Hindawi

Complexity

Volume 2019, Article ID 6282958, 14 pages
https://doi.org/10.1155/2019/6282958

Research Article

WILEY

Hindawi

Pattern Formation in a Reaction-Diffusion Predator-Prey
Model with Weak Allee Effect and Delay

Hua Liu®,’ Yong Ye ,! Yumei Wei,> Weiyuan Ma ! Ming Ma ,! and Kai Zhang

1

1School of Mathematics and Computer Science, Northwest Minzu University, Lanzhou 730000, China
Experimental Center, Northwest Minzu University, Lanzhou 730000, China

Correspondence should be addressed to Hua Liu; 7783360@qq.com

Received 31 August 2019; Revised 6 November 2019; Accepted 13 November 2019; Published 30 November 2019

Academic Editor: Peter Giesl

Copyright © 2019 Hua Liu et al. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

In this paper, we establish a reaction-diffusion predator-prey model with weak Allee effect and delay and analyze the conditions of
Turing instability. The effects of Allee effect and delay on pattern formation are discussed by numerical simulation. The results
show that pattern formations change with the addition of weak Allee effect and delay. More specifically, as Allee effect constant
and delay increases, coexistence of spotted and stripe patterns, stripe patterns, and mixture patterns emerge successively. From an
ecological point of view, we find that Allee effect and delay play an important role in spatial invasion of populations.

1. Introduction

Since the Allee effect was proposed by Allee [1] in 1931, the
predator-prey model with Allee effect has been studied
extensively [2-27]. From the ordinary differential equation
predator-prey model with Allee effect to the partial dif-
ferential equation model, many researchers have achieved
rich results [4, 7, 9-16, 28]. Cai et al. [6] established
a Leslie-Gower predator-prey model with additive Allee
effect on prey, and they found Allee effect can increase the
risk of ecological extinction. Sen et al. [5] established a two-
prey one-predator model with Allee effect, and the effects of
Allee effect on the dynamics of predator population are
discussed. Of course, the research on reaction-diffusion
predator-prey model with Allee effect is also very rich. For
example, Wang et al. [7] established a reaction-diffusion
predator-prey model and found the model dynamics ex-
hibits both Allee effect and diffusion controlled pattern
formation growth to holes. They also studied Allee effect
induced instability in a reaction-diffusion predator-prey
model [4]. Petrovskii et al. found that the deterministic
system with Allee effect can induce patch invasion [23]. Sun
et al. found that predator mortality plays an important role
in the pattern formation of populations [13]. It is now
believed that the spatial composition of population

interactions has been identified as an important factor in
how ecological communities operate and form. Pattern
formation in the predator-prey model is an appropriate
tool for understanding the basic mechanism of spatio-
temporal population dynamics. We find that there are few
studies on delays in reaction-diffusion predator-prey
model with Allee effect. So next we discuss the effects of
Allee effect and delay on pattern formation. First, we
consider a predator-prey model with hyperbolic mortality
established by Zhang et al. [10], the model is obtained as
follows:

( oU U buv
——dlAuzaU<1——)——, x€Q,T>0,
oT K/ c¢+U

oV mUV

——d, AV =—— S QO,T>0,
3T d, U h(V) x € >0
ou ov

— -2y, 0Q,T >0,
50 " 3n X € >0
LU (x,0) =U,(x)>0,V(x,0) =V, (x)>0, x € Q,

(1)


mailto:7783360@qq.com
https://orcid.org/0000-0002-1135-4969
https://orcid.org/0000-0002-3377-1923
https://orcid.org/0000-0002-4724-2774
https://orcid.org/0000-0003-1374-5346
https://orcid.org/0000-0002-7680-2849
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2019/6282958

where U and V are the population densities of prey and
predator, respectively; a is the birth rate, K is the carrying
capacity and b is the maximum uptake rate of the prey; c is
the prey density at which the predator has the maximum kill
rate; m is the birth rate of predator; function h (V) reflects
the predator death rate; the habitat QO ¢ R" is a bounded
domain with smooth boundary 0Q; n is the outward unit
normal vector on 0Q); d, and d, are the diffusion coefficients,
respectively; and A is the Laplacian operator. The homo-
geneous Neumann boundary condition implies that the
system above is self-contained and there is no host across the
boundary. After nondimensionalization,
K

ac a
U—Ku,V——v,——fp ——al ——
c m m

b
(2)

