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Based on bilinear formulation of a (3 + 1)-dimensional soliton equation, lump solution and related interaction solutions are
investigated. �e lump solutions of the soliton equation are classi�ed into three cases with nonsingularity conditions being given.
�e interaction solutions between lump and a stripe soliton are obtained in eight cases, which have interesting fusing and �ssion
behaviors with changing time. �e interaction solutions of the soliton equation between a lump and a resonant pair of stripe
solitons are also given, and we �nd that the lump just exist for a �nite period during the interaction process.

1. Introduction

As we know, in nonlinear systems, soliton solutions are
usually exponentially localized in certain directions. In re-
cent years, rational solutions to nonlinear systems have
attracted a great attention. In particular, a kind of special
rational solution called lump solution which localized ra-
tionally in all directions of the space has been studied a lot.
Since lump solution was �rst discovered [1] many integrable
nonlinear systems are found to have lump solutions, in-
cluding the KPI equation [2, 3], the BKP equation [4], the
Ishimori-I equation [5], and so on [6–12].

For a nonlinear equation, having Hirota bilinear formation
is an indication of being integrable in this sense. Various
solutions of bilinear equations, including solitons, positons,
and complexitons, can be obtained viaWronskian formulation
[13], while lump solutions can be obtained by taking long wave
limit of solitons [3]. Lump is stable as soliton, the main dif-
ference between them lies in the fact that soliton decay ex-
ponentially in certain directions while a lump is a localized
wave that decay rationally in all directions in space and moves
with a uniform velocity [14]. In addition, soliton have a relation
between amplitude and width but lump waves have no such
relation. Another fascinating feature of lump solutions is that
the interaction phase shifts between lump waves are exactly
zero [1]. In another aspect, the interactions between lump and

various solitons, such as stripe soliton and resonant stripe
solitons, have been studied for many integrable nonlinear
systems [15–19]. It reveals thatmost of the interaction solutions
between lump and various solitons are completely inelastic
[20], while a few of them are elastic [21]. �e interaction
between lump wave and rogue wave solutions, which have
great potential applications in the �eld of nonlinear optics [22]
and oceanography [23] can also be generated by interaction
between lump and a pair of resonant kink stripe solitons [8].

�e study of lump solution mainly focuses on (2+1)-
dimensional integrable systems including some reduction
equations from some (3+1)-dimensional systems. Some at-
tempts are alsomade to �nd rational solutions to nonintegrable
(3+ 1)-dimensional KP I and KP II by tanh-function method
andG/G′-expansionmethod. In this paper, we search for lump
solution and abundant interaction solutions between lump and
some kinds of solitons for the (3+ 1)-dimensional soliton
equation based on its Hirota bilinear form.

�e (3 + 1)-dimensional soliton equation takes the form

3uxz − 2ut + uxxx − 2uux( )y + 2 uxz
− 1
x uy( )

x
� 0, (1)

where z− 1x stands for an inverse operator of the partial dif-
ferential operator zx. As we know, the AKNS (Ablowitz–
Kaup–Newell–Segur) system, which can reduce to the non-
linear Schrödinger equation, is one of the most important
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physical models. In reference [24], equation (1) was derived
and decomposed into systems of ordinary differential equa-
tions with the help of (1 + 1)-dimensional AKNS equations,
from which algebraic-geometrical solutions were obtained in
terms of Riemann theta functions. Also, solutions of the
(3 + 1)-dimensional soliton equation (1) can be derived from
the solutions of the first three members of the AKNS hier-
archy (see Proposition 2.4 in reference [24]). In reference [25],
an N-soliton solution of equation (1) was obtained based on
its bilinear form by using perturbation method and con-
structing an N-th order Wronskian determinant of solutions
by introducing four linear differential equations.

