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In this paper, the Caputo derivative with fractional orders is suggested to model a competition among four competing firms. The
proposed economic model that describes this competition is constructed based on a generalization of the traditional bounded
rationality. In this generalization, we study the influence of memory parameter on the complex behavior of the model. Memory
means that we not only take into account the changes in quantities at a current time, but also study the changes occurring in the
quantities during an interval of time. For simplicity, it is assumed that the degree of memory is described by one parameter during
that interval. The properties of the proposed model such as stability of equilibria, bifurcation, and chaos are studied. Furthermore,
we introduce and study the cooperation that may take place among the four firms using Keeney-Raiffa approach.

1. Introduction

The process of memory is an important aspect that is
considered when studying some dynamical systems. It is
considered as an application of the fractional derivatives and
has been studied in different applications such as biology,
physics, and economy as in [1–3]. Fractional derivative has
some unusual characteristics onwhich all types of noninteger
orders derivatives should be satisfied. For instance, the
derivative of the product of two functions (Leibniz rule) and
the composition of two functions (Chain rule) are violated
under fractional derivatives. Game theory is considered
as an important tool that is used to model competitions
arising among human beings. John VonNeumann andOskar
Morgensternwere the first pioneerswho introduced the game
theory as a mathematical model describing such competition
in [4]. Based on this work, a sequence of contributions in
this direction has been emerged. For instance, Nash in [5]
has introduced the model of bargaining. The game of n-
person has been discussed by Shapley in [6]. The readers
who are interested in the first contributions are advised to see
[7–9].

Oligopoly games constitute another contribution intro-
duced after the first works by Neumann and Oskar. Recently,
researchers are interested in studying the dynamic charac-
teristics of such games. Literature has included many works
of such games whose dynamic behavior is very complex
and includes important phenomena such as bifurcation and
chaos. For instance, the differentiation of consumers between
products has been introduced and investigated in [10].
Rationality and heterogeneous expectations that may arise in
models of economy have been studied in [11] by Hommes.
Expectations mean that the behaviors adopted by a firm
may be naive, rational, or local approximation mechanism.
Those different types of expectations have been studied in
literature (see [12–18]). In this paper, we adopt and focus on
the bounded rationality approach and Puu’s mechanism.

Bounded rationality approach has been intensively used
in literature. In this introduction we highlight some impor-
tant works that have adopted this mechanism. For instance,
dynamic studies for a Cournot duopoly game under differ-
entiated products with bounded rationality firms have been
discussed in [19]. Some dynamic characteristics of a non-
linear duopoly game with price competition and horizontal

Hindawi
Complexity
Volume 2019, Article ID 6352796, 12 pages
https://doi.org/10.1155/2019/6352796

http://orcid.org/0000-0002-1167-2430
http://orcid.org/0000-0002-5242-0280
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2019/6352796


2 Complexity

product differentiation have been investigated in [20]. In [21]
a class of congestion games has been introduced using the
bounded rationality approach and its dynamic characteristics
have been analytically investigated.

Puu’s mechanism is also another approach that has been
used to model economic games in literature. It is used in
[22] to investigate the dynamic behavior of a Cournot game.
This approach has some advantages; e.g., it is a realistic
mechanism. It needs only the firms to know their profits
and quantities produced in two periods of time. Other
applications of this mechanism can be found in [23, 24].

The discrete fractional-order dynamical system pro-
vides more realistic mathematical modeling than continuous
dynamical systems for some specific cases. For example,
discrete-time models of economy become more appropriate
than the continuous time models when the players numbers
are small, or when actions and decisions occur at discrete
times or within certain intervals of time. Realistic modeling
of Cournot quadropoly games requires the involvement of
memory effects in mathematical models representing the
games. The dynamical behaviors of a proposed fractional-
order version of Cournot quadropoly games are analytically
and numerically investigated in this paper.

It is important to attract the attention of interested readers
to some applications in social and economical systems which
incorporate interplay and competitions among agents. For
instance, Kahneman’s bounded rationality approach has been
reviewed in [25]. In [26], a social model of spontaneous
self-organization generating criticality and resilience, called
Self-Organized Temporal Criticality, has been proposed. The
approach of Kahneman’s bounded rationality requires the use
of fractional derivatives in time, in the same way as Caputo
fractional derivatives in our current paper. The fractional
calculus has been adopted to simulate either subdiffusion
or superdiffusion in the absence of memory of the events
occurring at earlier times in [27]. Other studies that follow
this line of research can be found in literature; see [28, 29].

In this paper, we modify the so-called bounded ratio-
nality approach using fractional derivatives. Therefore, the
fractional bounded rationality is introduced and is used to
formulate a discrete dynamic system that describes the com-
petition among four firms (sometimes it is called quadropoly
game). Although the price function used in this competition
is simple, the dynamic system constructed is complicated
because it contains a gamma function which makes the
analytical calculations very hard. This makes us use deep
numerical simulations to investigate the stability of the Nash
point of the system. In addition, we formulate a four-firm
game based on Puu’s mechanism to compare its obtained
results with those given by the fractional bounded rationality.
Furthermore, a cooperative situation that may be carried
out among the four firms is suggested. The Keeney-Raiffa
function is used to construct this cooperation.

