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In this paper, we mainly solve the adaptive control problem of robot manipulators with uncertain kinematics, dynamics, and
actuators parameters, which has been a long-standing, yet unsolved problem in the robotics field, because of the technical
difficulties in handling highly coupled effect between control torque and the mentioned uncertainties. To overcome the difficulties,
we propose a new Lyapunov-based adaptive control methodology, which effectively fuses the inverse Jacobian technique and the
actuator adaptation law, with which the chattering in tracking errors caused by actuator parameter perturbation is well sup-
pressed. It is demonstrated that the asymptotic convergence of all closed-loop signals is guaranteed. Moreover, the effectiveness of
our control scheme is illustrated through simulation studies.

1. Introduction

Control of robot manipulators has attracted a great deal of
attentions in the past few decades, due to its wide application
in industrial manufacturing [1], military [2], medical [3],
and other fields [4]. Some promising results studying robot
manipulators have been reported in [5–14]. In [5], an
adaptive strategy was developed for visual tracking problem
of robot manipulators based on the image-based look-and-
move structure, without using image velocity measurements.
In [6], by using nonlinear model to depict friction and load
change, a switched adaptive controller was designed to
achieve asymptotic tracking control for robot manipulators
with friction and changing loads. Moreover, in [15], an
adaptive sliding mode control scheme based on delay esti-
mation was proposed to deal with uncertainties and external
disturbances, and an excellent tracking performance with
small chattering effect was guaranteed.

It is worth noting that the aforementioned control
schemes are all based on joint space (using dynamics), which
may be inconvenient in practical application compared with
task-space control schemes (using dynamics and kinemat-
ics). To cope with this restriction, some interesting results
have been reported in [16–18]. In [16], a task-space con-
troller was developed to guarantee asymptotic tracking of
end-effector position and orientation by utilizing a model-
based observer. In [18], a new task-space controller based on
regional feedback was proposed for various control prob-
lems in task-space such as singularity problem and limited
sensing zone. However, in these aforementioned ap-
proaches, the kinematic parameters are assumed to be ac-
curately known. As pointed out earlier in [19, 20], such
assumption is hard to be satisfied in practice. For robot
manipulator, neglecting the effects of uncertain kinematics
and dynamics will lead to the degradation of control per-
formance, especially in high precision control scenario.
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To address this challenging problem, much results have
been achieved in [21–29]. ,ese methods for designing
controllers in task-space are all based on the Jacobianmatrix.
In [22], Galicki proposed a class of absolutely continuous
Jacobian transpose robust controllers to solve the problems
of uncertain dynamics and external disturbances. In [23],
Cheah et al. designed an adaptive Jacobian control method
to handle the control problem of robot manipulators with
both kinematic and dynamic uncertainties. In [22, 23, 26]
and [27], the design of the feedback controllers was based on
the transposed Jacobian matrix, and all showed excellent
stability characteristics. However, when the manipulator
moves in a wide range, using the transposed Jacobian
feedback method does not make the manipulator tracking
maintain good performance. In [30], Craig proposed an-
other control scheme based on inverse Jacobian matrix, and
in fact, the stability of the control system based on inverse
Jacobian feedback was reformulated and solved in [21],
which theoretically explained that the mechanism of the
inverse Jacobian control system can be stabilized.,e results
in [29, 31] demonstrate the effectiveness of using inverse
Jacobian feedback control methods to resolve kinematic
uncertainties.

It is well known that uncertainty is an important and
complex research topic in engineering, and much progress
has been made in complex system (e.g., [32, 33]). However,
how to deal with the uncertainties in robot system is still an
open question.,e first challenge stems from the coupling of
uncertain kinematics, dynamics, and actuator. It is worth
mentioning that, for linear time-invariant systems, we can
design closed-loop poles properly to ensure the stability.
However, it is not applicable for a nonlinear system (see, e.g.,
[34–37]), especially under the case of kinematic and dy-
namic parameters being unknown. Furthermore, there is no
in-depth discussion on the decoupling of kinematics, dy-
namics, and actuator uncertainties. ,e second challenge
arises from the perturbation in actuator parameters. As
pointed out in [23], the actuator parameters may also change
due to overheating of motor, which may degrade the control
performance. In this case, even the dynamic and kinematic
parameters can be calibrated, and the overall tracking error
of the system cannot be guaranteed to achieve good con-
vergence effect. It has been illustrated through simulation
and experiment examples that the chattering phenomenon
exists due to the perturbation in actuator parameters.

