to give a mathematical
analysis of Cournot duopoly (see [1]). Probably the first
notion of chaos in a mathematically rigorous way was posed
by Li and Yorke [2]. Since then, a lot of different notions of
chaos have been posed. Akin and Kolyada gave the concept
of Li-Yorke sensitivity for the first time [3]. They also gave
the concept of spatiotemporal chaos. Schweizer and Smital
gave the concept of distributional chaos [4]. We know that
distributional chaos is equivalent to positive topological
entropy and some other chaotic properties for some par-
ticular spaces (see [4, 5]), and that this equivalence re-
lationship will become invalid for some higher dimensional
spaces [6] and some zero-dimensional spaces [7]. In [8],
Wang et al. gave the definition of distributional chaos with
respect to a sequence and got that such chaos is equivalent to
Li-Yorke chaos for continuous maps over a closed sub-
interval. Over the past few decades, people have been paying
very close attention to the chaotic properties of Cournot
maps (see [1,9-13]). From [1, 12] one can see that there exist

Markov perfect equilibria processes. That is, two fixed
players move alternatively and ensure that any of them
chooses the best reply to the previous action of another
player. Put A, ={(f,(h,),h,) : h, € H,}, A, ={(hy, [,
(hy)) :hy e H,}, and A, = AJUA,. Obviously, Y(Q,;)
C A,,. The set A, is said to be a MPE set for Y (see [9]).
Moreover, in [9], the authors studied several kinds of chaos
for Cournot maps and obtained that for any definition they
considered in [9], and it does not satisfy the condition that Y
is chaotic if and only if so is Y|, . It is well known that some
chaotic properties of Cournot maps have been explored (see
[1,12-17]). Recently, Lu and Zhu further studied some
chaotic properties of Cournot maps and showed that some
chaotic properties of Y|, , Y2 A, and Y| 5, are same. In this
paper, it is shown that for any Cournot map Y (hy, h,) =
(f,(hy), f,(h)) over the product space H, x H,, the fol-
lowing properties are hold:

(1) Y is (&,,&,)-chaotic (resp. strong (¥, %,)-cha-
otic) if and only if Y? A, is (¥}, &,)-chaotic (resp
strong (¥,,9,)- chaotic) if and only if I? la, i
(€,,%,)-chaotic (resp. strong (&,,%,)- chaotlc)

(2) Y is (¥,,%,)-chaotic (resp. strong (&,,&,)-cha-
otic) if and only if Y?| . is (&), &,)-chaotic (resp.
strong (&, &,)-chaotic)


mailto:gdoulrs@163.com
https://orcid.org/0000-0003-3381-5786
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2019/5484629

() fiof, is (%), %,)-chaotic (resp.
&,)-chaotic) if and only if so is f,of,

strong (&,

2. Preliminaries

Let (H,&) be a compact metric space. A dynamic system
(H, f) means that fis a continuous self-map over the space
H.

Let f : H — H be amap on the space (H, §). The map f
is chaotic in the sense of Li-Yorke if there is an uncountable
set € C H satistying that for any hy, h, € € with h, #h,:

lilriiorcl)ff(fl (h): f' (1)) =0,

(1)
lim sup E(f (), £ (n))>o0.

This uncountable set € is called a scrambled set of f.

An important generalization of Li-Yorke chaos is dis-
tributional chaos, which is given in 1994 by Puu and Sushko
(1.

Let (H,&) be a metric space and f : H — H be con-
tinuous. For any h,, h, € H, the upper (lower) distribution

function F;lhz (t, f) (Fpn, (& f)) deduced by (hy, h,) and fis
defined by

F;;hz (£, f) = lim sup % ZX[o,r)(f(fj (h1)>fj (hz)))
j=1

m—00

1 . .
Fyp,(t f) = lrlnnll&f - ZX[O,[)(g(f] (hy), f (hz)))’
s
(2)

where x/y, is the characteristic function of the set [0,t). The
map f is distributional chaotic if there is an uncountable
subset € C H satistying that for any h,+h, €,
F;lhz (t, f) =1 (Vt>0), and 3t >0 such that F, , (¢, f) = 0.
This uncountable subset € is called a distributionally
scrambled set of f. And this point pair (h,, h,) which satisfies
the above two conditions is called a distributionally
scrambled pair of f.

