Hindawi

Complexity

Volume 2020, Article ID 6672709, 16 pages
https://doi.org/10.1155/2020/6672709

Research Article

WILEY

Hindawi

Adaptive Fixed-Time 6-DOF Coordinated Control of Multiple
Spacecraft Formation Flying with Input Quantization

Shiyu Wang,1 Ruixia Liu®,>* and Lihua Wen'

1School of Astronautics, Northwestern Polytechnical University, Xian 710072, China

2School of Automation, Xi’an University of Posts and Telecommunications, Xian 710072, China

*Xi’an Key Laboratory of Advanced Control and Intelligent Process, Xi’an University of Posts and Telecommunications,
Xian 710072, China

Correspondence should be addressed to Ruixia Liu; ruixialiu@xupt.edu.cn
Received 10 October 2020; Revised 23 November 2020; Accepted 9 December 2020; Published 30 December 2020
Academic Editor: Jing Na

Copyright © 2020 Shiyu Wang et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

This paper investigates the fixed-time coordinated control problem of six-degree-of-freedom (6-DOF) dynamic model for
multiple spacecraft formation flying (SFF) with input quantization, where the communication topology is assumed
directed. Firstly, a new multispacecraft nonsingular fixed-time terminal sliding mode vector is derived by using
neighborhood state information. Secondly, a hysteretic quantizer is utilized to quantify control force and torque. Utilizing
such a quantizer not only can reduce the required communication rate but also can eliminate the control chattering
phenomenon induced by the logarithmic quantizer. Thirdly, a 6-DOF fixed-time coordinated control strategy with
adaptive tuning laws is proposed, such that the practical fixed-time stability of the controlled system is ensured in the
presence of both upper bounds of unknown external disturbances. It theoretically proves that the relative tracking errors of
attitude and position can converge into the regions in a fixed time. Finally, a numerical example is exploited to show the

usefulness of the theoretical results.

1. Introduction

The recent decades have seen an ever increasing research
interest in the coordinated control problem of spacecraft
formation flying (SFF) due to its successful applications in
the space industry such as atmosphere monitoring of the
Earth, deep space exploration, and spacecraft on-orbit
maintenance [1-5]. As is well known, the coordinated
control of attitude and orbit are two equally important
technologies. It is essential to achieve the desired attitude
and position simultaneously for SFF mission [6, 7]. Owning
to the dynamical coupling between orbit motion and atti-
tude motion, these two motions can be considered as a whole
six-degree-of-freedom (6-DOF) motion. Recently, the 6-
DOF coordinated control of SFF has attracted considerable
research attention [8, 9]. However, the control strategies
proposed in the aforementioned literature can only guar-
antee asymptotic stability of the controlled systems [10-13].

For coordinated control problems of SFF, fast conver-
gence performance is an important requirement [14-18]. In
contrast to asymptotic stabilization controllers, the finite-
time stabilization controllers can provide a faster response
and better disturbance-rejection ability [19-22]. Therefore,
the finite-time controllers have been developed in spacecraft
formation control [23-25]. Even though the finite-time
control methods can ensure the controlled systems finite-
time stabilization, the convergence time relies on the in-
formation of initial system states, which gives rise to diffi-
culties in practical applications [26]. To cope with this
constraint, the fixed-time stable concept was applied to study
finite-time controller design, in that the convergence time is
upper bounded regardless of initial system states [27-29]. To
date, fixed-time control strategies have been used for various
control systems [30, 31] but less attention has been paid to
fixed-time 6-DOF coordinated control problem for SFF,
especially for external disturbances with unknown upper
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bounds. Another significant issue in multiple SFF task is that
the interspacecraft communication links are not always
bidirectional, such as in the unidirectional spacecraft laser
communication system. However, in some of the existing
results, the coordinated control issue is investigated based on
an assumption that the communication topology is
undirected.

On another research frontier, networked control systems
(NCSs) as an active field of research have been applied
successfully in various modern complicated engineering
processes [13, 32-35] such as unmanned vehicles, nuclear
power stations, and aerospace engineering systems. In
modern low-cost plug-and-play small spacecraft formation
systems, the functional components connected by wireless
networked media [36-39]. It is quite common that when the
signal is transmitted between the control and actuator
module via wireless networks, the SFF systems unavoidably
suffer from quantization errors caused by quantization
behavior which will degrade the control performance or
even lead to instability [40-43]. Thus, it is needed to propose
new controllers for SFF where the signal quantization is
taken into consideration. Although some research attention
has been centered on the quantized control problem of SFF,
there is still no result available that considers 6-DOF co-
ordinated control of multiple spacecraft formation in the
presence of quantized input control signal. The complexity
of the multiple spacecraft formation coordinated control
task makes the quantized fixed-time coordinated control a
serious challenge.