Inspired by the above observation, this paper investigates
the adaptive tracking control problem of robot manipula-
tors, in which both kinematics and dynamics are uncertain.
Actually, one of the most challenging difficulties in con-
troller design is to search an effective adaptive approach to
cope with the uncertainty of actuator model, whose pa-
rameters may change after long time running. To deal with
this challenge, by designing new adaptation laws, an efficient
inverse Jacobian adaptive control scheme is constructed.
Our approaches in this paper can be summarized as follows:

(1) Unlike previous available results in the literature on
tracking control of robot manipulators, e.g.,
[28, 29, 38], we take the perturbation of actuator

parameters into account in our design, with par-
ticular interest in the compensation of unknown
actuator uncertainty whose model may not be ac-
curate due to the imprecise measurement. In our
scheme, a new adaptive method is developed to
cancel the overlarge actuator compensation error
and the unknown disturbances, and the develop-
ment of such a compensation mechanism can well
handle the unknown-in-time perturbation of ac-
tuator parameters. Hence, our proposed adaptive
controller is feasible in dealing with the highly
coupled effect of uncertain dynamics, kinematics,
and actuator model.

(2) Traditionally, the tracking control algorithms of
robot manipulators are based on the transpose Ja-
cobian matrix (see [23, 27, 28] for example), which
may not be convenient because what we can only
design is the joint velocity in this mode (see, e.g.,
[29]). By using the inverse Jacobian, a new joint
reference velocity is defined to replace the joint
velocity command for the control loop, and in ad-
dition, combined with new control law, the sepa-
ration of the kinematics and dynamics is achieved.
Moreover, with the fusion of inverse Jacobian and
actuator adaptation law, the chattering phenomenon
of tracking errors caused by actuator parameter
perturbation is successfully suppressed.

,e remainder of this paper is organized as follows. In
Section 2, the model of robot manipulators and the control
problem are illustrated. Section 3 is devoted to designing an
adaptive controller and analyzing the stability of the system.
In Section 4, the effectiveness of the proposed adaptive
control method is illustrated by simulation experiments.
Finally, the conclusions are given in Section 5.

2. Mathematical Model of Robot Manipulators
and Problem Statement

2.1. Dynamics and Kinematics Model of Robot Manipulators.
If each actuator of the robot is a direct current (DC) motor,
the robot manipulators system can be modeled as [30]

M(θ)€θ + C(θ, _θ) _θ + G(θ) � KTu, (1)

where M(θ) ∈ Rn×n represents the inertia matrix,
C(θ, _θ) ∈ Rn×n denotes the Coriolis and Centrifugal matrix,
and G(θ) ∈ Rn is the vector of gravitational force. θ ∈ Rn is
the joint-space position, and _θ ∈ Rn and €θ ∈ Rn denote the
joint-space velocity and acceleration, respectively. u ∈ Rn is
current input to DC motor, and KT ∈ Rn×n is a positive
definite constant diagonal matrix that converts actuator
inputs u into control torque. In real applications, the value of
KT is usually unknown and varies due to external distur-
bance. In other words, actuator parameter perturbation
phenomenon always exists.

Let x ∈ Rn denote the position of the end-effector in
task-space, and the mapping function between x and θ can
be given as [30, 39]
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x � f(θ), (2)

where f(θ) ∈ Rn⟶ Rn is a nonlinear differentiable
transformation describing the forward kinematics of the
manipulator.

By differentiating (2), we have

_x � J(θ) _θ, (3)

where J(θ) � (zf/zθ) ∈ Rn×n is the differentiable manipu-
lator Jacobian matrix. In most cases, J(θ) is unknown (be-
cause kinematic parameters always vary while performing
different tasks, e.g., [23]). ,erefore, the position/velocity in
task-space can not be directly obtained from the kinematics
formula given above. Instead, the information on position/
velocity in task space can be measured by utilizing cameras.

To facilitate the design and stability analysis, four
properties related to robot dynamics (1) and kinematics (3)
are listed below [23, 39, 40].

Property 1. ,e inertia matrix M(θ) in the dynamic model
(1) is symmetric and uniformly positive definite for all θ.