Then, considering that the predator-prey model with
Allee effect is more realistic, people begin to introduce delay
into the predator-prey model and discuss the effects of Allee
effect and delay on the dynamics of the model [2, 17-22]. We
try to introduce weak Allee effect and searching delay into
model (1), and then we get

ou 3 u au(t—1)Wv(t—-1)

EfdlAu—ocu(l u)(u+A)7 T4 Bu(t-1) , x € O, t>0,

ov Puv

v =" _ R Q, 8
< pn d,Av 1+ Bu h(v) xeOt>0

ou ov

5 =5.=0 x €00,t>0,
L u(x,0) = ¢(x,0)20,v(x,0) = y(x,0) 20, (x,0) € Ax(-7,0),

(3)

where h(v) = yv*/e + nv. For hyperbolic mortality, y is the
death rate of the predator, e and # are coefficients of light
attenuation by water and self-shading in the context of
plankton mortality, and 7 is the searching delay. The weak
Allee effect term is u/u + A, where A>0 is described as
a weak Allee effect constant.

2. Turing Instability
First, we consider the model with 7 = 0:

( Ou

d,Au = o (1 )( u ) oy €Q,t>0

o oM T T A) T g TETTY
a 2

& LAv = puv A s x € Q,t>0,
J ot 1+fu e+nv

ou ov
—=—=0, €00, t>0,
on on x
u(x,0) =uy(x)=0,v(x,0) = vy (x) 20, x € Q.

(4)

Complexity

Obviously, ifd, = d, = 0, without diffusion in model (4),
then we can obtain the following ordinary differential
equations:

du
dr

:ocu(l—u)( “ >— e = f(u,v),

u+A) 1+pu

(5)
dv  puv
dt 1+pu e+nv

=g(u,v).

We mainly focus on the stability of the positive equi-
librium of model (4). Clearly, the positive equilibrium E, =
(u,,v,) of the ordinary differential equation (ODE) or the
partial differential equation (PDE) model (4) satisfies
f(u,,v,)=0and g(u,,v,)=0:

du
dr

B u auv
_“u(l_u)<u+A>_1+ﬁu_0’

(6)
dv Puv v B
E_1+ﬂu_e+11v_ '

For simplicity of discussion, in this paper, we shall
concentrate the case of # =y and e = 1. We easily see that
model (4) exhibits a positive equilibrium point E, = (u,,v,)
when >y/1 -y, 0<y<1, and A<y/B. When >y/1 -7,
0<y<1, and y/B<A< (By -y - p)* +4By*)/4p%y, model
(4) exhibits two positive equilibrium points E;, = (u,,,v;,)
and E,, = (u,,,v,,). In this work, we mainly focus on
a positive equilibrium point, where

 NGroy-PI BBy -y B

2By b/
(7)

We calculate the Jacobian matrix of model (5) at E,,

which is given by J, = [ Zlo ZOI ], where

10 Y01
201’ - 3aAu? + au? + 2aAu, afu,
ay = - ,
. (u. + A) y(1+pu.)
au,
Ay = ———,
o1 1+ fu,
(8)
pu,
by = 2
y(1+pu,)
—Bu,
by =——=
(1+pu.)

We can easily know that the characteristic polynomial is

HQ\) =\ -TA+D, (9)
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where
T —20u} = 30Aul + au} +20Au,  afu,
(u, + A) y(1+pu,)
_ Pu
(1+pu)”
D 2003 - 3aAu? + au? +2aAu, afu,
(u, + A) y(1+pu,)’
_ﬁu* (xﬂzui

gy oy pu)
(10)

Thus, we have the following conclusions:

(a) If T <0 and D >0, then the positive equilibrium is
locally asymptotically stable

(b) If T> 0, then the positive equilibrium is unstable
Next, let us consider the PDE model (4); we choose the

perturbation function consisting of the following two-di-
mensional Fourier modes:

u .
_ e)tkt+1kxx,
v

3
We know, when E, is stable,
T 20’ — 30 Au? + o + 2aAu,
(u, + A)
(13)
af, u,

> 5<0
y(L+pu)” (1+pu,)