In brief, the paper presents four sections. In Section 1
an introduction is given. Section 2 introduces the frac-
tional bounded rationality approach with its correspond-
ing dynamic system. In this section some analytical and
numerical simulations around the Nash point and its stability
are given. In Section 3 we study the Puu’s system and its

stability. In Section 4 we introduce and study the stability of
cooperation scenario. Finally, some conclusions are delivered.

2. A Fractional Bounded Rationality
Oligopolistic Model

The model considered here consists of four firms whose
main decision variable is the quantity produced by each firm.
We refer to the quantity by 𝑞𝑖, 𝑖 = 1, 2, 3, 4. For a simple
reason, we here assume that the four firms supply the market
with homogeneous commodities; besides, they bear the same
marginal cost that is denoted by 𝑐. In addition, we assume
that the firms adopt the simple price function 𝑝 that can be
expressed by the total supply 𝑄 as follows:

𝑝 = 𝑎 − 𝑄,
𝑄 = 4∑
𝑖=1

𝑞𝑖 (1)

where the parameter 𝑎 refers to a constant price in case
firms do not provide the market with quantities. Thus, the
profit of each firm is given by the following.

𝜋𝑖 = (𝑎 − 4∑
𝑖=1

𝑞𝑖 − 𝑐) 𝑞𝑖, 𝑖 = 1, 2, 3, 4 (2)

Our main interest in this paper is to study the dynamics
of an oligopoly game under a generalized form of bounded
rationality.The description of traditional bounded rationality
is briefly given in [30–32]. This generalized form of the
bounded rationality mechanism is as follows:𝑥𝑡+1 = 𝑥𝑡 + 𝑘𝐷𝛼 (Φ (𝑥𝑡)) (3)

where 𝑥𝑡 refers to the strategic variable adopted by a firm.
It may be quantity, price, or mixed type of variables. In this
paper, it represents the quantity produced by a firm. The
parameter 𝑘 is an important one when studying such games.
It refers to the speed of adjustment of each firm.The constant𝛼 is restricted on the interval 𝛼 ∈ (0, 1). This parameter may
refer to the memory of firms that take into account not only
the change of quantity from current price (price at current
time) but also all the changes of quantities for some interval
of time. 𝐷𝛼(Φ(𝑥𝑡)) represents the fractional derivative of the
function Φ(𝑥𝑡) which in this paper refers to the firm’s profit.
According to Caputo in [33], this derivative can be given by

𝐷𝛼 (Φ (𝜐)) = 1Γ (𝑛 − 𝛼) ∫
𝜐

0
(𝜐 − 𝑠)𝑛−𝛼−1Φ(𝑛) (𝑠) 𝑑𝑠 (4)

where 𝑛 ∈ Z+and Γ(.) is the Euler’s Gamma function.Φ(𝑛)(𝑠) refers to the 𝑛𝑡ℎ-order derivative of Φ(𝑠). We will use
the following definition.

Definition 1. For 𝛼 ∈ R+, let 𝑛 be the nearest integer greater
than 𝛼; the Caputo fractional derivative of order 𝛼 > 0 with𝑛 − 1 < 𝛼 < 𝑛 of the power function 𝑓(𝑡) = 𝑡𝑝 for 𝑝 ≥ 0 and𝑡 > 0 is given by

𝐷𝛼𝑡𝑝 = Γ (𝑝 + 1)Γ (𝑝 − 𝛼 + 1) 𝑡𝑝−𝛼. (5)
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For more discussion about fractional derivative one can
refer to any book in fractional calculus such as [33] by
Podlubny.

Recently, the main efforts exerted toward nonlinear the-
ory in the economic discipline aim at modeling appropri-
ate oligopoly games to describe and investigate the actual
operation of the game. Although the importance of oligopoly
game and its variants have attracted economists and mathe-
maticians since the time of its proposition till present time,
memory effects in discrete-time oligopoly games have not
been addressed yet. The main motivation of this paper is to
introduce the more realistic fractional-order discrete version
of Cournot oligopoly games and to address the problem of
studying the nonlocal properties induced by fractional-order
derivatives. Using (2),(3), (4), and (6) the following discrete
dynamical system is obtained.

𝑞1,𝑡+1= 𝑞1,𝑡
+ 𝑘𝑞1−𝛼1,𝑡Γ (2 − 𝛼) [𝑎 − 𝑐 − 2𝑞1,𝑡 − (𝑞2,𝑡 + 𝑞3,𝑡 + 𝑞4,𝑡)] ,

𝑞2,𝑡+1= 𝑞2,𝑡
+ 𝑘𝑞1−𝛼2,𝑡Γ (2 − 𝛼) [𝑎 − 𝑐 − 2𝑞2,𝑡 − (𝑞1,𝑡 + 𝑞3,𝑡 + 𝑞4,𝑡)] ,

𝑞3,𝑡+1= 𝑞3,𝑡
+ 𝑘𝑞1−𝛼3,𝑡Γ (2 − 𝛼) [𝑎 − 𝑐 − 2𝑞3,𝑡 − (𝑞1,𝑡 + 𝑞2,𝑡 + 𝑞4,𝑡)] ,

𝑞4,𝑡+1= 𝑞4,𝑡
+ 𝑘𝑞1−𝛼4,𝑡Γ (2 − 𝛼) [𝑎 − 𝑐 − 2𝑞4,𝑡 − (𝑞1,𝑡 + 𝑞2,𝑡 + 𝑞3,𝑡)]

(6)

This system is the dynamic case of the proposed competi-
tion that occurs among four competed firms. It is a nonlinear
system and admits only two fixed points, 𝑒0 = (0, 0, 0, 0) and𝑛𝑒 = ((𝑎 − 𝑐)/5, (𝑎 − 𝑐)/5, (𝑎 − 𝑐)/5, (𝑎 − 𝑐)/5). However,
the first point 𝑒𝑜 does not have any meaning in the economic
competition; we just study here its stability.

