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Real-world complex systems inevitably suffer from perturbations. When some system components break down and trigger
cascading failures on a system, the system will be out of control. In order to assess the tolerance of complex systems to per-
turbations, an effective way is to model a system as a network composed of nodes and edges and then carry out network robustness
analysis. Percolation theories have proven as one of the most effective ways for assessing the robustness of complex systems.
However, existing percolation theories are mainly for multilayer or interdependent networked systems, while little attention is
paid to complex systems that are modeled as multipartite networks. This paper fills this void by establishing the percolation
theories for multipartite networked systems under random failures. To achieve this goal, this paper first establishes two network
models to describe how cascading failures propagate on multipartite networks subject to random node failures. Afterward, this
paper adopts the largest connected component concept to quantify the networks’ robustness. Finally, this paper develops the
corresponding percolation theories based on the developed network models. Simulations on computer-generated multipartite

networks demonstrate that the proposed percolation theories coincide quite well with the simulations.

1. Introduction

It is universally acknowledged that complex systems are
ubiquitous in our lives [1]. Complex systems like city
transportation systems [2] and power supplier systems [3]
are indispensable infrastructures to human life. In order to
better understand complex systems so as to facilitate better
service providing, an effective way is to model a complex
system as a complex network composed of nodes and edges
with the nodes denoting the system components and the
edges representing the interactions between system com-
ponents [4]. For example, a power grid system can be
represented by a network in which a node denotes a power
station and an edge denotes the transmission line between
two stations. Complex network modeling and analysis have

proven as a potent instrument for system control [5-7] and
have received great popularity in the last two decades [8, 9].

Note that complex systems in reality will inevitably suffer
from external and/or internal unpredictable perturbations
which can trigger cascading failures wreaking havoc on
system structures and functionalities [5, 10]. A dramatic
event in history was the Italian blackout that happened in
2003 [11]. It had been reported that the blackout was
triggered by the breakdown of several power lines caused by
a storm. It was until the seminal work done in [11] that the
science underlying the event had been disclosed from the
perspective of network robustness analysis. Network ro-
bustness analysis now has proven to be an effective approach
to evaluating the robustness of complex systems so as to help
prevent unseen system disasters [12-14]. Due to its
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significant economical values, many efforts have been made
towards networked system robustness analysis. Existing
studies can be roughly categorised into two classes, i.e.,
simulation-based studies [15-17] and theoretical studies
[11, 18, 19]. Simulation-based studies investigate the ro-
bustness of networked systems by carrying out computer
simulations. Their main drawback is that they cannot un-
cover the governing principles for system robustness. To
overcome this drawback, theoretical studies came out and
amongst which are the percolation theories [1, 20].

Percolation on networks can not only measure the
systems’ robustness but also provide the mathematical ex-
planations for the systems’ robustness behaviours. Note that
real-world systems are not independent but are organized in
a layer-layer interdependent way, which are widely modeled
as multilayer networks [18, 21, 22]. The component failures
in one layer of a multilayer networked system can induce the
failures in other layers and cascading failures could even-
tually occur. The work in [11] indicates that multilayer
networked systems are vulnerable to perturbations and have
sparked the research enthusiasm on the percolation theories
for multilayer networked systems. Albeit the maturity of
percolation theories for multilayer networked systems, little
attention is paid to multipartite networked systems. Many
complex systems like ecosystems [23, 24], certain control
systems [1], and metabolic systems [25] can be modeled as
multipartite networks. To explore the robustness of multi-
partite networked systems is also of great significance.

The structure difference between multilayer and multi-
partite networks renders the applications of existing per-
colation theories to multipartite networked systems
infeasible. With regard to this, for a given multipartite
networked system, this paper first establishes two network
cascading models to prescribe the way how cascading fail-
ures propagate on multipartite networks when initial node
failures occur. Afterward, this paper develops the percola-
tion theories for assessing the robustness of multipartite
networked systems under random node failures based on the
largest connected component concept.

The remainder of this paper is structured as follows.
Section 2 provides related preliminaries including basic
network notations, network robustness evaluation metrics,
and percolation theory for single-layer networked systems.
Section 3 presents the research problem and motivation.
Section 4 delineates in detail the proposed percolation
theories for analyzing the robustness of multipartite net-
worked systems subject to random node failures. Section 5
validates the correctness of the proposed theories through
simulations on random multipartite networks with Poisson
degree distributions. Section 6 concludes the paper.

2. Preliminaries

2.1. Network Notations. Generally, a network is mathe-
matically denoted by G = {V, E}, where V and E represent
the sets of nodes and edges, respectively. The edges between
nodes can be depicted by the adjacency matrix Ay, of G
with N being the number of nodes in G. The matrix A is
usually symmetric and binary. Let ¢;; be the entry of A. If
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there is an edge between nodes i and j, then e;; = 1; oth-
erwise, it is equal to 0.

Regarding complex network analytics, one of the most
concerned properties is the node degree. For a network G,
the degree k; of node i is defined as the number of edges
attached to it. Generally, k; can be calculated as k; = Zﬁi 0 €ij-
Another property is the degree distribution P (k) of G which
specifies the probability for a node to have degree k. With k;
and P (k), we have the mean degree (k) of G, which can be
calculated as (k) = (1/N) YN, k; = ¥ kP (k).

2.2. Multipartite and Multilayer Networked Systems

Definition 1. Let us consider a complex system that can be
modeled as a network G whose node set V' consists of L
subsets, i.e., V = {S;,S,,...,S,}. If Va,b € [1, L], G satisfies
the following conditions:

S,NS, =4, ifa#b,

e;; €{0, 1}, ifieS,NjeSyAbefa-1a+1} N
e; =0, ifieS,NjeS,Vkel2,L-1],

e; =0, ifi,j €S,

Then, we say this system is a multipartite networked system
and the network G is called a multipartite network.

Remark 1. The node set S, of a multipartite networked
system can also be called a partite set. Equation (1) indicates
that an edge of a multipartite network only happens between
two nodes with one coming from partite set S, and the other
one from partite set S,,, or S,_;.

Definition 2. Let us consider another system which can be
modeled as a network G, and G is composed of L sub-
networks, i.e., G = {G,G,,...,G,}. The node set V C G can
also be divided into L subsets with S; being the node set for
network G;. If G satisfies the following conditions:

S,NS, =9, ifa#b,
e;j € {0, 1}, ifieS,NjeS,Abefa,a-1,a+1},
(2)

then we call this system a multilayer networked system and
the network G is called a multilayer network [26, 27].

