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In this paper, we introduce the definitions of d-shadowing property, d-shadowing property, topological ergodicity, and strong
ergodicity of iterated function systems IFS(f,, f;). Then, we show the following: (1) if IFS( f,, f,) has the d-shadowing
property (respectively, d-shadowing property), then %* has the d-shadowing property (respectively, d-shadowing property)
for any k € Z*; (2) if #* has the d-shadowing property (respectively, d-shadowing property) for some k € Z*, then IFS (f,, f,)
has the d-shadowing property (respectively, d-shadowing property); (3) if IFS(f,, f,) has the d-shadowing property or
d-shadowing property, and f or f, is surjective, then IFS( f, f,) is chain mixing; (4) let f, f, be open maps. For IFS(f, f,)
with the d-shadowing property (respectively, d-shadowing property), if A ¢ X is dense in X, and s is a minimal point of f, or f,
for any s € A, then IES(f,, f,) is strongly ergodic, and hence, F* is strongly ergodic; and (5) for IES(f,, f,) with the average
shadowing property, if S € X is dense in X, and s is a quasi-weakly almost periodic point of f, or f, for any s € S, then

IES(fo, f1) is ergodic.

1. Introduction

In this paper, let N=1{0,1,2,...} and Z" ={1,2,3,...}..
Suppose that X is a compact metric space and £ X — X a
continuous map. The set J ¢ N is a syndetic set if there is
N, € Z* such that [n,n+ N,] N J+ @ for each n € N. For
any x € X, £>0, let B(x, ¢) denote the e-neighborhood of x.
x € X is a minimal point of fif for any neighborhood U of x,
the set N (x,U) = {n € N: f"(x) € U} is syndetic, and the
set of all minimal points of fis denoted by AP(f). x € X is
called a quasi-weakly almost periodic point of f if for any
neighborhood U of x, the set N (x,U) = {n € N: f"(x) € U}
has positive upper density.

The shadowing property is a very important notion in
dynamical systems. Many researchers have found some
relationship among various shadowing properties, chain
transitivity, transitivity, and ergodicity. Gu [1] proved that if
(X, f) has the asymptotic average shadowing property, and f
is surjective, then (X, f) is chain transitive. For more recent

results about various shadowing properties, one can refer to
[2-9] and references therein.

A §-ergodic-pseudo-orbit of f is a sequence {x;},,, such
that for any i € N,

1
lim =|{i e N:0<i<nd(f(x).x,,) <0} =1, (1)
n—oo N1
where || represents the cardinality.
fis said to have the d-shadowing property if for any € >0,
there is 6 > 0 such that every d-ergodic-pseudo-orbit {x;},.,
is e-shadowed by a true orbit {f*(z)},,, in a way such that

. Ly, ) i 1
hnrn—?:;lop ;HzeN:OSKn,d(f (z),xi)<e}|>i, (2)
where f is said to have the d-shadowing property if for any
>0, there is 6> 0 such that every d-ergodic-pseudo-orbit
{x;},50 is e-shadowed by a true orbit { f* (2)},., in a way such
that
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lim inf %Hi eN: 0<i<nd(f;(2),x;)<¢ef|>0.  (3)

Let X be a metric space and f, f, be continuous maps
on X. The iterated function system IFS( f,, f,) is the action
of the semigroup generated by {f,, f,} on X. In this paper,
we introduce the definitions of the d-shadowing property
and d-shadowing property for IFS( f, f,).

An orbit of IFS(f, f,) is a sequence {f’ (x)},. > where
W= Wyww, ... € 2* ={a=ayaa,...: a €{0,1}}, and for
any i € N,

FL@) = fu oo (),

‘ (4)
fox)=x.

A sequence {¢},., is called a 8-ergodic-pseudo-orbit for
IFS(fy, f,) if there is w € % such that

lim ~|{i e N: 0<i<md(f, (E).En)<Sl|=1  (5)

n—oco 1

IFS(fy, f,) is said to have the d-shadowing property if
for any & > 0, there is § > 0 such that every §-ergodic-pseudo-
orbit {x;};., is e-shadowed by a true orbit {f’ (2)},,, in a
way such that

limsuleieN:0£i<n,d(fi)(z),fi)<s}'>%. (6)

n—~oo n

IFS(fy, f;) is said to have the d-shadowing property if
for any ¢ > 0, there is § > 0 such that every §-ergodic-pseudo-
orbit {&},., is e-shadowed by a true orbit {f’ (2)},., in a
way such that

lim inf fieN: 0si<n,d(fi,(z),fi)<e}|>0. (7)

n—oo "N

Denote F* = {X: So o ofwofa, @pwps Wy €
{0,1}}, where k € Z*.

