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M-eigenvalues of fourth-order partially symmetric tensors play important roles in the nonlinear elastic material analysis and the
entanglement problem of quantum physics. In this paper, we introduce M-identity tensor and establish two M-eigenvalue
inclusion intervals with # parameters for fourth-order partially symmetric tensors, which are sharper than some existing results.
Numerical examples are proposed to verify the efficiency of the obtained results. As applications, we provide some checkable
sufficient conditions for the positive definiteness and establish bound estimations for the M-spectral radius of fourth-order
partially symmetric nonnegative tensors.

min f  (x, y) = dxyxy = Z Z AijraXiy i Xk Y1

1. Introduction ikelm] jleln]
Let R be the set of all real numbers, R" be the set of all stxlx=1y"y=1, xeR" yeR"
dimension # real vectors, and [n] = {1,2, ..., n} a fourth- (3)
order real tensor, denoted by o = (a;) € ) o )
RImIL Ll XL In] XU consists of [n] X [1,] % [15] X [11,] "1.'1115. optimization problem‘ 1nducec¥ by tensor 4, finds
components: applications in nonlinear elastic materials analysis [2], the
ordinary ellipticity and strong ellipticity [1, 3], and stability
aju €R, i€ [m]je[m] ke [m]le[n,]. (1)  study of nonlinear autonomous systems [4, 5]. As we know,
the strong ellipticity condition is essential in theory of
Specifically, o = ( aijkl) € RImIxIlximixin] s called par- elasticity, which guarantees the existence of solutions of

basic boundary-value problems of elastostatics and ensures
an elastic material to satisfy some mechanical properties. Qi
et al. [6] pointed out that the strong ellipticity condition
(2) holds if and only if the optimal value of problem (3) is
positive. To establish the criteria in identifying the strong
ellipticity in elastic mechanics, Qi et al. [6, 7] introduced the
following definition.

tially symmetric, if its components are invariant under the
following permutation of subscripts:

Aijkl = Ajit = Ailkj = Akiij> i,k € [m], j,l € [n].

In fact, the tensor of elastic moduli for elastic materials
exactly is partially symmetric [1], and the components of
such tensor are regarded as the coefficients of the following
biquadratic ~ homogeneous  polynomial optimization  Definition 1. Let o = (a;jy) € R [mixtnlxmix[n] he g partially
problem: symmetric real tensor. For A € R,x € R”, y e R", if
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2
o - yxy = Ax,
Axyx- =Ny,
; (4)
x'x =1,
yy=1

where (- yxy); = Ykepm) jlem@ijuy %, yr and (dxyx-), =
Yike[m),je[m@ijiXiy jXi> then the scalar A is called an M-ei-
genvalue of the tensor &/ and x and y are called left and right
M-eigenvectors of o/, respectively, which are associated with
the M-eigenvalue A. Denote o, (&f) as the set of all M-ei-
genvalues of &/. Then, the M-spectral radius of & is denoted
by

pun () = max{[A]: A € o ()} (5)

Note that f, (x, y) is positive definite if and only if M-
eigenvalues of of are positive [7]. Hence, effective algorithms
for finding M-eigenvalue and the corresponding eigenvector
have been implemented [8-16]. Due to the complexity of the
tensor eigenvalue problem [17, 18], it is difficult to compute
all M-eigenvalues. Thus, some researchers turned to in-
vestigating the inclusion sets of M-eigenvalue [19-21]. For
example, Che et al. [19] proposed a Gershgorin-type M-
inclusion set as follows.

Lemma 1 (Theorem 2.1 of [19]). Suppose o =
(1) € RUmIxnbxmix(nl po g partially symmetric real tensor.
Then,

oy () ST (A) = e I, (), (6)
where

I (o) ={z € C: |z| <R, (A)},

R()= )

ke[m];jlen]

(7)

|aijkl|'

Unfortunately, the mentioned inclusion sets always in-
clude zero and cannot identify the positive definiteness of

Fa (%)

Example 1. Consider the following partially symmetric
tensor o/ = (a;;) € REIERIHRIXIRE defined by

Ay = 20,4415 = a4y = Lap;, =8

Ajjii = %2222 = 10,0511 = Ay = Lagy =7; (8)

a1 = 0, otherwise.