We can easily find that T = a,; +a,, — k*(d, +d,) <0.
So, if model (3) changes from stable to unstable, it needs to
be

Dy =(ay, —k*d,)(by — K’d,) = ag by <0, (14)
that is,
d d
2 Dd—l<a10 + bmd—;,dl <d,. (15)

3. Delay-Induced Instability

Finally, we consider the PDE model (4) with delay (searching
delay), and we get model (3). Considering 7 and spatial
diffusion, if 7 is small enough, the following changes are
made [29]:

ou
11 1) = P _
]_<a10—k2d1 ao, ) (11) u(x, y,t =1) = u(x, y,t) Tat,V(x,y,t 7) o
by by, - kd, ov
=v(x, p,t) -1
so, we can find ot
Ty =ay +by, - i (d, +d,), we substitute (16) into model (3) to get
(12)
Dy = (alo - kzdl)(bm - kzdz) — ag; by
ou u a(u(x, y,t) — 0ul/ot) (v(x, y,t) — T0v/0t)
=, A = 1 - - > Qa >
or ~ b = au ”)<u+A) 1+ B(u(x, 1) — 70ulon) xemr=0
2
%_dzmzlﬁw - );V , x € Q,t>0,
) pu e+nv (17)
ou ov
ﬁ_a_o) x €0Q,t>0,

| u(x,0) = ¢(x,0)>0,v(x,0) = y(x,0) >0,

Expanding in Taylor series and neglecting the higher-
order nonlinearities, we find

(x,0) € QA x(-1,0).



ou u auy
o~ = a1 ) -

ou

_Tfu(t—r) (u(t - T)’ V(t - T))g;

ov
~Tf e (Wt =), v(t - T))g, xeO,t>0,
15 :
l_dzAV: puv —i > x € Q,t>0,
ot 1+fu e+ny
ou ov
—=5-=0, €00, t>0,
on on *

u(x,0)=9(x,0)=0,v(x,0) = y(x,0) >0,

(x,0) € O x(-1,0),
(18)

where

Flult—1,v(t-1) =au(1—u)<u:‘A)
(19)
_au(t—r)v(t—r)
1+ pu(t-1)
We can see that if f(u,,v,)=0 and g(u,,v,) =0 are

satisfied at equilibrium point E, = (u,, v, ), then we can get
the model:

g—?—dlAu = fouv)(u-u)+ f,(wv)(v-v,)

ou

_Tfu(t—‘r)(u(t_T)7V(t_7))§>

ov
“fon Wl -DvE-1) o x€QE>0,
ov

J g—dzAv=gu(u,v)(u—u*)+gv(u,v)(v—v*),
x € Q,t>0,
a—u—@—o €00, t>0
on on * > >

u(x,0)=¢(x,0>0,v(x,0) = y(x,0) >0,

(x,0) € Qx(-1,0),
(20)
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where

f(u,v) =au(l —u)<

auv
)= i3 o™

u+A
(21)

_ Puv

C1+Bu ety

We consider that the stable equilibrium point E, = (u,,
v,) is subjected to a small perturbation of %, and¥v,. Let
u=u,+u,andv=v,+7v,, so we get

e _ g AT, = A, + Agy 7, + 7P O

ot p(1+pu,)” ot
+Tliuﬁ*u a;t*, x €O, t>0,

o, _ _ _

J E—dzAv* = Byu, + By, v., xe€Q,t>0,

g_”zgzo, x €0Q,t>0,

n n

u(x,0) =¢(x,0)=20,v(x,0) = y(x,0) >0,
(x,0) € Qx(-1,0).