In this paper, we are motivated to deal with the problem
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communication topology. The main contributions of this
paper are highlighted as follows: (1) the communication
topology among follower spacecraft is described by a di-
rected graph, which will bring more challenges than the case
that the communication topology among follower spacecraft
is described by an undirected graph. (2) A novel multi-
spacecraft nonsingular FTTSM based on a 6-DOF dynamic
model is designed, on which each spacecraft converges to its
desired states while keeping synchronization with other
formation spacecraft. (3) A fixed-time adaptive coordinate
control strategy is derived to compensate for the effects of
hysteretic quantizer and external disturbances on the control
performance and guarantee the practical fixed-time stability
of the controlled system.

The rest of this paper is organized as follows: in section 2,
the modelling and preliminaries are presented. In section 3,
a multispacecraft nonsingular fixed-time terminal sliding
mode vector is designed. In section 4, a fixed-time adaptive
coordinated control scheme is proposed. An illustrative
example and a conclusion are given in Sections 5 and 6,
respectively.

2. Modelling and Preliminaries

2.1. 6-DOF Dynamic Model. The 6-DOF dynamic model of
spacecraft formation is represented as follows [8]:

{ X); = A(Xli)XZb

Gpi¥y +C(xy) +N(xp) + 1=, i=12,...,m,

1
of fixed-time 6-DOF adaptive coordinated control for (1)
multiple SFF with input quantization under directed  where
. I3><3 03><3
'pi:| P; () MLy O3y
Xy = > Xp = ’A 5(11 ’Gfi_ >
Lq; w; 035 T(a) 035 Jgi
FC(”O)pi N(pi)HO’R) Eyi Uy
C(xy) = sN(xy;) = » T = > U = >
L @i T pie0; 031 Z; u;
(2)
r . 2 # -
“hoYi — MoX; — 2;%’
0-10
T
-q,; . 2 U
T(q;) = »C(ng) =2np| 1 0 0}, N(pjsnp, R) =| 1oX; =1y =l
Qoilsxs + Qi
0 00
I
i P _

where superscript i stands for the ith follower spacecraft;
p; = [x; v, 2,]" represents the relative position vector from
the ith follower spacecraft to the leader spacecraft; w; € R?
denotes the angular velocity; q; € R* is the quaternion de-
fined as q; = [qy; q,;] > where n, € R represents angular

velocity of the virtual leader spacecraft; g, is the scalar part
and q,; is the vector part; my € R denotes the mass;
Jsi € R*C s the inertia matrix; uy; € R’ represents the
control force; u;, € R* is the control torque; F,; € R® is
disturbance force; and z; = ¢, — T,g;, where ¢ € R® is
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disturbance torque and T,q; € R? is the gravity gradient

T T
torque. The notation 1* for the vector 1= [1, 1, 1;3] rep-
resents the skew-symmetric matrix as follows:

0 -1, I,
lX = l3 0 _ll . (3)
0,50

It is worth to mention that the attitude and orbit are
mutually coupled by T, € R?, which is given as

R:J R

(xl.2 +(R+ y,-)2 + zf

Tigr = 3u ) 32y (4)

where R, € R® is the position unit vector. Since Ty is
much smaller compared with control torque, T,y is always
treated as a disturbance.

We define the following error states:

Pi ~ Pdi Pei Pi = Piai
€1 = » € = = > (5)
9ei @, w; = R(q.)wy
where  q, is error  quaternion defined  as

Qi = [ Qoei Ay ] =q,;®qy; R(q,) is the rotation matrix
from the ith follower spacecraft’s reference frame to its body-
fixed frame; and p;, pi» w4, and qg; are the desired position,
desired velocity, desired angular velocity, and desired atti-
tude, respectively.

Then the 6-DOF relative error dynamic model of SFF can
be expressed by

é; = A(é))ey )
Gyiey + C(ey) +N(e,) +1,=u,
where
—I X 0 X
Aey) e N(e,) [N(Pia”o’R)_pdi]
€ > IN(€y;) = >
L 03><3 T (;lei) 03><1
(e) [ C(ny)p; }
Cley) = :
| 00T i+ i (004 — R(q,;)@g)

(7)

2.2. Graph Theory. It is supposed that the information
flow among n follower spacecraft is described by a di-
rected graph G= (V,x,A), where V={V,V,,...,V,}
represents the set of nodes, y €V x V represents the set of
edges, and (V;,V;) € x represents if and only if node V;
can receive the information of node V.. In spacecraft 6-
DOD coordinated control application, (V;,V;) € x rep-
resents only the jth spacecraft can obtain the ith
spacecraft’s states information. A = [a;;] € R™ denotes

the weighted adjacency matrix of the graph G with
entries

a;;>0, if ((Vy,V;)€x),
. (8)
a;; =0, otherwise,
where a;; is the nonnegative element of A, which denotes
communication quality between the ith spacecraft and jth
spacecraft. It is noticeable that self-edges are not allowed,
meaning that a; = 0.