In 1997, Furstenberg family is introduced by Akin [18].
Then, Xiong and Tan defined (¢,, &,)-chaos and described
chaos via Furstenberg family couple. Also, they obtained
some sufficient conditions of (&, %,)-chaos (see [19]).

Let N={1,2,3,...}, N, =NU{0}, and & be the col-
lection of all subsets of N,. A collection & ¢ & is called a
Furstenberg family (see [19]) if it satisfies that if G, ¢ G, and
G, € Zthen G, € E. A family & is said to be proper if it is a
proper subset of & (see [19]). In the whole paper, we
suppose that all Furstenberg families are proper. Clearly, a
tamily & is proper if and only if Ny € & and & ¢ & (see
(19]).

For any Furstenberg families &, and &, and any map
f:H— H,¥ cHiscalleda (¥,,%,)-scrambled set of f
(see [19]), it V hy # h, € B, the following two conditions are
satisfied:

(1) ¥t >0, {m e N: E(f"(hy), [ (hy)) <t} € &,
(2) 3650, {m e N : E(f (hy), f™ (hy)) >0} € &,
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This pair (h,, h,) is called a (&,, &,)-scrambled pair of f.
The map f is said to be (¥,, ¥,)-chaotic if there is an
uncountable (¥, &,)-scrambled set of f. When &, = &,
= &, the map fis said to be &-chaotic and the pair (h,, h,) is
a G-scrambled pair. The map f is said to be strong
(%, &,)-chaotic if one can find § > 0 satistying that for any
hy#h, €€, Vt>0, {meN:&E(f™(h), f"(h,)) <t} € &,
and {m e N: &E(f™ (b)), f"(h,) >0} € &,.

Similarly, one can give the concept of strong &-chaos.

Let G ¢ N. The upper density ji (G) and the lower density
U (G) of G are defined by

#(Gni{1,2,...,m)

u(G) = l;gn:gop -
(3

[L‘(G) = liminf #(Gn{1>2,,m})’

m—o0 m

where #(G) denotes the cardinality of the set G.

Let % denotes the set of all infinite subsets of N. For
arbitrary t € [0,1], put M (t) = {F € & : i(F) >t}. Then, a
pair (hy,h,) isa (M (0), M (0))-scrambled pair if and only if
itis a Li-Yorke scrambled pair (see [19]). A pair (h;,h,) isa
(M (1), M (1))-scrambled pair if and only if it is a dis-
tributionally scrambled pair (see [19]). Hence, (M (0),
M (0))-chaos is Li-Yorke chaos, and (M (1), M (1))-chaos is
distributional chaos.

Fori e NjandG € P, letG+i={j+i:je G}nN;and
G-i={j-i:jeG}nN,. AFurstenberg family ¥ is said to
be translation-invariant if for any G € & and anyi e N; G +
ic€%and G-ied. lItis easily seen that % is a proper and
translation-invariant family (see [19]).

Clearly, for any t € [0, 1], M () is a translation-invariant
Furstenberg family and M (0) =% (see [19]).

3. Main Results

Theorem 1. Let the product metric & on the product space
H,xH, be defined by &((apb)), (ayb,))=max
{lay —ayl, b, = b,|} and the product map m xm, of
m H, — H, and n, : H, — H, be defined by (m, x
m,)(a,b) = (m,(a),n, (b)) for any a € H, and any b € H,,
where H,,H, C R are compact intervals, and let Y (a,b) =
(f1(b), f,(a)) be a Cournot map. If &, and &, are two
Furstenberg families such that &, is translation-invariant,
then fof, is (&,,9,)-chaotic if and only if so is f,of .