,e paper is organized as follows: In Section 2, we give
general form of lump solutions of the soliton equation (1) in
quadratic function form, which can be classified into three
cases. ,e nonsingularity conditions of these lump solutions
are analyzed, and two special solutions are explicitly given
and analyzed graphically. In Section 3, interaction solutions
between a lump and a stripe soliton are given in eight cases,
which have rich dynamic behaviors with different time. In
Section 4, interaction solutions between a lump and a res-
onant stripe soliton are given in two cases with some dis-
cussions of the interaction dynamical behaviors.

2. Lump Solutions to the (3+ 1)-Dimensional
Soliton Equation

To search for lump solutions of equation (1), we first
changed it into a bilinear form [25]:

2( 3fxxf − 3f
2
x − 2fytf + 2fyft − fxxxyf + fxxxfy

+ 3fxxyfx − 3fxxfxy � 0,

(2)

under the transformation

u � − 3(lnf)xx. (3)

Equation (2) can also be written in the form of

3DxDz − 2DyDt − DyD
3
x f · f � 0, (4)

with Hirota’s bilinear derivatives Dx, Dy, Dz, Dt being
defined as follows [26]:

D
α
xD

β
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c
zD

δ
t (g(x, y, z, t) · f(x, y, z, t))
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z
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z
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z

zz
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z

zz′
 

c
z

zt
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z

zt′
 

δ

g(x, y, z, t)f x′, y′, z′, t′( | x�x′ ,y�y′ ,z�z′,t�t′ .

(5)

,e quadratic function solutions of the soliton equation
(2) can in general be assumed in the form

f � g
2

+ h
2

+ a11,

g � a1x + a2y + a3z + a4t + a5,

h � a6x + a7y + a8z + a9t + a10,

(6)

with ai, (i � 1, · · · , 11) being real constants, the rational
solutions of equation (1) can be generated by substituting
equation (6) into equation (3).

Substituting equation (6) into (2), a direct computation
yields the following three types of solutions:

Case 1 (a1 ≠ 0):

a1 � a1,

a2 � −
a6a7

a1
,

a3 � −
2a4a6a7

3a2
1

,

a4 � a4,

a5 � a5,

a6 � a6,

a7 � a7,

a8 �
2a4a7

3a1
,

a9 �
a6a4

a1
,

a10 � a10,

a11 � a11.

(7)

Case 2 (a1a7 ≠ 0):

a1 � a1,

a2 � −
a6a7

a1
,

a3 � −
a6a8

a1
,

a4 �
3a1a8

2a7
,

a5 � a5,

a6 � a6,

a7 � a7,

a8 � a8,

a9 �
3a6a8

2a7
,

a10 �
a5a6

a1
,

a11 � a11.

(8)
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Case 3 ((a1a9 − a4a6)(a1a7 − a2a6)≠ 0):

a1 � a1,

a2 � a2,

a3 �
2 a2a4 − a7a9( a1 + a2a9 + a4a7( a6 

3 a2
1 + a2

6( 
,

a4 � a4,

a5 � a5,

a6 � a6,

a7 � a7,

a8 �
2 a2a9 + a4a7( a1 − a2a4 − a7a9( a6 

3 a2
1 + a2

6( 
,

a9 � a9,

a10 � a10,

a11 � −
3 a2

1 + a2
6( 

2
a1a2 + a6a7( 

2 a1a9 − a4a6(  a1a7 − a2a6( 
.

(9)

To require analyticity of the solution (3) with (6), a11 in
the first two solutions of equations (7) and (8) should satisfy
a11 > 0. While for the solution (9), to ensure a11 > 0, we
assume the parameters of ai (i � 1, 2, 6, 7) are positive, and
also

a1

a6
∈

a2

a7
,
a4

a9
  or

a1

a6
∈

a4

a9
,
a2

a7
 , (10)

with the condition of (a2/a7)≠ (a4/a9).
To give some concrete descriptions of the lump solu-

tions, we choose the parameters of Case 1 as follows:

ai � 1, (i � 1, 4, 5, 6, 7, 9, 10, 11),

a2 � − 1,

a3 � −
2
3
,

a8 �
2
3
,

(11)

which leads to a lump solution for the soliton equation (1):

u �
108 18t2 + 36tx + 18x2 − 18y2 − 24yz − 8z2 + 36t + 36x + 9( 

18t2 + 36tx + 18x2 + 18y2 + 24yz + 8z2 + 36t + 36x + 27( 
2 .

