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The residual symmetry of a (1 + 1)-dimensional nonlinear evolution equation (NLEE) u, + u,, — 6u*u, + 6Au, = 0 is obtained
through Painlevé expansion. By introducing a new dependent variable, the residual symmetry is localized into Lie point symmetry
in an enlarged system, and the related symmetry reduction solutions are obtained using the standard Lie symmetry method.
Furthermore, the (1 + 1)-dimensional NLEE equation is proved to be integrable in the sense of having a consistent Riccati
expansion (CRE), and some new Bécklund transformations (BTs) are given. In addition, some explicitly expressed solutions

including interaction solutions between soliton and cnoidal waves are derived from these BTs.

1. Introduction

In nonlinear science, the study of nonlinear equations plays
an important role in analyzing related complex phenomenon,
which exists in the fields of fluid dynamics, plasma, optics,
and so on [1]. In the past few decades, many effective
methods, including Hirota’s bilinear method [2], Darbux
transformation [3, 4] and Backlund transformation, Lie
symmetry analysis [5, 6], and inverse scattering trans-
formation [7], have been proposed and developed to in-
vestigate abundant properties of nonlinear equations. Among
these methods, symmetry analysis plays an important role in
simplifying and even completely solving nonlinear equations.
For many integrable systems, the standard Lie symmetry
method can be used to obtain their Lie symmetry group and
symmetry reduction solutions. In addition, a finite trans-
formation group related to a symmetry can also be obtained
by using Lie’s first theorem.

Traditionally, finite transformation related to a nonlocal
symmetry cannot be obtained directly in the same way as
those of Lie point symmetries. To concur this difficulty,
Cheng et al. [8] proposed localizing a nonlocal symmetry in
an enlarged nonlinear system by introducing some new

dependent variables to the original system, provided all the
Lie point symmetries are closed in the enlarged system. Since
then, a lot of works have been done on many important
nonlinear systems [9-13]. They prove that this localization
method is very efficient in obtaining new Bécklund trans-
formations (BTs) and also new symmetry reduction solu-
tions related to a nonlocal symmetry in an enlarged system.
Especially, for many integrable systems, interaction solu-
tions between a soliton and nonlinear periodic waves could
be obtained in this way.

There exist many different ways to obtain nonlocal
symmetries, including potential symmetry [14], Lie-
Backlund symmetries [15], inverse recursion operators
[16, 17], the conformal-invariant form [18], Darboux
transformation [19], Bicklund transformation (BT), and Lax
pair. It is found in recent years that, for many nonlinear
systems, the coefficient of negative first power of a singular
manifold in a truncated Painlevé expansion is readily a
nonlocal symmetry of the equation [20], which is called
residual symmetry. Compared with other methods for
obtaining nonlocal symmetries, the method for obtaining a
residual symmetry is very simple, and plenty of studies have
been carried out by localizing a residual symmetry into a Lie


mailto:liuxizhong123@163.com
https://orcid.org/0000-0002-9967-5483
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2019/6503564

point symmetry [19, 21, 22]. To obtain more abundant in-
teraction solutions, Lou generalized Riccati expansion
method and proposed a new concept of integrability in the
sense of having consistent Riccati expansion (CRE) [23]. By
applying the CRE method, many new BTs and interaction
solutions for various nonlinear systems are obtained
[12, 24-29].

In this paper, by using residual symmetry localization
method and CRE method, we investigate the following
(1 +1)-dimensional nonlinear evolution equation (NLEE):

u, +u,., —6u'u, +6\u, =0, (1)

which includes the modified KdV equation as a special
case by setting A =0. In Reference [30], NLEE (1) is
derived with a Backlund transformation relating solu-
tions of KdV equation and solutions of equation (1). It
reveals that the vacuum state exists in the KdV equation
as well as in NLEE equation (1), and the relationship
between vacuum parameter of the set of KdV solutions
and the vacuum parameter of equation (1) is found
[30, 31]. A series of analytical solutions of NLEE (1) are
also given in [32].