Property 2. ,e matrices C(θ, _θ) and _M(θ) satisfy
XT( _M(θ) − 2C(θ, _θ))X � 0, ∀X ∈ Rn, and ( _M(θ) −

2C(θ, _θ)) is a skew-symmetric matrix.

Property 3. ,e left-hand side of dynamic (1) is linear in a set
of physical parameters ϕd � (ϕd1,ϕd2, . . . ,ϕdl)

T, and thus

M(θ) _ξ + C(θ, _θ)ξ + G(θ) � Yd(θ, _θ, ξ, _ξ)ϕd, (4)

where ξ ∈ Rn is a differentiable vector, _ξ is the time derivative
of ξ, and Yd(θ, _θ, ξ, _ξ) ∈ Rn×l is the dynamic regressor
matrix.

Property 4. ,e right-hand side of kinematic (3) is linear in a
set of kinematic parameters ϕk � (ϕk1, ϕk2, . . . ,ϕkm)T, which
leads to

J(θ)ζ � Yk(θ, ζ)ϕk, (5)

where ζ ∈ Rn is a vector and Yk(θ, ζ) ∈ Rn×m is the kinematic
regressor matrix.

2.2. Problem Statement. In real applications, when a robot
manipulator grabs tools, the kinematic and dynamic pa-
rameters of robot will inevitably change. Meanwhile, the
actuator model may be uncertain due to overheating of motor
or changes in ambient. Moreover, the kinematics, dynamics,
and uncertain actuator model are highly coupled, which
makes the design of the controller more difficult. In the
following content, our goal is to design an adaptive controller
with separation characteristics to solve the tracking error or
unstable response caused by uncertain parameters.

Also, what needs to be explained is the measurable state
parameters in practical application, joint-space position θ,
joint-space velocity _θ and task-space position x, but J(θ)

cannot be accurately obtained by measurement, which
means that _x cannot be got directly through (3). In this

paper, the control purpose is to make
limt⟶∞(xd(t) − x(t)) � 0, where xd denotes the desired
trajectory.

3. Adaptive Tracking Control

We first discuss the controller design of robot manipulators
with known model, then design adaptive laws and control
law for the robot with uncertain kinematics, dynamics, and
actuator model to realize trajectory tracking control. In
addition, we assume that xd, _xd, and €xd are all bounded.

3.1. ControlDesign of RobotManipulatorswithKnownModel.
Following [23], we define the position tracking error as

Δx � x − xd, (6)

and task-space reference velocity as

_xr � _xd − αΔx, (7)

where xr is task-space reference position and α is a constant
satisfying α> 0.

As kinematic parameters ϕk and J(θ) are known clearly,
the joint-space reference velocity can be defined as

_θr � J
− 1

(θ) _xr, (8)

where θr is the joint-space reference position and J− 1(θ) is
the inverse of J(θ). In addition, a sliding vector is designed as

s � _θ − _θr. (9)

By differentiating (9) with respect to time, we further get

_s � €θ − €θr. (10)

Similarly, when the actuator parameters are known, the
dynamics model of DC motor can be described as KTu � τ,
where τ ∈ Rn is the joint control torque. ,erefore, the task-
space tracking control law can be given as

τ � − Kos + M(θ)€θr + C(θ, _θ) _θr + G(θ), (11)

where Ko ∈ Rn×n is a positive definite symmetric matrix.
By substituting (9)–(11) into (1), we have

M(θ) _s + C(θ, _θ)s � − Kos. (12)

,en, the Lyapunov function is chosen as

Vo �
1
2
s

T
M(θ)s. (13)

By differentiating (13) with respect to time and using (12)
and Property 1, we can obtain

_Vo �
1
2
s

T _M(θ)s + s
T
M(θ) _s

� s
T 1

2
_M(θ) − C(θ, _θ) s − s

T
Kos

� − s
T
Kos≤ 0.

(14)
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It implies that s⟶ 0 as t⟶∞. Multiplying J(θ) to
(9), and using (3) and (6), we can further obtain Δ _x + αΔx �

J(θ)s⟶ 0 as t⟶∞. ,erefore, we have Δx⟶ 0 and
Δ _x⟶ 0 as t⟶∞, since α> 0.