In this paper, the definitions of the shadowing property
and average shadowing property for IFS(f,, f,) are in-
troduced by Bahabadi [10], and the definition of the as-
ymptotic average shadowing property for IES(f,, f,) is
introduced by Nia [11]. Let f,, f, be open maps. For
IFS(fy, f1) with the d-shadowing property (respectively,
d-shadowing property), if A ¢ X is dense in X, and s is a
minimal point of f or f, for any s € A, then IFS( f,, f,) is
strongly ergodic. Under similar conditions, Niu [2]
researched that (X, f) has the average shadowing property
and then the conclusion is true. Wang and Niu showed that,
for (X, f) with the average shadowing property, if S ¢ X is
dense in X, and s is a quasi-weakly almost periodic point of f
for any s € S, then fis transitivity (see [12]). However, under
similar conditions, we will prove that IFS( f, f,) is ergodic.
Then, we will come up with a situation that IFS (f,, f,) does
not have the asymptotic average shadowing property.

According to Bahabadi [10], a finite sequence §;, = x, .. .,
&, = yis called a §-chain of IFS( f, f,) if foranyi=0,...,
k -1, there is w; € {0,1} such that d(f,, (§;),§;,,) <.

Complexity

Definition 1 (see [10]). IES(f,, f,) is as follows:

(1) Chain transitive if for any x, y € X and any § >0,
there is a §-chain of IFS( f,, f,) from x to y

(2) Transitive if for any nonempty open sets U,V ¢ X,
there are w € 3> and n € N such that fU)NV+D

(3) Mixing if for any nonempty open sets U,V c X,
there are w € X% and N € N such that U NV
& for any n> N

(4) Chain mixing if for any x, y € X and any § > 0, there
is N € Z* such that for any n> N, there is a §-chain
of IFS(f, f1) from x to y consisting of exactly n
elements

For any A c N, define the positive upper density of A by

H(A)zlimsupélAﬂ {0,1,...,n—-1}|. (8)

n—~oo

Define the lower density of A by

1
d(A)zliminf;lAr‘l{0,1,...,n—1}|. 9)

If AcN, AC is the complementary set of A. _

w in the pseudo-orbit of the shadowing property,d-
shadowing property, and d-shadowing property for
IFS(fy, f1) is the same as the one chosen in the shadowing
orbit, while the two ws in the definitions of the average
shadowing property and asymptotic average shadowing
property may be different.

2. The d-Shadowing Property and d-Shadowing
Property for IFS(f,, f,)

Bahabadi [10] introduced the definition of the shadowing
property for IFS(f,, f;). In this paper, we will introduce the
definitions of the d-shadowing property and d-shadowing
property for IFS(f,, f,) and give some results.

Definition 2. A sequence {{;},_ is called a §-pseudo-orbit
for IFS( f,, f,) if there is w € 2 such that for any i € N,

d(f (&), Em) <d. (10)

Definition 3. IFS(f,, f,) has the shadowing property if for
any > 0, there is § > 0 such that every §-pseudo-orbit {},.
is e-shadowed by a point z € X, i.e,, there is z € X such that
for any i € N,

d(f,(2),&) < (11)

Example 1. Suppose that f,(x) =0, f,(x) =1, x € [0,1].
For any &> 0, there is § = £>0. Let {{;},., be a §-ergodic-
pseudo-orbit for IFS(f,, f;). Therefore, there is w =
Wow, W, - -+ € £ such that

lim le eN: 0£i<n,d(fwi(§i),fi+l) <6}| =1 (12)

n—o0 1

Then, there is z = &, such that
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1
nlinooZ{IEN 0<1<nd<f (z)f)<s}| 1. (13)

Obviously, IFS(f,, f,) has the d-shadowing property
and d-shadowing property.

Lemma 1. For any ke Z', and any e>0, there is
0< & < (&/k) such that there is any §-chain of length k + 1 for
IFS(fo, f){€0: 615 -, &), ice., there is w € £* such that
d(f o, (&), 8i01) < satisfies

d(f,(&).&)<e VO<isk. (14)

Proof. Fix k € Z" and let £>0. Since f, and f, are uni-
formly continuous, for any w' = wjw}---€ =%, f! is also
uniformly continuous, where i=0,1,...,k. Then for
(e/k)>0, there is 0<d< (¢/k) such that d(fi)l (x),

iul () < (e/k) for any x, y € X satisfies d (x, y) < 4. Since

{&0 &1 -, &} is a O-chain of IFS(f, f,), there is w € X*
such that
A(fo, () &1) <8 <i<k-1. (15)
Put ' = w. Then,
d(f1 (&)
Sd(fw fwlfwo(go) fw 1 "fwl(£1)>+

(16)

where 0 < j<k.

Theorem 1

(1) IFIES(fy, f1) has the d-shadowing property, then F*
has the d-shadowing property for any k € Z*

(2) IfIFS(f, f1) has the d-shadowing property, then F*
has the d-shadowing property for any k € Z*

Proof. Fix k € Z" and let ¢ >0. We can find a number § >0
satisfying Lemma 1. We will show that (1) is true. We can
find a number &, > 0 such that each §,-ergodic-pseudo-orbit
of IFS( f, f) is 6-shadowed by a true orbit along a set with
positive lower density, and 6> 6,. Let {x;},., be a §,-er-
godic-pseudo-orbit of F*. That is to say, there is w € X? such
that

1
lim -

n—oo 1

{zeN 0<i<n, cl(fwwk1 “ee0
(17)