Proposition 2. 	e fixed point 𝑒0 is unstable.
Proof. The Jacobian matrix at 𝑒0 takes the following form:

𝐽 = [[[[
1 0 0 00 1 0 00 0 1 00 0 0 1

]]]]
(7)

whose characteristic polynomial is as follows.

𝑓 (𝛾) = 𝛾4 − 4𝛾3 + 6𝛾2 − 4𝛾 + 1 (8)

It is easy to check that there are two negative principal
minors of the above polynomial, and hence according to
Routh-Hurwitz criteria the fixed point 𝑒0 is unstable.
Proposition 3. 	e fixed point 𝑛𝑒 is asymptotically stable
under certain conditions.

Proof. The Jacobian matrix at 𝑛𝑒 takes the following form:

𝐽 =
[[[[[[[[[[[

1 − 2𝑘 (𝑎 − 𝑐5 )1−𝛼 −𝑘 (𝑎 − 𝑐5 )1−𝛼 −𝑘 (𝑎 − 𝑐5 )1−𝛼 −𝑘 (𝑎 − 𝑐5 )1−𝛼
−𝑘 (𝑎 − 𝑐5 )1−𝛼 1 − 2𝑘 (𝑎 − 𝑐5 )1−𝛼 −𝑘 (𝑎 − 𝑐5 )1−𝛼 −𝑘 (𝑎 − 𝑐5 )1−𝛼
−𝑘 (𝑎 − 𝑐5 )1−𝛼 −𝑘 (𝑎 − 𝑐5 )1−𝛼 1 − 2𝑘 (𝑎 − 𝑐5 )1−𝛼 −𝑘 (𝑎 − 𝑐5 )1−𝛼
−𝑘 (𝑎 − 𝑐5 )1−𝛼 −𝑘 (𝑎 − 𝑐5 )1−𝛼 −𝑘 (𝑎 − 𝑐5 )1−𝛼 1 − 2𝑘 (𝑎 − 𝑐5 )1−𝛼

]]]]]]]]]]]
(9)

whose characteristic polynomial takes the form𝑓 (𝛾) = 𝜆4 + 𝐴1𝜆3 + 𝐴2𝜆2 + 𝐴3𝜆 + 𝐴4,
𝐴1 = −4 + 8𝑘 (𝑎 − 𝑐5 )1−𝛼 ,
𝐴2 = 6 [1 − 𝑘 (𝑎 − 𝑐5 )1−𝛼] [1 − 3𝑘 (𝑎 − 𝑐5 )1−𝛼] ,
𝐴3 = 4 [4𝑘 (𝑎 − 𝑐5 )1−𝛼 − 1] [1 − 𝑘 (𝑎 − 𝑐5 )1−𝛼]2 ,
𝐴4 = [1 − 5𝑘 (𝑎 − 𝑐5 )1−𝛼] [1 − 𝑘 (𝑎 − 𝑐5 )1−𝛼]3

(10)

and then Hurwitz matrix becomes as follows.

[[[[
𝐴1 1 0 0𝐴3 𝐴2 𝐴1 10 𝐴4 𝐴3 𝐴20 0 0 𝐴4

]]]]
(11)