Remark 2. In the literature, a multilayer network can also be
called an interdependent network or a network of networks
[21, 28]. We can see from the above definitions that the only
structural difference between a multilayer network and
a multipartite network is that parallel edges (edges between
nodes from the same node set) are not allowed in a multi-
partite network.

2.3. Networked System Robustness Evaluation. Network ro-
bustness analysis has proven as an effective tool for assessing
the robustness of networked systems under disturbances
[29, 30]. Regarding system robustness analysis, the foremost
issue is how one defines or quantifies the robustness of
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FiGUure 1: An illustration to the common idea shared by most
existing metrics for quantifying the robustness of a networked
system under node perturbations.

a networked system. Hitherto, a handful of robustness
metrics have been proposed by researchers, and most of
them share the common idea as delineated in Figure 1.

In the left panel of Figure 1 is a multilayer network G.
Assume that G is under node perturbations and 1-p
fraction of nodes is removed (marked in red in the figure).
The node removals will trigger the cascading breakdown of
other nodes and edges. Based on a prescribed cascading
model which defines the way how cascading failures
propagate on G, G finally reaches a stable stage (the final
remaining part of G) in which no node/edge removal is
possible. Then, one counts f ,, the fraction of effective nodes,
in the stable stage. One then gets the robustness curve drawn
in the right panel of Figure 1 in which f, is shown with
respect to p under different values.

In the literature, f, is widely defined as the fraction of non-
zero-degree nodes in the stable stage of G [15, 16, 24] after
removing 1 — p fraction of nodes. Based on this kind of def-
inition for f,, the robustness of a network G then can be
quantified by the node robustness index R,, devised in [16] or by
the area index R, used in [15, 24]. The R,, index is calculated as
R, = Z;:o Jf p» while the R, index is measured as the area of the
region covered by the robustness curve and the X-Y axis (see the
dark region in the right panel of Figure 1). The larger the value
of R, or R, is, the higher robustness the focal network has.

The above definition for f, is effective for network
robustness analysis. However, scientists argue that this kind
of definition may not reflect the real robustness of networks.
In reality, the breakup of some components of a complex
system will fragment the system into pieces and it is argued
that only the largest piece will keep functioning. As per this
assumption, scientists suggest the definition of f, as the
fraction of nodes in the largest connected component (LCC,
the subnetwork that contains the most nodes) in the stable
stage G. The LCC-based definition for f, has been widely
recognized [11, 21, 31], and this paper also adopts this kind
of definition for network robustness analysis.

Note that how to select the 1 — p fraction of nodes to be
removed from a network depends on how one models the
perturbations on the network [32-34]. Figure 1 only illustrates
network robustness under node failures. In reality, failures can
occur to the edges of a network. Meanwhile, many networks
have been reported to possess community structures [35, 36];
therefore, failures can also occur to network communities.
Related works can be found in [37, 38].

2.4. Percolation on Single-Layer Networked Systems.
Percolation theories have gained large popularity for ana-
lyzing the robustness of networked systems [32, 39]. In the
following we will illustrate the percolation theory for ana-
lyzing the robustness of single-layer networked systems.

Given that a fraction 1 — p of nodes from a given single-
layer network G is randomly removed, the node removal
breaks G into small parts and there exists the largest one, i.e.,
the LCC. Percolation theory aims to mathematically figure
out the fraction of nodes in the LCC, hereafter denoted by
P, with respect to p and the degree distribution P (k) of G
[18, 40, 41], ie., it aims to derive the relation
P® = F(p, P(k)) with F (-) being a map or a function. Before
presenting the mathematical derivations, we first present in
the following some related definitions.

Definition 3 (generating function). A generating function
for a degree distribution P (k) is defined as

Gy (x) = Y x*P(k), (3)
k=0

where k is the degree of a node and x is an arbitrary
placeholder.

Definition 4 (excess degree distribution). Following a ran-
domly chosen edge we reach a node s. Define the excess
degree distribution P (k) as the probability for node s to
have k extra neighbours.

Remark 3. The excess degree distribution practically denotes
the probability for a randomly chosen node to have degree
k + 1. In the literature [1, 42], PE (k) is widely calculated as
(k+1)P(k+1)
PPy =—""2""°2 (4)
k>

Remark 4. Analogous to equation (3), the generating
function for PF (k) is formulated as

_ Nk pE _G(;(x)
Gl<x>—k§0xp (k)_G(;(l)’ (5)

with G (x) being the first-order derivative of G, (x).

With the above definitions, the percolation theory for
calculating P*™ for a single-layer network G can be math-
ematically written as

P =p Y P(k)(1-u") = p[1 -G, ()], ()

k=0

with u being the probability for node s (reached by following
arandomly chosen edge) not to be connected to the LCC via
its neighbouring node d.
The probability variable u is calculated by the following
transcendental equation:
0
u=Y(1-p+pu)P* (k) =1~ p+ pG, (u). (7)

k=0



There exists a critical value of p, denoted by p.. Once the
fraction of node removal surpasses 1 — p,, then the focal
network G will break down, i.e., P = 0. The critical value
appears when the right and left panels of equation (7) meet
with each other tangentially at u = 1. By calculating the
derivative of equation (7), we have

dj _ d(p.G, (u)) | (8)
du du u=l>
which further leads to
Lk
P ©

in which (k?) = Y k?P (k) is the second moment of P (k).
Generally, the smaller the value of p, is, the more robust the
focal network is.

3. Problem Definition and Research Motivation

3.1. Problem Definition. This paper is dedicated to mathe-
matically investigating the robustness of multipartite net-
works. Below we present the mathematical definition for our
studied problem.

Definition 5 (research problem). Consider a system that is
modeled as an L-partite network G. Denote G;;, G;; € G, as
the bipartite network composed of node sets S; and S; with
j€f{i—1,i+ 1}. Assume that G is under random attack and
1 — p; fraction of nodes is randomly removed from S; ¢ G for
all i € [1,L] and p; € [0,1]. For a given network cascading
model which specifies how cascading failures propagate on G,
G then reaches a stable stage. Consider the LCC in the stable
stage of G. Then, the research problem is to derive the relation

P = F(p, Py (k),..., Py (K),..., Py (K),  (10)

with P{° being the fraction of nodes remaining in S; C G
which also belongs to the LCC and P;; (k) being the degree
distribution for the nodes in §; € G;;.