S (xi)’xiH) < 51} =1

Let

3
{fi}izo ={x0’fw0 (xo)’ e ’wa" e °fw0 (xo)’xl’
fwk(xl)’ s ’fwzk,zo' "Ofwk(x1)> te ’xn’fwy,k (xn)’
o () f
(18)

Obviously, {};,., is a &,-ergodic-pseudo-orbit of
IFS(fg, f1)- Then, there is z € X such that

NI ST P i

liminf —|{i € N: 0<i<n.d(f, (2),&)<s}[>0.  (19)

Put A:{ieN:d(f’;f(z),x,-)<s},A1:{ieN:d(fﬁU
(2),§) <0}, B =

%li €N d(f,,  oof g, (%), %)<

8,%}, an dM = { Ki+j:1€B,j=1,-k}
Obviously, d(A,)>0,d(M)=1,d(B;) =1, and then

d(A;NM) = d(A,) > 0. Now, to prove the theorem, we need

to show the following claim.

Claim 1. Put (JAn{0,1,...,n—1}|/n) = (s,/n)and (J]A;N
Mn{0,1,...,nk - 1}| — k/nk) = (t,/nk), then (s,/n)=>
(t,/nk).

Proof. Without loss of generality, suppose that d (z, x;) <&,
then the claim is true when n = 1. Assume (s,/n) > (t,/nk),
then we will show that (s,,,,/n+ 1) > (t,,,/(n + 1)k). For any
m=kp+qeANMNO,...,nk—1}, where peN,0<
q<k, we have d(f7(z),§,)<d, and the sequence
{f’“’l (@), &+ i pr1)- 1,xp+1} is a 0-chain. According to

Lemma 1, d(fw(pH) (2),xp,1) <& So, p+1¢€s,,,. There-
fore, s,.,> (|A ﬁMﬂ{O 1,...,nk}/k) and (s, /n+1)>

n+1

(1A,nMn{0,1,- (n+1)k—1}|—k/(n+1)k) = (ty/(n+
k)
Obviously,
.. . |lAinMnfo,1,...,nk-1}| -
liminf 2
e " (20)
.. |AnMn{o,1,...,nk -1}
= liminf .
n—>00 nk

Then, d(A) = d(A;N M) >0.So (1) is true. Now suppose
that IFS( f,, f,) has the d-shadowing property. In this case,
the proof is the same as for (1) except that
d(A,NM) =d(A,)> (1/2). Then, we can see that d(A)>
(1/2).

Theorem 2

(1) If F* has the d-shadowing property for some k € Z°,
then IFS(f, f,) has the d-shadowing property

(2) If F* has the d-shadowing property for some k € Z*,
then IFS(f, f1) has the d-shadowing property

Proof. Suppose that F* has the d-shadowing property for
some k € Z*. Let ¢>0, and we can find a number ¢ >0
satisfying Lemma 1. Since %* has the d-shadowing property,
there is 8, > 0 such that any 8, -ergodic-pseudo-orbit of F* is



¢,-shadowed by a true orbit along a set with positive lower
density, and ¢, > §,. For §,, we can get § > 0 by Lemma 1. Let
{&};.0 be a d-ergodic-pseudo-orbit of IFS(f, f,), and
{x;} {&4i}is o Therefore, there is w € £* such that

ifi=0 =
lim l|{ieN:0§i<n, d(fo, (&) &) < }|_1 (21)

n—aoo 1N
Let M={ieN:0<i<n, d(fw,,ﬁ (Elk+]) flk+]+1)<6 j=
o,.. — 1}, then

1
lim —|M|=1. (22)
n—oo 1
Therefore, if i € M, then the sequence {&;, &5,
& iv1)kt is a 8-chain. Accordlng to Lemma 1,d(f, o °

fwk(x) l+1) d(fw (i+1)k— \° fwk(gzk) £(1+1 )<61’ SO
{x;};5, is a &,-ergodic-pseudo-orbit of F*. There is z € X
such that
PR AT ) ki
1 f— : , , X; . 23
im inf nHlEN 0S1<nd(fw(z) x,)<£1}'>0 (23)
Put A={ieN:d(fN(z),x)<e} and A, ={ieN:
d(fi (2),&)<e}, then d(AnNM) =d(A)>0. There is
m € ANM such that d(fﬁ)m (2), &) = d(fﬁ’” (2),x,,) <&,

and then the sequence { fX""1(2), x,,,, Enits - > Eimakr ) 15 2

¢,-chain. According tO Lemma 1, we have d(f km+]( )

Ekm+J) <¢, where j = .,k —1. Now, to prove the theo-
rem, we need to show the following claim.

Claim 2. Put (JANMN{0,1,...,n—1}|/n) = (s,/n) and (JA;N
{0,1,...,nk—1}|/nk) = (t,/nk), then (t,/nk)> (s,/n).

Proof. Without loss of generality, suppose that 1 € M and
d(z, x,) < €, then the claim is true when n = 1. Assume that
(t,/nk) > (s,/n), then we will show that (t,,,/(n+ 1)k)>
(s,41/n+1). Obviously, or s,=s,+1 If
Sy =S, + 1, then d(fﬁ”(z),xn)<£1, and we can see that
d(f"”“ (2), &) <& where j=0,....k=1.S0t,, =t,+
k and (t,,/(n+1)k)> (s, /n+ Dacs. If s,,, =s,, then
ty 2t, and (t,,,/(n+ 1)k)> (s, /n+1).

