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In this paper, we extend the entropy scheme for hyperbolic conservation laws to one-dimensional convection-diffusion equation.
$e operator splitting method is used to solve the convection-diffusion equation that is divided into conservation and diffusion
parts, in which the first-order accurate entropy scheme is applied to solve the conservation part and the second accurate central
difference scheme is applied to solve the diffusion part. Numerical tests show that the L∞ error achieves about second-order
accuracy, but the L1 error reaches about forth-order accuracy.

1. Introduction

In this paper, we consider the convection-diffusion equation:

ut + f(u)x � (A(u))xx + c(x, t), (1)

where A′(u)≥ 0. Many researchers have developed nu-
merical methods for the convection-diffusion equation and
have obtained some superconvergence results [1, 2].

In [3], Li has developed the entropy scheme which
contains numerical solution and numerical entropy to
compute the linear advection equation. $e numerical tests
showed that it can achieve very good accuracy and is suitable
for long-time computation of smooth solutions. Yanfen and
De-Kang investigated the truncation error for the entropy
scheme and showed the entropy scheme has super-
convergent property in [4]. However, when computing
discontinuous solutions, spurious oscillations occurred in
the vicinity of the discontinuities. In order to eliminate the
spurious oscillations, an entropy-ultra-bee scheme was
presented by Li and Mao for computing the linear advection
equation. In essence, entropy-ultra-bee scheme is a com-
bination of the entropy scheme and the ultra-bee scheme
which can obtain good resolution in smooth regions and
sharpen the discontinuity. In [5], Chen and Mao extended
the entropy scheme to the nonlinear scalar conservation laws

and presented the entropy-TVD scheme. In [6], Cui and
Mao extended the entropy scheme to the KdV equation.$e
scheme is second-order, but the numerical results showed
that the scheme has a third-order convergence rate away
from extrema. Furthermore, the scheme suits for long-time
numerical computing. Chen et al. generalize the entropy-
TVD scheme for the one-dimensional shallow water
equations in [7]. $e entropy scheme was extended to the
Euler system in [8, 9].

$e significance of the entropy scheme is in method-
ology. $e original Godunov scheme is first-order accurate
[10]. Traditional ways to extend it to high-order schemes are
to use high-order interpolations in the solution recon-
struction in each cell, assuming that the solution is smooth
[11–19]. $e schemes so developed are no more local as the
original Godunov scheme. Different limiting technologies,
such as TVD, ENO, and WENO, are then used to eliminate
numerical oscillations caused by the presence of disconti-
nuities. Different from the above approach, our scheme
numerically computes more physical quantities, which are
algebraically related with one another in each cell. $e
scheme then uses them to reconstruct the solution in the cell
by enforcing the algebraic relations among them, with
certain TVD limiting to maintain the stability. In doing so,
the smooth assumption on the solution is not necessary.
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With the solution reconstructed in this way, the numerical
errors accumulate in the fashion that the local truncation
errors in two successive time steps cancel each other, and
this leads to the second-order accuracy of the scheme.

With the entropy scheme designed in this way, it
maintains to be local as the original Godunov scheme. Since
all the principle and augmented quantities have solid
physical meanings and the reconstruction satisfies all the
physical algebraic relations among them, the reconstructed
solution in each cell physically well simulates the exact
solution, even the latter is not smooth in the cell. Important
physical properties such as the entropy condition and
nonnegativity of mass and pressure are maintained in the
scheme. Moreover, the numerical dissipations are quanti-
tatively controlled in that they are used only near discon-
tinuities and extremes of the solution.

In this paper, we mainly introduce the idea, and we
choose a kind of convection-diffusion equation in one di-
mension with the convection part as f(u) for simplicity. We
do not consider the other kinds of convection-diffusion
equation and high order in this paper. In order to extend to
high order, we need to replace the step reconstruction with a
higher order polynomial and solve generalized Riemann
problems, and the algorithm may be very complicated. We
use u2 as the entropy function in this paper, but the scheme
can also be executed in other entropy function, such as
u log u.

In this paper, we follow [6] and extend the entropy
scheme to a kind of convection-diffusion equation in one
dimension. $e operator splitting method is used to solve
the convection-diffusion equation that is divided into
conservation and diffusion parts, in which the first-order
accurate entropy scheme is applied to solve the conservation
part and the second accurate central difference scheme is
applied to solve the diffusion part. Numerical tests show that
the L∞ convergence rate approaches the second order and
the L1 convergence rate approaches the forth order along
with the mesh refinement.