The in-degree matrix of the graph G is D with entries

D = diag{d,,d,,....d,}, (9)
where
di:zaij: Z a;;  (i=12,...,n). (10)
j=1 J&Xi

The Laplacian matrix L € R™" of the graph G is [44]
L=D- A (11)

2.3. Hysteretic Quantizer. To eliminate the control chat-
tering phenomenon induced by logarithmic quantizer, a
hysteretic quantizer is used to quantify control torque and
force in this paper, which is similar to [45]. It can be
expressed by

if L <lul <1, <0
1 <lul < >uy <0, or,
1+6 1-8"

upsgn(u),

lul <L 1i; >0
u; <lul <——1u,;>0,
] 1_6 ]

ifuj<|u|§1u_]8,12]<0,or,
u]( 1+d)sgn(u),
q(u(t))= 4 luffaslulﬁu'(ll_gé)ﬂﬁo)
if0<|ul < ;/lT“&,Ll]<O, or,
0,
luriir:SS [ul < 55 1y >0,
L q(u(t)), othercase,
(12)
where u; = pU Dy T=1,2,...,nwith0<p <1, uy, >0,

and &= (1-p/l+p). q(u(t)) is in the set
U={0, u;, +u;(1+06)}. The map of the hysteresis
quantizer q(u(t)) for u>0 is illustrated in Figure 1.

Remark 1. The parameter p can be termed as a measure of
quantization density. From the definition of p, we can see
that the smaller parameter p is, the coarser the hysteretic
quantizer becomes [45]. Therefore, the design of parameter p
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Figure 1: Map of q(u(t)) for u>0.

should be based on a criterion to guarantee the control
performance with a smaller quantization density. In addi-
tion, compared with a traditional logarithmic quantizer, the
hysteretic quantizer (10) can avoid oscillations by adding
additional quantization levels.

2.4. Preliminaries. For deriving the 6-DOF fixed-time co-
ordinated controller, the lemmas are made as follows.

Lemma 1. The hysteretic quantizer q(u(t)) is decomposed
into two parts as

q(u(t)) = D(wu(t) + Q(1), (13)
where D (u) and Q(t) satisfy

1-6<Dw)<1+6, Q)| <u (14)

min*

The proof of Lemma 1 is similar to Theorem 1 in [45].

Lemma 2 (see [44]). If G is a directed graph with N nodes,
then all the eigenvalues of the weighted Laplace matrix L have
nonnegative real part.

«[limtﬂTle (x)< min{a(”p)<

where 0 is a scalar satisfying 0 <6< 1. The setting time is
bounded by

1 1
= o0 (1 - pk) +ﬁk6k (gk-1)

(20)

3. Multispacecraft Nonsingular Fixed-Time
Terminal Sliding Mode

In this section, a multispacecraft nonsingular fixed-time
terminal sliding mode (FIT'TSM) vector is proposed to realize
the orbit and attitude coordinated control for SFF. The
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Lemma 3 (see [46]). For any matrix M € R™™, N € R™",
X e R™™, and Y € R™", then the following equalities hold:
(1) ( M®N)(X®Y)=MX®NY

(2) If the matrices M and N are invertible, then
(M®N)'=M'eN"!

(3) If the eigenvalues of M are Ay,...,A,, and the ei-
genvalues of N are y,, . . ., li,, then the eigenvalues of
MeoN can be expressed by

)Li/’lj (i=1,....m;j=1,...,n)

Lemma 4 (see [47]). Forany x,y € R, ifv € R" and v> 1,
then

Ix+ " <27 " + 5. (15)

Lemma 5 (see [48]). Ifx; e R,i=1,2,...

then
<i lxi|> < i |xi|PSn1p<i|xi|> . (16)

i=1 i=1 i=1

n,and 0< p<1,

Lemma 6 (see [47]). Consider the nonlinear system given by

X=f(xt), f(0,)=0, xeR" (17)

Suppose that there exists a Lyapunov function V (x) that
satisfies the following condition:

V(x)< —(aV (x)f + ﬁV(x)g)k +v, xeU, (18)

where «, 5, p, g € R*, pk<1, gk>1, and 0 <v < co. Then,
the origin of system (17) is practical fixed-time stable and the
residual set of the solution satisfies

(1/kp) v (1/kg)
-(1/g)
1—6k> P (1—0k> H (19)

following assumptions are presented regarding the 6-DOF
dynamic model.