Proof. Suppose that f,of, is (&, &,)-chaotic. By the
definition, there is an uncountable (&, ¥,)-scrambled set
D c H, of f,of,. By the definition, for any given b >0 and
any hy, h, € H, with h, # h, one has that

{meN:[(frof2)" () = (fref2)" ()| <b} € &1, (4)

As f, is uniformly continuous, for any a > 0 thereis b > 0

such that |p, —p,I<b and p;,p, € H; imply that
1f2(p1) = f2(p)l <a. So, if
|(fref2)" () = (frof2)" ()| <, (5)
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then
|(f2of )" (f2 (1)) = (f2of1)" (f2(hy))| <@ (6)
Consequently, by

{meN:[(frof2)" () = (frof2)" ()| <b} € By,
{meN:|(f2of )" (f2(m)) = (oo f1)" (f2 ()] <a} € &,.
(7)

By the definition, for any h,, h, € H, with h, # h, there is
&> 0 such that

{mEN:|(f1°f2)m(h) (fref2)"

As f, is uniformly continuous, for the above & > 0 there
is &' >0 such that |p, — p,| <6’ and p;, p, € H, imply that

If1(p1) = f1(ppl <8 So, if
l(f1°f2)m (hy) - (fl"fz)m(

(h,)|>0} € &, (8)

hy)|> 6, (9)
then
|(Faof )" (F2 () = (Foo f )" (F2 ()| > (10)

As @, is translation-invariant, by

{m eN: |(f1°f2)m(h1

(11)
This means that
{m eN: | faof

)" (£ (1)) = (f2of )" (f2(h)|>8'} € &,.

(12)

Thus, Theorem 1 is true. O

Theorem 2. Let the product metric & on the product space
H,xH, be defined by &((a,b), (a,b,))=max{la,
-a,|,|1b, —b,l} and the product map mw xm, of
m,:H, — H, and n,: H, — H, be defined by (m, x
m,)(a,b) = (7, (a), 7, (b)) for any a € H, and any b € H,,
where H,,H, C R are compact intervals, and let Y (a,b) =
(f1(b), f,(a)) be a Cournot map. If &, and &, are two
Furstenberg families such that &, is translation-invariant,
then fof, is strong (€,,%,)-chaotic if and only if so is
faofr

Proof. Suppose that f o f, is strong (&, &,)-chaotic. By the
definition, there is an uncountable strong (¥,
Z,)-scrambled set D ¢ H, of f,of,. By the definition, for
any given b >0 and any h,, h, € H, with h, # h, one has that

{m eN:[(frofo)" (h) = (frof2)" ()] <b} €Y.
(13)

As f, is uniformly continuous, for any a > 0 thereis b > 0
such that |p,—p,l<b and p,,p, € H, imply that

|5 (p1) = f2(py)l <a. So, if
|(frof2)" () = (f1of2)" ()| <b, (14)

)= (fref2)" (hy)|> 5} €Y,
fm=1eN:|(Faof )" (B () = (Faof )" (Fa ()] >0} € 2,

then

|(F2of )" (F2(B)) = (f22f1)" (f2(hy))| < a. (15)

Consequently, by

{m eN: |(f1°f2)m (hl) - (f1°f2)m (h2)| <

{m eN:|(foef1)" (f2(1)) = (foof1)" (f2 ()] <‘1} €Y,
(16)

bleg,

By the definition, for any h,, h, € H, with h, # h, there is
& > 0 satisfying that for any h,, h, € H, with h, # h,, one has
that

{m e N (frefa)" () = (frefa)" (ho)]> 8} € %o
(17)

As f, is uniformly continuous, for the above § > 0 there
is &' > 0 such that |p, — p,| <4’ and p,, p, € H, imply that
1f1(p1) = f1(p)l <9 So, if