From Lemma 1, it holds that
I'()= U T;()={1 eC: [A][<30}. (9)
i€[2]

By computation, we can obtain that the corresponding
M-eigenvalues are 7,20. Hence, &/ is positive definite.
However, we could not use I'() to identify the positive
definiteness of /. To overcome the drawback above, we
present new M-eigenvalue inclusion intervals with #n pa-
rameters, which can be used to identify the positive defi-
niteness of fourth-order partially symmetric tensors.
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This paper is organized as follows. In Section 2, we
establish two M-eigenvalue inclusion intervals for fourth-
order partially symmetric tensors. In Section 3, we propose
some checkable sufficient conditions of the positive defi-
niteness and establish bound estimations for the M-spectral
radius of fourth-order partially symmetric nonnegative
tensors. Numerical examples are proposed to verify the
efficiency of the obtained results.

2. M-Eigenvalue Inclusion Intervals for Fourth-
Order Partially Symmetric Tensors

In this section, inspired by H-eigenvalue inclusion theorems
[22-26] and Z-eigenvalue inclusion intervals [27-31], we
establish two M-eigenvalue inclusion intervals for fourth-
order partially symmetric tensors. We begin our work by
introducing M-identity tensor.

Definition 2. We call .7,, € RU>ximxnl an A jdentity
tensor if its entries are
1,  ifi=kj=1
(T miju = (10)

0, otherwise,

where i,k € [m], j,I € [n].
Obviously, .7, € RIM*Inxmix[nl g 3 partially symmetric
tensor and has the following property:
{ Tmyxy =%

(11)
I XYxX- =Y,

with xTx =1, yTy =1 for all x € R™, y € R".

Theorem 1. Let o = (a;j) € RUnxnbxdmix[nl e g partially
symmetric tensor and ., be an M-identity tensor. For any
a=(a, ,a,) €R", then

o ()G (A, a) = . g(d,a), (12)

where

G, (d,a) ={Z €R: |z - a SRi(d,ai)},

R (o, ;) = Z |aijkl - & (jM)ijkl" (13)
kelm]
jileln]

Further, 0y () CNyegm G (A, ).

Proof. Let (A, x, y) be an M-eigenpair of &/ and %, be an

M-identity tensor. From the definition of M-identity tensor
and (11), it holds

Ayxy =Ax = LIy yxy. (14)

Setting  |x,| = maxc(,,|x;, by xTx =1, one has

0 <|x,| < 1. From the tth equality of (14), we obtain

Z A(jM)tjklijkyl = Z Akl i XK Y1
ke[m] ke[m] (15)
jleln] jleln]
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Hence, for any real number «,, it follows that

(A —a)x, = Z (A-a) (jM)tjklijkyl
ke[m]
jileln]
(16)
= Z (atjkl - & (JM)tjkl)ijkyl'
ke[m]
jileln]
Taking modulus in the above equation, one has
I/\ - ‘thlxt| = Z (atjkl L (jM)tjkl)ijkyl
ke[m]
jleln]
< Z 'atjkl - (jM)tjkl“yj”kayll (17)
ke[m]
jleln]
< Z 'atjkl - (jM)tjkl“xtl'
ke[m]
jleln]
Therefore,
- o< Z |atjkl - (jM)tjkl"
ke[m] (18)
jleln]

which implies that A € &, (,a) & (,a). From the ar-
bitrariness of «, the conclusion follows. O

Theorem 2. Let o = (a;y) € € RImXIxmixinl pe g partially
symmetric tensor and JM be an M-identity tensor. For any
a=(a,...,a, ) e R™, then

i€[m]

o) K (d,a) = U (¢'ﬂ[ ]%i)v(d,a)), (19)
v#i,ve [m
where
RI(d,a;)

Z ' z]vl & (JM)IJ‘VZ

jileln]

Fiy (A, a) = {A €R: “/\_“i' - (R(d, ) _R:'V(Q{>“i))]

A= | <R (o, )R, (o, ocv)}.
(20)
Further, oy () € Nyem F (A, ).