Assumption 1. The total disturbance 7; is assumed to be
bounded due to the fact that magnetic forces, J, pertur-
bations, gravitation, and solar radiation pressure are
bounded.

Assumption 2. The desired angular velocity w,; and its time
derivative w;; are assumed to be bounded. The desired
trajectory py; and its time derivative p,; are assumed to be
bounded.
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In order to achieve coordinated control for multiple
spacecraft formation, the sliding mode based on (6) is de-
fined as

where s; = [5;1,5;2,-..,8,]T €R™L, i=1,2,...,n and

k=12,...,6, given by

S=[s,....s;]" (21)
= biGpi[en + @i (en)] + D ay [(Gpres — Gjeyy) +(Go (e1) = Gyjas(eyy))) (22)
with o (ey) = [a;; (e1) @ (€)oo @i (e)]" € RO,
and
kl L= —
sgn(oy; sgn (ey)” + 0y sgn (e5)) ", if 5 = 0013, #0,|e x| > &
oy (ern) = ( 1 ik 2 i)") k k%0, el (23)

L ey + 1y sgn (elik)z’ if 5, #0, |elik| <&

where i=1,...,n, k=1,2,...,6, 8 =[5 552 >8] >
M pARNE :

s; = € + sgn (oy; Sgn(eli)plk”L 0y sgn(e)?), 1= (2 - k)
(aliepl_(l/kl) + O-Zigpz—(l/kl)) N lZi = (k1 — 1)(0-11,5171‘(1/](1)
+0,,eP2~ (kDY b5 0 is control scheme gain to realize tracking
control, a;; >0 is control scheme gain to realize coordinated
control between ith and jth formation spacecraft, sgn (e ;)f* =
leyi|” sgn (e1) and sgn(ej)™ = leylPsgn(e), 0y;>0,
0;>0, p;>0, p,>0k >0 are designed parameters,

k

sgn(oy; Sgn(elikk)P] + 0y g0 (eq)™)" = (o sgnleyy) P+
03; 5gn (e13)")[" sgn (0, sgn (e4)"" + 0 sgn (€)™ ), >0
is small constant, 0 < p,k; <1, p,k; >1, and sgn(-) is sign
function.

Remark 2. 1t is supposed that the communication topology of
SFF is undirected; we can obtain a;; = a;, which simplifies the
design and analysis of the controller. However, for the directed
communication topology, a;; = a;; does not hold. Therefore,
compared with bidirectional communication topology, the
coordinated control of formation spacecraft under directed
communication topology is more challenging.

Remark 3. Note that the multispacecraft FTTSM (21) can be
simplified as a modified terminal sliding mode (TSM)
designed in [47] if k; =1 and p, = 0; moreover, (21) co-
incides with the modified fast TSM designed in [49] for
k, = 1. It is worth mentioning that when e,;, converges to
the region |e, ;| <¢, the multispacecraft FTTSM is converted
to the general sliding mode for 5;, #0. Thus, the singularity
problem of (21) can be effectively avoided. Moreover, by the
choice of I, and I,, the continuity of «;; and its first-order
time derivative is guaranteed.

By Kronecker product, the sliding mode function (21)
can be described by

S=[(L+B)®L]|G(e, +a(e)), (24)
where L is the weighted Laplace matrix, which is determined
by directed topology, B =diag[b,,b,,..., b,l.e,=
(el el,....el 1T, a(e)=[al (e;) el  (ep)....a

(e )]", G = diag[G,, Gy, ..., Gyl

4. Design of Fixed-Time Adaptive Coordinated
Control Scheme

In this section, a fixed-time adaptive 6-DOF coordinated
control scheme is presented for multiple SFF with input
quantization and external disturbances.