The paper is organized as follows. In Section 1, the
residual symmetry of NLEE (1) is derived from the
truncated Painlevé expansion and then localized into a Lie
point symmetry by introducing a new dependent variable
to enlarge the NLEE. On this basis, the finite trans-
formation related to the residual symmetry is also ob-
tained by applying Lie’s first theorem. In Section 2, the
general form of Lie point symmetry group as well as
symmetry reduction solutions of the enlarged NLEE is
obtained by using the standard Lie symmetry method. In
Section 3, NLEE (1) is proved to be CRE integrable, and
some new BTs are obtained. By applying the CTE method,
some concrete explicitly expressed solutions of the NLEE
are given, which include the interaction solutions between
solitons and background cnoidal waves. The last section
contains a summary.

2. Localization of Residual Symmetry

By balancing the dispersion term and nonlinear term, the
truncated Painlevé expansion of equation (1) is

u="21y (2)
= yu,

¢
where ¢ is the singular manifold and u, and u, are functions of
xandt to be determined later. Substituting (2) into (1) and
making the coefficients of different powers of ¢ to zero, we have

Uy = ¢x> (3)
_ _$
u; = 2. (4)
where ¢ satisfies the Schwartzian form of (1)
C+K+61A=0, (5)
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with C = ($./0,) — (3/2) (¢ /¢%) and K = ¢,/¢,. By
substituting (3) and (4) into (2), the following theorem is
readily obtained.

Theorem 1. If ¢ is a solution of the Schwartzian equation (5),
then

_ ¢x ¢xx
YT 29,

is a solution of equation (1).

(6)

As we know, any Schwartzian equation like (5) is form-
invariant under Mébious transformation
¢ —

a,¢+b,

a2¢+b2’ a,a, #b,b,, (7)

which means equation (5) have three symmetries:
O—(p = dl’
0y =dy9, (8)
2
0p = d3¢",

with arbitrary constants d,,d,, and d5. It is interesting that
the residue u, in expansion (2) is just a symmetry of the
NLEE, which can be verified by substituting it with equa-
tions (4) and (5) into the linearized equation of (1). Obvi-
ously, the residual symmetry o, =u, is linked to the
symmetry of (8) by the linearized equation of (4).

To get the finite transformation corresponding to the
residual symmetry o, = ¢, we have to localize it into a Lie
point symmetry first. To this end, we introduce a new de-
pendent variable as

g=¢. 9

to enlarge the original equation (1).
The linearized equations of the enlarged system (1), (5),
and (9) are

Oup + Opyrn — 120,0, — 61’0, +6)0, . =0, (10a)

¢xxx0¢,x + 0¢,xxx¢x - 3¢xxa¢,xx + U¢,x¢t (10b)
+(1204,A + 0,,)$, = 0,

Opx — 04 =0. (10c¢)

When we fix 0y = —¢?, the equations of (10a)-(10c) have
a simple solution

0, =9 (11a)
0, =-29¢, (11b)
0y = —¢2, (11c¢)

which means the residual symmetry is localized in the en-
larged system.

By applying Lie’s first theorem to the initial value
problem of the symmetry (11a) and (11b), i.e.,
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da(e) o

P =g(e), u(0)=u,

$:—2$<s>g<e), 3(0) = g, (12)
&€

dpe) _ 5 o oo

=8N =4,

we get the following Bécklund transformation.

Theorem 2. If {u, g, ¢} is a solution of the prolonged system
(1), (5), and (9), then so is {ﬁ 9 </>} with

ﬁ:u+€¢s‘z T (13a)
- _ g9

e (13b)
= ¢

¢_£¢+1’ (130)

with an arbitrary group parameter e.

3. Residual Symmetry Reduction Solutions of
Equation (1)

The general form of a Lie point symmetry of the enlarged
NLEE system (1), (5), and (9) can be written in the form as
follows:

0 0 0 0 0
:X— _— _ —_— -,
\% ax+TBt+Uau+Gag+(Da¢ (14)

which means the system is invariant under the following
transformation:
{x,t,u,g,¢} — {x+eX,t + eT,u+eU, g + €G, § + e},
(15)
with the infinitesimal parameter e. Equivalently, the sym-

metry in the form (13a)-(13b) can be written as a function
form as follows:

0, =Xu,+Tu, -U, (16a)
0,=Xg,+Tg, -G, (16b)
0, = X¢, + T, — O. (16¢)

Substituting equation (16a)-(16c) with the enlarged
NLEE system into equation (10a)—(10c) and vanishing all the
derivatives of dependent variables u, g, and ¢, over-de-
termined linear equations for the infinitesimals X, T,

U,G, and ® are obtained. After calculation by computer
using the software Maple, we get the result

c
X = 4c M+ 2 x + ¢y
3

T =cit+cy,
!