For 𝑛𝑒 to be asymptotically stable, the principal minors
of the above matrix should satisfy the conditions: 𝐴1 >0, 𝐴1𝐴2 − 𝐴3 > 0, and 𝐴1𝐴2𝐴3 − 𝐴21𝐴4 − 𝐴23 > 0.
2.1. Numerical Simulation. Numerical simulation is carried
out to support and get some insights about the system’s
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Figure 1: (a) Bifurcation diagram of system (6) with respect to 𝑘 at (𝑎, 𝑐, 𝛼, 𝑞0,1, 𝑞0,2, 𝑞0,3, 𝑞0,4) = (0.7, 0.11, 0.5, 0.19, 0.15, 0.13, 0.11). (b)
Bifurcation diagram of system (6) with respect to 𝑐 at (𝑎, 𝑘, 𝛼, 𝑞0,1, 𝑞0,2, 𝑞0,3, 𝑞0,4) = (0.7, 2.2, 0.5, 0.19, 0.15, 0.13, 0.11). (c) Maximum Lyapunov
exponents with respect to 𝑘 at (𝑎, 𝑐, 𝛼, 𝑞0,1, 𝑞0,2, 𝑞0,3, 𝑞0,4) = (0.7, 0.11, 0.5, 0.19, 0.15, 0.13, 0.11). (d) Phase portrait of the period 2-cycle of
system (6) at (𝑎, 𝑐, 𝑘, 𝛼, 𝑞0,1, 𝑞0,2, 𝑞0,3, 𝑞4) = (0.7, 0.11, 0.5, 0.19, 0.15, 0.13, 0.11).
behavior and to investigate the stability of the fixed point 𝑛𝑒.
We provide local and global analysis about the stability of this
point.We divide the numerical simulation here into two parts
according to the memory parameter 𝛼. Two different values
for 𝛼 are studied, 𝛼 = 1/2 and 𝛼 = 3/4. For 𝛼 = 1/2, let us
take the values 𝑎 = 0.7, 𝑐 = 0.11, and the initial quantities
are 𝑞0,1 = 0.19, 𝑞0,2 = 0.15, 𝑞0,3 = 0.13, 𝑞0,4 = 0.11. Figure 1(a)
shows that the stability of 𝑛𝑒 point is not affected by any values
of the parameter 𝑘 till it goes to 2.053. Therefore any value
of 𝑘 up to the rough value 𝑘 = 2.053 will cause a period
doubling bifurcation and hence the system becomes chaotic
due to chaos. This is confirmed in Figure 1(c) where the
maximum Lyapunov exponent shows that at this point of the
parameter 𝑘 the shape of the MLEs changes. The bad impact
of the cost parameter on the system’s behavior is also shown
in Figure 1(b).The simulation tests the cost parameter for sev-
eral values of the parameter 𝑘 and we conclude that the cost
always has that influence. In Figure 1(d) we present the phase
space of the period 2-cycle at (𝑎, 𝑐, 𝑘, 𝛼, 𝑞0,1, 𝑞0,2, 𝑞0,3, 𝑞4) =

(0.9, 0.11, 2.2, 0.5, 0.19, 0.15, 0.13, 0.11). For this period cycle,
the basin of attraction is given in Figure 2(a). The black
region refers to the basin of unfeasible trajectories. The 2D
bifurcation diagram, which is also called Arnold tongues or
mode-locking tongues, is plotted in Figure 2(b). It shows the
periodicity regions in the parameter space (𝑘, 𝑐). Increasing
the value of the parameter 𝑎 causes a decrease in the stability
region of the equilibrium point as shown in Figure 2(c). Our
simulation analysis shows that the value of 𝑎 = 0.7 gives
a better region of stability for the equilibrium point. The
simulation is tested for different values of that parameter
below 0.7 and the result was not good as in the case where𝑎 = 0.7. We have given here only the result when 𝑎 = 1 in
Figure 2(c). In addition, for different values for the parameter𝑎, the phase space for different period cycles and chaotic
behavior are depicted in Figures 2(d), 3(a), 3(b), and 3(c).

In Figure 3(d), we study another case where the value of
thememory parameter𝛼 = 3/4. In this case we take Γ(1.25) =0.90640. The bifurcation diagram is shown in Figure 3(d).
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Figure 2: (a) The basin of attraction of the period 2-cycle at (𝑎, 𝑐, 𝑘, 𝛼, 𝑞3, 𝑞4) = (0.7, 0.11, 2.2, 0.5, 0.13, 0.11). (b) 2D bifurcation in the(𝑘, 𝑐) parameter plane at (𝑎, 𝛼, 𝑞0,1, 𝑞0,2, 𝑞0,3, 𝑞0,4) = (0.7, 0.11, 2.2, 0.5, 0.19, 0.15, 0.13, 0.11). (c) Bifurcation diagram of system (6) with
respect to 𝑘 at (𝑎, 𝑐, 𝛼, 𝑞0,1, 𝑞0,2, 𝑞0,3, 𝑞0,4) = (1, 0.11, 0.5, 0.19, 0.15, 0.13, 0.11). (d) Phase portrait of the period 4-cycle of system (6) at(𝑎, 𝑐, 𝑘, 𝛼, 𝑞0,1, 𝑞0,2, 𝑞0,3, 𝑞4) = (0.9, 0.11, 2.2, 0.5, 0.19, 0.15, 0.13, 0.11).

It is clear that the equilibrium point is asymptotically stable
for values of the parameter 𝑘 < 0.6429. This bifurcation
diagram confirms the obtained results given in Proposition 2
regarding the local stability of the point 𝑛𝑒. It also confirms
that the region of the stability of 𝑛𝑒 is less than the one
obtained when 𝛼 = 1/2. The corresponding Lyapunov
exponent of this bifurcation diagram is given in Figure 4(a).
This makes us investigate more the complex behavior of
system (6). Figures 4(b) and 4(c) present the coexisting of
period 2-cycle and period 4-cycle, respectively. The basin
of attraction of the stable period 2-cycle and period 4-
cycle is given in Figures 4(d) and 5(a). In Figure 5(b) a 2D
bifurcation diagram in the (𝑘, 𝑐) parameter plane which is
obtained at the parameter values (𝑎, 𝛼, 𝑞0,1, 𝑞0,2, 𝑞0,3, 𝑞0,4) =(0.625, 0.75, 0.19, 0.15, 0.13, 0.11) showing periodicity region
corresponding to different period cycles. Finally, we observe
that a decrease in the value parameter 𝑎 will reduce the
stability region of the 𝑛𝑒 point and this is given in Figure 5(c),
and its corresponding Lyapunov exponent is depicted in
Figure 5(d).