To design the control scheme, (6) can be derived as

Gyi(éy + & (ey;)) =h; + D(u)u; +Q; (1) + 1, (25)

with
s 1 2 kl*l
01,1k, diag( |‘71i5gn (eli)P + 055810 (eli)P | )
- diag ( |e1i|p,—1 A (é);)ey; + 0y prk, diag (|oy;sgn ()",
k=1 g -1 .
& (ey) =1 + GZngn(eli)le ! )diag ( |‘311|p2 JA(€y;)ey

if 5 =00rs; #0, |el,-k| >e,

LA (X )ey + 2ydiag ( |51i| JA(éy;)(ey),
if 5, #0,
h; = —C(ey) - N(ey;) - Gy —éyq + Gty (ey).

elik|S£>

(26)



Under Assumption 1, it can be seen that

(“( L+ B)®I6“1“Ti + Qi(t)”l)z =¢ i=L...n (27)

1

-1
1 n n c.
= 2 i ¥2 i
Ui 8hi "1 5<J aij+bi> |; 2 aij((l - 0)u; + h]’) —aysgn(s;)", —Pisgn(s)"” - Zszsi ’

j=1,j#i =1, #i

~ K; .
¢; = —2K;0,C; + Z—SZHSin, i=1,...,n,

i

where 0<yl <1, y2>1, §
controller parameters.

S;>0, x;,>0, and ;>0 are the
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where ¢; are nonnegative constant numbers.
The fixed-time adaptive controller is designed as

i=1,...,n, (28)

i

(29)

Theorem 1. Consider the 6-DOF control system (6) with the
fixed-time coordinated control law (28). If the parameter
uncertainty and external disturbance satisfy Assumptions 1-2,
then the sliding mode vector s; will converge into

—(2/1+y1) v (2/1y1) 1 nrk—1Y ~(2/1+yD) v (2/1+y2)
s;| <A, = min{ o, —— o <7) ) 30
" “ (1 - 60) ( 2\ pu+12-1 -0, (30)

in fixed time, where B, = min{ﬁi},
min — min{li}’ vy = min{‘xminz(yl+1/2) Im
U2 = min{ﬂ 2 (y2+1/2) lmm(yzn/z)z YZH/Z)}
+1+ Y0, 157 + S L) A2 D)

1; = x;(0; (20, — 1)/20;), A; >0, 0< 6, <

= min{a;},
n(r1+172) 2(y1+1/2)}
v =Y, 00 i
(4;/%; )Az]
<1, 0;> (1/2).

Xmin
2

Proof. We construct the following Lyapunov function
candidate:

V, =V, +V,, (31)

with

v, = s S,V, = ZK_1~2 (32)

i

where ¢; = ¢; - C;.
By the Kronecker product, the controller (28) can be
rewritten as
1

1
U——mH+T[(D+B) '®l]

[(A®L)((1-8)U+H)-asgn (s, 3

—Bsgn(S)"” -
where U= [ul,...,un]T, H-= [hl,...,hn]T,
o= diag[a116, A PR a = diag[o I, .. ., o, L], C
= diag[(¢,/2S))L, . . ., (G, /23’2)16]

Since I, — [(D + B)_ ®I] (A®Iy) can be equivalently
expressed as

I, -[(D+B) ' ®L](Ael),
=[(D+B) '@ {(D+B)el]-AsL}, (34)
=[(D+B) 'L [(L+B)aI].

It follows from (34) that

1
U=-—H

1-0 _1—15{16;1—[(D+B)_1®I6](A®I6)}il

[(D+B) '],

X (a sgn ()" + Bsgn(S)!* + ES),

_ _%SH_L{[(DW)* oL|[(L+B)oL]}

[(D+B) '],
x(a sgn(S)"" + Bsgn(S)!* + ES),

1 1
= ——H-—[L+Bel]"
(a sgn(S)"" + Bsgn(S)"” + ES).
(35)

Considering (24) and (25), it can be shown that
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v, =S"S,

=S"[(L+B) ®I6](Gf,~é2i + G (eli)),

=S"[(L+B)®L] (H+D(U)U + Q(t) + 1),

V,=S"[(L+B)®I]([(L+B)&l] '(-asgn(s)"

where 7= [71,..., rn]T, D(U)
Q1) = [Q (1),...,Q,]".
Next, it can be derived that

= diag[D (1)), . . ., D (u,)],
(36)

— Bsgn(8)"” - ¢8) + Q(¢t) + 1),

[(L+B)®I,](t+Q(t))—S asgn(S" — S Psgn(s"* - S'cS,

n

n p
<Z||<L+B>®16||||r L Qs - Y2

_ilzi,: |y1+1’