[(f1ef2)" (h) = (fref2)" (hy)] >, (18)

then

|(Faof )" (F2 () = (Fao f )™ (F2 ()| > (19)

As @, is translation-invariant, by
{m eN:|(frof2)" (h) = (fief2)" ()] >5} €Y,

{m— LeN: |(f2°f1)w1 (f2(h)) = (F2of)™ (fz(hz))l >5,} €Y,
(20)

This means that

fmeN:[(fof )" (F2(0)) = (Faof )" (2 ()] > 8} € %

(21)

Thus, Theorem 2 is true. O

Corollary 1. Let Y (a,b) = (f,(b), f,(a)) be a Cournot
map on the product space H, x H,. Then, for any a,b € [0, 1],
fiof, is (M(a), M (b))-chaotic (resp. strong (M (a),
M (b))-chaotic) if and only if so is fyof .

Proof. As M (t) is a translation-invariant Furstenberg family
for any ¢t € [0,1], by Theorems 1 and 2 one can see that
Corollary 1 holds. O

Theorem 3. Let Y (a,b) = (f, (b), f,(a)) be a Cournot map
on the product space H, x H,. If &, and &, are two Fur-
stenberg families such that &, is translation-invariant and
satisfy that for any k € {1,2} and any G € G, there is
j €1{0,1} satisfying that G,;={i€{0,1,...}:2j+i€G}
€ G, and that for any k € {1,2} and any G € &,

G,={2i+j€{0,1,...}:je{0,1},ie Gl € &G, (22)
then Y is (¥,,%,)-chaotic if and only if so is Y2|A2.



Proof. We assume that Y is (&, &,)-chaotic. O
Claim 1. Y* is (%), %,)-chaotic.

The Proof of Claim 1. Assume that D Cc H, xH, is a
(€,,&,)-scrambled set of the system (H, x H,,Y). As Y
and Y? are uniformly continuous, for any ¢ > 0 there is t' >0
satisfying that h,,h, € H, x H, and &(h;, h,)<t' imply
E(Y (hy), Y (hy)) <t and &(Y*(h;),Y*(hy))<t. By the hy-
pothesis and the definition, for any d,,d, € D with d, #d,,
one has that

G={me{0,1,..}: E(Y"(d,),Y"(d,))<t'} € &,.
(23)
As @, satisfies that for any G € &, there is j € {0,1}

satisfying that G,;:={i€{0,1,...}:2j+i€ G} € Z,, by
the definition there is j € {0, 1} satisfying that

G,;=1i€{0,1,..}:2j+ieG}l e @, (24)

]

By the above argument, one has that

Gy € fm € 10,1, £ E(Y2™9%270 (), Y2923 () < o]

o]

(25)
That is,
Gy {m e 10,1, .} 60X (d,), Y22 (d,)) <t}.
(26)
So,
[m e (0,1, 1 E(Y™2 (d,), Y (d,)) <t} € 7.
(27)

As @, is translation-invariant,
{mefo, 1, 3 E(Y"(d)), Y (dy)) <t} € G, (28)

By the hypothesis and the definition, for any given
d,,d, € D with d, #d, there is § > 0 satistying that

G ={me(01,..}:E(Y"(d,),Y"(d,)) >0} € %,
(29)

As &, satisfies that for any G € &,, there is j € {0, 1}
satisfying that G,;:={i €{0,1,...}:2j+i € G} € &), by
the definition there is j € {0, 1} satisfying that

Gyj=1{i€{0,1,...}:2j+ieG'} e, (30)

As Y and Y? are uniformly continuous, for the above
8>0, there is 8' >0 satisfying that h,,h, € H, x H, and
E(hy,hy) <8 imply (Y (hy),Y(hy))<8 and E(Y*(h),
Y2 (h,)) < 6. Clearly,

Gy c{me{0,1,.. ) E(Y"(d,), Y (d,))> 8"}, (31)

which means that
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{mefo,1,.. ) E(Y" (d,),Y*" (d,))>0'} € %, (32)

Thus, Claim 1 holds.