(12)

For Case 3, we choose the parameters being fixed as
follows:

ai � 1, (i � 2, 5, 9, 10),

a3 � a8 �
65
6

,

a4 � 8,

a6 � 2,

a7 � 8,

a11 �
432
49

,

(13)

which leads to a lump solution

u �
E1

F1
,

E1 � ( 42336( 14112t
2

+ 31752tx + 114660ty + 171990tz

+ 7056x
2

+ 31752xy + 76440xz + 14112y
2

+ 171990yz + 207025z
2

+ 15876t + 7056x + 15876y

+ 38220z − 6012,

F1 � ( 57330t
2

+ 31752tx + 28224ty + 171990tz + 7056x
2

+ 31752xy + 76440xz + 57330y
2

+ 171990yz

+ 207025z
2

+ 15876t + 7056x + 15876y + 38220z + 9540
2
.

(14)

Figure 1(a) gives the three-dimensional structure of the
solution (12) with x � y � 0, and Figure 1(b) is the cor-
responding contour plot. From Figure 1, it is obvious that
the maximal value is 3/2 which dwells at two points (z �

0, t � − 1 + (
�
6

√
/2)) and (z � 0, t � − 1 − (

�
6

√
/2)), while

the minimal value is − 12, which corresponds to the point
(z � 0, t � − 1). Similarly, Figure 2 reveals the structure of
the lump solution (14) in the case of z � t � 0. ,e maximal
value 49/72 corresponds to the points of (x � − (1/2) +

(9/7)
�
2

√
, y � 0) and (x � − (1/2) − (9/7)

�
2

√
, y � 0), while

the minimal value − (49/9) corresponds to the point
(x � − (1/2), y � 0).

3. Interaction Solutions between a Lump and a
Stripe Soliton

To search for the interaction solutions between a lump and a
stripe soliton of the soliton equation (1), we assume f in
equation (2) to have the form
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f � m
2
1 + n

2
1 + a11 + l1,

m1 � a1x + a2y + a3z + a4t + a5,

n1 � a6x + a7y + a8z + a9t + a10,

l1 � ke
k1x+k2y+k3z+k4t

,

(15)

with ai (i � 1, · · · , 11), k, and ki (i � 1, 2, 3) being real
constants.

Substituting equation (15) into equation (2), after some
routine computations, we have the following eight types of
solutions:
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Figure 1: Structure of the lump solution (12) with x � y � 0: (a) the three-dimensional plot; (b) the density plot.

–20
–20

20
1010

–10–10
00

0

–1

–2

–3

–4

–5

u

y x

(a)

–10

–5

–5

5

10

50–10 10
x

y

(b)

Figure 2: Structure of the lump solution (14) with z � t � 0: (a) the three-dimensional plot; (b) the density plot.
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Case 1 (k1 ≠ 0):

a1 � 0,

a2 � 0,

a3 �
2a4k2

3k1
,

a4 � a4,

a5 � a5,

a6 � 0,

a7 � 0,

a8 �
2a9k2

3k1
,

a9 � a9,

a10 � a10,

a11 � a11,

k1 � k1,

k2 � k2,

k3 �
k2 k3

1 + 2k4 

3k1
.

(16)

Case 2 (k1 ≠ 0):

a1 � 0,

a2 � 0,

a3 �
a2 k3

1 + 2k4 

3k1
,

a4 � 0,

a5 � a5,

a6 � 0,

a7 � a7,

a8 �
k3
1 + 2k4 a7

3k1
,

a9 � 0,

a10 � a10,

a11 � a11,

k1 � k1,

k2 � k2,

k3 �
k2 k3

1 + 2k4 

3k1
.