> el =3 > Al

i i=1 k=1

(37)

gfﬂ“L+B>®MHh+QAfWJWMV ’
i=1 i

252

- ii“l( ) (y1+1/2) i iﬂz( ) y1+1/2)

i=1 k=1 i=

2

> sl 25

In addition, taking the derivative of V5 yields

n
. s
Vs = Z Ki CiCi>
i-1

n -~ n
Ci 2 _——
= - s;|| + ) 2p,¢,c;.
5 Sl + 3 200
It is noticed from (37) and (38) that

n p
Vl < - ZZ &; 1k|y1+1 ZZﬁl 1k|y2Jrl

i=1 k=1

From

and by substituting (40) into (39), we have

1 k=1

B ii“z( ) (y1+1/2) iiﬁz( ) y2+1/2)

i=1 i=1 k=

1 i=1 k=1

n n
Z a; zk|y1+1 z Z /';tlslkiyz+1 z : E12 + z Qioic2

k= i=1 k=1

B (1+9,72) n
gy ’_t +
K K;

(112) 0 &2

L o R

E —C; + E —
i=1 <Ki t) =2

M:

38 i=1 i=1 1 i=1
(38) (41)
where (1;/x;) = (g; (20; — 1)/20;). O
Case 1. If (4;/x;)? > 1, we have
. (1+y,/2) .
( ’zf) <17 (42)
K; K;
(39) Substituting (42) into (41) yields
n p n p n
2\ (P1+1/2) (P2+1/2) O L 2
D IPIC AW A el
i=1 k=1 i=1 k=1 i=1 %
(1+12) 0 2
L 3
+ Z 0;0;C; Z (K Ci ) + Z 7
(40) i=1 i=1 1 i=1
(43)

According to Lemma 5, it is easy to prove that
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n p n (1+y1/2)

(y1+1/2) L (1+y1/2)
ZZ“!( ) +Z( ) >v,Vy ,
i=1 k=1 i=1
(44)

where vy = min{a; 207D 201D
Xmin = min{‘x,‘}a bmin = min{ti}.

By applying (44), (43) can be rewritten as

gy i iﬁi(sfk)(ymm ~ i;_lzlz

vV, <
i=1 k=1 i=1"1
(45)
n n 2
+ z 00,6 + Z =
i=1 i=1 2
Case 2. If (1;/x;)¢? <1, one can obtain
. (14+y,/2) l
(—’Ef) rosh@o e
K; Ki Ki
Substituting (46) into (41) yields
n p n
; Lyl/2 2\ (72+1/2) L
Vi< —o vyt )_ZZﬁi(sik) _Z_Ici
i=1 k=1 i=1 ki
(47)

nc~2

+Zg,o,cl +1 +Z—

Furthermore, (47) can be rewritten as

n

Z z ﬁl( ) (y2+1/2)

i=1 k=1

L n . (y2+1/2)

i~2 i~2
Vg vy (g , 48
2. & Z() (48)

i=1 "1 i=1

; (1+y1/2)
Vi< -yV,

nc-—z

n (y2+12)  p
+Z —’Ef +Zg,o,c,+l+2—
io1 \Ki

According to Lemma 5, we obtain

n

P " (1+y2/2)
2\ (y2+1/2) I 1 (1+y2/2)
Z Z ﬁi(sik) + Z <;Ci ) = 1)2(2y2+1271 Vs >
i=1 1

i=1 k=1

(49)

Complexity

2 (y2+1/2) . 2 (y2+1/2)}

where v, = min{B,;

ﬁmin = min{ﬁi}’ Imin = mln{ 1}'
From (49), we have

n
. (1+y1/2) 1 (1+y2/2) i
Vi< -0uV,; - vz<2y2+121)V1 — Zici
1

i=1
n ; (y2+1/2) n
i~2
. (zci ) +3 00,
i=1 i

i=1

n(r2+172)

LS
APIRS
(50)
Assume that there exists a compact set II; satisfying
={@le| <Al (51)

where A, is an unknown constant.

If A; < +/((;/1;), we can obtain

. Lo\

i<, (’ 2) <1Z. (52)
KA

1 1

1 1
K; K;

If A; =+/({;/1;), we can obtain
Lo\ z ()
(_zgiz> g (—’Af) i ()
K

K; Ki K; i

Denote

n "/, y2e12)
_ 2 i A2 i A2
v= Z 0;0,;¢; + 1+ Z[(;’Al ) - K—’Ai| . (54)
i=1 i=1 i i
Then, from the above analyses, we can further conclude

that

V< () 1 "+k_1v(1+y2/2)
1S UV, e Sy2+12-1 1 +

(55)

With Lemma 6, system (6) is practical fixed-time stable.
Furthermore, s; will converge into the region

( ) v (2/1+y1) 1 nik—1\ —(2/1+y1) v (2/1+y2)
2/14y1
® = {hmt_qs vy <mm{v (m) (”Z(W) ) (1 - 90) } } 50
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in a fixed-time T,<(1/9,0,(1-vy1+12))+ (1/9,
(1272712 - 1)"6, (y2 + 12 — 1)); that is, s; will converge into
the region|| s; || <A, in a fixed-time T'.