3. Puu’s Game

Puu’s mechanism has been recently used for modeling and
studying the complex characteristics of discrete dynamic
economic systems. It depends on two things: the profit at
two periods of time, 𝑡 − 1 and 𝑡, besides the firms’ quantities
at the same two periods of time. For some details on this
mechanism and its advantages and drawbacks we advise the
readers to see [34]. The mechanism takes the following form.

𝑞𝑖,𝑡+1 = 𝑞𝑖,𝑡 + 𝜋𝑖,𝑡 − 𝜋𝑖,𝑡−1𝑞𝑖,𝑡 − 𝑞𝑖,𝑡−1 , 𝑖 = 1, 2, 3, 4 (12)

Suppose that the four competed firms start the competi-
tion with approximately the same quantities at the previous
two time periods. This means that 𝑞1,𝑡 ≈ 𝑞2,𝑡 ≈ 𝑞3,𝑡 ≈ 𝑞4,𝑡 and𝑞1,𝑡−1 ≈ 𝑞2,𝑡−1 ≈ 𝑞3,𝑡−1 ≈ 𝑞4,𝑡−1; then by using (2) and (12), the
following system is obtained.

𝑞1,𝑡+1 = 𝑞1,𝑡 + 𝑘 [𝑎 − 𝑐 − 4 (𝑞1,𝑡 − 𝑞1,𝑡−1)] ,
𝑞2,𝑡+1 = 𝑞2,𝑡 + 𝑘 [𝑎 − 𝑐 − 4 (𝑞2,𝑡 − 𝑞2,𝑡−1)] ,
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Figure 3: (a) Phase portrait of the period 8-cycle of system (6) at (𝑎, 𝑐, 𝑘, 𝛼, 𝑞0,1, 𝑞0,2, 𝑞0,3, 𝑞4) = (0.91, 0.11, 0.5, 0.19, 0.15, 0.13, 0.11). (b)
Chaotic behavior of system (6) at (𝑎, 𝑐, 𝑘, 𝛼, 𝑞0,1, 𝑞0,2, 𝑞0,3, 𝑞4) = (0.92, 0.11, 0.5, 0.19, 0.15, 0.13, 0.11). (c) Phase portrait of the period 5-cycle
of system (6) at (𝑎, 𝑐, 𝑘, 𝛼, 𝑞0,1, 𝑞0,2, 𝑞0,3, 𝑞4) = (1, 0.11, 0.5, 0.19, 0.15, 0.13, 0.11). (d) Bifurcation diagram of system (6) with respect to 𝑘 at(𝑎, 𝑐, 𝛼, 𝑞0,1, 𝑞0,2, 𝑞0,3, 𝑞0,4) = (0.625, 0.11, 0.75, 0.19, 0.15, 0.13, 0.11).

𝑞3,𝑡+1 = 𝑞3,𝑡 + 𝑘 [𝑎 − 𝑐 − 4 (𝑞3,𝑡 − 𝑞3,𝑡−1)] ,
𝑞4,𝑡+1 = 𝑞4,𝑡 + 𝑘 [𝑎 − 𝑐 − 4 (𝑞4,𝑡 − 𝑞4,𝑡−1)]

(13)

The above system admits only one fixed point, 𝑛𝑒1 = ((𝑎−𝑐)/8, (𝑎 − 𝑐)/8, (𝑎 − 𝑐)/8, (𝑎 − 𝑐)/8).
Proposition 4. 	e equilibrium point 𝑛𝑒1 is unstable.
Proof. Let 𝑥𝑖,𝑡 = 𝑞𝑖,𝑡−1, 𝑖 = 1, 2, 3, 4; then system (13) can be
rewritten in the following form.

𝑞1,𝑡+1 = 𝑞1,𝑡 + 𝑘 [𝑎 − 𝑐 − 4 (𝑞1,𝑡 − 𝑥1,𝑡)] ,
𝑞2,𝑡+1 = 𝑞2,𝑡 + 𝑘 [𝑎 − 𝑐 − 4 (𝑞2,𝑡 − 𝑥2,𝑡)] ,
𝑞3,𝑡+1 = 𝑞3,𝑡 + 𝑘 [𝑎 − 𝑐 − 4 (𝑞3,𝑡 − 𝑥3,𝑡)] ,
𝑞4,𝑡+1 = 𝑞4,𝑡 + 𝑘 [𝑎 − 𝑐 − 4 (𝑞4,𝑡 − 𝑥4,𝑡)] ,
𝑥1,𝑡+1 = 𝑞1,𝑡,

𝑥2,𝑡+1 = 𝑞2,𝑡,
𝑥3,𝑡+1 = 𝑞3,𝑡,
𝑥4,𝑡+1 = 𝑞4,𝑡

(14)

The Jacobian matrix is given as follows:

[[[[[[[[[[[[[[[[[[

1 − 4𝑘 0 0 0 4𝑘 0 0 00 1 − 4𝑘 0 0 0 4𝑘 0 00 0 1 − 4𝑘 0 0 0 4𝑘 00 0 0 1 − 4𝑘 0 0 0 4𝑘1 0 0 0 0 0 0 00 1 0 0 0 0 0 00 0 1 0 0 0 0 00 0 0 1 0 0 0 0