3.2. Control Design of Robot Manipulators with Unknown
Model. In practice, we cannot get _x or _θ directly through (3)
and (8) since kinematic parameters are uncertain. In this
part, we design the controller by using task-space reference
velocity, joint-space reference velocity, and estimated Ja-
cobian matrix.

From Property 4, equation (2) can be further refor-
mulated as

_xr � J(θ) _θr � Yk θ, _θr ϕk, (15)

where ϕk is the estimation of ϕk, and J(θ) is the estimation of
J(θ), which is computed via ϕk. Furthermore, we can re-
define the joint-space reference velocity as [29].

_θr � J
− 1

(θ) _xr, (16)

€θr � J
− 1

(θ) €xr −
_J(θ) _θr . (17)

Substituting (6), (15), and (16) into (9), we have

s � J
− 1

(θ) _x − J(θ) _θr 

� J
− 1

(θ) Δ _x + αΔx + Yk θ, _θr Δϕk .
(18)

From [41, 42], left-multiplying (18) by J(θ), we can
further get

Δ _x � J(θ)s − αΔx − Yk θ, _θr Δϕk, (19)

where Δϕk � ϕk − ϕk is the estimation error of kinematic
parameter.

Substituting (9) and (10) into (1), the equations of dy-
namics can be expressed as

M(θ) _s + C(θ)s + M(θ)€θr + C(θ, _θ) _θr + G(θ)  � KTu.

(20)

From Property 3, replace the vector ξ in (4) with θr;
hence, (20) can be rewritten as

M(θ) _s + C(θ, _θ)s + Yd θ, _θ, _θr,
€θr ϕd � KTu. (21)

Now, we define the control law as

u � − K
− 1

Krs + K
− 1

Yd θ, _θ, _θr,
€θr ϕd + K

− 1
Ya δo( ϕa,

(22)

where K ∈ Rn×n is a positive definite constant approximate
matrix of KT, Kr ∈ Rn×n is a positive definite symmetric
matrix, and ϕd is the estimated vector of ϕd. Furthermore,
Ya(δo)ϕa is an adaptive term that is designed to deal with
the uncertainty in actuator model, where Ya(δo) �

diag δo1, δo2, . . . , δon , and δoi is the ith element of the vector
δo, which is defined as

δo � Krs − Yd θ, _θ, _θr,
€θr ϕd. (23)

,e adaptation laws are designed as follows:
_ϕk � ΓkY

T
k θ, _θr (φΔ _x + Δx), (24)

_ϕd � − ΓdY
T
d θ, _θ, _θr,

€θr s, (25)

_ϕa � − ΓaY
T
a δo( s, (26)

where Γd ∈ Rl×l and Γk ∈ Rm×m are positive definite sym-
metric matrices, Γa ∈ Rn×n is a positive definite diagonal
matrix, and φ is a design constant that satisfies φ≥ 0 and
αφ≤ 1.

Remark 1. An assumption is firstly made that the robot
manipulators will not reach the singular configuration, and
its kinematic can be parameterized linearly as (15). ,us, the
estimated Jacobian matrix J(θ) and its inverse J

− 1
(θ) re-

main nonsingular while being updated by θ and ϕk.

Remark 2. In the control law (22), the first term is a feedback
law contains task-space position and velocity errors and
kinematic parameters estimation error, which can be further
rewritten as − K− 1KrJ

− 1(θ)[Δ _x + αΔx + Yk(θ, _θr)Δϕk].
Hence, (22) can be interpreted as a controller using inverse
Jacobian matrix feedback, rather than a transposed ap-
proximate Jacobian matrix feedback controller as [23]. ,e
last two terms are estimated dynamic and actuator model
compensation terms. ,e control law (22) expands the
adaptive scheme of task space and kinematic parameter
estimation error in [29] based on inverse Jacobian feedback
and further increases the actuator parameter estimation
error feedback, which provides it with the ability to handle
the uncertainty of the actuator model.