(22)

Assuming that the solution of the system has the fol-
lowing form,

u, (x,t) = e cosk,x, 7, (x,1) = V'e" cosk,x.  (23)
So, we get
a + b N —k*d; ay + 1boN — 1d,NK?
o 1-M 1-M o
by by, — k*d,
where
M= P
y(1+pu.) (25)
au,
N= 1+ Bu,
We can easily find
T o a +1h N - k*d, by — K,

1-M

D (‘110 +1b, N — k*d,

k= 1-M

)(bm - kzdz) (26)

ay; + by N — 1d,Nk?
—by LM :
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When k = 0, model (3) undergoes Hopf bifurcation at So, we just need to judge
T} = 0, so the critical value for undergoing Hopf bifurcation ,
ined: b, N — k*d
can be obtained: T} = 10 * Mo Lt by, - K°d, > 0. (29)
~(a10 + boy) + by M I-M
Ty = - . (27)
10 It is easy to know when
We know, when E, is stable, 24 ( b 24 )(1 M)
Gy K74, (70, T KTAy) U~
aobor — ag1b10 >0, > )
10%1 ~ 401910 2 b, N
b, N - k*d 30
D :<a10 + Tl 10M 1)(1901 - Kd,) R (30)
7= G0 TN TR kPd, >0,
(am +1by N — szNk2> 1-M
-b >0.
10 1M
So, the instability condition caused by delay is as follows:
(28)
(1 _ —2au’ — 3aAu? + o + 20 Au, afu, Bu, <0
(u, + A)’ y(1+pu,) (1+pu,)

D 20w’ — 3aAu? + au? + 2aAu, afu,

(u, + A) y(1+Bu,)’
4 (31)
_ﬁu* (Xﬁzl/li

(1+pu)’ y(1+pu,)

>0,

U K2, + (=by, + k*d,) (1 - M)
b,,N ’

4. Amplitude Equations and Pattern Selection ay + a0 N by + 700, N

Loripa-| 1M 1-M
We rewrite the transformed form of system (3) at the =] +D,A=
positive spatially homogeneous steady state E, = (u,,v,) as by boy
follows and denote by (U, W) the perturbation solution (33)
(U-u,,V-v,)" of the system: -k*d, —1d,Nk*
1-M 1-M
0X
—=LX+H, (32) ’
ot
0 -k*d,

where X = (U, V)~.

Then, let the linear operator L be defined as follows: and H be given by

< AU? + AUV + A V2 + Ay UP + Ay UPV + AUV + AV +0(e) >

B,yU? + b, ,UV + By, V2 + B3U? + B U?V + B,UV? + By V2 + 0(&%)
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where
R —oau? - 3aAud + 3aAu? - aAu, + aA? aftu, 21Ny,
?1-M (u, + A)’ y(1+Bu)’ ) (1-M)(1+pu,)”
N
Ay = ‘ + NP ,
2(1+Bu)(1=M) (1 +pu,)*(1-M)
Aoz =0,
P,
T (B’
___ B
Y+ pu)”
2y
B,=——0“r
o)
A - 1 —9aA*u? - 6aAu? + 6aA’u, + 2aAu, — daA? af’u, . 6TNp’v,
YIIoM 3(u, + A)* y(1+Bu) ) (- My(1+ pu.)” (35)
2TNp?
Ay =- 3>
(1-M)(1+Bu,)
Ap =0,
Az =0,
68°v,
By =——p
(1+ )
¥
(4B,
B, =0,
2
By; = !
(1+yv.)

Next, near the Turing bifurcation threshold, we expand
the control parameter T as

e=0:

2 3 3
TT—T=£T1+£T2+£T3+O(8), (36)

where |¢| « 1. Similarly, expand the solution X, linear
operator L,

and the nonlinear term H into Taylor series at

U U U
X:s( 1>+82< 2)+£3( 3)+o(s3), (37)

Vi V, V;
H=¢éhy+ehy + 0(83), (38)
L: LT+(TT_T)M, (39)
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where

h = h; _ Agon + A1T1U1V1 + AoTzV%
’ hi BgoU% +BL UV, + BoTzV% ’
3~ hg

[ % (Alon% + AUV, + AIon%)
a (BQOU% +BL UV, + B(,)ZV%) .

are terms corresponding to the second and third orders in
the expansion of the nonlinear term and for the linear
operator

L=Ly+(tp —7)M. (41)
We have,
ay +1ag N -k?d, by,+1by N —1d,Nk?
1-M 1-M
Ly = , (42)
blO bOl - k2d2 T=Tp
my; m
M :< 11 My )) (43)
My My

where m;; = —a,;N/1 - M, m, = —a,,N +d,Nk*/1 - M,
my =0,and my, =0at U =u,.
Finally, we introduce multiple time scales:

d d 5 0 2
gzsa—’]_‘l‘l'fa—’l_‘z‘f'o(s ) (44)
Then, substituting equations (33)-(44) into equation
(32) and expanding it with respect to different orders of
g, (i=123),