]]]]]]]]]]]]]]]]]]

, (15)
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Figure 4: (a) Maximum Lyapunov exponents with respect to 𝑘 at(𝑎, 𝑐, 𝛼, 𝑞0,1, 𝑞0,2, 𝑞0,3, 𝑞0,4) = (0.625, 0.11, 0.75, 0.19, 0.15, 0.13, 0.11). (b)
Phase portrait of the period 2-cycle of system (6) at (𝑎, 𝑐, 𝑘, 𝛼, 𝑞0,1, 𝑞0,2, 𝑞0,3, 𝑞4) = (0.625, 0.11, 0.7, 0.75, 0.19, 0.15, 0.13, 0.11). (c) Phase portrait
of the period 4-cycle of system (6) at (𝑎, 𝑐, 𝑘, 𝛼, 𝑞0,1, 𝑞0,2, 𝑞0,3, 𝑞4) = (0.625, 0.11, 0.75, 0.75, 0.19, 0.15, 0.13, 0.11). (d) The basin of attraction of
the period 2-cycle at (𝑎, 𝑐, 𝑘, 𝛼, 𝑞3, 𝑞4) = (0.625, 0.11, 0.7, 0.75, 0.13, 0.11).
and then the characteristic polynomial becomes as follows.

𝑓 (𝜁) = 𝜁8 + Λ 1𝜁7 + Λ 2𝜁6 + Λ 3𝜁5 + Λ 4𝜁4 + Λ 5𝜁3
+ Λ 6𝜁2 + Λ 7𝜁 + Λ 8,

Λ 1 = 4 (−1 + 4𝑘) ,
Λ 2 = 2 [3 + 16𝑘 (3𝑘 − 2)] ,
Λ 3 = 4 (−1 + 4𝑘) (1 − 20𝑘 + 16𝑘2) ,
Λ 4 = 1 + 64𝑘 (2𝑘 − 1) (1 − 7𝑘 + 2𝑘2) ,
Λ 5 = −16𝑘 (−1 + 4𝑘) (1 − 20𝑘 + 16𝑘2) ,
Λ 6 = 32𝑘2 (3 − 32𝑘 + 48𝑘2) ,
Λ 7 = −265𝑘3 (−1 + 4𝑘) ,
Λ 8 = 265𝑘4

(16)

Now Hurwitz matrix becomes as follows.

[[[[[[[[[[[[[[[[[[

Λ 1 Λ 3 Λ 5 Λ 7 0 0 0 01 Λ 2 Λ 4 Λ 6 0 0 0 00 Λ 1 Λ 3 Λ 5 Λ 8 0 0 00 1 Λ 2 Λ 4 Λ 6 Λ 8 0 00 0 Λ 1 Λ 3 Λ 5 Λ 7 0 00 0 1 Λ 2 Λ 4 Λ 6 Λ 8 00 0 0 Λ 1 Λ 3 Λ 5 Λ 7 00 0 0 1 Λ 2 Λ 4 Λ 6 Λ 8

]]]]]]]]]]]]]]]]]]

(17)

For 𝑛𝑒1 to be asymptotically stable, the principal minors
of the above matrix should be positive and this cannot be
achieved. It is easy to see that, by plotting the minors against
the parameter 𝑘, there is no interval of 𝑘, which makes all the
minors positive simultaneously.
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Figure 5: (a) The basin of attraction of the period 4-cycle at (𝑎, 𝑐, 𝑘, 𝛼, 𝑞3, 𝑞4) = (0.625, 0.11, 0.75, 0.75, 0.13, 0.11). (b) 2D bifurcation
in the (𝑘, 𝑐) parameter plane at (𝑎, 𝛼, 𝑞0,1, 𝑞0,2, 𝑞0,3, 𝑞0,4) = (0.625, 0.75, 0.19, 0.15, 0.13, 0.11). (c) Bifurcation diagram of system (6) with
respect to 𝑘 at (𝑎, 𝑐, 𝛼, 𝑞0,1, 𝑞0,2, 𝑞0,3, 𝑞0,4) = (0.4, 0.11, 1, 0.19, 0.15, 0.13, 0.11). (d) Maximum Lyapunov exponents with respect to 𝑘 at(𝑎, 𝑐, 𝛼, 𝑞0,1, 𝑞0,2, 𝑞0,3, 𝑞0,4) = (0.4, 0.11, 1, 0.19, 0.15, 0.13, 0.11).
3.1. Numerical Simulation. Here, the above obtained results
are confirmed using some simulations. We assume the fol-
lowing values: 𝑎 = 1, 𝑐 = 0.11, 𝑞0,1 = 0.19, 𝑞0,2 = 0.15, 𝑞0,3 =0.13, 𝑞0,4 = 0.11, 𝑞1,1 = 0.3, 𝑞1,2 = 0.4, 𝑞1,3 = 0.5, 𝑞1,4 =0.6. Figure 6 shows that the fixed point is not stable for any
value of 𝑘. In addition, the experiments show that the system’s
stability cannot be detected for any values for the system’s
parameters.Therefore, adoption of Puu’smechanismdoes not
have any advantages and bounded rationality still does well in
this economic competition.