By substituting (22) into (21), we get

M(θ) _s + C(θ, _θ)s � − Krs + Yd θ, _θ, _θr,
€θr Δϕd

+ KTK
− 1

Ya δo( ϕa − KTK
− 1

− I δo,

(27)

where Δϕd � ϕd − ϕd.
Following [23], since KT and K are all defined as di-

agonal matrices, we have

KTK
− 1

− I δo � diag δo1, δo2, . . . , δon ϕa

� Ya δo( ϕa,
(28)

where ϕa � [(kt1/k1) − 1, (kt2/k2) − 1, . . . , (ktn/kn) − 1], and
kti and ki denote the ith diagonal elements of the KT and K,
respectively. ,erefore, the last two terms of (27) can be
expressed as

KTK
− 1

Ya δo( ϕa − KTK
− 1

− I δo � Ya δo(  KTK
− 1ϕa − ϕa .

(29)

By substituting (29) into (27), we have
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M(θ) _s + C(θ, _θ)s � − Krs + Yd θ, _θ, _θr,
€θr Δϕd + Ya δo( Δϕa,

(30)

where Δϕa � KTK− 1ϕa − ϕa. ,us, the closed-loop system
can be described as

Δ _x � J(θ)s − αΔx − Yk θ, _θr Δϕk,

M(θ) _s + C(θ, _θ)s � − Krs + Yd θ, _θ, _θr,
€θr Δϕd + Ya δo( Δϕa.

⎧⎪⎨

⎪⎩

(31)

3.3. Stability Analysis. ,rough the above efforts, the rela-
tionships among the stability of closed-loop system and
design parameters have been successfully established, as
shown in the following theorem.

Theorem 1. Consider the closed-loop system consisting of
robot manipulator (1) with uncertain kinematics, dynamics,
and actuator model. Under control of the adaptive controller
(22), (24)–(26), the position and velocity tracking errors of the
task-space converge to zero.

Proof:. Consider the following Lyapunov-like function in
terms of dynamics:

V1 �
1
2
s

T
M(θ)s +

1
2
ΔϕT

dΓ
− 1
d Δϕd +

1
2
ΔϕT

aΓ
− 1
a KK

− 1
T Δϕa.

(32)

Differentiating V1 with respect to time and using
Δ _ϕd �

_ϕd, Δ
_ϕa � KTK− 1 _ϕa, we have

_V1 � s
T
M(θ) _s +

1
2
s

T _M(θ)s + ΔϕT
dΓ

− 1
d

_ϕd + ΔϕT

aΓ
− 1
a

_ϕa.

(33)

By substituting M(θ) _s from (31), dynamic adaptation
law _ϕd from (25), and actuator adaptation law _ϕa from (26)
into (33), we have

_V1 � − s
T
Krs≤ 0. (34)

From Property 1 and (34), we can obtain that V1 is
bounded. ,is implies that s, Δϕd, and Δϕa are bounded
vectors and, hence, implies that ϕd and ϕa are bounded.

Since all the joints of the manipulator are rotatable, it can
be concluded that J(θ) is bounded, and hence we have
J(θ)s ∈L2. ,us, according toL2 norm properties [[43], p.
17], there exists a positive constant ψ such that


t

0 J(θ)s{ }
TJ(θ)sdσ ≤ψ. ,erefore, following the result in

[[44], p. 118] and [29], the quasi-Lyapunov function can-
didate can be considered as

V2 �
1 − αφ

2
ΔxTΔx +

1
2
ΔϕT

kΓ
− 1
k Δϕk +

1
2α

ψ − 
t

0
J(θ)s{ }

T
J(θ)sdσ .

(35)

By differentiating V2 with respect to time, we have

_V2 � (1 − αφ)ΔxTΔ _x + ΔϕT
kΓ

− 1
k

_ϕk −
1
2α

s
T
J

T
(θ)J(θ)s

� (1 − αφ)ΔxT
− αΔx − Yk θ, _θr Δϕk + J(θ)s 

+ ΔϕT
kΓ

− 1
k

_ϕk −
1
2α

s
T
J

T
(θ)J(θ)s

� − α(1 − αφ)ΔxTΔx − (1 − αφ)ΔϕT
k Y

T
k θ, _θr Δx

−
1 − αφ
2α

s
T
J

T
(θ)J(θ)s −

φ
2

s
T
J

T
(θ)J(θ)s + ΔϕT

kΓ
− 1
k

_ϕk

+(1 − αφ)ΔxT
J(θ)s.