As Y% = (f,of,) % (f,0f,), by hypothesis, Claim 1, the
definition of (¥, %,)-chaos, and Theorem 1 and its proof,
one can easily verify that f,of, and f,of, are
(%,, ¢,)-chaotic.

Assume that fof, is (&, Z,)-chaotic. By the defini-
tion, there is an uncountable subset C ¢ H, which is
(&,,%,)-scrambled set of f o f,. By the proof of Theorem 1,
f,(C) is an uncountable (¥, &,)-scrambled set of f,of;.
Set A ={(a, g,(a)) : a € C}. Then, A is uncountable. By the
above argument, the definition of (&, &,)-chaos and the
proof of Theorem 1, it is easy to prove that A is a
(¥¢,,%,)-scrambled set of Y2|A2.

Now, we assume that YZIA2 is (¢,,%,)-chaotic.

Claim 2. Y is (¥, &,)-chaotic.

The Proof of Claim 2. By the hypothesis and the definitions,
Y? is (%,,9,)-chaotic. Assume that D is a (%,
©,)-scrambled set of the system (H,; x H,, Y?). As Y" is
uniformly continuous for any n € {0, 1}, for any t > 0 there is
t'>0 satisfying that hj,h, € Hy x H, and &(hy,hy)<t'
imply £(Y" (hy),Y" (h,)) <t for any n € {0, 1}. By hypothesis
and the definition, for any d,,d, € D with d, #d,, one has
that

G={me{0,1,..}: EY"(d,),Y"(d,))<t'} € %,
(33)
So, for any m € G and any » € {0, 1} we have that
E(YP(dy), Y (dy)) <t (34)

As @, satisfies that for any G € &,
G,={2i+je{0,1,...}:je{0,1},ie Gl e &}, (35)

by the definition we have
G,={2m+n:meG,ne{0,1}} € Z,. (36)

Clearly,

G, c{me{0,1,...}: E(Y"(d,),Y"(dy)) <t}.  (37)

This means that

{me{0,1,...}: E(Y"(d,),Y"(d,)) <t} € &,. (38)

By the hypothesis and the definition, for any given
d,,d, € D with d, #d, there is §' >0 satisfying that

G ={me{0,1,...}: E(Y"(d,),Y"(d,))>8'} € &,.

(39)

As Y" is uniformly continuous for any # € {0, 1}, for the
above &' >0 there is 6> 0 satisfying that h,,h, € H, x H,
and &(Y?(hy),Y?(hy)) > & imply &(Y"(h,),Y" (h,))>§ for

any n € {0, 1}. So, for any m € G’ and any 7 € {0, 1} we have
that
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E(YZ(m—l)Jrn (dl)’YZ(m—l)Jrn (dz)) > 6. (40)
As &, is translation-invariant, G' =1 € &,. As €, sat-
isfies that for any G € &,,
G,={2i+je{0,1,...}:je{0,1},i € G} € &,,
(G -1),=2m-1)+n:m-1€G -1Lne{0,1}} € &,.

(41)
Clearly,
(G'-1), c{mef0,1,...}: E(Y"(d,),Y"(d,)) > 5},
(42)

which means that
fmefo,1,...}: E(Y"(d,),Y"(d,)) >0} € &,. (43)

Thus, Claim 2 holds.
Consequently, Theorem 3 is true.

Theorem 4. Let Y (a,b) = (f, (b), f,(a)) be a Cournot map
on the product space H, x H,. If €, and &, are two Fur-
stenberg families such that &, is translation-invariant and
satisfy that for any k € {1,2} and any G € G, there is
j€f0,1}  satisfying  that G, ;:={i €{0,1,...}: 2j+
i € G} € Gy, and that for any k € {1,2} and any G € G,

G, ={2i+j€{0,1,...}:je{0,1},i e Gl € &G, (44)

then Y is strong (%,,&,)-chaotic if and only if so is Y2|A2-
Proof. We assume that Y is strong (&, &,)-chaotic. O
Claim 3. Y* is strong (%, @,)-chaotic.