U=—?u+c3g, (17)
1

G= 39 (630 +¢; = 3c5),

O = —c3gl>2 +c5¢ + ¢,

with arbitrary constantsc; (i = 1, .. ., 6). Itis obvious that the
symmetry for u,g, and¢ in equation (17) contains the
symmetry of (11a)-(11c) as a special case.

In consideration of equation (17), the symmetries in
(16a)-(16¢) can be written as

2 !
g, =/ 4c At TG Jugt (c1t +¢y)uy T UG

a, :(461/\t +%1x + C4>gx + (1t +¢,)9,

1
+ 59(6C3¢ +¢p = 3¢s),
c
0y = <4c1/1t + éx + c4)¢x + (et +¢))¢, + c3q52 —cs¢ — cq
(18)

The group invariant solutions of the enlarged NLEE
system can be obtained by applying the symmetry con-
straints 0, = 0, = 04 = 0 in equation (19), which is equiv-
alent to solving the characteristic equation

dx _dt du
4, Mt + (¢1/3)x + ¢4

Tottce, —(¢/3)utcg

= dg 19
B —(1/3)g (6¢5¢ + ¢; — 3c¢5) (19)

d¢
—c3¢2 +c5¢ + Cs.

Without loss of generality, we consider symmetry re-
duction solutions of the enlarged NLEE system in the fol-
lowing two cases.

Case 1 (c;#0(i=1,...,6)).

After solving equation (19), we get the symmetry reduction
solutions of the enlarged NLEE system (1), (5), and (9) as



b= tanh (A, (¢, @ +In(A))/2¢))A; +¢cs

2¢;
A = Clt + C2) (20)
B 2G 21
I A cosh (A, (6, + In(A))/ey) + 1] v
U 4C3G
(22)

U=—7p+ ,
A" A [exp (A, @)AN 1 1]AM?

where U, G, and ® are group invariant functions of a group
invariant  variable &= —6¢c;Af — ¢;x + 18¢,A — 3¢,/ (¢,
t +cy) .

The symmetry reduction equations for U, G, and @ can
be obtained by substituting equations (20)-(22) into the
enlarged NLEE system (1), (5), and (9). The results are

A2D
s et § (23)
4c,
AD2-D
U=—o (24)
¢

where @ satisfies the following symmetry reduction
equation:

2 4 2 2
“3ATDF — 2,07 + 6(1 + Dy ) D — 9D = 0. (25)

It is obvious that once any solution of equation (25) is
given, the solution of the NLEE can be obtained by
substituting it with equations (23) and (24) into equation
(22). To give a concrete example, we take a simple solution
for (25) under the condition A, =¢,/3 as

® < dyc, +31In (dlf), (26)

€
which leads to a simple solution for NLEE (1)
. exp (1/3d,¢,)d,
exp(1/3dyc, )d EAP + 1

(27)
with arbitrary constants d, and d,.

Case 2 (c;=0and ¢;#0(i =2,...,6)).
In this case, similar to case 1, the symmetry reduction
solutions of the enlarged NLEE system (1), (5), and (9) are

4= tanh (A, (¢' +)/2¢,)A; +c5

2¢;
2g'
= , 28
g cosh (A (¢" +1)/cy) +1 (28)
2¢;g' tanh (A, (¢ +1)/2
e ) tanh (A, (¢' +1)/2¢,)

>

A
with v, g', and ¢' being group invariant functions of group
invariant variable x' = x — ¢,/c,t.
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The corresponding symmetry reduction equations for
u',g',and ¢' are

! — _A%gb;c/ (29)
deyey
!
w=tu o
X
A2 —2¢, (60,1 —¢,) 2
1¢x 2( 2 4)¢x (31)

2 2.2
- 2C2 (¢;c'x'x' + 1)¢9,c' + 3C2¢x'x' =0.