(36)

Using J(θ)s � Δ _x + αΔx + Yk(θ, _θr)Δϕk from (19) and
using kinematic adaptation law _ϕk, we can write (36) as

_V2 � − α(1 − αφ)ΔxTΔx + ΔϕT
k Y

T
k θ, _θr [φΔ _x + αφΔx]

+(1 − αφ)ΔxT
J(θ)s −

1 − αφ
2α

s
T
J

T
(θ)J(θ)s

−
φ
2

s
T
J

T
(θ)J(θ)s

� − α(1 − αφ)ΔxTΔx −
φ
2

(Δ _x + αΔx)
T
(Δ _x + αΔx)

+(1 − αφ)ΔxT
J(θ)s −

1 − αφ
2α

s
T
J

T
(θ)J(θ)s

−
φ
2
ΔϕT

k Y
T
k θ, _θr Yk θ, _θr Δϕk.

(37)

From Young’s inequality, we can derive the inequality
ΔxTJ(θ)s ≤ (α/2)ΔxTΔx + [1/(2α)]sTJT(θ)J(θ)s. ,ere-
fore, (37), can be simplified as

_V2 ≤ −
φ
2

(Δ _x + αΔx)
T
(Δ _x + αΔx) −

α(1 − αφ)

2
ΔxTΔx≤ 0.

(38)

Referring to the input-output properties of the expo-
nentially stable and strictly proper closed-loop systems given
in [[43], p. 59], the result of (38) implies that for αφ≤ 1, V2 is
a nonincreasing function, and thusΔϕk andΔx are bounded.

Next, let us discuss the boundedness of other variables.
From (7), we can obtain that _xr is bounded if _xd and Δx are
bounded. ,us, _θr in (8) is bounded if J(θ) is of full rank.
Since s and _θr are bounded, _θ from (9) is also bounded, and _x

from (3) is bounded. ,us, Δx is uniformly continuous and
€xr � €xd − αΔ _x is bounded. ,is implies that _ϕk,

_J(θ) and €θr

are bounded. Hence, from the closed-loop robot manipu-
lators system (31), we can obtain that _s is bounded. ,e
boundedness of _s implies that €θ is bounded from (10), and
€x � J(θ)€θ + _J(θ) _θ is also bounded.,us,Δ€x is bounded, and
Δ _x is uniformly continuous.

For simplicity, define W(t) � Yk(θ, _θr)Δϕk, and we can
obtain that W(t) and _W(t) are bounded since _θ, _θr, €θr, Δϕk

Complexity 5



and Δ _ϕk are bounded. Differentiating (37) with respect to
time, we further get

€V2 � −
1
α
Δ _x

T α2φΔ _x + Δ€x  − αΔxT
(Δ _x + φΔ€x ) −

1 − αφ
α
Δ _x

T _W(t) −
1 − αφ

α
W

T
(t)Δ€x −

1
α

W
T
(t) _W(t), (39)

which implies that €V2 is bounded since _θ, _θr, €θr, Δϕk, Δ _ϕk,
Δx, Δ _x and Δ€x are all bounded, and thus _V2 is uniformly
continuous. Finally, using the conclusions obtained above
and Barbalat’s lemma, we obtain that Δx⟶ 0 and
Δ _x⟶ 0 as t⟶∞.

In order to select design parameters more efficiently, we
summarize some guidelines as follows:

(1) In the controller (22), the designed matrix K is re-
quired to be positive definite and diagonal, and the
designed matrix Kr is required to be positive definite
and symmetric.

(2) ,e designed parameters φ and α are positive con-
stants, which are also required to satisfy the relations
α> 0,φ≥ 0 and αφ≤ 1.

(3) ,e designed matrices Γk and Γd in (24) and (25) are
required to be positive definite symmetric. ,e
designed matrix Γa is required to be positive definite
diagonal. Since the diagonal matrix is symmetric, for
convenience, Γk and Γd can be set as positive definite
diagonal matrices.