Theorem 2. When s; reach the boundary A in fixed-time,
the tracking error e,; and e,; will converge to

Alk (I/Pl) Alk (I/Pz)
leyi| <Acy; = max 8,< S) (—S) ,

0y 03

2
lex| <Auy = max{As + 1 Dy + LA o

k
A +(‘71iAffi + UZiAffi) 1})
(57)
in a fixed time, wherei=1,...,n,k=1,2,...,6.
Proof. 1f'5; = 0, we can obtain
Sp=et sgn(alisgn (e1)" + oysgn (ey;)" )kl =0, i=1...,n
(58)

. T.
VS = PeiPei>

Furthermore, one can obtain

. ky .
pei + sgn(oy;sgn (po,)” + oysgn (pe)™?) ' =0, i=1,...,n
i=1,...,n

(59)

kl
w,; +sgn(0y;5gn(q)" +oysgn(q.)”)" =0,

Construct the following Lyapunov function candidate:
1

K,
= pﬁ(—sgn(ansgn(f)a)p "+ 0580 (pi)?) )

01 (P;Pei)

(O)on) | oo ) (RIop)

< _(O_liz((1/k1)+p1/2)V5((1/k1)+P1/2) + 02i2((1/k1)+p2/z)V5((1/k1)+p2/2))kl.

Similarly, taking the derivative of V yields

Vi = =24ei

_ T
= Qe W,

K,
=- qL(Sgn(ffnsgn(qei)" '+ oysgn (q.)") )

) ((1/k,)+p,12) 4

T
0y qievqiev

IN

Then, from (62) and (63), we can obtain that system error
states (p,;» q,;) converge into regions (0, 0), at the same time
doei € ( —1,1] converges to 1 in fixed-time by using Lemma
6. O

T
05 (qievqiev

Vy= EPZ,‘Pei + ‘leTi‘lei +(1- qOei)z’
(60)
1
= Epz;pei + 2(1 - qOei)'
Denote
Vs = pz;pei’ Vi =2(1-qoe)- (61)
Taking the derivative of V5 and V yields
ky (62)
(63)
)((1/k1)+p2/2) ky

_(Gliols((1/k1)+p1/2)V6((1/k1)+P1/2) N 0_2i0'5((1/k1)+p2/2)V6((1/k1)+Pz/2))kl.

If 5;#0 and le,;| <& which implies that |e,; | has con-
verged to the region |e ;| <A, = € in a fixed time. Then,
from (23), we have
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2
ey + Lier + Lisgn (e)” = @y, [0y <A, (64)
Moreover, it is easy to see that
2
|€zik| <A+ 1A + Lidg o (65)
which means that |e,;| converges to the region

leyir| < Agpjx = € in a fixed time.

If 5,#0 and |e; ;| > &, we can obtain

(W

Complexity

5= ey + sgn(oy;sgn (e;;)" + ‘72z‘sa‘§fl(e1i)pz)kl #0, i=1...,n
(66)

which means

| <A,
(67)

_ k
Si=eyt Sgn(alisgn (e) + f’zisgn(e1i)p2) L= @

After a simple transformation, (67) can be rewritten as

e, + (1 - . >
Sgn(alisgn (eli)y T 058N (eli)y )

When 1 - (®;/sgn (o;sgn (e;;)"" + 0,;5gn (eli)PZ)kl) >0,
(66) is still kept in the form of the FTTSM as in Case 1, which
implies that

1 (1/P1) 1 (1/P2)
|e1,.|<<Aa’fs) ,|e1,.|<(Aaks) ()

1i 2i

Thus, system state e;; will converge into the region

1 (I/Pl) 1 (1/P2)
|e“| <A,;; = max (A kS) , (A kS) ,  (70)

0y 03

in a fixed time.

On the other hand, from (67), we can obtain that system
state e,; will converge to the region
(71)

k
_ P P\
|ezi| <A = A +(01iAelli + UziAefi) >

in a fixed time.
Furthermore, we can conclude that

Alk (1/P1) Alk (I/Pz)
ley| < A,y = max 5»( S) ,< S) ,

0y 03

2
lex| < Aui = max{As + LA + LA

K,
A +(01iAflli + UziAffi) }
(72)

Thus, e;; and ey;, i = 1,2, 3, will converge to the regions A,,;
and A,,; in a fixed time, respectively.