The Proof of Claim 3. Assume that D ¢ H, x H, is a strong
(€,,%,)-scrambled set of the system (H, x H,,Y). As Y
and Y? are uniformly continuous, for any t > 0 there is t' >0
satisfying that h,,h, € H, x H, and &(h;,h,)<t' imply
E(Y (hy),Y (hy)) <tand &(Y?(hy), Y? (h,)) < t. By hypothesis
and the definition, for any d,,d, € D with d, #d,, one has
that

G={me{0,1,..}: E(Y"(d,),Y" (d,))<t'} € &,.
(45)
As @, satisfies that for any G € &,
G,={2i+je{0,1,...}:je{0,1},i e G} € &, (46)
by the definition there is j € {0, 1} satisfying that

Gy =1ie{0,1,..}:2j+ieG} e, (47)

By the above argument, one has that

G, {mefo,1,.. ) E(Y"2 (), Y"1 (d,)) <t}

(48)
That is,

5
Gy € fm € (0,1, } - E(Y*™2(d,), Y™ (d,)) <1},
(49)
So,
fm e 0,1, E(Y™2(d,), Y2 (d,)) <t} € F,.
(50)

As @, is translation-invariant,

{mefo,1,.. }:6(Y*"(d)), Y (d,)) <t} € G, (51)

By the hypothesis and the definition, there is § >0 such
that for any d,,d, € D with d, #d,,

G ={me{0,1,..}: E(Y"(d,),Y"(d,))>6} € &,.
(52)

As &, satisfies that for any G € @,, there is j € {0, 1}
satisfying that G,;:={i€{0,1,...}:2j+i€ G} € G,, by
the definition there is j € {0, 1} satisfying that

Gyj=1{ie{0,1,...}:2j+ieG} e, (53)

As Y and Y? are uniformly continuous, for the above
8>0 there is &' >0 satisfying that h,,h, € H, x H, and
E(hy,hy) <8 imply E(Y(hy),Y(hy)) <8 and E(Y*(h),
Y2 (hy)) <. Clearly,

Gz’)j C {m €{0,1,...}: E(Yz’" (dl),Yz’” (dz)) >5’}, (54)

which means that

{mefo,1,.. ) 6(Y" (d,),Y*" (d,))>0'} € G, (55)

Thus, Claim 3 holds.

As Y% = (f,of,) % (f,of,), by hypothesis, Claim 3, the
definition of strong (&, &,)-chaos, and Theorem 2 and its
proof, one can easily verify that f,of, and f,of, are strong
(¥¢,,%,)-chaotic.

Assume that fof, is strong (&, &,)-chaotic. By the
definition, there is an uncountable subset C ¢ H, which is
strong (¥, &,)-scrambled set of f,of,. By the proof of
Theorem 2, f,(C) is an uncountable and strong (¥,
©,)-scrambled set of f,of . Set A={(a,g, (a)):a¢cC}.
Then, A is uncountable. By the above argument, the defi-
nition of strong (¥, €,)-chaos and the proof of Theorem 2,
it 2is easy to prove that A is a strong (&, &,)-scrambled set of
Y,

Iilow, we assume that Y?| A, Is strong (¥, &,)-chaotic.

Claim 4. Y is strong (&, ,)-chaotic.