3.2. Research Motivation. From the definitions given in
Section 2.1, one may argue that a multipartite network can be
regarded as a simplified multilayer network and in turn
a multilayer network can be regarded as a relaxation of
a multipartite network. Therefore, one may think that
models and theories developed for multilayer networks will
work for multipartite networks. In what follows, we elab-
orate in detail our research motivations for proposing the
percolation theories for multipartite networks.

(M1) Limitation of Percolation Theory for Multilayer
Networks with One-to-One Correlations

The percolation theory introduced in Section2.4 is for
single-layer networks and therefore does not work for
multilayer networks. In view of this, the authors in [11] first
investigated the robustness of multilayer networks with one-
to-one (020) correlations, i.e., each node in one subnetwork
depends on one and only one node in its coupled sub-
network. Similar network models can be found in [18, 21].
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Figure 2 exhibits the dynamic cascading model estab-
lished in [11] for analyzing the robustness of multilayer
networks with O20 correlations. This model assumes that for
each subnetwork contained in a multilayer network, only the
nodes that belong to the LCC will survive perturbations and
cascading failures will not stop until a mutual LCC is reached.

Based on the model illustrated in Figure 2, the authors
turther devised the corresponding percolation theory. Ob-
viously, the model shown in Figure 2 together with its
corresponding theory is not applicable to multipartite
networks. The reason is obvious as a multipartite network
does not obey the O20 correlation hypothesis.

(M2) Limitation of Percolation Theory for Multilayer
Networks with One-to-Many Correlations

Real-world multilayer networks are often one-to-many
(O2M) correlated, i.e., each node in one subnetwork de-
pends on more than one node in its coupled subnetwork.
With regard to this, studies on the robustness of multilayer
networks with O2M correlations came out [31, 43, 44].

Figure 3 shows the dynamic cascading model proposed
in [18] for analyzing the robustness of multilayer networks
with O2M correlations. Given a two-layer network con-
sisting of subnetworks A and B, let P, (k) (and P (k)) be the
degree distribution of the nodes in A (and B) that have
correlations with nodes in B (and A). Assume that a fraction
1 - p, and afraction 1 — pg of nodes are randomly removed
from A and B, respectively. With the model shown in
Figure 3 the authors then have devised the corresponding
percolation theory which is mathematically written as

{Pio=”A[1—GA0(1—“A(1_fA))]>
PP = up[1 -Gy (1 -ug (1~ f5))],

where G 40 and G’B(Lare, respectively, the generating func-
tions of P, (k) and Py (k). The corresponding variables f 4,
fg» Uy, and ug are calculated as

fa=Gu[l-us(1-fa)l
fp=Gp[l-ug(1-f5)],

qupA[l_éAO(l_P%O)]’
uB:PB[l_éBO(l_PZO)]'

Note that a multipartite network can be regarded as
a simplified multilayer network with O2M correlations.
However, the model shown in Figure 3 still does not work
for multipartite networks. The reasons are twofold. On the
one hand, the model shown in Figure 3 considers the LCC
of the network in each layer, while the nodes in each
“layer” of a multipartite network are disconnected from
each other, and thus the LCC does not exist. On the other
hand, the percolation theory based on the model shown in
Figure 3 involves the degree distributions P, (k) and
Py (k). Bear in mind that P, (k) denotes the degree dis-
tribution of the nodes in network A that have connections
with each other. Thus, we have P, (k) = Pz(k)=--- =0
for a multipartite network, and the substitution of this
condition into equation (11) will lead to the following
result:

(11)

(12)
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FIGURE 2: Dynamic network model for analyzing the robustness of
multilayer networked systems with one-to-one correlations. Ini-
tially, node 5 from network A is removed. Due to the O20 cor-
relations, node 5 in network B is also eliminated in Stage 1 and
network A breaks into three clusters, denoted by a,,, a,,, and a,5.
In Stage 2, nodes 4 and 6 both in networks A and B together with
the links attached to them are removed, and network B breaks into
four clusters, namely, b,,, b,,, b,5, and b,,. In Stage 3, node 3 in
network A is removed and network A breaks into four clusters.
Because in Stage 3 no further link elimination and network
breaking occur, the cluster consisting of a,, and b,,, also the LCC,
survives.

A B

Stage 1 in A Stage 1in B Stable stage

FIGURE 3: Dynamic network model for analyzing the robustness of
multilayer networked systems with one-to-many correlations.
Arrows represent the support links connecting a support node in
one network to the dependent node in the other network. Initially,
the attacks are on node 1 in A and node 6 in B. For network A in
Stage 1, node 7 fails because it has no support links, and nodes 2 and
6 are eliminated because they do not belong to the LCC of A. For
network B in Stage 1, nodes 1, 2, and 7 fail because of no support,
and node 3 is removed since it is not in the LCC of B. The above
processes continue until a stable state is reached.

{P%O:PA[I_GAO(l_P%O)]’ (13)

PR = pp[1 - Ggy(1-PY)].

For one thing, the above equation only works for bi-
partite networks. For another thing, the extension of the
above equation definitely does not fit for multipartite net-
works because equation (11) is based on the dynamic model
shown in Figure 3 which is not applicable to multipartite
networks. One more thing is that the derivations of equation
(11) are very complicated. Therefore, new models and
theories for analyzing the robustness of multipartite net-
works are desirable, and this is the very motivation of this
work.

4. Proposed Models and Theories

4.1. Global Model for Robustness Analysis. Although the
models exhibited in Figures 2 and 3 are not feasible for
multipartite networked systems, their ideas could provide us
inspirations. Equipped with the concept of LCC, we first
establish a simple cascading model, which we call it the
global model, for multipartite networks.

Definition 6 (global model). Consider an L-partite network
G with S; being its i-th node set. Assume that G is under
random attack and 1 - p; fraction of nodes is randomly
removed from S; ¢ G for Vi e [1,L] and p; € [0,1]. The
edges attached to the removed nodes are also removed. The
removal of nodes and edges fragments G into small parts,
and the largest one is regarded as the LCC of G and only the
LCC will survive in the final stable stage.