(45)

In what follows, we seek the amplitude equations by
solving system (45). Since Ly has an eigenvector associated
with the zero eigenvalue,

. B\ _ [ AGU + AUV + AQUV? + A VP +2(A5U,U, + AV V) + A7 (UL V, + Vi U,) (40)
BI,U® + BLU?>V + BLUV? + BLV® + 2(BL,U,U, + BL,V,V,) + Bl (U,V, + V,U,)

ag; — by N + 1d,NK?

46
a, + 1o N — k*d, (46)

(LD, f=—

The general solution of the first system of (45) can be

written as
U 3 )
< ! ) = ( f ) Z Wje'kf'r +cc |, (47)
Vi 1 j=1

where W . is the amplitude of the mode e’*/". Notice that the
second system of (45) is nonhomogeneous, and L}, the
adjoint operator of Ly, has zero eigenvectors in the form of

1 ik;r
e +ce, j=1,2,3, (48)
g

with g = —by, (1 — M)/a,, + th;yN — k*d,. Let

Fy o (Ui my Uy +mpVy
F _a_Tl \%4 A my Uy +m,,V
v 1 U My Yy
h
-a,M .
5

Then, in view of the Fredholm solvability conditions,

P
(Lg)( 7>=0, (50)
FV

where F{J and F{, are the coefficients of ¢/ in F;; and Fy,
respectively. It follows after some routine calculation that,
for j,=1,2,3 and j; #1,, if [ #m,

w, o
(f+9 3T, - ayhsW iy = 2(hy + ghy)W ,W s, (51)
1

(49)

where
hy = _(szgo + fATI + AoTz)>
hy = —(fBy, + fBi, + By,), (52)
hy = fmy +my + g(fmy +my,).

Notice the forms of U, and V given by (47). We have
a particular solution for the second system of (45) as follows:



(53)
with the coefficients being given below at o = a:

2(By hy — Agihy)

U, A 3 5
<_ ) > Wil
Vo 2(Ayghy = Byohy) =

AYS

2oo\3, o %
< >Z|W1| >Uj:ij>< )
Zyg / J=1 Y

(AIO - 4d1k§)(301 - 4d2k5) —Au By (54)
(Boy = 4dyk2 )y — Ay,

X Wi,
(AIO - 4d1k3)h2 - Byohy

Xji Zu2 _
= WjWk’
ij Zy2

1
(AIO - 3d1k3)(301 - 3d2k¢2:) - AOIBIO

(BOI - 3d2k3)h1 - A01h2 o
X W]Wk
(AIO - 3d1k§)h2 - B10h1

Again, apply the Fredholm solvability condition to the
third system of (45). We have, for j =1,

Vi ow

0 .
AN o
(f + g)(a—Tl + B—T‘z) = h(oclV] + aZWj) + h4Wle

+H(VW,, +V, W) (G |w,[

+ Gy(|Wo|" + W))W,
(55)

Complexity

with
! 2 ! ! ! 2 ! !
hy=- 2“1(A20f +Apf+Ap+ g(Bzof +Anf+ Boz))’
H = —2(]’11 + th)’
3

G =- (3A30f + 24y fayo + Ay fayy + 44y fzy,

+2Ay fzy, + 3Azlf2 +4Ag2v0 + 2A02y,

3
+2A2y0 + Apzy +3ALf +3A3) - !](Bwf
+ 2By, fzyo + By fzyy + 4By fzye + 2By 2y

+ 3By, f* + 4B,z + 2Byyzy + 21120 + By 2uy
+3B,f +3By;),

G, =- (6A30f3 +2A, fzyg + Ay fzy, + 445 fzyg
+ 2450 fZu; + 64y, f + 4402y + 2402y, + 24,20,
+Ajyzyy + 6ALf +6Ag) - 9(6B3of3 +2By fzv,
+ By, fzv, + 4By fzyg + 2By f 2y, + 6anz +4Byzy

+2B,zy, + 2By 2y + Bi12ys + 6By, f + 6Bys).
(56)

The combination of equations (51) and (55) gives the
amplitude equation (57) for the amplitude

ol = s 4 WA A (g1 AL+ g4 AP,
(57)
where

- f+g ,
T [fmyy +myy + g(fmy +my)]
Tr—T

=

. o (58)
tr[fmy +my + g(fmy +my,)]

9i = G

tp[fmyy +my + g (fmy, + ””22)].