(17)

Case 3 (k1a6 ≠ 0):

a1 � 0,

a2 � a2,

a3 �
a2 3a2

6k
4
1 + 6a2

6k1k4 − 4a2
4 

9a2
6k

2
1

,

a4 � a4,

a5 � a5,

a6 � a6,

a7 � −
2a2a4

3a6k
2
1
,

a8 � −
4a2a4 2k31 + k4 

9a6k
3
1

,

a9 �
a6 k3

1 + 2k4 

2k1
,

a10 � a10,

a11 �
a2
6

k2
1
,

k1 � k1,

k2 � −
2a2a4

3a2
6k1

,

k3 � −
2a2a4 k3

1 + 2k4 

9a2
6k

2
1

.

(18)

Case 4 (k1a6a4 ≠ 0):

a1 � 0,

a2 � a2,

a3 �
a2 3a2

6k
4
1 + 24a2

6k1k4 − 16a2
4 

36a2
6k

2
1

,

a4 � a4,

a5 � a5,

a6 � a6,

a7 �
3a6k

2
1 − 4a4  3a6k

2
1 + 4a4 a2

24a6k
2
1a4

,

a8 � −
a2 9a2

6k
7
1 − 36a2

6k
4
1k4 + 80a2

4k
3
1 + 64a2

4k4 

144k3
1a6a4

,

a9 � −
a6 k31 − 4k4 

4k1
,

a10 � a10,

a11 � −
a2
6 3a6k

2
1 − 4a4  3a6k

2
1 + 4a4 

16k2
1a

2
4

,

k1 � k1,

k2 � −
a2 9a2

6k
4
1 + 16a2

4 

24a2
6k1a4

,

k3 � −
a2 9a2

6k
4
1 + 16a2

4  k31 + 2k4 

72a2
6k

2
1a4

.

(19)
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Case 5 (k1a1 ≠ 0):

a1 � a1,

a2 � −
a6a7

a1
,

a3 � −
a7a6 k3

1 + 2k4 

3a1k1
,

a4 �
a1 k3

1 + 2k4 

2k1
,

a5 � a5,

a6 � a6,

a7 � a7,

a8 �
k3
1 + 2k4 a7

3k1
,

a9 �
a6 k3

1 + 2k4 

2k1
,

a10 � a10,

a11 � a11,

k1 � k1,

k2 � 0,

k3 � 0.

(20)

Case 6 (k1a1a6 ≠ 0):

a1 � a1,

a2 � 0,

a3 �
a2
1 + a2

6( k1k2

a1
,

a4 �
a2
1k

3
1 + 3a2

6k
3
1 + 2a2

1k4

2a1k1
,

a5 � a5,

a6 � a6,

a7 �
k2 a2

1 + a2
6( 

a6k1
,

a8 �
k2 a2

1k
3
1 + a2

6k
3
1 + 2a2

1k4 + 2a2
6k4 

3a6k
2
1

,

a9 � −
a6 k3

1 − k4 

k1
,

a10 � a10,

a11 �
a2
1 + a2

6

k2
1

,

k1 � k1,

k2 � k2,

k3 �
k2 k3

1 + 2k4 

3k1
.

(21)

Case 7 (k2k1b1 ≠ 0):

a1 �
b1
k2

,

a2 � 0,

a3 �
a7k

2
1 a6k2 + a7k1( 

2b1
,

a4 �
a6k2 + a7k1(  4a6 k3

1 − k4 k2 − a7k1 k31 − 4k4  

4k2k1b1
,

a5 � a5,

a6 � a6,

a7 � a7,

a8 � −
k3
1 − 4k4 a7

6k1
,

a9 � −
4a6k

3
1k2 + 3a7k

4
1 − 4a6k2k4

4k2k1
,

a10 � a10,

a11 �
2a6a

2
7

a6k2 + a7k1( k2
,

k1 � k1,

k2 � k2,

k3 �
k2 k3

1 + 2k4 

3k1
.