Proof. Let (A,x,y) be an M-eigenpair of &/ and .7, be an
M:-identity tensor. Set |x,| = max;(,, |x;. Since x"x =1, it
holds that 0 < |x,| < 1. From the tth equation of & - yxy = Ax
in (4), for any p € [m], p #t and any real number «,, we have

3
(A - a)x, = Z Aejia Y X V1~ Z o (I a0y %1
ke[m] ke[m)
Jjleln] jleln]
= Z (“tjkl—“t(fM)tjkz))’jxkyl
ke p.ke[m]
Jjilen]
+ Z (af][?l fM)t]pl))’J Xp Vi
Jileln]
(21)

Taking modulus in the above equation and using the
triangle inequality give

A= a|x| < Z '(atjkl - (jM)tjkl)Hyj”xt”yll

k+#pke[m]
jileln)

+ Z '(atjpl_at(]M)tjpl)“yj“xPHyll
jleln]

< (R (o, o) — R (o, )|, | + RE (o, “t)|xp|-
(22)
Thus,
|A_(xt|_(Rt(°Q{’“t) R (o, 0,)) <Rf (o, t,) | p' (23)

2]

If |x 0, then

A -a|<R (o, ) - R (o, at,), (24)

pl =

which shows A € Hip(d,a). Otherwise, for lx,| >0, we
obtain

|/\—ocp||xp‘S | Apikl ~ jM)p;kl)H)’]”kayll
ke[m]

jleln]
<Ry (of,a ) x|

(25)
That is,
A - ay| <Ry (o, "‘p)m- (26)
|xp|
Multiplying (23) with (26) yields
[])t oct| (o, o) - RV (A, oct))]
(27)

. |/\ - (xp| < Rt (o, (xt)Rp(szi, (xp),

which implies that A € %, , (¢, a). From the arbitrariness of
p, it follows that Aen,, cpF,, (& a). Further,
A€ Uic ) (Nysivemy iy (o, ). Tt follows from the arbi-
trariness of « that oy, (&) CNyepm F (A, ). O



Remark 1.

(i) It is clear that Theorems 1 and 2 reduce to Theorems
2.1 and 2.2 of [19] if one takes «a = 0, respectively.
Consequently, the upper bounds of p,, (&) in
Theorems 1 and 2 are smaller than those in Theo-
rems 2.1 and 2.2 of [19].

(ii) By using the equation &/xyx = Ay, we can establish
some conclusions similar to Theorems 1 and 2.

Corollary 1. Let o = (a;jy) € R UmIxnxtmix(nl pe g partially
symmetric tensor and .7 y; be an M-identity tensor. For any
a= (&, -,a,) €R" then

oy (A H (d,a) S8 (A, ). (28)

Proof. For any A € % (4, a), without loss of generality,
there exists t € [m] such that A € %, (&, a), for all t#k.

Thus,
(l)‘_“tl_(Rt(ﬂ’“t)_Rf(d’“t)))u_“kl (29)
< R (e, )Ry (. ),

We now break up the argument into two cases. O

Case 1. If Rf (o, 0,)R (e, ) = 0, then
N —a —(R, (szf,oc,)—Ri< (o, oct))SOOrA =a. (30

Hence,
A -a|<R (A ) - R (o, o) <R, (o, ) or ) = .
(31)
Therefore, A € G, (A, ) UG, (A, ) CE (A, ).
Case 2. If RF (o, )Ry (o, o) > 0, then
|)L—oct|—(Rt(d,at)—Rf(d,at)) A - o] <1 ()
RN (o, o) R (o o)™
which implies that
|)L—(xt|—(Rt(ﬂ,(xt)—Rf(ﬂ,oct))<1 (33)
R (o, ) o
or
|/\ - (Xkl
——— <L (34)
Ry (o, oy)

Thus, A € &, (A, ) UG (A, ) CE (A, ).