4. CRE Solvability and Interaction Solutions

4.1. CRE Integrable. By leading order analysis, the Riccati
expansion of NLEE (1) is
u=v,+v,R(w),

w=w(x,y,t), (32)

where v, and v, are functions of (x,t) and R (w) is a solution
of the Riccati equation

R, = ay +a,R + a,R*. (33)

Substituting equations (32) with (33) into equation (1)

and vanishing all the coeflicients of different powers of R (w),
we get

2
o a Wi+ w,,
0 — >
2w
x (34)
V) = AWy,

and three different equations of w. Fortunately, these
three equations are consistent with each other, one of
which is

dw’ +2(K' +C' +61) =0, (35)
with C'=w, . /w, - (3/2)(w? /w?), K =w/w, and
8 = daya, — al.

The consistency of different equations of w means that
NLEE (1) is integrable under the meaning of having a
consistent Riccati expansion. In summary, we have the
following theorem.

Theorem 3. If w is a solution of

dw’ +2(K' +C' +6)) =0, (36)
then ,
AW, + Wy,
= R +—= = 37
u = a,w,R(w) o (37)

X

is a solution of NLEE (1), with R = R(w) being a solution of
the Riccati equation (33).

4.2. Consistent tanh-Function Expansion. When we take a
special solution of the Riccati equation (33) as R(w) =
tanh (w), the consistent Riccati expansion (31) reduces to
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u = u tanh (w) + uy, (38)

which is called consistent tanh expansion (CTE).
Following the same logic as in the CRE case, we get the
following nonauto BT.

Theorem 4. If w satisfies the following equation:
2wl -K-C-61=0, (39)

then

w
u = w tanh (w) - —=*

X

(40)
is a solution of NLEE (1).
To give some concrete exact solutions of NLEE (1), we
first take the form of w in (39) as
w = kyx + wyt + g, (41)

where g is a arbitrary function of x and t, k,, and w,, are ar-
bitrary constants. Three special cases of (41) are listed as follows.

Case 3. We take a simple solution of equation (39) as
w =2kt - 6kAt + kx +d, (42)
with k and d being arbitrary constants. By using Theorem 4,
we obtain a kink soliton solution for NLEE (1):
u = ktanh(2k’t - 6kAt + kx + d). (43)

Case 4. We further constrain the form of (41) as
w=kyx + wyt + W(X), X =kx+wt, (44)

where kg, wy, k;,andw, are arbitrary constants. By

substituting (44) into (39), it is interesting to find that

W, (X) = W(X)y satisfies the following elliptic function
equation:

W2, =Cy+C\W, + C,W; + C,W; + C,WS, (45)
with
_(Cik] = Cykok + Cikgky — 4k5 )k,

0~ 4
kl

>

C,=4,
5 5 (46)
wy = C,k; - Eczkokf + Ec?,kgk1 — 4k — 6kyA,

ky (C,k} = 3Cskok, + 24k — 121)
2

w, =

>

with arbitrary constants C,, C,, and C;. By Theorem 4,
equation (44) leads to a solution of NLEE (1) as

k2

1
M wo,
2 (ko + Wi k,) b
(47)

u = (ky + Wik, )tanh (kox + wyt + W) —

which describes an interaction mode between soliton and
elliptic waves. To illustrate this point more clearly, we take a
special Jacobi elliptic solution of equation (45) as

W, = uy + pysn (b, X, p), (48)
with arbitrary constants y, and y,. By substituting equation

(48) into equation (45) and vanishing coeflicients of different
powers of sn, we get

C
C, =15%(16c2—(g),

k
C, =8m+16-2,
ky

Gy
Ho = 16
\5C3K} - 64C,K} + 32Cskok, — 256k, (49)
= 16k, :
. __Coki — 16k,
! 8k,
P__-¢5C§kf-64c2k§+-32cgk0k1-256k§

C,k, — 16k,

Figure 1 displays the interaction solution of (47) with
equations (46), (48), and (49) and the parameters are fixed by

11607
%7 102400’
8669
'™ 51200
8269
27 6400°

C, =1,
7
by =5,
17y
1
Ho 16
__63 (50)
= 60
1
ko ==,
07
k=1,
A=2,
54531
Wy =——7-,
10240
133069
W, = —————,
12800
9
P=10
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FiGure 1: The interaction solution (46) with parameters being fixed by (49): (a) two-dimensional plot with ¢ = 0; (b) two-dimensional plot

with x = 0.

Figures 1(a) and 1(b) describe the interaction structure
between a kink soliton and background cnoidal waves in
one-dimensional variables of x and t, respectively, which
have similar structures.