The Proof of Claim 4. By the hypothesis and the definitions,
Y? is strong (%), %,)-chaotic. Assume that D is a strong
(%,,%,)-scrambled set of the system (H, x H,,Y?). As Y"
is uniformly continuous for any n € {0, 1}, for any ¢ > 0 there
is t' >0 satisfying that h;,h, € H, x H, and &(hy, h,) <t'
imply £(Y"(h,),Y" (h,)) <t for any n € {0,1}. By the hy-
pothesis and the definition, for any d,,d, € D with d, #d,,
one has that



G :{m €{0,1,...}: E(Y2m(d1),Y2m (dz)) <t’} €9,

(56)
So, for any m € G and any » € {0, 1}, we have that
E(YP™(dy), Y (dy)) <t (57)
As @, satisfies that for any G € &,
G,={2i+je{0,1,...}:je{0,1},ie Gl € &, (58)

by the definition we have
G, ={2m+n:meG,nef0,1}} e 7,. (59)

Clearly,
G,c{me{0,1,..}: E(Y"(d,),Y"(d,)) <t} (60)

This means that

{mef{0,1,...}: E(Y"(d,),Y"(d,)) <t} e €. (61)

By the hypothesis and the definition, there is 8’ >0
satistying that for any d,,d, € D with d, #d,,

G ={me{0,1,..}: E(Y"(d,),Y"(d,)) >0} € ©,.

(62)

As Y" is uniformly continuous for any # € {0, 1}, for the
above &8’ >0 there is 0> 0 satisfying that h;,h, € H; x H,
and &(Y?(hy),Y?*(h,)) > & imply &(Y"(h;),Y" (h,)) >3 for

any n € {0, 1}. So, for any m € G' and any n € {0, 1}, we have
that

E(Yz(m—l)m (dl)’YZ(m—l)Jrn (dZ)) > 6. (63)

As &, is translation-invariant, G' =1 € &,. As €, sat-
isfies that for any G € &,,

G,=1{2i+j€{0,1,...}: j€{0,1},i € G} € &,,
(G'-1),=2m-1)+n:m-1€G -1Lne{0,1}} € &,
(64)
Clearly,
(G'-1), c{mef0,1,...}: E(Y"(d,),Y"(d,)) > 6},
(65)
which means that
fmef{0,1,...}: E(Y"(d,),Y"(d,)) >0} € &,. (66)

Thus, Claim 4 holds.
Consequently, Theorem 4 is true.

Corollary 2. Let Y (a,b) = (f,(b), f,(a)) be a Cournot
map on the product space H, x H,. Then, for any a,b € [0, 1],
Y is (M(a), M (b))-chaotic (resp. strong (M (a),
M (b))-chaotic) if and only if so is Y2|A2-

Proof. We have the following two claims. O
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Claim 5. For any t € [0,1], M(t) satisfies that for any
Ged, there is je{0,1} such that G,;:=1{i€{0,1,
Ji2j+ieGled@.

The Proof of Claim 5. 1t is clear that M (0) = & and that if
G € 3B, then there is j € {0,1} satistying that G,; € %.
Assume that thereist € (0, 1] such that M (¢t) does not have
the property P(2). By this assumption and the definition,
there is G € M (t) such that for any j € {0,1}, 1(Gy))
=e;<t. Choose §;€ (0,t—e¢;) for any je{0,1}. As
i(G,;) = ej<tforany j € {0, 1}, by the definition there is an
integer M >0 such that for any j € {0,1} and any integer
m>M, ﬁ(Gz)j N{1,2,...,m}) < (t - (Sj)m. This implies that

112, NGy ) n{L2,...om})>m—(t = 8;)m.  (67)

Let ne 2M + 1,2M + 1,---} and write n =2[n/2] +1,,
where [7/2] is the integral part of /2 and [, € {0, 1}. By the
definition, i ¢ GZ’]- implies 2i+j ¢ G for any je {0,1}.
Obviously, if j,, j, € {0, 1} and j, # j, then 2i; + j, #2i, + j,
for any i;,i, € {0,1,...,m}. So,

B2, NONL2 o) 28 (4) + £(4)>[5]

g ol
(68)
where
4 =((12 .}\G2,O)m{1,z, 2L
(69)

This implies that
ﬁ(Gﬂ{l,Z,...,n})<n—([g] —(t—eo)[g] +[g] —(t—el)[gD.
(70)
Set § = min{d,, 8, }. As

w(G) =limsuplﬁ(Gn{l,Z,...,n})s limsupl
n n

n—~oo n—~o

(-
w4 (o-a(3]-c-of})

By n=2[n/2] +1,,
p(G)<t-4. (72)

)

(71)

This is a contraction. Consequently, Claim 5 holds.