(4) Supposing that the parameter φ and the matrices Γa
and Γd are set to be smaller, but α, Kr and the matrix
Γk are chosen larger, then the tracking error could be
made smaller and transient performance could be
improved. □

4. Simulation and Analysis

4.1. ParameterDesign. A planar manipulator with 2 degrees-
of-freedom (DOFs) is considered, in which the lengths of the
first and second links are roughly set to 0.31m and 0.35m,
respectively. ,e mass of the first link together with actuator
is approximately equal to 1 kg. ,e second link, with ac-
tuator and the payload attached, can be regarded as an
augmented link with a mass of approximately 3 kg. Let the
equivalent-length of the object held by the robot be
0.10meters and the grab angle be 45°. ,e desired tracking
trajectory is given as xd � [0.33 + 0.1 sin(0.54 + 3t),

0.41 + 0.1 cos(0.54 + 3t)]T.
According to [23], we have

_xr � J(θ) _θr � Yk θ, _θr ϕk �
− s1

_θr1 − s12
_θr1 + _θr2  − c12

_θr1 + _θr2 

c1
_θr1 c12

_θr1 + _θr2  − s12
_θr1 + _θr2 

⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦ ×

l1

l2 + loco

loso

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (40)

where s1 � sin θ1, c1 � cos θ1, s12 � sin(θ1 + θ2),
c12 � cos(θ1 + θ2), co � cos θo, and so � sin θo. l1 and l2 are
the estimated link lengths, and lo and θo are the estimated
equivalent-length and grasping angle of the object,
respectively.

4.2. Result and Analysis. At first, the robot is required to
follow a typical kind of the reference trajectory in task space.
In what follows, simulation studies are carried out to validate
our control scheme.

4.2.1. Trajectory Tracking without Actuator Parameters
Perturbation. In this case, the link lengths were estimated as
l1 � 0.31m and l2 � 0.32m. ,e actuator model can be
equivalently set as a fixed matrix as KT � diag 1.2, 1{ }. In the
controller, the actuator model is estimated as
K � diag 0.8, 0.9{ }. Following the guidelines summarized in
Section 4, the controller parameters α, φ, Γa, Γd, Γk and Kr

are chosen as α � 3.2, φ � 0.11, Γa � 0.001I2, Γd � 0.001I4,
Γk � 2.8I3 and Kr � 3.5I2, respectively. ,e initial values of

the estimated parameters are selected as ϕd(0) � [0, 0, 0, 0]T,
ϕk(0) � [0.26, 0.08, 0.07]T and ϕa(0) � [− 19, − 16]T; in fact,
their actual values are ϕd � [0.6278, 0.2875, 0.1162, 0.2013]T,
ϕk � [0.30, 0.31, 0.087]T and ϕa � [− 19.02, − 16.01]T.

Simulation results are presented in Figure 1.
Figure 1(a) shows the position tracking performances in a
horizontal plane. ,e tracking errors of end-effector in the
task-space (Δx1 and Δx2) are presented in Figure 1(b). As
seen from Figures 1(a) and 1(b), our proposed control
scheme guarantees the convergence of the tracking error.
,e joint control torques of the tracking process are
shown in Figure 1(c). As seen from the figures, the
tracking controls are satisfactory in terms of the proposed
method. It is noted that the added unknown actuator
models do not degrade the tracking performances in the
case of tracking control without actuator parameters
perturbation.

To validate the proposed method, the comparison with
other controllers is conducted on robot manipulators. ,e
following control laws from [23, 29] are employed to
complete the tracking objective:
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u′ � − K
− 1J

T θ, ϕk  KvΔ _x + KpΔx 

+ K
− 1

Yd θ, _θ, _θr,
€θr ϕd + K

− 1
Ya δo( ϕa,

(41)

u″ � − K
− 1

Krs + K
− 1

Yd θ, θ
.

, θ
.

r, θ
..

r ϕd, (42)

where Kv and Kp are symmetric positive definite gain
matrices. Specifically, the controller (41) is based on
transpose Jacobian feedback (method in [23]), and the
controller (42) does not contain the adaptive term for un-
certain actuator model (method in [29]).

,e comparative results are presented in Figure 2. As
seen from Figures 2(a) and 2(b), the controllers (41) and (42)
are not exactly tracking the desired trajectory. Moreover,

with these two controllers, the tracking errors fail to con-
verge to zero in a short time under the same control con-
ditions. It can be further obtained by the qualitative analysis
that the proposed controller (22) has a more stable tracking
performance. ,erefore, it can be concluded that the
adaptive term Ya(δo)ϕa designed in the controller (22) can
effectively handle the uncertainty of the actuator model. In
addition, the inverse-Jacobian-based controller (22) has
better tracking performance than the transposed-Jacobian-
based controller.