Then, d(A;) > d(ANM) > 0. So (1) is true. Now suppose
that #* has the d-shadowing property for some k € Z*. In this
case, the proof is the same as for (1) except that d(ANM) =
d(A)> (1/2). Then, we can see that d (A;) > (1/2).

S+l = Sn

Corollary 1. Let IFS(f,, f,) be a iterated function system,
then the following statements are equivalent:

(1) IFS(f o, f1) has the d-shadowing property (respec-
tively, d-shadowing property)

2) jfk has the d-shadowing property (respectively,
d-shadowing property) for some k € Z*

(3) jfk has the d-shadowing property (respectively,
d-shadowing property) for any k € Z*

Lemma 2. Let A,BCN; (1) if d(A) = a and dB)>1-a
then d(ANB)>0; (2) if d(A) =« and d(B)>1-a, then
d(ANB)>0. Here, 0<a<1.

Complexity

Proof. Firstly, we will show (1). Suppose on the contrary
that d (ANB) = 0. Then, d (B) < d (A°). Therefore, we can see
d(A) +d(A)>d(A)+d(B)>a+1—-a=1. But d(A) +
d(A%) =1, which contradicts the hypothesis. Hence,

d(ANB) > 0. The proof for the second case is the same as
for (1).

Theorem 3. f, or f, is surjective,
(1) If IFS(fy, f1) has the d-shadowing property, then
IFS(fy» f1) is chain transitive

(2) If IES(fy, f1) has the d-shadowing property, then
IFS(fy» f1) is chain transitive

Proof. Without loss of generality, suppose that f, is sur-
jective. 'Then, there is a sequence {y;};.o=1{yo =1
V1> V3 -+ -} such that for any i >0, f, (y;) = y;_;. Let e>0 be
arbitrary, and x, y € X. Firstly, we will prove that (1) is true.
We can find a number §>0 as in the definition of the
d-shadowing property for IFS(f,, f;). Put a, =2,
a; = 2m+*%1 Construct a sequence as follows: {{};., =
(o fo@, 2 G Y Yayre 3% o () i (),
Yap+> ¥»o--h Then, {§;},.  is a §-ergodic-pseudo-orbit for
IES(fo, f1), i.e., there is w = wyw,w, - -- € * such that

lim 1{ieN:0si<n,d(fwi(€,-),fi+l)<6H=1, (24)

n—oo n

where

w; = { 0, d(fO (gi)) £i+1) < 6, (25)
L d(fl(f)s i 1)28

Put A, ‘teNfe{fo(x)} >0} andA, ={ieN: ;e
{f] (J’)}po en, d(A;)=1,d(A,)=1. Since IFS(f,f)
has the d-shadowing property, there is z € X such that

hmlnf—{zeN 0<1<nd(f (z)f)<e}|>0 (26)

n—oo n

According to Lemma 2, there are iy, jj,l,s € N,I <ssuch
that

d(f,(2).&) <&d(f)(2).&) <& & = fo(x),E =y,

(27)

0 {x, fo (), 2 (), f0 7 (), fL (@) 51 (2), 3

Yj—1>"**>Y1> ¥} is an e-chain from x to y. Hence, IFS(f(, f)
is chain transitive.

Then, we will prove that (2) is true. Construct a sequence
as follows:

{Eizo =175 % o (0, y15 355 fo (%), £ (%), y2 y1 35}
(28)

Then, {{;},. , is a §-ergodic-pseudo-orbit for IFS (f, f1),
i.e., there is w = wyw,w, - -- € * such that
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lim lHlGN 0<i<n, d(fw(f)fl+1)<5}' (29)

n—o0 1

where

o, :10, d(fo(fi),€i+1)<5, 0
L d(fl (‘fi)sfiﬂ) > 0.

Then, d(A)) = (1/2),d(A,) = (1/2). Since IFS(f,, f,)
has the d-shadowing property, there is z € X such that

hnwup%HieNEO£i<n¢Kf;&LEJ<sH>%. (31)

n—=00

Then, the proof of this case is the same as for (1).

Theorem 4. IfIFS(f, f,) has the d-shadowing property or
d-shadowing property, and f, or f, is surjective, then
IFS(fo, f1) is chain mixing.

Proof. The result is obtained by Corollary 1, Theorem 3, and
Theorem 2.3 in [13].

Lemma 3 (see [10]). IFS(f, f,) is chain transitive and has
the shadowing property, and then IFS( f, f,) is transitive.

Corollary 2. IFS(f, f,) has the d-shadowing property
(respectively, d-shadowing property) and the shadowing
property, one of f, f, is surjective, and then IFS(f, f,) is
mixing.

Proof. The result is obtained by Theorem 4 and Lemma 3.

IFS(fy, f1) is ergodic if for any pair of nonempty open
subsets U,V cX, there is weZX* such that
N(U,V)={neN: f"(UNV +@} has the positive upper
density. IFS(f, f,) is strongly ergodic if for any pair of
nonempty open subsets U,V C X, there is w € £* such that
N(U,V)={neN: f7(U)NV + D} is a syndetic set.