Case 5. We take the form of equation (41) as

w=kx+Lt+a,E, (sn(k,x +1Lt,p),q p), (51)

where E , is the third type of incomplete elliptic integral and
ky,1;,ay,ky, 1, p,andg  are  all  arbitrary  constants.
Substituting equation (51) into equation (39) and vanishing
coefficients of different powers of sn function, we get several
types of solutions, two of which are

2.2 2
a1=\qu Proq+q

q
k, =0,
4-(pq- P> - ¢ + /g p? 52
1= q >
- 2(k3p*q - 3k p* +I5q + 3/1q)k2’
q

I, = 2k} + 6a,kik, +(6a;k; — 6) )k,

+a,(2a1k; - 6k,A - 1), (53)

q =0.

Figures 2 and 3 display the solution (40) with equations
(51) and (52) in three dimensions and two dimensions,
respectively, and the parameters are fixed by

)
P=1p
1
1=
ky,=1,
A==,
(54)
V31
a; =—
10
k, =0,
81431
'™ 1257
31
2710

Figure 2 shows that the kink soliton can be seen as being
composed by cnoidal waves, which can be seen more clearly
by the density plot of Figure 2(b). As for Figures 3(a) and
3(b), they describe this solution one dimensionally with t =
1/2 and x = 0, respectively.

When g = 0, the third-type incomplete elliptic integral in
equation (50) becomes the first type. Figure 4 displays the
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FIGURE 2: The interaction solution (40) with equations (51) and (52) and the parameters are fixed by (54): (a) the three-dimensional plot; (b)

the corresponding density plot.
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FIGURE 3: The interaction solution (39) with equations (51) and (52) and the parameters are fixed by (54): (a) the two-dimensional plot with

t = 1/2; (b) the two-dimensional plot with x = 0.

interaction solution of (40) with equations (51) and (53). The
parameters are fixed by

a; =1,
k, =1,
k, =1,
I, =9,
IL=1, (55)
r=1
2

_9
P=1p
qg=0.

5. Conclusion

In summary, the NLEE is investigated through residual
symmetry and the CRE method, respectively. The residual
symmetry is obtained through the truncated Painlevé ex-
pansion and localized into a Lie point symmetry by en-
larging the original NLEE into a new system. By applying the
standard symmetry method, the general form of a Lie point
symmetry of the enlarged NLEE as well as the corresponding
symmetry reduction solutions is obtained, which could be
used to describe the interaction mode between soliton and
nonlinear waves. The NLEE is proved to be CRE integrable,
and some new BTs are derived from this property. As far as
we know, the literatures giving interaction solutions between
soliton and cnoidal waves are mainly focused on (2+1)-
dimensional systems. As for (1 + 1)-dimensional case, this



(a)

Complexity

-10 -5 0 5 10

(b)

FIGURE 4: The interaction solution (39) with equations (50) (in Section 4.2) and the parameters are fixed by (54): (a) the three-dimensional

plot; (b) the two-dimensional plot with ¢t = 1/2.

kind of soliton-cnoidal wave interaction solutions are hard
to give in an explicitly expression form (see, e.g. [10]).
Fortunately, in this paper, two kinds of soliton-cnoidal wave
solutions for equation (1) are obtained with a detailed
analysis.

Data Availability

The data used to support the findings of this study are in-
cluded within the article.

Conflicts of Interest

The authors declare that they have no conflicts of interest to
this work.

Acknowledgments

This work was supported by the National Natural Science
Foundation of China under grant nos. 11405110 and
11472177 and the Natural Science Foundation of Zhejiang
Province of China under grant no. LY18A050001.

References

[1] A.-M. Wazwaz, “Nonlinear variants of KdV and KP equations
with compactons, solitons and periodic solutions,” Com-
munications in Nonlinear Science and Numerical Simulation,
vol. 10, no. 4, pp. 451-463, 2005.

[2] R. Hirota, The Direct Method in Soliton Theory, Cambridge
University Press, Cambridge, UK, 2004.

[3] V.B. Matveev and M. A. Salle, Darboux Transformations and
Solitons, Springer, Berlin, Germany, 1991.

[4] C.H. Gu, H. S. Hu, and Z. X. Zhou, Darboux Transformation
in Soliton Theory and its Geometric Applications, Shanghai
Scientific and Technical Publishers, Shanghai, China, 1999.