Example 1. Figure 4 gives a graphical example of the global
model for defining the way how failures propagate on
multipartite networks. We can observe from Figure 4 that
the global model practically takes a multipartite network as
a whole. When a multipartite network is under attack, the
global model directly calculates the LCC in the network.

4.2. Local Model for Robustness Analysis. 'The global model is
simple and straightforward. However, it may not reflect the
dynamics of all types of multipartite networks. Inspired by
the models proposed in [11, 18], we further develop another
cascading model which we call it the local model.

Definition 7 (local model). Consider an L-partite network G
with §; being its i-th node set. Assume that G is under
random attack and 1 - p; fraction of nodes is randomly
removed from S; ¢ G for Vi€ [1,L] and p; € [0,1]. The
edges attached to the removed nodes are also removed. The
removal of nodes and edges fragments G,, € G into small
parts, and the nodes outside the LCC of G,, together with
their edges, are removed. The removal of nodes and edges
further fragments G,; ¢ G into small parts, and nodes
outside the LCC of G,; are removed. The node removal and
network fragmentation processes repeat recursively on
G;; c Gforalli € [1,L - 1] until G reaches a stable stage in
which no node/edge removal and network fragmentations
are possible. Then, the remaining subnetwork in the stable
stage is the LCC of G.

Example 2. Figure 5 presents a graphical example of the
proposed local model for depicting the dynamic process on
a multipartite network under node failures. It can be noticed
from Figure 5 that the local model considers the LCC in each
bipartite network contained in a multipartite network. In the
final stable stage, the local model focuses on the LCC that
contains nodes from every partite set of the multipartite
network in question.

4.3. Variables and Notations. Before starting depicting our
proposed theories for analyzing the robustness of
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FIGURE 4: An example of the global model for describing the
cascading failures on multipartite networked systems subject to
node failures. Initially, node 2 from partite set B of a tripartite
network is removed. In Stage 1, the removal of node 2 breaks the
focal network into two clusters, and all the nodes that are not in the
LCC are removed. In the final stage, only the nodes in the LCC are
remaining.
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FIGURE 5: An example of the local model for describing the cas-
cading failures on multipartite networked systems subject to node
failures. Initially, node 2 from partite set B is removed. In Stage 1,
the local model considers the LCC of the bipartite network G,y
containing the nodes in A and B. In Stage 2, the nodes that are not
in the LCC of G, are removed. In Stage 3, the local model
considers the LCC of the bipartite network Gp: containing the
nodes in B and C. In Stage 4, the nodes that are not in the LCC of
Gy are removed. The above process continues until no further
node removal is possible. The remaining subnetwork in the stable
stage is considered as the LCC of the focal network.

multipartite networks, we first list out related variables and
notations that will be heavily used in our later derivations.

Given an L-partite network G with S; being its i-th partite
set and n; = |S;| being the number of nodes in S;, let P; (k) be
the degree distribution of the nodes in §;. Denote G;; € G as
the bipartite network consisting of partite sets S; and §; with
j=1{i-1i+1}. Let P; (k) be the degree distribution of the
nodes in §; C G;; that have connections with nodes in
S; € Gjj.

Based on the definition of excess degree distribution, we,
respectively, define the excess degree distributions of P; (k)
and P;; (k) as PE (k) and Pfj (k). Then, based on the defi-
nition  of  generating  function, @ we  define
G (x) = Y2, xKP; (k) and G?j (x) = Y12 ka,-J- (k),
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respectively, as the generating functions for P;(k) and
P, (k). Analogously, we define G} (x) = Y12, kaf (k) and
Gj;(x) = Yoo ka5‘ (k), respectively, as the generating
functions for P (k) and Pé (k).

4.4. Percolation Theory Based on the Global Model. With all
the above defined variables, for an L-partite networked
system, we propose the following percolation theory for
calculating P{° with respect to the global model presented in
Definition 6.

Definition 8 (probability vector u). Consider the situation
that 1 — p; fraction of nodes is randomly removed from S; of
an L-partite network G for Vi € [1,L] with p; € [0,1]. For
jeli-1Li+1} define a probability vector
U= U, Uy U >uL,L—1}> with u;; being the proba-
bility for a node in §; not to be connected to the LCC of G via
anode in §;.

Theorem 1 (percolation theory based on the global model).
Consider an L-partite network G with L>3; we randomly
remove 1 — p; fraction of nodes from S; for Vi € [1,L] with
p; € [0, 1]. Based on the global model given in Definition 4, G
reaches a stable stage. Define the probability vector u. In the
limit of n; — co, the fraction P{® of nodes in S; that also
belongs to the LCC in the stable stage of G is calculated as

PP = p[1-GY, (u1)]s

I G?j(u,.j)], Vie[2,L-1],

{j=i-1i+1}

Py = PL[l - G%,L—I(MLL*I)]’

P?OZPi|:1_

(14)
with the variable u;; € u being calculated as
Uy = 1= py+ PGy (),
= 1=pj+ pjG5(4;1)G} s (1 js0) (15)
up g =1-p+ pLGi,L—l(uL,L—l)’

where § =1, if j=i-1,and § =1, if j=i+ L

Proof. We start by considering P$°. As the probability for
a node a € S; not to be connected to the LCC via a node
b €S, is u,,, the probability ¢,, for nodes in S, not to be
connected to the LCC via nodes in S, is calculated as

)
b1 =Y. P (ki (16)
k=0
In the limit of n; — ©o, we have
N linoo b1, = Z Py, (k)”]fz = G(l)z (112). (17)
: k=0

Note that 1 — p; fraction of nodes is removed from §; for
Vi € [1,L]; thus, p; fraction of nodes is remaining in S,.
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Therefore, in the LCC of G, the remaining fraction of nodes
in §; is calculated as

PP =p(1-¢p) :Pl[l_G(l)z(ulz)]- (18)

Analogously, we can prove the correctness of the ex-
pression of P{° as given in Theorem 1. Now, let us consider
P,

Note that a node a€S; can simultaneously have
neighbours in S;_; and S;,;. If nodes in S; do not belong to
the LCC, then the nodes in S; should not be connected to the
LCC via their neighbours. Based on the above analysis, we
know that the probability ¢,; , for nodes in S; not to be
connected to the LCC via nodes in S;_; is

My
k
Giji1 = Z Py (K. (19)
k=0

Analogously, the probability ¢,;,, for nodes in §; not to
be connected to the LCC via nodes in S;,; is

Mty

k
Gii1 = Z Py (Rt (20)
k=0

Then, the probability ¢, for nodes in S; not to be con-
nected to the LCC via their neighbours is ¢; = ¢;; | - ¢; ;.-
Therefore, in the limit of #n, — co, we further have

n[h—n}oo ¢; = Ggi—l(ui,i—l)Ggiﬂ(ui,iH)’ (21)

based on which we can figure out P{° as

P =pi(1-¢;) = p; [1 - G?,i—l(ui,i—l)G?,Hl(”i,Hl)]'
(22)

To this end, the first part of Theorem 1, i.e., the part
regarding P{°, is proved. Next, we give the proof for the
second part regarding the probability vector u.