(22)

with b1 satisfying a2
6k

2
2 − a2

7k
2
1 + b21 � 0.

Case 8 (k1a2a7a9 ≠ 0):

a1 � −
2a9a7

3a2k
2
1
,

a2 � a2,

a3 �
2 2k3

1 + k4 a2

3k1
,

a4 � −
a9a7 k3

1 + 2k4 

3a2k
3
1

,

a5 � a5,

a6 � 0,

a7 � a7,

a8 � −
3a2

2k
3
1 − a2

7k
3
1 − 2a2

7k4

3a7k1
,

a9 � a9,

a10 � a10,

a11 �
4a2

7a
2
9

9a2
2k

6
1
,

k1 � k1,

k2 � −
3a2

2k
3
1

2a7a9
,

k3 � −
a2
2k

2
1 k31 + 2k4 

2a7a9
.

(23)

To give more detailed analysis of these interaction so-
lutions, we take the Case 6 as an example with the pa-
rameters being fixed as follows:
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a1 � a5 � a6 � a9 � a10 � k � k1 � k2 � 1,

a2 � 0,

a3 � 2,

a4 � 4,

a7 � 2,

a8 �
10
3

,

a11 � 2,

k3 �
5
3
,

k4 � 2,

(24)

which leads to

u � −
E2

F2
,

E2 � 2718x
2

+(90t + 36y + 96z − 36)x + 36y
2

+(36t + 120z − 36)y + 136z
2

+(204t − 96)z + 153t
2

− 90te
2t+x+y+(5/3)z

− 72x
2

− (360t + 144y + 384z + 144)x

− (576t + 288z + 144)y − 480z
2

− (1104t + 384)z − 288t
2

− 360t,

F2 � 9e
2t+x+y+(5/3)z

+ 18x
2

+(90t + 36y + 96z + 36)x

+ 36y
2

+(36t + 120z + 36)y + 136z
2

+(204t + 96)z + 153t
2

+ 90t + 36
2
.

(25)

Figure 3 in three-dimensional and Figure 4 in contour
lines describe the interactional dynamical behaviors of the
solution (25) with z � 0 and t � − 40, − 20, 0, 20, re-
spectively. It can be easily seen from these figures that when
time is taken as minus ones lump soliton fuses with the stripe
soliton and the amplitude of the lump soliton become
smaller even to vanish when time approaching to minus
infinity. On the other hand, when time is taken as positive
the lump separates with the stripe soliton.

4. Interaction between a Lump Soliton and a
Pair of Stripe Solitons

In this section, we search for interaction solution between a
lump soliton and a pair of stripe solitons. To this end, we
assume the solution of equation (2) being a combination of
positive quadratic function and hyperbolic cosine function, i.e.,

f � m
2
2 + n

2
2 + a11 + l2,

m2 � a1x + a2y + a3z + a4t + a5,

n2 � a6x + a7y + a8z + a9t + a10,

l2 � k cosh k1x + k2y + k3z + k4t( ,

(26)

where ai (i � 1, · · · , 11), k, and ki (i � 1, · · · , 4) are real
constants.

Substituting equation (26) into equation (2), after some
routine work, we obtain two types of solutions:

Case 1 (k1k2k4a7 ≠ 0):

a1 �
a7k1

k2
,

a2 � −
a7 k3

1 − 4k4 

3k31
,

a3 �
a7 5k61 − 4k31k4 + 8k24 

9k41
,

a4 � 0,

a5 � a5,

a6 �
a7 k3

1 − 4k4 

3k2
1k2

,

a7 � a7,

a8 � 0,

a9 � −
a7 5k6

1 − 4k3
1k4 + 8k2

4 

6k3
1k2

,

a10 � a10,

a11 �
9k2k6

1k
2
2

4a2
7 5k61 − 4k31k4 + 8k24 

,

k2 � k2,

k3 �
k2 k3

1 + 2k4 

3k1
,

k � k.