4. Cooperation Model Based on
Keeney-Raiffa Method

The Keeney-Raiffa function uses a product of objective func-
tions to construct an equivalentmono-objective function. It is
similar to the so-calledweighted sum (in [35]). In this section,
cooperation is studied using the Keeney-Raiffa function. It is
assumed that the four firms will cooperate with each other

in the market. This means that the Keeney-Raiffa function is
given by the following.

𝜋𝑚𝑜𝑛𝑜 = (1 + 𝜋21) (1 + 𝜋22) (1 + 𝜋23) (1 + 𝜋24) (18)

Using (2) and (18), one gets the following.

𝜋𝑚𝑜𝑛𝑜 = 4∏
𝑖=1

(1 + (𝑎 − 4∑
𝑖=1

𝑞𝑖 − 𝑐)2 𝑞2𝑖) ,
𝑖 = 1, 2, 3, 4

(19)

Now, the traditional bounded rationality is applied to
investigate the dynamic behavior of the four cooperated
firms. This dynamic behavior can be described by a discrete-
time dynamic system that is obtained using (3) at 𝛼 = 1 with
(19) as follows.
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Figure 6: Bifurcation diagram of system (14) with respect to 𝑘 at(𝑎, 𝑐, 𝛼, 𝑞0,1, 𝑞0,2, 𝑞0,3, 𝑞0,4, 𝑞1,1, 𝑞1,2, 𝑞1,3, 𝑞1,4) = (1, 0.11, 1, 0.19, 0.15,0.13, 0.11, 0.3, 0.4, 0.5, 0.6).

𝑞1,𝑡+1 = 𝑞1,𝑡 + 2𝑘𝑞1,𝑡(𝑎 − 4∑
𝑗=1

𝑞𝑗,𝑡 − 𝑐)
⋅ (𝑎 − 𝑞1,𝑡 − 4∑

𝑗=1

𝑞𝑗,𝑡 − 𝑐)
⋅ 4∏
𝑖=2

(1 + (𝑎 − 4∑
𝑗=1

𝑞𝑗,𝑡 − 𝑐)2 𝑞2𝑖,𝑡) ,
𝑞2,𝑡+1 = 𝑞2,𝑡 + 2𝑘𝑞2,𝑡(𝑎 − 4∑

𝑗=1

𝑞𝑗,𝑡 − 𝑐)
⋅ (𝑎 − 𝑞2,𝑡 − 4∑

𝑗=1

𝑞𝑗,𝑡 − 𝑐)
⋅ 4∏
𝑖=1;𝑖 ̸=2

(1 + (𝑎 − 4∑
𝑗=1

𝑞𝑗,𝑡 − 𝑐)2 𝑞2𝑖,𝑡) ,
𝑞3,𝑡+1 = 𝑞3,𝑡 + 2𝑘𝑞3,𝑡(𝑎 − 4∑

𝑗=1

𝑞𝑗,𝑡 − 𝑐)
⋅ (𝑎 − 𝑞3,𝑡 − 4∑

𝑗=1

𝑞𝑗,𝑡 − 𝑐)
⋅ 4∏
𝑖=1;𝑖 ̸=3

(1 + (𝑎 − 4∑
𝑗=1

𝑞𝑗,𝑡 − 𝑐)2 𝑞2𝑖,𝑡) ,
𝑞4,𝑡+1 = 𝑞4,𝑡 + 2𝑘𝑞4,𝑡(𝑎 − 4∑

𝑗=1

𝑞𝑗,𝑡 − 𝑐)
⋅ (𝑎 − 𝑞4,𝑡 − 4∑

𝑗=1

𝑞𝑗,𝑡 − 𝑐)
⋅ 3∏
𝑖=1

(1 + (𝑎 − 4∑
𝑗=1

𝑞𝑗,𝑡 − 𝑐)2 𝑞2𝑖,𝑡)

(20)

Proposition 5. System (20) has the following fixed points:

(1) 𝑒0 = (0, 0, 0, 0), 𝑒1 = ((𝑎 − 𝑐)/2, 0, 0, 0), 𝑒2 = (0, (𝑎 −𝑐)/2, 0, 0), 𝑒3 = (0, 0, (𝑎 − 𝑐)/2, 0), 𝑒4 = (0, 0, 0, (𝑎 −𝑐)/2), 𝑒5 = ((𝑎 − 𝑐)/3, (𝑎 − 𝑐)/3, 0, 0), 𝑒6 = ((𝑎 −𝑐)/3, 0, (𝑎−𝑐)/3, 0), 𝑒7 = ((𝑎−𝑐)/3, 0, 0, (𝑎−𝑐)/3), 𝑒8 =(0, (𝑎−𝑐)/3, (𝑎−𝑐)/3, 0), 𝑒9 = (0, (𝑎−𝑐)/3, 0, (𝑎−𝑐)/3),𝑒10 = (0, 0, (𝑎− 𝑐)/3, (𝑎−𝑐)/3), 𝑒11 = ((𝑎−𝑐)/3, 0, (𝑎−𝑐)/3, 0), 𝑒12 = ((𝑎 − 𝑐)/4, (𝑎 − 𝑐)/4, (𝑎 − 𝑐)/4, 0), 𝑒13 =((𝑎−𝑐)/4, 0, (𝑎−𝑐)/4, (𝑎−𝑐)/4), 𝑒14 = (0, (𝑎−𝑐)/4, (𝑎−𝑐)/4, (𝑎 − 𝑐)/4),
(2) 	e Nash equilibrium point, 𝑛𝑒 = ((𝑎 − 𝑐)/5, (𝑎 −𝑐)/5, (𝑎 − 𝑐)/5, (𝑎 − 𝑐)/5).
Due to the difficulty of getting an analytical form