4.2.2. Trajectory Control with Actuator Parameters
Perturbation. In this case, actuator parameters may change
according to the operating environment temperature. ,e
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Figure 1: End-effector position tracking performance without actuator parameters perturbation. (a) Tracking performance. (b) Tracking
errors. (c) Control torques.

Complexity 7



control objective in this case is to design appropriate control
torque to force the actual trajectory to converge to the
desired one in the presence of actuator parameters per-
turbation. To simulate this dynamic procedure, the diagonal
transmission matrix K is set to the next state values: KT �

diag 1.2, 1{ } in [0, 5]s , KT � diag 2, 1.2{ } in [5, 13]s and KT �

diag 4, 3{ } in [13, 20]s, and the designed parameter K is
provided as K � diag 0.8, 0.9{ }. ,e controller parameters α

and Γk are chosen as α � 3.5 and Γk � 2.5I3, and the other
parameters are the same as those of the first simulation.

,e performance results in the dynamic trajectory
tracking are presented in Figure 3. From the results shown in
Figures 3(a) and 3(b), it is apparent that the proposed
controller can guarantee that the tracking errors asymp-
totically converge to zero. Furthermore, the simulation re-
sults in Figures 3(a)–3(c) reveal that, with our control
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Figure 2: Comparisons of end-effector position tracking performance. (a) Comparisons of tracking performance. (b) Comparisons of
tracking errors. (c) Comparisons of control torques.
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scheme, the effect on stability caused by actuator parameters
perturbation is successfully suppressed.

Similar to case 1, the comparisons of our controller (22)
with controllers (41) and (42) have been carried out, and the
results are presented in Figure 4. From Figures 4(a)–4(c), it is
apparent that, with our method, a better tracking perfor-
mance is guaranteed in the case that the actuator parameters
perturbation exists.

Moreover, in order to evaluate the quality of different
control approaches, the tracking results of x are also shown
in Table 1 in terms of the relative Root Mean Squared Error
(RMSE), which is defined:

RMSE �

����������������


N
i�1 x(i) − xd(i)( 

2

N



, (43)

where x(i) represents the ith real trajectory of end-ef-
fector and xd(i) represents the ith desired trajectory of
end-effector, respectively, and N is the number of
samples.

As seen from Table 1, in case 1 and case 2, similar RMSE
values (only with a difference of 0.0001) are achieved, which
indicates that the proposed controller can well solve the
perturbation problem of actuator parameters. In particular,
with proposed case 2, the RMSE values of x1 are reduced
nearly 54.7% and 33.1% in comparison with controller (41)
and controller (42), respectively. Analogously, the RMSE
values of x2 are reduced nearly 50.7% and 50.4%, respec-
tively. ,erefore, it further reveals that our approach is more
appropriate for the tracking tasks under the perturbation of
actuator parameters.
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Figure 3: End-effector position tracking performance with actuator parameters perturbation. (a) Tracking performance. (b) Tracking errors.
(c) Control torques.
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Figure 4: Comparisons of end-effector position tracking performance. (a) Comparisons of tracking performance. (b) Comparisons of
tracking errors. (c) Comparisons of control torques.

Table 1: RMSE values of proposed methods and other methods.

RMSE Proposed case 1 Proposed case 2 Controller (41) Controller (42)
RMSE of x1 0.0345 0.0346 0.0765 0.0517
RMSE of x2 0.0126 0.0127 0.0258 0.0256
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5. Conclusion

In this paper, we cope with the adaptive control problem of
robot manipulators by utilizing inverse-Jacobian-based
technique. To remove the effect on tracking performance
caused by the perturbation in actuator parameters, this
paper proposes a new inverse Jacobian tracking control
approach, which differs from those traditionally presented in
that an actuator parameter transform matrix is additionally
incorporated in the controller and corresponding adaptation
laws are designed to deal with actuator uncertainty.
Moreover, the asymptotic convergence of tracking error is
proved by the strict Lyapunov stability analysis. Finally, the
simulation and comparison results are illustrated to validate
our control scheme.

However, how to achieve finite time convergence and the
optimal control performance is still a challenging problem in
trajectory tracking control. Some interesting results have
been reported in [45–48]. Specifically, the solution proposed
in [47] gave a novel clue to address this challenge, and the
finite-time stabilization technique may be the topic of our
future research.
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