In summary, oy, () S F (o, a) C G (,a) and the de-
sired result follows.

The following example exhibits the superiority of the
results given in Theorems 1 and 2.

Example 2. Consider  the
RI2VXT 21X 212 5, Example 1.

tensor

ﬂ = (a,]kl) €

Complexity

Set a = (14,8.5)7. For this tensor, the bounds via
different estimations given in the literature are shown in
Table 1.

It is easy to see that the results given in Theorems 1 and 2
are sharper than some existing results.

We observe that the suitable parameter « has a great
influence on the numerical effects (Table 2).

Example 3. All testing partially symmetric tensors
A = (a;) € RUmIx[nbxmixlnlare generated with m =n as
a;;;j = 41 + j and other elements are generated randomly in
[-0.5,0.5].

The choice of parameter « is derived as follows:
a; = Y je[m@jij/n. For the tensors with different dimensions,
the values presented in the table are the average values of 10
examples (Table 3).

3. Applications

In this section, based on the inclusion intervals ¥ (</, «) and
F (9, a) in Theorems 1 and 2, we propose some sufficient
conditions for the positive definiteness and make bound
estimations on the M-spectral radius of nonnegative fourth-
order partially symmetric tensors.

3.1. Positive Definiteness of Fourth-Order Partially Symmetric
Tensors

Theorem 3. Let o = (a;j) € RUmxnixlmix[nl e g partially
symmetric tensor and %, be an M-identity tensor. For
i € [m], if there exists positive real vector « = (ay, . .. ,(xm)T
such that

o; >R (A, o), (35)

then of is positive definite and f ,(x, y) defined in (3) is
positive definite.

Proof. Suppose on the contrary that A <0. From Theorem 1,
there exists i, € [m] such that A € G, (d,a), ie,

- | <R (o a). (36)

On the other hand, by a; >0 and 1<0, we have
a; < 'A—oc,»o| SRio(d, (xio), (37)

which contradicts (35). Hence, A>0. Since & is partially
symmetric and all M-eigenvalues are positive, & is positive
definite and f, (x, y) defined in (3) is positive definite. [

Theorem 4. Let o = (a;j) € RUnIxnbxdmixInl e g partially
symmetric tensor and 5, be an M-identity tensor. For
i € [m], if there exist a positive real vector a = (a, . . ., (xm)T
and k+v such that

(& = (Ri (e, ;) = R} (o, ;)))ex, > R (A, )R, (A, ),
(38)

then of is positive definite and f ,(x, y) defined in (3) is
positive definite.
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TaBLE 1

Inclusion interval
T'(«f) = [-30,30]
P (o) = [-29.2971,29.2971]
M (o) = [-28.3523,28.3523]
N () = [-29.2971,29.2971]
T'() = [-29,29]
O () = [-28.4081,28.4081]

References

Theorem 2.1 of [19]
Theorem 2.2 of [19]
Theorem 2.4 of [19]
Theorem 2.6 of [19]
Theorem 1 of [20]
Theorem 2 of [20]

Theorem 1 g (A, (14,8.5)) = [0,28]
Theorem 2 H(d, (14,8.5)) = [0.7154, 26.5539]
TABLE 2

o [20,10]" [14,8.5]" [7,6]"
Theorem 1 [5,34] [0, 28] [-9,23]
Theorem 2 [5.1185,32.4455] [0.7154,26.5539] [-6.1521,20]

For the medium-sized tensors, we show the validity of the estimations given
by our theorems.

Proof. Suppose on the contrary that A <0. From Theorem 2,
there exist i, € [m] such that A € %iu,p(d, a), i.e.,

(|l - o | (R (o) = RE (4, “fo)))PL ~e)

<Rf(d,a; )R, (., ), Vp #i.