$e outline of the paper is as follows: in Section 2, we
give a description for the scheme in detail; in Section 3, the
numerical results that show the convergence rate are pro-
vided; and finally, Section 4 is the conclusion.

2. Description of the Scheme

We consider the following initial value problem for the
convection-diffusion equation:

ut + f(u)x � (A(u))xx, 0≤ x ≤ 2π,

u(x, 0) � u0(x),
 (2)

where A′(u)≥ 0. Suppose a pair of scalar function
(U(u), F(u)) such that

U′(u)f′(u) � F′(u), U″(u)≥ 0. (3)

Multiplied by U′(u) in the two sides of equation (2),
equation (2) becomes

U(u)t + F(u)x � U′(u)(A(u))xx. (4)

For simplicity, we use uniform cells with the cell size Δx,
and we denote the cells centre by xj and the cells by
(xj−1/2, xj+1/2). Δt refers to time increment. We use un and
Un to represent a cell-average approximation to the true
solution and a cell-average approximation to the entropy of
the true solution, respectively. un and Un are defined as

u
n
j ≃

1
Δx


xj+1/2

xj−1/2

u x, tn( dx,

U
n
j ≃

1
Δx


xj+1/2

xj−1/2

U x, tn( dx.

(5)

In this way, the solution to equation (2) and its respective
numerical solution are both made up of two entities.

2.1. Operator Splitting. As in [6], we use the operator
splitting method to solve equation (2). At first, we divide
equation (2) into two parts: the conservation part and the
diffusion part. $en, we alternately solve the corresponding
conservation part and diffusion part. $e conservation and
diffusion parts of equation (2) are defined, respectively, as

ut + f(u)x � 0,

U(u)t + F(u)x � 0,

u(x, 0) � u0(x), U(u(x, 0)) � U u0(x)( ,

⎧⎪⎪⎨

⎪⎪⎩
(6)

ut � (A(u))xx,

U(u)t � U′(u)(A(u))xx,

u(x, 0) � u0(x), U(u(x, 0)) � U u0(x)( .

⎧⎪⎪⎨

⎪⎪⎩
(7)

2.2. Numerical Scheme for Equation (6). $e entropy scheme
with the half-step reconstruction is used to solve equation
(6) (for details, refer to [5, 8]). $e entropy scheme proceeds
three steps as follows.

2.2.1. Step Reconstruction. A piecewise constant function
with a half step is used to reconstruct the solution in each
cell:

R x; u
n
, U

n
(  � u

n
j +

−dn
j , xj−1/2 <x≤xj,

+dn
j , xj < x≤xj+1/2,

⎧⎨

⎩ (8)

with dn
j the half step (HS) of the reconstruction. $e re-

construction (8) satisfies

1
h


xj+1/2

xj−1/2

R x; u
n
, U

n
( dx � u

n
j . (9)

In order to compute the HS dn
j , we require

1
h


xj+1/2

xj−1/2

U R x; u
n
, U

n
( ( dx � U

n
j , (10)

i.e., the entropy cell-average of the reconstructed solution is
equal to the numerical entropy in each cell. We can compute
dn

j from equation (10).
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2.2.2. Evolution. Solve the initial value problem (IVP) as
follows:

vt + f(v)x � 0, tn < t≤ tn+1,

v x, tn(  � R x; un, Un( ).
 (11)

For the linear equation, the exact solution to the problem
is R(x − t; un, Un). For the nonlinear equation, the ap-
proximate solution to the problem can be reconstructed [18].
We denote the solution of (11) as v(x, t).

2.2.3. Cell Averaging. Compute un+1
j and Un+1

j as in the
following:

u
n+1
j �

1
h


xj+1/2

xj−1/2

v x, tn+1( dx,

U
n+1
j �

1
h


xj+1/2

xj−1/2

U v x, tn+1( ( dx.

(12)

In practice, we compute un+1
j and Un+1

j in the following
flux forms:

u
n+1
j � u

n
j − λ f

n

j+1/2 − f
n

j−1/2 , (13)

U
n+1
j �

1
h


xj+1/2

xj−1/2

U R x; u
n
, U

n
( ( dx − λ F

n

j+1/2 − F
n

j−1/2 ,

(14)

where the numerical flux f
n

j+1/2 � f(v(xj+1/2, t)) and
F

n

j+1/2 � F(v(xj+1/2, t)).