[5] P.J. Olver, Application of Lie Groups to Differential Equations,
Springer-Verlag, NewYork, NY, USA, 1993.

[6] G. W. Bluman and S. Kumei, Symmetries and Differential
Equation, Springer-Verlag, Berlin, Germany, 1989.

[7] M. J. Ablowitz and H. Segur, Solitons and Inverse Scattering
Transform, SIAM, Philadelphia, PA, USA, 1981.

[8] X.-P. Cheng, C.-L. Chen, and S. Y. Lou, “Interactions among
different types of nonlinear waves described by the
Kadomtsev-Petviashvili equation,” Wave Motion, vol. 51,
no. 8, pp. 1298-1308, 2014.

[9] J. Chen and Y. Chen, “Nonlocal symmetry constraints and
exact interaction solutions of the (2 + 1) dimensional modified
generalized long dispersive wave equation,” Journal of Non-
linear Mathematical Physics, vol. 21, no. 3, pp. 454-472, 2014.

[10] X.-Z.Liu,J. Yu, Z.-M. Lou, and Q.-J. Cao, “Residual symmetry
reduction and consistent Riccati expansion of the generalized
kaup-kupershmidt equation,” Communications in Theoretical
Physics, vol. 69, no. 6, pp. 625-630, 2018.

[11] L. Huang and Y. Chen, “Nonlocal symmetry and similarity
reductions for the Drinfeld-Sokolov-Satsuma-Hirota system,”
Applied Mathematics Letters, vol. 64, pp. 177-184, 2017.

[12] X. Z. Liu, J. Yu, Z. M. Lou, and X. M. Qian, “Residual
symmetry analysis and CRE integrability of the (3+1)-
dimensional Burgers system,” European Physical Journal Plus,
vol. 133, no. 12, pp. 503-516, 2018.

[13] X. Z. Liu, J. Yu, and Z. M. Lou, “Residual symmetry, CRE
integrability and interaction solutions of the (3+1)-
dimensional breaking soliton equation,” Physica Scripta,
vol. 93, no. 8, Article ID 085201, 2018.

[14] G. W. Bluman, A. F. Cheviakov, and S. C. Anco, Applications
of Symmetry Methods to Partial Differential Equations,
Springer, NewYork, NY, USA, 2010.

[15] F. Galas, “New nonlocal symmetries with pseudopotentials,”
Journal of Physics A: Mathematical and General, vol. 25,
no. 15, pp. L981-1L986, 1992.

[16] G. A. Guthrie, “Recursion operators and non-local symme-
tries,” Proceedings of the Royal Society A: Mathematical,
Physical and Engineering Sciences, vol. 446, no. 1926,
pp. 107-114, 1994.

[17] S.-y. Lou, “Abundant symmetries for the 1+ 1 dimensional
classical Liouville field theory,” Journal of Mathematical
Physics, vol. 35, no. 5, pp. 2336-2348, 1994.



Complexity

(18]

(19]

(20]

[21]

(22]

(23]

(24]

(25]

(26]

(27]

(28]

[29]

(30]

(31]

(32]

S.-y. Lou, “Conformal invariance and integrable models,”
Journal of Physics A: Mathematical and General, vol. 30,
no. 13, pp. 4803-4813, 1997.

S.-Y. Lou and X.-B. Hu, “Non-local symmetries via Darboux
transformations,” Journal of Physics A: Mathematical and
General, vol. 30, no. 5, pp. L95-L100, 1997.

X. R. Hu, S. Y. Lou, and Y. Chen, “Explicit solutions from
eigenfunction symmetry of the Korteweg-de Vries equation,”
Physical Review E, vol. 85, no. 5, pp. 056607-056615, 2012.
X. N. Gao, S. Y. Lou, and X. Y. Tang, “Bosonization, sin-
gularity analysis, nonlocal symmetry reductions and exact
solutions of supersymmetric KdV equation,” Journal of High
Energy Physics, vol. 2013, no. 5, pp. 29-57, 2013.

W.-g. Cheng, B. Li, and Y. Chen, “Nonlocal symmetry and
exact solutions of the (2+1)- dimensional breaking soliton
equation,” Communications in Nonlinear Science and Nu-
merical Simulation, vol. 29, no. 1-3, pp. 198-207, 2015.