We start by analyzing u,,, which denotes the probability
for the event that a node b € S, is not connected to the LCC
of G via a node a € S; to happen. Note that if node a is
removed, which happens with a probability 1 — p,, then the
above event obviously happens. Now, consider the situation
that node a is not removed. Then, the aforementioned event
happens if a is not connected to the LCC via its neighbours.
As a consequence, in the limit of n; — o, we have

fl2 k
Uy =1=p+p prz(k)“lz =1-py+p; -Gy, (uy).
k=0

(23)

Analogously, we can prove the correctness of the ex-
pression of u;_; ;. Next, we consider u;; with j =i+ 1.

Note that nodes in S; have connections with nodes in S..
The event that a node a € §; is not connected to the LCC via
a node b € §;, which happens with the probability u;;, can
happen under two situations: (S1) node b has been removed;
(S2) node b is not removed and b itself is not connected to
the LCC via its own neighbours. Situation S1 happens with

the probability y; = 1 - p;. Thus, the key step for working

out u;; then lies in the calculation of the probability ys, for
situation S2 to happen.

Because a node b € S; can simultaneously have neigh-
boursin §; and S, if b is not connected to the LCC via its
neighbours, then b should neither be connected to the LCC
via nodes in §; nor via nodes in S, ;. Assume that node b has
k neighbours in §;; then, the probability ¢ ; for node b not to
be connected to the LCC via nodes in §; is

(Pji = u?i. (24)

Analogously, when node b has k neighbours in §,;, the
probability ¢; ;., for node b not to be connected to the LCC
via nodes in §;,; is

k
Pjj+1 = Uj i (25)

Recall the definition of excess degree distribution; the
probabilities for node b to, respectively, have k neighbours in
S; and k neighbours in S; are Pfi (k) and Pﬁjﬂ (k). As
a consequence, the probability yg, can be calculated as

i

Vs2 = P; ];)Pfi (k)¢ji kz_(:)Pf,j+1 (k)¢j,j+1~ (26)

Note that situations S1 and S2 are two independent
events; therefore, in the limit of n; — 00, the probability u;;

is calculated as

Uiy =Yg + ¥sa
. . (27)
= 1= p;+ 0Gji(5s)G) ja (U1 )-

The proof of u;; for j =i — 1 is omitted as it is analogous
to that of u;; for j =i+ 1 as presented above. To this end,
Theorem 1 is proved. O

Remark 5. Note that when analyzing v,, it is easy to derive
the wrong expression of y, in the following way:

0 k k
T NACY e
k=0 m=0

1

= p;Gi(uji + tj511)-

(28)

The idea of the above derivations is that m out of k
neighbours of anode b € S; are not connected to the LCC via
nodes in S, and the remaining k — m neighbours of b are not
connected to the LCC via nodes in S;,,. However, the event
that node b has k neighbours in S; and the event that node b
has k neighbours in S, are independent. Therefore, variable
m does not need to run over k for k € [0, c0).

Remark 6. From Theorem 1, one can easily derive the
percolation theory for L-partite networked systems with
L = 2, i.e., bipartite networked systems. Specifically, one can
have

{ P = p,[1- G, (uy,)], (29)
Pgo — Pz[l - Ggl (7/‘21)]’

with u;, and u,,, respectively, being calculated as



{ Up=1-p, + PzG% (u21), (30)
= p1 + P1Gl, (u,).

Uy, =1

4.5. Percolation Theory Based on the Local Model. When
calculating the LCC, the global model takes a multipartite
network as a whole while the local model by contrast an-
alyzes its subnetworks. The local model requires that the final
LCC should encompass nodes from every partite set.
Therefore, the above proposed percolation theory does not
work for multipartite networked systems with respect to the
local model. In what follows we elucidate our proposed
percolation theory based on the local model.

Theorem 2 (percolation theory based on the local model).
Consider an L-partite network G with L>3; we randomly
remove 1 — p; fraction of nodes from S; for Vi € [1,L] with
p; € 10,1]. Based on the local model given in Definition 5, G
reaches a stable stage. Define the probability vector u. In the
limit of n; — oo, the fraction P{° of nodes in S; which also
belongs to the LCC in the stable stage of G is calculated as

P = p,[1-GY, (up,)],
e T G)) reRin
PP = PL[I - Gg,L—l(”L,L—l)]’

with the variable u;; being calculated as

P+ PGy (1),

wy =1 p;[1-Gj(uy)] [1 - G}>j+5(”j,j+5)]’ (32)
U p=1l-pp+ pLGII,,L—l(uL,L—l)’

where § =1, if j=i-1,and § =1, if j=i+ 1.

Uy =1-

Proof. We only present the proof for P{°, since the proofs
for PY° and P{° are exactly the same as that presented in
Theorem 1. As mentioned earlier, a node a € S; can si-
multaneously have neighbours in S;_; and S, ;. Based on the
local model given in Definition 5, we see that as long as there
exists one neighbour of node a that connects a to the LCC,
then node a definitely belongs to the LCC. According to the
proof of Theorem 1, we know that in the limit of n; — o0,
the probability ¢;; | for nodes in S; not to be connected to
the LCC via nodes in S;_; is

(/511 1= zz 1(”1‘,1’—1)' (33)

Analogously, we have ¢, ., = G, (14;;,,). Therefore, the
probability for node a to be connected to the LCC via at least
one neighbour in §; | is 1 - ¢;; ;. Analogously, the proba-
bility for node a to be connected to the LCC via at least one
neighbour in S, is 1 - ¢;,,,. Consequently, the probability
¢; for nodes in S; to be connected to the LCC via their
neighbours is calculated as

- ¢i,i—1)(1

%: 1-¢; :(1 _¢i,i+1)' (34)
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Therefore, in the limit of n; — o0, P{° is calculated as
PP =pg; = Pi(l - ¢i,i—1)(1 - ¢i,i+1)
0 IR

j=li-Li+1}

To this end, the correctness of P{® as given in Theorem 2
is proved. Next, we give the proof for the probability variable
u;;. The proofs for variables u,; and u; _, ; are omitted as they
are the same as that given in the proof for Theorem 1. We
first analyze u;; with j =i+ 1.