(39)

Further, it follows from «; >0 and A <0 that
(e, ~ (R (. 0,) = R (. 0,)) ),
< (|/\ - a,.u| ~(R, (> 04) - R (o, ocio)))|/1 - ocp' (40)
B (o )R, (.,

which contradicts (38). Hence, A >0. Since &/ is partially
symmetric and all M-eigenvalues are positive, & is positive
definite and f, (x, y) defined in (3) is positive definite.

The following example show Theorems 3 and 4 can judge
the positive definiteness of fourth-order partially symmetric
tensors.

Example 4. Consider the partially symmetric tensor &/ =
(aijkl) e REIXIRIXIRIIXI 2] defined by

ajy = 10,a415, = a1y = =050, = 4

Aijig =9 2222 = 30112 = Ao = ~0.5,8515, =5, (41)

aj = 0, otherwise.

From the calculation method provided in Theorem 7 of
[7], we obtain that the minimum M-eigenvalue and cor-
responding with left and right M-eigenvectors are
(A, x,y) = (3, (0,1), (0,1)). Hence, < is positive definite.

Set a = (8,4)". According to Theorem 3, we have

o, =8>R, (o, a)) =7,y =4>R, (o, ;) =3. (42)
Hence, o satisfies all conditions of Theorem 3, which im-

plies that &/ is positive definite.
According to Theorem 4, it holds

(0‘1 _(Rl (o, ;) - R% (9{’“1)))“2 = 8>R§ (o, 01)R, (o, ) = 4,
(0 =(Ry (o, @,) = Ry (A, ) )y = 16> Ry (o, )R, () = 7.
(43)

Hence, &/ satisfies all conditions of Theorem 4, which im-
plies that &/ is positive definite.

The following example reveals that Theorem 4 can judge
the positive definiteness of partially symmetric tensors more
accurately than Theorem 3.

Example 5. Consider the partially symmetric tensor & =
(a0) € REXRI21ET Gefined by

ann = 10,a551, = 8,a515 = Ay = 0.5;

P A1y = —1.5,a111; = appy = =0.L,ay5, = 1.5
ijkd = B B _ L

Ay = 3503151 = 5585115 = dpyyy = 0.5;

Ayry = —1.5, 851 = a1, = =0.1,a5y,, = 1.5.

(44)

By Theorem 7 of [7], we observe that the minimum M-
eigenvalue and corresponding with left and right M-eigen-
vectors are (A, X, y) = (2.5774, (0.2724,0.9622), (—0.0452,
0.9990)). Hence, </ is positive definite. For any positive real
number «,, we have

Ry (o, o)) =3 - ay| +[5 - oy| + 4.2> vy, (45)

which implies that the condition of Theorem 3 is not sat-
isfied. Thus, Theorem 3 is not suitable to check the positive
definiteness of o/. However, taking « = (10, 5)7, from
Theorem 4, we have

[“1 _(Rl (e, o) _Ri (o, 0‘1))]“2 = 39>R§ (e, 00)Ry (o, aty)
=248,

[0‘2 —(Rz (e, 03) - Ré (o, “2))]“1 =28 >R; (e, 05)R, (> )
=248,

(46)

which can show the positive definiteness of <.

3.2. Bound Estimations on the M-Spectral Radius. Based on
Theorems 1 and 2, we present sharp bound estimations on
M-spectral radius of fourth-order partially symmetric
nonnegative tensors, which improves the corresponding
results in [19, 20]. For M-eigenvalues and associated left
and right M-eigenvectors of fourth-order partially sym-
metric tensors, Qi and Luo [7] provided several related
results.

Lemma 2 (Theorem 1 of [7]). M-eigenvalues always exist. If
x and y are left and right M-eigenvectors of o/, associated with
an M-eigenvalue A, then A = dxyxy.