Please notice that system (57) is in complex form.
Following to reference [30], for the purpose of convenience
of discussion, we convert it into the real form by
A; =p;exp(ip;) with p; as the real amplitudes and ¢; as
phase angles:

7 09 L PISPIRS EP0S
ot P1P2P3

dp
Ty = Py + hpaps cos g = gip) = 2P + 3 )P

(59)

3
To% = —p, + hp,p; cos 9 = gip3 — (3 + P71 )Pss

dp
| 7o, = —Hps + Bpapy 059 = 9103 = 9a(pT + 3 )P
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where ¢ = ¢, + ¢, + ¢5. Since we are only interested in the
stable steady states and notice the fact that hp; #0, from the
first equation of (59), we have ¢ = 0 or 7. Also, noticing the fact
that 7, > 0, it implies that when 4 > 0, the state corresponding
to ¢ = 0 is stable, but the one corresponding to ¢ = 7 when
h <0. Then, system of amplitude equation (59) becomes

o
Ty = ey + Ihlpaps = 9oy = ga(p5 + 3 )

dp
1 Toap = o2 + Ihlpips = 913 = @203 +p7)ps (60)

d
1022 = p, + Ihlpyp, — 6103~ 9a(0 + P3)ps.
ot

Please notice that generally the amplitude equations are
valid only when the control parameter is in the Turing space.
It is easy to see that the above system of ordinary differential
equation (60) has five equilibria, which corresponds five
kinds of steady states [10, 30, 31]. Noticing the symmetry of
the system, we have the following:

(1) System (60) always has an equilibrium E; = (0,0, 0),
which is stable for y <y, = 0 and unstable for u > p,

(2) System (60) has an equilibrium E; = (+/¢/g,,0,0)
corresponding to stripe patterns, which is stable for
w>uy =h*g,/(g, — g,)* and unstable for y >y,

(3) System (60) has an equilibrium E, = (p,p,, p3)
corresponding to hexagon patterns, with ¢ =0
or ¢ =7, and pi = |h| + \/h? + 4(g, + 29,)u/2 (g, +
2g,) is stable for u<pu, = h>(2g, + 9,)/ (g, — 9,)°
and p7 = |h| — W2 +4(g; +29,)u/2(g, +2g,) is
unstable, where p, =p, =p; = |h| £ \/h? +4(g,+
29,)u/2(g: +29,)

(4) System (60) has an equilibrium E,, = (py,p,,p5)
corresponding to mixed patterns, with g,>g,,
¢ > g,p} which is unstable, where p, = |hl/g, — g1,

Py =P = \H—91pi/g2 + Gy

5. Numerical Simulations

In this section, we will further study the dynamic behavior of
the coexistence equilibrium of the delayed reaction-diffusion
model (3) using numerical simulation in two-dimensional
space. In this paper, a two-dimensional delay reaction-diffu-
sion model is treated by the finite difference method in the
discrete region of 100 x 100. The spatial distance between two
lattices is defined as the step size AxandAy, using the
standard five-point approximation for the 2D Laplacian with
the zero-flux boundary conditions, and the time step is
expressed as At. Take a fixed time step At = 0.01. What needs
to be further explained is that the concentrations (S7t', I Z}'l) at

ij 2
the moment (n + 1)At at the mesh position (i, j) are given by

+1 _
it = S+ Atd, AS] + Atf(s;jj,I;.jj), o
It = I+ Atd, A T2 + Atg(s;j » I;fj),

9
with the diffusion term (Laplacian) are defined by
ASI = S{‘HJ + SZM + S,'»‘_l’]. + SZj—l - 4S§fj
i,j 2 >
(62)
AT = B+ L + I+ Iy - 41?’]«.
ij 2
Other parameters are fixed as
o = 0.65,
B =6,
y = 0.5,
e=1, (63)
n=20.5,
d, = 0.001,
d, =0.1.