Recall that the variable u;; denotes the probability that
anode a € §; is not connected to the LCC viaanode b € S..
Analogous to what are analyzed in the proof for Theorem 1,
the event that a € §; is not connected to the LCC via b € §;
also happens under two situations: (S1) node b is removed,
which happens with the probability yg, =1-p; (52) b
remains and b is not connected to the LCC via its neigh-
bours. Note that the probability yg, for situation S2 to
happen cannot be calculated in the way demonstrated in the
proof of Theorem 1. The reason is that the local model
requires that the LCC contains nodes from S, for Vi € [1, L],
while the global model does not require this condition.

Because node b € S; has neighbours in §; and §;,,, the
probablhtles ¢;i and (p Pt are, respectlvely, calculated as
Pji = uﬂ and ¢; .,y = ”+1 Therefore, the probability ¢; for
b € §; neither to be connected to the LCC via neighbours in
S; nor via nodes in S;,; is

Z P]l (k)(Pﬂ + Z P] jt+l (k)q)] j+l
(36)

)+1

- kZ: P]z (k)(p]l Z P] j+l (k)(P] j+1t
0

In the limit of n; — 00, ¢; can be further calculated as
( ) +Gj, J+1( Jlj+1)

1 1
= Gji(ui)Gi i (101)-

lim ¢, =G;
e (37)

As ¥, = pj¢;> in the limit of n; — o0, the probability

u;; is calculated as
T VYsi TV =1-pj+p;9; (38)
=1-p;[1- ﬂ( J')] [1- JJ+1(uj>j+1)]'

Based on the same token shown above, we can work out

u;; for j=i-1as
1 1
wy=1-p;[1-Gj(up)|[1-Gjja (i), (39)
and therefore Theorem 2 is proved. O
5. Numerical Simulations

5.1. Random Multipartite Networks. The proposed theories
exhausted in Section 4 theoretically investigate the robust-
ness of multipartite networks with arbitrary degree distri-
butions in face of random node failures. Here we generate
multipartite networks with Poisson degree distributions to
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validate the correctness of the proposed theories. The rea-
sons for doing so are twofold. First, generating multipartite
networks with Poisson degree distributions is easy to im-
plement. Second, a Poisson distribution has very good
mathematical properties. To be specific, for a Poisson dis-
tribution P (k) = e~ ® ((k)*/k!) with (k) being its expec-
tation, it is easy to prove that

Gy (x) = i x*P(k) = i x"e‘<k>&>k EIROIOSY (40)
’ k=0 k=0 k! >
G, (x) = 0 _ ot _g () -

Go(1)

Given an empty L-partite network G, foralli € [1,L — 1],
we construct G by connecting each pair of nodes with one
from S; and the other one from S;,, with a predefined
probability r; = (d;/N), where d; is a constant. Then, it is
easy to figure out that the degree distributions P;; (k) and
Pj; (k) for nodes in §;,S; € G;; comply with the fJollowing
Poisson distributions:

n. k.. k
P,-j(k>:( J>rf(1—r,-)”f"‘=e‘<kff>—< 2
L k!

k
AW nk ey K
P],(k) —( k )Ti (]. - ri) = e 7 T; (43)
where (k,-j> =njr; = (n;- d;/N) and (kipy =mr; = (n;:
d;/N).

5.2. Validation for Theorem 1. Without loss of generality, in
the simulations, we consider L-partite networks with L = 3,
i.e., tripartite networks. For a tripartite network G generated
in the way illustrated in the previous section, when 1 — p;
fraction of nodes is randomly removed from S; ¢ G for all
i € [1,3] and the cascading failures propagate on G based on
the defined global model, then Theorem 1 leads to the
following simplified equations:

P - py[1-etw )
pe - p2[1 B e(k23>(u23—1)e<k21>(‘421—1)], (44)

Pgo = ps [1 _ e<k32> (”32*1)])

Uy = 1= py + pyeth) (1),

Uyy = 1= ps + psesr (u2=1), (45)
Uy = 1= py + pyelha) (1= Delond (1a=1),

Up =1-p, + Pze<k23> (23=1) glkap) (un=1)

For simplicity, in the simulations, we set the parameters
of a tripartite network to be n; =n,=n;=5x10%
dy=d,=d, and d = {3,6,9,12,15}. As a consequence, we
have (k,) = (ky ) = Ckys) = <ksy) = (k) =d/3.

Because the parameter p; affects the robustness of
multipartite networks, in order to better demonstrate the
simulation results, here we consider two simple cases: (C1)

Py =p,=p;=p, ie, we randomly remove the same

fraction of nodes from each partite set; (C2) p, = p,

P, = p3 = 1, i.e,, we only remove nodes from partite set S;.
Under case 1, the critical value p. becomes

_ 1 46
Pe = \Chys sy + ey iy (o)

Under case 2, the critical value p. = 0. Interested readers
are encouraged to discover this conclusion by themselves.

Figure 6 shows the simulation and theoretical results
on the robustness of tripartite networks based on the
global model. The theoretical results shown in Figure 6
are obtained by solving equations (44) and (45).
During the simulations, p ranges from 0 to 1 at an in-
terval of 0.025. It can be clearly seen from Figure 6 that
the theoretical results coincide quite well with the
simulations. Under case 1, the critical value p, given in
equation (46) has the simplified form of p. = (3/v/24d).
Under case 2, p. =0, which indicates that the focal
networks are extremely robust to random node failures.
It can be observed from Figure 6 that the values of p, are
in accordance with that of the simulations. The results
shown in Figure 6 indicate that multipartite networks are
robust to node failures when the global model is of
concern.