A map f: X — X is an open map if for any open set
U c X, f(U) is also an open set.

Theorem 5. Let f, f, be open maps. For IFS(f, ) with
the d-shadowing property (respectively, d-shadowing prop-
erty), if A ¢ X is dense in X, and s is a minimal point of f, or
f1 for any s € A, then IFS(f, f,) is strongly ergodic.

Proof. Suppose that Uand V are two nonempty open subsets
of X, then there are x e UNA,y € VNA, an de>0 such
that B(x, s) CcU,B(y,¢e) cV and Ix,]y are syndet1c sets,
where J? = {1 € N: f’ (x) € B(x, (8/2))} ] ={i e N:
f‘ (y) € B(y, (¢/2))}, p, q =0orl. Since ]x,]y are syndetlc
sets we can find N,, N, € Z* such that JEn[n,
n+N,]1+J, Iqﬂ[n,n+N ]966 for any n € N. Firstly, we
will prove if IFS (f, f,) has the d-shadowing property, then
the conclusion is true. Put N, = max{Nx, Ny}, a,=0,a, =
Ny,  a, =2%" . q, = 2% 0 0t 4 gy dE, =ag+
a, +---+a, Put

+00

E= U{EZn’ Epy+ 1, By — 1}
" (32)

+00

F= U{E2n+1’E2n+1 +1,... ’E2n+2 - 1}‘
n=0

We can see that d (E) = 1and d (F) = 1. For (¢/2) >0, we
can find a number ¢ >0 satisfying Lemma 1, where
k = N, + 1. There is § > 0 such that every §-ergodic-pseudo-
orbit of IFS (£, f) is ¢, -shadowed by a true orbit along a set
with positive lower density, and &, > 8. Put {&;},_  as follows:

{ fiD_Ezn (x)’ EZnSi<E2n+1> (33)
fiz_Em1 (7), Epp Si<Epuy,.

That is to say, {f }120 {x, fp(x)eee, 5 (X, y,
faO)s-- L)k, (), Then {€i}iso is a
6-erg0dic-pseudo -orbit for IFS(f,, f,), ie., there is
W = Wy, W, --- € ¥ such that

1
1' — |17 : / s ), & = 1, 34
ninoon{zeN 0<i<n d(fwi(f,) £1+1)<6H (34)
where
L &= (),
:{p {E s)
q’ 51 — fq 2n+1 (y).

Since IFS (f, f,) has the d-shadowing property, there is
z € X such that

lzrggof;{zeN 0<z<nd(fw(z)€)<£1}|>0. (36)

Let B={0<i<n: d(f! (2),&)<e}, then d(B)>0
According to Lemma 2, both BNEand BNF are infinite.
Therefore, we can find n, € BNEandm, € BNF such that
Ey 1 —1ny22Ngand E,, ,, —my>2N,, where fj,s) €N,
ty <So. Suppose on the contrary that for any n, € BNE,

E,,1 =1y <2N,, where t € N. We can see
d(B)
=liminf —|Ji e N: 0<i<n,d <
iminf [{ i<nd(f,@8)<all
< i Bn{0,1,...,Ey, -1
< Jim Z—[Bn{ 2~ 1]
< lim ay+2Ny+a, +2Ny+a, +---+ay, +2N,
t—00 E2t+1
< lim ayta;+---+ay +2N,
=00 Epi
~ lim ag+a; +---+ay, +2N,

=00 dy+ady t+--t+dy tay,

ag+a;+---+a, +2N,

+ay + ag+a;+tay

= lim
t—00 a0+a1+...

-0,
(37)



which is in contrast with d(B)>0. Another proof can be
obtained similarly. Since no € BNE and m, € BNF,
d(f (2),¢, ) <& and d(fa’ (z),fmo) <&, where fno =
fno B (x) and &, (). Owing to x, y € A, there
are 0<n* and m* <N, such that d (f;"_E“"M* (x),x) < (e/2)
and d(fi° "™ (y), y)< (e/2). Obviously, {fo~ (2),
an)EnOJrl""’ ’€n0+N0} and { Z;O_l (Z))Emo)fmoer"'a
Emy +N0} are ¢ -chains. According to Lemma 1,
nO—E2t0+n

d(f"°+" (2), fp (x))<e/2andd(fm"+m )
f;nu Eaurt® (y)) < (&/2). Therefore, d(f""”' (z),x)<eand
d(fm°+m (2),y)<e.  'Then, ""M (z)eB(x,e)cU and

"™ (2) € B(y,) C V. Obviously, Mo + m*>ny+n*. Put
N =my+m* - (ny+n*) and ' —cuow1 WNe_y =
Wypn " Oppamr -1 then f (fno+n (2))= leo-'—m* (2) €
B(y,¢) cV. Hence, fN1 U)NV +@.