of the Jacobian of system (20) at Nash point, some
numerical simulations are executed. The simulation begins
with the following values for the system’s parameters:(𝑎, 𝑐, 𝑞0,1, 𝑞0,2, 𝑞0,3, 𝑞0,4, ) = (0.7, 0.11, 0.19, 0.15, 0.13, 0.11).
Figure 7(a) presents the bifurcation diagram where the 𝑛𝑒
point loses its stability at the value 𝑘 = 14.31. It is clear
that the interval of stability against the parameter 𝑘 is
better than those discussed and obtained previously. This is
because of the cooperation admitted among the four firms.
The corresponding Lyapunov exponent diagram is shown in
Figure 7(b). Consequently, other complex characteristicsmay
coexist. Figure 7(c) shows the 2D bifurcation diagram in the(𝑘, 𝑐) plane by which different period cycles can be detected.
The basin of attraction of the period 2-cycle and its phase
space are given in Figures 7(d) and 8(a). Other period cycles
are given in Figures 8(b), 8(c), 8(d), and 9.

5. Conclusion

The paper has introduced a competition among four firms
using the fractional-order derivatives.The bounded rational-
ity approach has been generalized using Caputo derivative
and a new discrete dynamical model has been introduced
and discussed in detail. All themodel’s fixed points have been
calculated andonly the stability ofNash equilibriumpoint has
been investigated. Some comparisons have been carried out
in this paper. Overall, the detailed investigation of the influ-
ences of fractional-order parameter and other parameters of
the discrete game is presented. It has been observed that the
fractional-order parameter plays a destabilizing role in the
dynamics of proposed discrete game. In addition, a model
of four competed firms with Puu’s mechanism has been
introduced. The simulation has shown that this model does
not guarantee any advantages of Puu’s mechanism and the
Nash point of this model loses its stability from the beginning
for any values of the system’s parameters. Furthermore,
the assumption of cooperation among the four firms has
been introduced and discussed. A mono-profit function has
been introduced using Keeney-Raiffa approach to build a
discrete dynamic systemwhich has been used in studying the
cooperation among the four firms.The simulation has shown
that cooperation among the four firms improves the stability
of Nash point of the cooperated systems.
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Figure 7: (a) Bifurcation diagram of system (20) with respect to 𝑘 at (𝑎, 𝑐, 𝑞0,1, 𝑞0,2, 𝑞0,3, 𝑞0,4, ) = (0.7, 0.11, 0.19, 0.15, 0.13, 0.11). (b)
Maximum Lyapunov exponents with respect to 𝑘 at (𝑎, 𝑐, 𝑞0,1, 𝑞0,2, 𝑞0,3, 𝑞0,4) = (0.7, 0.11, 0.19, 0.15, 0.13, 0.11). (c) 2D bifurcation in the (𝑘, 𝑐)
parameter plane at (𝑎, 𝑞0,1, 𝑞0,2, 𝑞0,3, 𝑞0,4) = (0.7, 0.19, 0.15, 0.13, 0.11). (d) The basin of attraction of the period 2-cycle (𝑎, 𝑐, 𝑘, 𝛼, 𝑞3, 𝑞4) =(0.7, 0.11, 15, 0.5, 0.13, 0.11).
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Figure 8: Continued.
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Figure 8: (a) Phase portrait of the period 2-cycle of system (20) at (𝑎, 𝑐, 𝑘, 𝛼, 𝑞0,1, 𝑞0,2, 𝑞0,3, 𝑞4) = (0.7, 0.11, 15, 0.19, 0.15, 0.13, 0.11). (b) The
basin of attraction of the period 4-cycle (𝑎, 𝑐, 𝑘, 𝛼, 𝑞3, 𝑞4) = (0.7, 0.11, 17.85, 0.5, 0.13, 0.11). (c) Phase portrait of the period 4-cycle of system
(20) at (𝑎, 𝑐, 𝑘, 𝛼, 𝑞0,1, 𝑞0,2, 𝑞0,3, 𝑞4) = (0.7, 0.11, 17.85, 0.19, 0.15, 0.13, 0.11). (d)The basin of attraction of the period 8-cycle (𝑎, 𝑐, 𝑘, 𝛼, 𝑞3, 𝑞4) =(0.7, 0.11, 18.62, 0.5, 0.13, 0.11).
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Figure 9: Phase portrait of the period 8-cycle of system (20) at(𝑎, 𝑐, 𝑘, 𝛼, 𝑞0,1, 𝑞0,2, 𝑞0,3, 𝑞4) = (0.7, 0.11, 18.26, 0.19, 0.15, 0.13, 0.11).
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