(27)

Case 2 (k1k2k4a7 ≠ 0):

a1 � −
a7k1

k2
,

a2 �
a7 k3

1 − 4k4 

3k31
,

a3 � −
a7 5k6

1 − 4k3
1k4 + 8k2

4 

9k4
1

,

a4 � 0,

a5 � a5,

a6 �
a7 k3

1 − 4k4 

3k2
1k2

,

a7 � a7,

a8 � 0,

a9 � −
a7 5k6

1 − 4k3
1k4 + 8k2

4 

6k3
1k2

,

a10 � a10,

a11 �
9k2k6

1k
2
2

4a2
7 5k61 − 4k31k4 + 8k24 

,

k2 � k2,

k3 �
k2 k3

1 + 2k4 

3k1
,

k � k.

(28)
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It can be easily verified that the constant a11 in equations
(27) and (28) is positive for any nonzero constants k, k1, k2, k4,

a7, which guarantees nonsingularity of the solution (3) with
equation (26).

Choosing the parameters of Case 1 in (27) as follows:
a1 � k1 � k4 � − 1,

a10 � 1,

a11 �
1
4
,

a2 � a3 � a4 � a5 � a6 � a7 � a8 � k � k2 � k3 � 1,

a9 �
3
2
,

(29)

leads to a new solution of the soliton equation (1)

u � −
E3

F3
,

E3 � 124 cosh (t + x − y − z)
2

− (8t − 32x)

· sinh(t + x − y − z) − 4 sinh (t + x − y − z)
2

+ 8x
2

+ 4tx + 8y
2

+(20t + 16z + 16)y + 8z
2

+(20t + 16)z

+ 13t
2

+ 20t + 25cosh(t + x − y − z) − 32x
2

− 16tx + 32y
2

+(80t + 64z + 64)y + 32z
2

+(80t + 64)z + 48t
2

+ 80t + 36,

F3 � 8x
2

+ 4tx + 8y
2

+(20t + 16z + 16)y + 8z
2

+(20t + 16)z + 13t
2

+ 4 cosh(t + x − y − z) + 20t + 9
2
.
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Figure 3: ,e three-dimensional structure of solution (25) with z � 0 and different time: (a) t� − 40; (b) t� − 20; (c) t� 0; (d) t� 20.
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Figures 5 and 6 display the dynamical behaviors of
interaction between a lump and a pair of stripe solitons
with different time at t � − 6, − 3, 0, 3, 6. It can be seen
from these figures that when the absolute value of time |t|

becomes larger the amplitude of the lump soliton be-
comes smaller even to vanish, also the position of min-
imum value of the lump transfers from one stripe to the
other one when time goes from negative to positive. In
fact, when the time |t| is taken a large value the amplitude
of lump tends to zero, which meets the characteristic of
rogue waves. ,is kind of mechanism of generating rogue
waves has been discussed in some other literatures (see
e.g. [8]).

5. Conclusion

In summary, the soliton equation is studied in terms of lump
solution and related interaction solutions based on its
Hirota’s bilinear form. ,ree cases of lump solutions of the
soliton equations are obtained with the nonsingularity
conditions being given. Interactions between a lump and a
stripe soliton are given in eight cases, one of which is ex-
plicitly expressed and plotted. Figures 3 and 4 reveal that the
amplitude of the lump and the relative position of the lump
and the stripe depends on the variable time. ,e interaction
between a lump and a resonant pair of stripe solitons are also
obtained in two cases. It is interesting to find that in this type
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Figure 4: ,e contour plot of solution (25) with z � 0 and different time t: (a) t� − 40; (b) t� − 20; (c) t� 0; (d) t� 20.
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of interaction process the lump just exists in a finite period,
which resembles the feature of a rogue wave “appear from
nowhere and disappear without a trace.”
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