We write W = f, (UNV £ 3. As f,, f, are open sets,
SN (U) is an open set. Therefore, W is an open set. Then,
there are z*e€WNA and «?€X* such that
]:{nEN:f;’)2 (z*) EW} is a syndetic set. For any me],
f’” (W)ﬂW#z@ There is @’ =wjwi - =wjw]
wN L wre >? such that @+ fm (WHnW = fr, (ff1 U)NV)N

N (U)NV ¢ N UV Since (N*+m:me]J}c
N(U,V)={neN: fN*™(U)nV#@}, N(U,V) is a syndetic
set. As Uand V are arbitrary, IFS(f, f,) is strongly ergodic.

Then, we will prove if IFS( f,, f,) has the d-shadowing

property, then the conclusion is true. Put a, = 0,a, = N,
a,=2-Ngy,...,a,=n-Ny,andE, =a,+a, +---+a,.

mo Eyspn1

£n0+n* 4

£m0+m R}

+00
E-= U EZn’E +1,- E2n+1 - 1}’
(38)

+00

F= U{E2n+1>E2n+l +1e-
n=0

> E2n+2 - 1}'

We can see that d(E) = (1/2) and d(F) = (1/2). Then,
the proof of this case is the same as for case one.

Theorem 6. Let f, f| be open maps. For IFS(f,, f1) with
the d-shadowing property (respectively, d-shadowing prop-
erty), if A ¢ X is dense in X and s is a minimal point of f, or
f, for any s € A, then F* is strongly ergodic.

Proof. According to the condition, for any s€ S, s is a
minimal point of f;, or f,. For any k € Z", it is well known
that AP(f) = AP (fk) and then s is a minimal point of f0 or
f*. We can combine Corollary 1 and Theorem 5. Then, F* is
strongly ergodic.

A point x € X is called a stable point of IFS( f, f) if for
any €>0, there is § >0 satisfying d (7 (x), f7 (y)) <e for
any ye€X with d(x,y)<d and any weX*neN.
IFS(fy, f1) is called Lyapunov stable if any point of X is a
stable point of IFS(f, f/).

Complexity

Theorem 7. For IFS(f,, f,) with the d-shadowing property
(respectively, d-shadowing property), if IFS(f,, f,) is Lya-
punov stable, and f, or f, is surjective, then IFS(f, f,) is
transitive. Hence, F* is transitive forany k e Z".

Proof. Suppose that U and V are two nonempty open subsets
of X, then there are x €U,y eV, ande>0 such that
B(x,¢) cUand B(y,¢) c V,where x, y € X are stable points
of IES(f, f1). There is & >0 such that for any u,v € X,

d(u,v)<£1,thend(f2(u),f';(v))<§, foralln=0,1,2....

(39)

Without loss of generality, suppose that f is surjective.
Then, there is a sequence {y—j}jzo such that y_;,, = f(y_;)
forall j € Z" and y, = y. Firstly, we will prove if IFS ( f,, f,)
has the d-shadowing property, then the conclusion is true.
Put a,=0,a, =1,a, =2%""%, a, = 2%tamrareta
ande, =a, +a, +---+a, Put

n-1
>

+00

E= U{eZn’eZn + 1

n=0

v — 1)

(40)

+00

F= U{62n+1’62n+1 + 1.
n=0

>€m42 1}>

then we can see that d (E) = 1andd (F) = 1. For & >0, we
can find a number §>0 as in the definition of the
d-shadowing property for IFS (f,, f,). Construct a sequence
(&);0 as follows:

i— eZn (x)

fi = {
Vicesr

That is to say, {&}.,= {x, Yo f (%),
y_a4,---y_1,---}. Then, {{;};., is a d-ergodic-pseudo-orbit
for IFS(fy, f1), i.e., there is ! = wjwlw}]--- € % such that

€2 SE< ey (41)

€1 ST< €215

1
nﬁnm;{iEN:OSi<n’ <fw (5) z+1> } =1,
(42)
where
1 0’ f fl ean (x)’
.= 43
l { L f" = Viceyy )

Since IFS( f,, f,) has the d-shadowing property, there is
z, € X such that
lim inf 1]{1‘ eN: 0<i<nd(fl, (z).&)<e}|[>0. (44)
n—oo N
Let B={0<i<n: d(fi (z9),&) <£h}, then d(B)>0.
According to Lemma 2, both BN Eand BNF are infinite.

Therefore, there are n; € BnEandm, € BNF such that
€y, <My <€y ,jande,, . <my<e, ,,, where ty,s€N,t; <sp3

then, d(f (20 f,,o)<£1 and d(f (zo),€, ,) <&, where
no “0(x) and &y = Yomge, " According to (2.1),

d(f%” () =d(fu, oofu, (fol @) fa 0

€2sg+271



Complexity

“ofap, Ompen, )< (€2) and d(fy oo fwl

€2sg+271

(fhehta, cofu, (fo M= dA(f7 e
Fo,, oefuy (fo G = Ao (@) fuy, oo
Fap Far ovwofur ()< (e12). '

“Ther, d(y,fJ°+rl ofa, fay o ofa, (D)<e
Putw? = wjw?} -« = (:);Ztowémoﬂ e X and Ny = ey 4, — €y,

then fgz‘) (U)NV +J. Hence, IFS(f,, f,) is transitive.