5.3. Validation for Theorem 2. For a tripartite network with
Poisson degree distributions, Theorem 2 leads to the fol-
lowing simplified equations:

S |
PR = py[1 - el (D] [1 - etk (1)), (47)

P = py[1 - e (1),

Uy =1-p + P13<k12>(”1271)’

Uy =1=py+ P3e<k32> (usz_l))
Up =uzp =1 _P2+P2[

_e<k23> (“23_ 1)e<k21> (”21_ 1)]

e<k23> (”23_ 1) + e<k21> (M21_ 1) (48)

Figure 7 shows the simulation and theoretical results on
the robustness of tripartite networks based on the local
model. The theoretical results shown in Figure 7 are obtained
by solving equations (47) and (48) with the same parameter
settings presented in the previous section. The results
recorded in Figure 7 also demonstrate that the proposed
theory coincides quite well with the simulations.

By comparing Figures 6 and 7, we can see that the
robustness of multipartite networks with respect to the
local model shows first-order phase transition, which
indicates that multipartite networks with the local model
are vulnerable to perturbations. Both Figures 6 and 7 show
that larger mean degrees will enhance the networks’
robustness.
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FIGURE 6: Robustness of tripartite networks based on the global model. Lines denote the theoretical results while symbols represent the
simulation results. The first and second rows of the figure, respectively, represent the case that the node removal occurs to S; for alli € [1, 3]
and for i = 1. Simulation results are averaged over 1000 trials.
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FiGgure 7: Continued.
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FIGURE 7: Robustness of tripartite networks based on the local model. Lines denote the theoretical results while symbols represent the
simulation results. The first and second rows of the figure, respectively, represent the case that the node removal occurs to S; for all i € [1, 3]

and for i = 1. Simulation results are averaged over 1000 trials.

6. Conclusion

Investigating the robustness of complex systems under
perturbations is pivotal. Network robustness analysis
provides a potent instrument towards that purpose.
While the majority of existing studies on network ro-
bustness analysis focus on multilayer networked systems,
this paper theoretically studied the robustness of multi-
partite networked systems. This paper first established
two network models for depicting the cascading failures
on multipartite networked systems in face of node fail-
ures. Equipped with the established network models
together with the largest connected component concept,
this paper then developed the corresponding percolation
theories for analyzing the robustness of multipartite
networked systems under random node failures. The
proposed theories uncovered the second-order and first-
order phase transition phenomena on the robustness of
multipartite networked systems. The correctness of the
proposed theories had been validated through simula-
tions on multipartite networks with Poisson degree
distributions.

Note that complex systems in reality can suffer from
target attacks. Although this paper only investigates the
robustness of multipartite networked systems under random
perturbations, the proposed models and theories provide
scientific insights for the target attack scenarios. Meanwhile,
the proposed theories could shed new lights on the optimal
structure design of robustness network and/or networked
systems.

Data Availability

The data used to support the findings of this study are
available from the corresponding author upon request.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

References

[1] M. E.]. Newman, Networks, Oxford University Press, Oxford,

UK, 2018.

D. Li, B. Fu, Y. Wang et al.,, “Percolation transition in dy-

namical traffic network with evolving critical bottlenecks,”

Proceedings of the National Academy of Sciences, vol. 112,

no. 3, pp. 669-672, 2015.

Y. Yang, T. Nishikawa, and A. E. Motter, “Small vulnerable

sets determine large network cascades in power grids,” Sci-

ence, vol. 358, no. 6365, p. 3184, 2017.

J. G. T. Zaniudo, G. Yang, and R. Albert, “Structure-based

control of complex networks with nonlinear dynamics,”

Proceedings of the National Academy of Sciences, vol. 114,

no. 28, pp. 7234-7239, 2017.

1. Giannoccaro, V. Albino, and A. Nair, “Advances on the

resilience of complex networks,” Complexity, vol. 2018, Article

1D 8756418, 3 pages, 2018.

R. V. Solé and M. Montoya, “Complexity and fragility in

ecological networks,” Proceedings of the Royal Society of

London. Series B: Biological Sciences, vol. 268, no. 1480,

pp. 2039-2045, 2001.

L. Suand G. Chesi, “Robust stability analysis and synthesis for

uncertain discrete-time networked control systems over

fading channels,” IEEE Transactions on Automatic Control,

vol. 62, no. 4, pp- 1966-1971, 2017.

[8] J. Gao, Y.-Y. Liu, R. M. D’souza, and A.-L. Barabasi, “Target
control of complex networks,” Nature Communications,
vol. 5, no. 1, Article ID 5415, 2014.

[9] Y.-Y. Liu, J.-J. Slotine, and A.-L. Barabdsi, “Controllability of

complex networks,” Nature, vol. 473, no. 7346, pp. 167-173,

2011.

L. Fraccascia, I. Giannoccaro, and V. Albino, “Resilience of

complex systems: state of the art and directions for future

research,” Complexity, vol. 2018, Article ID 3421529, 44 pages,

2018.

S. V. Buldyrev, R. Parshani, G. Paul, H. E. Stanley, and

S. Havlin, “Catastrophic cascade of failures in interdependent

networks,” Nature, vol. 464, no. 7291, pp. 1025-1028, 2010.

[12] G. Bianconi, “Dangerous liaisons?” Nature Physics, vol. 10,

no. 10, pp. 712-714, 2014.
[13] H. A. M. Malik, F. Abid, M. R. Wahiddin, and Z. Bhatti,
“Robustness of dengue complex network under targeted

(2]

(3]

(4]

(5]

[6

[7

(10]

(11]



12

versus random attack,” Complexity, vol. 2017, Article ID
2515928, 12 pages, 2017.

[14] X.-L. Ren, N. Gleinig, D. Toli¢, and N. Antulov-Fantulin,
“Underestimated cost of targeted attacks on complex net-
works,” Complexity, vol. 2018, Article ID 9826243, 15 pages,
2018.

[15] Q. Caiand]. Liu, “The robustness of ecosystems to the species
loss of community,” Scientific Reports, vol. 6, no. 1, Article ID
35904, 2016.

[16] C. M. Schneider, A. A. Moreira, J. S. Andrade, S. Havlin, and
H. J. Herrmann, “Mitigation of malicious attacks on net-
works,” Proceedings of the National Academy of Sciences,
vol. 108, no. 10, pp. 3838-3841, 2011.