2.3. Numerical Scheme for Equation (7). We use central
difference to approximate the second derivatives and use the
Euler forward time discretization for equation (7). $e final
scheme has the following form:

u
n+1
j � u

n
j +
Δt
Δx2 A u

n
j+1  − 2A u

n
j  + A u

n
j−1  , (15)

U
n+1
j � U

n
j +
Δt
Δx2U
′ u

n
j  A u

n
j+1  − 2A u

n
j  + A u

n
j−1  .

(16)

We use the operator splitting method so that the initial
problem (2) with initial data un and Un is split into two
subproblems. One proceeds as follows:

(a) Solve the conservation part of equation (2) with un

andUn to obtain a provisional solution u∗ andU∗ for
the next time level.

(b) Solve the diffusion part of equation (2) by using u∗

and U∗ as initial condition.

$is gives the final solution un+1 and Un+1 for the new
time level n + 1. From (13), (14), (15), and (16), we can obtain
the final scheme in the following:

u
n+1
j � u

n
j − λ f

n

j+1/2 − f
n

j−1/2  +
Δt
Δx2 A u

n
j+1 

− 2A u
n
j  + A u

n
j−1 ,

U
n+1
j �

1
h


xj+1/2

xj−1/2

U R x; u
n
, U

n
( ( dx − λ F

n

j+1/2 − F
n

j−1/2 

+
Δt
Δx2U
′ u

n
j  A u

n
j+1  − 2A u

n
j  + A u

n
j−1  .

(17)

Remark 1. $e entropy scheme described in Section 2.2 for
equation (6) is first-order accurate away from extrema [8],
and the difference scheme in Section 2.3 for equation (7) is
second-order away from extrema.

3. Numerical Experiments

In this section, we use the entropy scheme to compute one-
dimensional convection-diffusion equation. In the follow-
ing, two examples come from [1] and the CFL number is
taken to be 0.2.

Example 1. Consider the following initial value problem:
ut + ux � εuxx,

u2( t + u2( x � 2uuxx,

u(x, 0) � sin(x),

u(0, t) � u(2π, t).

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(18)

$e exact solution to this problem is

u(x, t) � e
−εt sin(x − t). (19)

We take ε as 1 and 0.01, respectively. We conduct the
computation with 20, 40, 80, 160, 320, and 640 cells, re-
spectively; the computational time is t� 1.0; and we present
the L1 and L∞ errors and orders of convergence of ε � 1 in
Table 1. We observe that the L∞ orders of convergence
approach the second order and the L1 orders of convergence
approach the forth order along with the mesh refinement.
We present the L1 and L∞ errors and orders of convergence
of ε � 0.01 in Table 2. We can see from Table 2 that the
orders of convergence of L∞ error are greater than 2, and the
orders of convergence of L1 error are greater than 4.

Example 2. Consider the following initial value problem.
ut + u2( x � uxx + c(x, t),

u2( t +
4
3
u
3

 
x

� 2uuxx + 2uc(x, t),

u(x, 0) � sin(x),

u(0, t) � u(2π, t),

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(20)
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where c(x, t) � −e−2t cos(x − t)(et − 2 sin(x − t)). $e
exact solution to this problem is

u(x, t) � e
−t sin(x − t). (21)

Equation (20) is a convection-diffusion equation with a
nonlinear convective term. We conduct the computation
with 20, 40, 80, 160, 320, and 640 cells, respectively; the
computational time is t� 1.0; and we present the L1 and L∞

errors and orders of convergence in Table 3.We can see from
Table 3 that the L∞ orders of convergence approach the
second order and the L1 orders of convergence approach the
forth order along with the mesh refinement.

4. Conclusions

In this paper, the entropy scheme is extended to one-di-
mensional of convection-diffusion equation. We divide the
convection-diffusion equation into two parts and use the
operator splitting method to solve it.$e first-order accurate
entropy scheme is applied to solve the conservation part, and
the second accurate central difference scheme is applied to
solve the diffusion part. We have presented two numerical
examples, and the numerical results show that the L∞ orders
of convergence approach the second order and the L1 orders

of convergence approach the forth order along with the
mesh refinement. As for other kinds of convection-diffusion
equation, only minor modifications need to be made to the
algorithm. $e extension to two dimensions is our future
work.
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