According to Corollary 1, ¥ is transitive for any ke Z".
Then, we will prove if IFS( f,, f,) has the d-shadowing
property, then the conclusion is true. Puta, = 0,4, = 1,a, =

2,...,a,=n, andE, =a,+a, +---+a,.
+
E= U{EZn’ E2n +1... ’E2n+1 - 1}’
=0
+oo (45)
F= U{E2n+l’E2n+1 + 1.5 Eypp — 1},
n=0

We can see that d(E) = (1/2) and d(F) = (1/2). Then,
the proof of this case is the same as for case one.

3. The Average Shadowing
Property for IFS(f, f)

Bahabadi [10] introduced the definition of the average
shadowing property for IFS( f,, f,). In this section, we will
research the relationship among the average shadowing
property, ergodicity, and strong ergodicity.

Definition 4. A sequence {&},., is called a &-average-
pseudo-orbit for IFS(f, f,) if there are w € 2* and N € Z*
such that for every n> N,

» 2 (). <8 (49

Definition 5. IFS(f,, f;) has the average shadowing
property (ASP) if for any & > 0, there is § > 0 such that every
d-average-pseudo-orbit {§;}, , is e-shadowed on average by
a point z € X, i.e., there is w € >? such that

n-1
lim sup % Yd(f,(2),8)<e (47)
n——00 i=0

Theorem 8. For IFS(f, f,) with the ASP, if S ¢ X is dense
in X, and s is a quasi-weakly almost periodic point of f, or f,
for any s € S, then IFS(f, f,) is ergodic.

Proof. Suppose that U,V ¢ X are two nonempty open sets.
We can find two points u € U, v € V, and € >0 such that
B(u,e) cUand B(v,e) ¢ V. There is ¢ >0 such that
x € B(x,¢&)) € B(u, (8/2)) y € B(y, &) € B(v, (¢/2)), where
x,y €S. Therefore, JE = {1 eN: f’ (x) € B(u, (5/2))} and
Ji= {z eN: f‘ (y)€B(v, (8/2))} have the positive upper

density, where p,q=0or1. We can find k,k, € N such that
d(J0) =a> (4/k,) > (4/k)>0,d (J}) = B>4/k,>4/k >0,
wherek = max{k,,k,}. Since IFS(f, f,) has the ASP, there
is § >0 such that every §-average-pseudo-orbit of IFS (£, f,)
is (e/2k)-shadowed on average by a point in X. We can find a
number N, eN such that (3 D/N;)<é, and N,=t-k,
where D =diam (X), t € Z*. Define the sequence {¢;},., as

{fi}izoz{x (x) fg"*l (x), y,fq(y),---,

50*1 (y)’ff;’o (X),'--, 2N0 (x) févo (y) }
We can choose

> d i)>Si+l 8$
wi:{p (£ (8 ) < ”
9 d(fp (fi)’fﬂl) >4.

follows:

w= w0w1w2 ---€ 2. Obviously, for n> N,,
n/Ny|-3D 3D

- Zd(fw (&) &) < [n/No] - 3D < =<8 (49)
n N,

So {¢};., is a 8-average-pseudo-orbit for IFS(fy, f;).
Hence, there are z € Xand w' € 2 such that

lim sup — Zd(fwl (2), f) (50)

Since d(J{)=a> (4/k;)> (4/k)>0,d (J})=B> (4/k,)>

(4/k)>0,k = max{k;,k,}, we  have dWh > (2/k),

d(W1)> (2/k), where W{={ieN:& €B(u, (¢/2))}, Wi=

{ieN:£ € B(v, (e/2))}. Put F={i eN:d (fi, (2),§)> (¢/2)}.

Then, d(F)< (1/k).
d(F)> (1/k), then

Suppose on the contrary that

n-1 .
lim sup % Z d(f;,l (Z)>fi)
n—oo M i3

> lim sup — (IFﬂ{ ,...,n—l}l‘E
n—oco N 2 (51)
+[Fn{0,1,...,n-1}| -0)
1 ¢ ¢
2_.—:—’
k 2 2k

which is in contrast with (50). So d(F) < (1/k). Therefore,
d(F)=1-d(F)21- (1/k) = (k—-1/k). According to
Lemma 2, d(WZNF%) >0 and E(anFC)>0 There are
ig» joo I, s, s>1 such that fl“ (x) € B(u, (e/2)), g" () €
B(v, (8/2)) and d(f (2), fl)< (e/2), d(f3, (2),&,) < (el2),
where fp (x), E f¥(y). Then, cl(ffu1 (2),u) <
a,d(fS (z) v)<e. Therefore, fiul (z) € B(u,e) cU and
for e fuJ (z)= fvl(z)e B(v,e)CV Let ny, =s—1,
and @ = w2w? -+ = ww.,, - @l - € 32, then N (U, V) =
{no eZ": f:" (U)ﬂV, w? € 22} +J. Obv1ously,



[{ro: my=s-Ls>LlewknF,sewinF}nio,...,

Complexity

lim sup
n—~oo

Therefore, d(N (U,V))>0. As UandV are arbitrary,
IES(fy, f1) is ergodic.

Theorem 9. Let f, f, be open maps. For IFS(f,, f,) with
the ASP, if S ¢ X is dense in X, and s is a minimal point of f
or f, for any s € S, then IFS(f,, f,) is strongly ergodic.