First, we discuss the effect of weak Allee effect on Turing
pattern information. We try to take the Allee effect constant
to A=0, A=0.02, and A =0.1. Here, we first discuss the
situation without delay. When A = 0, Zhang et al. [10] give
the condition of Turing instability. Here, we just give the
pattern formations. By comparing Figures 1 and 2 (A=0
and A = 0.02), we find that the initial state is the coexistence
of stripes and spots, and the stripes are very long. With the
increase of Allee parameters, the length of stripes decreases
and some stripes even form a circle. Then, we continue to
increase the value of the weak Allee parameter like Figure 3
(A =0.1), and we find that pattern formations have changed
again. As time goes on, we find that pattern formations show
a cycle when t = 100 and when t = 500 and we find that the
cycle diffuses outward (indicating that pattern formations
are not stable) to form a butterfly-like shape; and finally,
when we increase to t = 2000, we find that the pattern
formations are not stable. It was found that pattern for-
mations became stripes and spots again. After we tried to
add more time, we found that the pattern formation did not
change again.

Next, let us discuss the pattern formation change of the
model with time delay and without Allee effect. We change
the delay to 7 = 0.25. By comparing with Figure 1, we find
that the stripes and spots of the original pattern formations
change to stripes like Figure 4, and the pattern formations
will not change as time goes on.

Finally, we discuss the pattern formations of models with
Allee effect and time delay (A = 0.02 and 7 = 0.02). We find
that pattern formations are spots when ¢ = 100; as time goes
on t = 500, we find that pattern formations change again,
similar to Figure 3, but the final pattern formations change
differently. We can see that pattern formations change into
strips surrounded by spots; we increase the time again
(t = 2000) to find that the pattern will spread outward in this
form, forming the phenomenon of strip pattern surrounded
by spots pattern; we further increase the time (f = 5000) to
find that the pattern such as in Figure 5 tends to stabilize and
does not change again.
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6. Conclusion

This paper is based on a model that considers a predator-
prey model with nonlinear mortality and Holling II func-
tional response. The weak Allee effect is introduced and the
effect of the Allee effect on pattern formations is considered.
Furthermore, we consider a class of reaction-diffusion
predator-prey models with searching delay and weak Allee

effect, considering the effects of delay on pattern formations.
We give the stability and Turing instability of the positive
equilibrium point E, . As a result of diffusion, model (3) and
model (4) exhibits stationary Turing pattern. Furthermore,
through numerical simulation, comparing Figures 1 and 2,
we find that the Allee effect will reduce the length of the strip
pattern in Figure 1, and there will be some “cycle” pattern as
shown in Figure 2. From an ecological point of view, we
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know that the Allee effect increases the risk of population
extinction, while the effect of the longer stripe pattern in
Figure 1 increases the likelihood of predation. However, the
shorter stripes and spots in Figure 2 reduce the likelihood of
predation. As the Allee effect parameter continues to in-
crease, we find that the pattern has changed again. The type
of the pattern is similar to that of Figure 1, but the density
and size of the pattern will change slightly as shown in
Figure 3. We believe that in order to avoid predator hunting,
predators are concentrated in a certain area rather than
scattered throughout the habitat, which further reduces the
contact area between predator and prey. Over time, prey
needs to migrate to new habitats. The aggregation pattern
diffuses slowly, the predator follows the pursuit, and the
aggregation point enlarges gradually. It is worth noting
when the Allee effect parameter is A = 0.1, there are two
positive equilibrium points in model (4). Next, we consider
the effect of delay on pattern formations. By comparing
Figure 1 with Figure 4, we find when the delay is 7 = 0.25, the
pattern changes from the state where the starting spots
pattern and the strip pattern coexist to the case where only
the strip pattern exists. Finally, we try to consider the Allee
effect and delay to observe the changes in pattern forma-
tions, where A = 0.02 and 7 = 0.02. We find that when both
are present, the spots pattern is surrounded by strip patterns
as shown in Figure 5. This reminds us of animals in the
natural world at the lower end of the food chain, often with
a means of protection. Juvenile animals are surrounded by
adult animals to reduce the probability of their juvenile
animals being preyed. This may be an interesting finding or
not. So, we find that Allee effect and delay play an important
role in spatial invasion of populations.
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