Claim 6. For any t € [0,1], M (t) satisfies that for any
Ge&:
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G,={2i+jef0,1,...}: je{0,1},ieG}e&.  (73)

The Proof of Claim 6. It is obvious that M (0) = %, and that
if G € &, then G, € B. Assume that there is t € (0, 1] such
that M (t) does not have the property Q(2). By this as-
sumption and the definition, there is G € M (t) such that
U (G,) = e<t.Choose § € (0,t —e). As i(G,) = e<t, by the
definition there is an integer M > 0 such that for any integer
m=M, $(G,N{L,2,...,m}) < (t —8)m. Let ne€ 2M + 1,2
M +1,---} and write n=2[n/2] +1,, where [n/2] is the
integral part of n/2 and [, € {0, 1}. By the definition, i € G
implies 2i + j € G, for any j € {0, 1}. Obviously, if i;,i, € G
and j, # j,, then 2i, + j, #2i, + j, for any j,, j, € {0,1}. So,

2¢[<Gm{1,2,..., [g”)sﬂ(Gzﬂ{l,Z,...,n})<n(t—6).
(74)

Hi <§(2[§] +L) (-0, (79)
Consequently,

7(G)< lim ﬁ(z[g]+1n>(t—6)=t—6<t. (76)

n—~oo

This implies that

ﬁ(Gm{l,z,...,

This is a contraction. Consequently, Claim 5 is true.

From the above two claims we know that M (¢) satisfies
the conditions of Theorems 3 and 4 for any t € [0, 1]. Thus,
by these two theorems one can see that Corollary 2 holds.

Theorem 5. Let Y (a,b) = (f, (b), f,(a)) be a Cournot map
on the product space H, x H,. If &, and &, are two Fur-
stenberg families such that &, is translation-invariant, then Y
is (&, &,)-chaotic (resp. strong (&, &,)-chaotic) if and only
if so is Y2|A1'

Proof. The proof is similar to those of Theorems 3 and 4 and
is omitted. a

Corollary 3. Let Y (a,b) = (f,(b), f,(a)) be a Cournot
map on the product space H, x H,. Then, for any a,b € [0, 1],
Y is (M(a), M (b))-chaotic (resp. strong (M (a), M (b))
-chaotic) if and only if so is Y2|A1.

Proof. By Theorem 5 and the proof of Corollary 2 one can
easily see that Corollary 3 holds. O

Theorem 6. Let Y (a,b) = (f, (b), f,(a)) be a Cournot map
on the product space H, x H,. If &, and &, are two Fur-
stenberg families such that &, is translation-invariant, then Y
is (&, &,)-chaotic (resp. strong (&, &,)-chaotic) if and only
if s0is Y|, ua.-

Proof. By hypothesis, the definitions of A;, A,, and
(¥€,,%,)-chaos (resp. strong (&, &,)-chaos) and Theorems
3 and 4, it is easily seen that Y is (&, &,)-chaotic (resp.
strong (&, €,)-chaotic) if and only if so is YzlAlqu. O

Corollary 4. Let Y (a,b) = (f,(b), f,(a)) be a Cournot
map on the product space H, x H,. Then, for any a,b € [0, 1],
Y is (M(a), M (b))-chaotic (resp. strong (M (a), M (b))
-chaotic) if and only if so is Y2|A1uA2~

Proof. By Theorem 6 and the proof of Corollary 2 one can
easily see that Corollary 4 holds. O
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