Proof. Suppose that Uand V are two nonempty open subsets
of X. Obviously, the syndetic set has the positive upper
density By Theorem 8, there are ny€N,w’=w
2wl wfl _,---€2? such that 1% (U)NV#Q. We write
W = f (U)ﬂV#z@ As f, f, are open sets, f75 (U) is an
open set. Therefore, W is an open set. Then there are
z* € WNS, w® € 22 such that J = {n eN: f7.(z") € W} isa
syndetic set. If m € J, then f7, (W)NW # &. There is w*

wywt = wjw? - w? _w*€X? such that @+ ™ (W)ﬂW:

ny—1
mo (S ONVI)NS UV € £ ([U)NV. Since  {ny+

m:meJ}cN(U,V)={neN: {15 (U)nV#3}, N(U,V) is
a syndetic set. As U and V are arbitrary, IFS(f, f,) is
strongly ergodic.

Lemma 4 (Theorem 3.1 in [13]). IfIFS(f,, f) has the ASP,
then F* has the ASP for any k € Z*.

Theorem 10. Let f, f, be open maps. For IFS( f, f,) with
the ASP, if S ¢ X is dense in X and s is a minimal point of f
or f, for any s € S, then F* is strongly ergodic.

Proof. According to the condition, for any s€ S, s is a
minimal point of f;, or f,. For any k € Z", it is well known
that AP(f) = AP (fk) and then s is a minimal point of fk or
f%. We can combine Lemma 4 and Theorem 9. Then, F* is
strongly ergodic.

4. A Remark on the Asymptotic Average
Shadowing Property for IFS(f, f,)

The definition of the asymptotic average shadowing property
for IFS (f, f) is introduced by Nia [11]. Here, we will come
up with a situation to show that an example does not have
the asymptotic average shadowing property.

Definition 6. A sequence {&},., is called an asymptotic
average pseudo-orbit for IFS( f,, f,) if there is w € £* such
that

(53)

an ! yi (fw (5) t+1)

Definition 7. IFS(f,, f;) has the asymptotic average
shadowing property (AASP) if every asymptotic average

- (52)
n

pseudo-orbit is shadowed on average by a point z € X, i.e.,
there is w € * such that

) 1 n-1 ;
Jim =% d(f, (2),§) =o0. (54)
i=0
For any A,B C X,
d(A,B) = aen/}ibrélB d(a,b). (55)

Theorem 11. If U C X is an open set, then U is invariant
under f,(t =0,1)(f,(U) cU,t =0, 1). Assume that there is

x € X such that { fi (x)};5, U or {f (x)};5, € U. Suppose
that y € X is a point whose orbit is metrically separated from
U (foranyw € 32, d({fl, (y)}jzo, U) >0). Then, IFS(fo, f,)
does not have the AASP.

Proof. Without loss of generality, suppose {f% (x)},., cU.
Construct {&;},., as follows: {€;},.,={x, v, x, o (x), 5, f1 (),
% fo (%), f5(3)s £33y fL D fT0 1 (0)sxs fo ()0,

Fo(x),p,..}
For any k € N, we can find [ € N with

1 1

T

Y2 <k s (56)
i=1 i=1
We can choose
0, d i) 6iv1) =0,
o[PS -
Lo d(fo(§) 8i1)>0.
W = Wyw,w, --- € X%, We can see that
k-1
Y d(f,, (&), &.1)<31- D, D = diam (X). (58)
i=0
This implies that
1S . 3l-D
nh_{noo n Z d(fw,. (fz‘)>£i+1) =, ol =0. (59)
i=0 —®

So {&};.o is an asymptotic average pseudo-orbit of
IFS(fy, f1)- We will prove that IFS( f,, f,) does not have
the AASP. Suppose that IFS(f,, f,) has the AASP. For
asymptotic average pseudo-orbit {&;},., there are
z € X, w' € £* such that {},. , is asymptotically shadowed
on average by the point z. Meanwhile, the orbit of z has to
enter U at some point. Otherwise,

12—1

2 d(f (z),f,)%d({ {@},.pU)>0. (YneN)

i=0

(60)



Complexity

So IFS(f,, f) does not have the AASP. Therefore, there
is N, € N such that fi\;" (2) € U. Then, f7,(z) € U for any
n> N,. Therefore, for n that is large enough,

2"-1

~ d(fi»(Z),f,-)zid<{f{'(y)}j20,U>>0, (61)

n
2 i=0

which contradicts with the hypothesis. IFS( f, f,) does not
have the AASP.

The following example comes from the study in [13]. It is
avitally important example of IFS (£, f). It is controversial
whether it has the AASP. We can use the above theorem to
prove that it does not have the AASP.

Example 2. Let f,, f;: [0,1] — [0, 1] be two continuous
maps such that f,(x)> f,(x)>x if and only if
x € [0, (1/2)) and f,(0) = f,(0) = (1/4). Obviously, we can

see that {f%(1/8)};., cU = (0, (1/2)), f,(U) c U, where

t=0,1. And for any we Zz, d({f{,(7/8)}j20,U) > 0.
According to Theorem 11, IFS(f,, f,) does not have the

AASP.
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