Lemma 3. Let o = (a;;) € R [mixtnlximix(nl e g partially
symmetric nonnegative tensor. The M-spectral radius of o is
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References

n=20
Inclusion interval

n =30
Inclusion interval

n =40
Inclusion interval

Theorem 2.1 of [1
Theorem 2.2 of [1
Theorem 2.4 of [1
Theorem 2.6 of [1
Theorem 1 of [14]
Theorem 2 of [14]
Theorem 1

Theorem 2

]
]
|
]

[-3392.3,3392.3]
[-3313.1,3313.1]
[~3205.7, 3205.7)
[-3391.9, 3391.9]
[-3279.2,3279.2]
[-3211.4,3211.4]
[~1704.2,1814.4]
[~1192.9,1717.2]

[~9420.1, 9420.1]
[-9200.3, 9200.3]
[~8901.9, 8901.9]
[-9420.1, 9420.1]
[-9106.1,9106.1]
[-8917.7,8917.7]
[-5649.1, 5793.2]
[~3954.4, 5482.8]

[~19808.2, 19808.2]
[~19345.4, 19345.4]
(~18718.8,18718.8]
[~19806.2, 19806.2]
[~19147.5,19147.5]
[~18752.5,18752.5]
[~13226.6,13419.2]
[~9258.1, 12700.9]

exactly its largest M-eigenvalue. Furthermore, there is a pair
of nonmnegative M-eigenvectors corresponding to the M-
spectral radius.

Proof. Assume that 1” is the largest M-eigenvalue of &/. It is
clear that A" <p, (o). In the following, we show
A" > py (o). It follows from Lemma 2 that there exist left
and right M-eigenvectors (x*, y*) of A* such that

A* — max{fg (x,y) = dxyxy: xTx = landyTy = 1}
(47)

Obviously, 1* > 0. Next, we show (A%, |[x*|,|y*|) is a M-

eigenpair of &/. Since & is nonnegative, |x* ITlx*] = x*Tx* =

1 and |y*|"|y*| = y*Ty* = 1, we obtain
s % % s % k%
Mo=fa(x"y") = Z Aijk1X;i VX Vi
i, lleN
*
Z aijkllxi|

illyi ] = fa(lx L1 ) <A,
i,j,k,leN

(48)

IN

¥

which implies A* = f_, (|x*|,|y*]). Consequently, (A%, |x*|,
|y*]) is a nonnegative M-eigenpair of /. Meanwhile, let
(x,7) be a corresponding M-eigenvector of A with
Al = py; (). Since of is nonnegative and 1” is largest value
of f(x,y), we have

pu () =|faGED|=| Y auxyED
ike[m),jlen] (49)
< Z aijkllyi”?juxk”yll <A,
ike[ml,jleln]
which shows
pu () <A™ (50)
Thus, py, () = A" U

Lemma 4. Let o = (a;;) € RUmXxmx(nl e g partially
symmetric tensor. If o is nonnegative, then

PM(le)Emax{ max M}

51
ie[ml,je[n] M mn (51)

Proof. Without loss of generality, we assume that p,, (&) =
A" is the largest M-eigenvalue of o/ by Lemma 3. It follows
from Lemma 2 that

pu () = max{fd (x,y) = dxyxy: x'x =land y' y = 1}.
%y
(52)

Let ;. ;+j- » = max
lution of (52)

ie[ml,jeln] {aiﬁj}. Setting a feasible so-

.. x.=1Ly.=1 |ifi=i"j=j%
(x%y7) = ’ . (53)
x;=0,y;=0, otherwise,
we have
pu () = Ig’%’xfd(x’y) 2fa (x5 y7) = ap o
(54)

= max {a,},

ie[m],je[n]

which implies p,; (&) > max;, (], jen] {aij,»j}.
Meanwhile, taking a feasible solution (x,y) = (1/+/m,
o UNm A, ..., 1/+/n), from (52), we obtain

= 5 Aijit VieimRi ()
i,kez[:m] j,lez[nl " mn
(55)

From (52) and (55), the conclusion follows. O

Theorem 5. Let o = (a;jy) € RUmIxnbxdmixInl e g partially
symmetric nonnegative tensor and %, be an M-identity
tensor. For real vector «= (aj,...,a,) € R™ with
0 <, MAXe ) ie (1] {aiﬁj}, then

pu () < maxo + Ry (o, o)} (56)

Proof. Without loss of generality, we assume that p (of) = 1
is the largest M-eigenvalue of o/ by Lemma 3. It follows from
Theorem 1 that there exists t € N such that

|PM (o) _“t|5Rt (o, o). (57)

Since &/ is nonnegative and &; <MaXie () je(n) {aiﬁj},
from Lemma 4 and (57), we deduce
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< b ),
ie[%i',)e([n]{alﬂ]} pM( ) (58)

pu ()<, + R (A, ).