S. Y. Lou, “Consistent Riccati expansion for integrable sys-
tems,” Studies in Applied Mathematics, vol. 134, no. 3,
pp. 372-402, 2015.

S.Y. Lou, X. P. Cheng, and X. Y. Tang, “Dressed dark solitons
of the defocusing nonlinear Schrodinger equation,” Chinese
Physics Letters, vol. 31, no. 7, Article ID 070201, 2014.

B. Ren, X.-P. Cheng, and J. Lin, “The (2+ 1)-dimensional
Konopelchenko-Dubrovsky equation: nonlocal symmetries
and interaction solutions,” Nonlinear Dynamics, vol. 86, no. 3,
pp. 1855-1862, 2016.

X.-z. Liu, J. Yu, and Z.-m. Lou, “New Bicklund trans-
formations of the (2 + 1)-dimensional Bogoyavlenskii equa-
tion via localization of residual symmetries,” Computers &
Mathematics with Applications, vol. 76, no. 7, pp. 1669-1679,
2018.

L. L. Huang and Y. Chen, “Nonlocal symmetry and exact
solutions of the (2 + 1)-dimensional modified Bogoyavlenskii-
Schift equation,” Chinese Physics B, vol. 25, pp. 060201~
060209, 2016.

W.-G. Cheng, B. Li, and Y. Chen, “Construction of soliton-
cnoidal wave interaction solution for the (2 + 1)-dimensional
breaking soliton equation,” Communications in Theoretical
Physics, vol. 63, no. 5, pp. 549-553, 2015.

Y.-H. Wang and H. Wang, “Nonlocal symmetry, CRE solv-
ability and soliton-cnoidal solutions of the (2+1)-
dimensional modified KdV-Calogero-Bogoyavlenkskii-Schiff
equation,” Nonlinear Dynamics, vol. 89, no. 1, pp. 235-241,
2017.

P. C. W. Fung and C. Au, “Bridge between the solutions and
vacuum states of the Korteweg-de Vries equation and that of
the nonlinear equation yt + yxxx — 6y2yx + 6Ayx=0,” Physical
Review B, vol. 26, no. 8, pp. 4035-4038, 1982.

C. AuandP. C. W. Fung, “Vacuum states of the korteweg—de
vries equation,” Physical Review B, vol. 25, no. 10,
pp. 6460-6464, 1982.

P. C. W. Fung and C. Au, “A series of new analytical solutions
to the nonlinear equation yt+ yxxx—6y2yx+6lyx=0. 1,
Journal of Mathematical Physics, vol. 25, no. 5, pp. 1370-1371,
1984.



Advances in Advances in . Journal of The Scientific Journal of
Operations Research Decision Sciences  Applied Mathematics World Journal Probability and Statistics

|nternational
Journal of
Mathematics and
Mathematical
Sciences

Journal of

Optimization

Hindawi

Submit your manuscripts at
www.hindawi.com

International Journal of
Engineering
Mathematics

International Journal of

Analysis

Journal of : Advances in ] Mathematical Problems International Journal of Discrete Dynamics in
Complex Analysis Numerical Analysis in Engineering Differential Equations Nature and Society

International Journa!

of
Stochastic Analysis Mathematics Function Spaces Applied Analysis Mathematical Physics

Journal of Journal of Abstract and ; Advances in



https://www.hindawi.com/journals/jmath/
https://www.hindawi.com/journals/mpe/
https://www.hindawi.com/journals/jam/
https://www.hindawi.com/journals/jps/
https://www.hindawi.com/journals/amp/
https://www.hindawi.com/journals/jca/
https://www.hindawi.com/journals/jopti/
https://www.hindawi.com/journals/ijem/
https://www.hindawi.com/journals/aor/
https://www.hindawi.com/journals/jfs/
https://www.hindawi.com/journals/aaa/
https://www.hindawi.com/journals/ijmms/
https://www.hindawi.com/journals/tswj/
https://www.hindawi.com/journals/ana/
https://www.hindawi.com/journals/ddns/
https://www.hindawi.com/journals/ijde/
https://www.hindawi.com/journals/ads/
https://www.hindawi.com/journals/ijanal/
https://www.hindawi.com/journals/ijsa/
https://www.hindawi.com/
https://www.hindawi.com/