[17] H. Zhang, E. Fata, and S. Sundaram, “A notion of robustness
in complex networks,” IEEE Transactions on Control of
Network Systems, vol. 2, no. 3, pp. 310-320, 2015.

[18] X. Liu, H. E. Stanley, and J. Gao, “Breakdown of in-
terdependent directed networks,” Proceedings of the National
Academy of Sciences, vol. 113, no. 5, pp. 1138-1143, 2016.

[19] J. Zhao, O. Yagan, and V. Gligor, “On connectivity and ro-
bustness in random intersection graphs,” IEEE Transactions
on Automatic Control, vol. 62, no. 5, pp. 2121-2136, 2017.

[20] M. Li, R.-R. Liu, C.-X. Jia, and B.-H. Wang, “Cascading
failures on networks with asymmetric dependence,” EPL
(Europhysics Letters), vol. 108, no. 5, Article ID 56002, 2014.

[21] J. Gao, S. V. Buldyrev, H. E. Stanley, and S. Havlin, “Networks
formed from interdependent networks,” Nature Physics,
vol. 8, no. 1, pp. 40-48, 2012.

[22] X. Yuan, Y. Hu, H. E. Stanley, and S. Havlin, “Eradicating
catastrophic collapse in interdependent networks via rein-
forced nodes,” Proceedings of the National Academy of Sci-
ences, vol. 114, no. 13, pp. 3311-3315, 2017.

[23] M. Barbier, J.-F. Arnoldi, G. Bunin, and M. Loreau, “Generic
assembly patterns in complex ecological communities,”
Proceedings of the National Academy of Sciences, vol. 115,
no. 9, pp. 2156-2161, 2018.

[24] M. ]J. O. Pocock, D. M. Evans, and ]J. Memmott, “The ro-
bustness and restoration of a network of ecological networks,”
Science, vol. 335, no. 6071, pp. 973-977, 2012.

[25] A. G. Smart, L. A. N. Amaral, and J. M. Ottino, “Cascading
failure and robustness in metabolic networks,” Proceedings of
the National Academy of Sciences, vol. 105, no. 36,
pp. 13223-13228, 2008.

[26] M. De Domenico, A. Solé-Ribalta, E. Omodei, S. Gémez, and
A. Arenas, “Ranking in interconnected multilayer networks
reveals versatile nodes,” Nature Communications, vol. 6, no. 1,
p. 6868, 2015.

[27] M. De Domenico, C. Granell, M. A. Porter, and A. Arenas,
“Author correction: the physics of spreading processes in
multilayer networks,” Nature Physics, vol. 14, no. 5, p. 523,
2018.

[28] A. Bashan, Y. Berezin, S. V. Buldyrev, and S. Havlin, “The
extreme vulnerability of interdependent spatially embedded
networks,” Nature Physics, vol. 9, no. 10, pp. 667-672, 2013.

[29] M. Gong, L. Ma, Q. Cai, and L. Jiao, “Enhancing robustness of
coupled networks under targeted recoveries,” Scientific Re-
ports, vol. 5, no. 1, Article ID 8439, 2015.

[30] Y. Shang, “Localized recovery of complex networks against
failure,” Scientific Reports, vol. 6, no. 1, Article ID 30521, 2016.

[31] Y. Hu, B. Ksherim, R. Cohen, and S. Havlin, “Percolation in
interdependent and interconnected networks: abrupt change
from second-to first-order transitions,” Physical Review E,
vol. 84, no. 6, Article ID 066116, 2011.

Complexity

[32] G. Dong, J. Gao, R. Du, L. Tian, H. E. Stanley, and S. Havlin,
“Robustness of network of networks under targeted attack,”
Physical Review E, vol. 87, no. 5, Article ID 052804, 2013.

[33] L. La, D. Chen, X.-L. Ren, Q.-M. Zhang, Y.-C. Zhang, and
T. Zhou, “Vital nodes identification in complex networks,”
Physics Reports, vol. 650, pp. 1-63, 2016.

[34] L. Tian, A. Bashan, D.-N. Shi, and Y.-Y. Liu, “Articulation
points in complex networks,” Nature Communications, vol. 8,
no. 1, Article ID 14223, 2017.

[35] Q. Cai, L. Ma, M. Gong, and D. Tian, “A survey on network
community detection based on evolutionary computation,”
International Journal of Bio-Inspired Computation, vol. 8,
no. 2, pp. 84-98, 2016.

[36] S.Fortunato and D. Hric, “Community detection in networks:
a user guide,” Physics Reports, vol. 659, pp. 1-44, 2016.

[37] L. Ma, M. Gong, Q. Cai, and L. Jiao, “Enhancing community
integrity of networks against multilevel targeted attacks,”
Physical Review E, vol. 88, no. 2, Article ID 022810, 2013.

[38] Z. Wang, Z. Dong, and Y. Hu, “Group percolation in in-
terdependent networks,” Physical Review E, vol. 97, no. 3,
Article ID 032306, 2018.

[39] R.-R. Liu, M. Li, and C.-X. Jia, “Cascading failures in coupled
networks: the critical role of node-coupling strength across
networks,” Scientific Reports, vol. 6, no. 1, Article ID 35352,
2016.

[40] F. Radicchi and C. Castellano, “Breaking of the site-bond
percolation universality in networks,” Nature Communica-
tions, vol. 6, no. 1, Article ID 10196, 2015.

[41] D. Stauffer and A. Aharony, Introduction to Percolation
Theory, CRC Press, Boca Raton, FL, USA, 1994.

[42] M. E. J. Newman, A.-L. Barabdsi, and D. ]J. Watts, The
Structure and Dynamics of Networks, Princeton University
Press, Princeton, NJ, USA, 2011.

[43] G.Dong, R.Du, L. Tian, and R. Liu, “Robustness of network of
networks with interdependent and interconnected links,”
Physica A: Statistical Mechanics and its Applications, vol. 424,
pp. 11-18, 2015.

[44] S.TJia, S. V. Buldyrev, S. Havlin, and H. E. Stanley, “Cascade of
failures in coupled network systems with multiple support-
dependence relations,” Physical Review E, vol. 83, no. 3,
Article ID 036116, 2011.