Furthermore,

pum ()< gl[%({“i + R (o, o)} (59)
O

Theorem 6. Let & = (a;y) € RUnmxtnixlmixInl e g partially
symmetric nonnegative tensor and % ,; be an M-identity
tensor. For real vector «= (ay...,a,) € R™ with
0 < MAXje ], i ] {aiﬁj } then
1
py ()< max min = (a;+a, +[(R; (&, o) - R/ (L, ;)]
ie[m] v#i,ve[m] 2
+ A (D)),
(60)
where A, () = (a;—a, + [(R; (&, )~ RY (A, oci))])2 +4
(R} (&, )R, (o, a,)).

Proof. Without loss of generality, we assume that p,, (&) =
A" is the largest M-eigenvalue of o/ by Lemma 3. It follows
from Theorem 2 that there exists t € N such that

(l)L - “i| - (Ri (M, “i) - R;‘/ (ﬁ’ "‘z‘)))ljL - “v|
SR:'/ (’Q{’ ai)Rv (’Q{’ ‘xv)’

(61)
Vv #t,

Noting that & is nonnegative and «;<
max;, [m])jg[n]{aiﬁj}, from Lemma 4 and (61), we have

a; < max {aiﬁj}SpM(ﬂ), (62)

ie[m],je[n]

(Pt () = ay = (R (o, ;) = R{ (A, &) (pas (&) — a,)

<R/(d,a;))R,(d,a,), Vv#t.
(63)
Solving (63) for p,, () gives
pas (9) <3 (a4 + 0, + (R (8, ) = B (5, 6))]
(64)

+AZ (o), Vvt

where A, () = (@, —a, + [(R, (o ) - R (o, a))])+
4(R} (o, )R, (o, a,)). Since v € [m] is chosen arbitrarily, it
holds

1
pu(s min 2 (a+ o, + (R, (o) ~ R (5,,))
+ A2 ().
(65)
Furthermore,

pur ()< max min = (o +a, +[(R () - R (o, t,))]

ie[m] v#i,ve[m] 2

+ A ().
(66)
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TaBLE 4

References Interval

Theorem 3.1 of [19] pu () <24
Theorem 3.3 of [19] pu () <24
Theorem 3.5 of [19] pu () <24
Theorem 1 of [20] pu () <26
Theorem 2 of [20] pu (&) <24

11.75< py () <24
11.75 < p,; () <23.6941

Lemma 4 and Theorem 5
Lemma 4 and Theorem 6

In the following, we use Example 1 of [20] to show the
superiority of our results. O

Example 6. Consider the partially symmetric tensor & =
(a0) € RIZHTEIXIRIHET defined by
A = 2,811 = A = 3,011 = 6,41, = 25
Ajjig = A1222 = 10:05111 = 6,4, = 10,555, = 5.
a5 = 0, otherwise.
(67)

In fact, o0, () = {-7.6841,13.8616,—-4.2541,6.6751}.
From Lemma 4, we compute 11.75 < p,, (). Set a = (2, 5)T.
For this tensor, the bounds via different estimations given in
the literature are shown in Table 4.

It is easy to see that the result given in Theorem 6 is
sharper than some existing results.

4. Conclusions

In this paper, we introduced M-identity tensor to establish
sharp M-eigenvalue inclusion intervals. Further, we pro-
posed some sufficient conditions for the positive definiteness
of four-order partially symmetric tensors. The given ex-
periments show the validity of the obtained results. It is
worth noting that suitable parameter « has a great influence
on the numerical effects and positive definiteness. Therefore,
how to select the suitable parameter « is our further research.
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