Remark 4. Based on the multispacecraft FTTSM results, the
property of graph theory and adaptive technique, a fixed-
time 6-DOF coordinated control strategy is designed under
directed communication topology. Subsequently, the system
tracking error states can be guaranteed to converge their
desired trajectories in a fixed time even with external dis-
turbances and quantized control input. Note that this small
region is determined by the controller parameters «; >0,

kl
3 )sgn(alisgn (eli)yl + 058N (eli)yZ) =0. (68)

B; >0, and «; > 0. Thus, this small region is adjustable and can
be reduced as needed.

Remark 5. By employing the adaptive method, the precise
information of the external disturbance and parameters
uncertain is not needed for the controller (28) design.
Moreover, it is no required to make an additional as-
sumption about interspacecraft communication topology in
the designed fixed-time coordinated controller. Hence, the
designed controller is suitable for any communication to-
pology. Even if there is no communication link between the
formation spacecraft, this proposed controller can still
guarantee the practical fixed-time stability of each formation
spacecraft.

5. Illustrative Example

To validate the proposed coordinated controller, we give an
illustrative example in this section. The communicate to-
pology of three follower spacecraft is described in Figure 2,
in which “Sat i(i =1,2,3)” denotes the ith formation
spacecraft. The leader spacecraft is specified to a circular
orbit with a radius of 6878 km and orbit angel velocity is
1y = 1.11 x 107> rad/s.
The weighted Laplace matrix L is designed as

1 0 -1
L=|-1 1 0 (73)
0 -1 1
The inertia matrix and mass are
r10 1 0.4 11 0.5 0.4
J=| 1 8 02lkgm’],=|05 9 02 |kgm’
04 02 7 0.4 02 7
r9 0.5 0.7
J;={0.5 35 0.3 [kgm?, mp; =50kg, Vi=1,23
0.7 02 8

(74)
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Satl
Sat3 >
FIGURE 2: The directed communication topology of three follower spacecraft.
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Figure 3: The curves of the relative attitude error. (a) Satl. (b) Sat2. (c) Sat3.

The desired attitude quaternion and attitude angular
velocity are

i=[1000], w;=[000]"radss, Vi=1,2,3.

velocity are

(75)

1", @, (0) =[0.07 -0.05 —0.04]"rad/s,

q:(0) =[0.3317 0.3 0.4 —0.8
q,(0) =[0.2646 0.2 0.5 —0.8]",@,(0) =[0.07 —0.05 —0.04 ] rad/s,

1", @;(0) =[0.06 —0.05 —0.05 ] rad/s.

q;(0) =[0.5568 0.2 0.4 —0.7

The relative position and velocity are initialized:

T
pi(0) =[-10 160 50]"m, v,;(0) =[0 0 0]"m/s, Vi=1,2,3. Psa =[0 150 503 | m, v (0) =

(77)

The external disturbance of
ified as

In order to form a triangle of three follower spacecraft,
the desired relative position and velocity are specified as

The initial attitude quaternion and attitude angular

(76)

pra=[0 100 0]"m,p,;=[0 200 0] m,

[00 0] m/s, Vi=1,23
(78)

torque and force are spec-
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FIGURE 6: The curves of the relative velocity error. (a) Satl. (b) Sat2. (c) Sat3.
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z; =[0.06c0s (0.3t) 0.01sin(0.1t) 0.06cos(0.2t)]TNm,

(79)

F;, =[0.001cos (0.02¢)0.002sin (0.02¢)—0.001sin (0.02t) ]TN, Vi=1,2,3.

The maximum of input control force and torques are
limited to 5N and 1 Nm, respectively.

The following performance indexes are defined to de-
scribe the synchronization accuracy and tracking accuracy of
the proposed control law (28):

3
@l = \Z 71, @2 =
i=1

(80)

i=1 i=1 jeN;

3 3
@3 = \Z S DI IC

where p; = p; = pui» Pj = pj = Pja> Pij = Pi —Pj» and @ j,, is
the vector partof ; ;, = [qi, e quve ]T =q,; ®q,;. From the
definition of ®1, @2, ®3, and @4, it can be shown that smaller
@1 and @3 can guarantee the better formation and attitude
tracking performance, respectively; smaller ®2 and @4 can
ensure the better formation and attitude synchronization
performance, respectively.

The control scheme (28), adaptive updating law (29), and
hysteretic quantizer (12) parameters are chosen as y1 = 0.9,
y2=11, a,, =05, a,; =05, a5 =05 o;=0.1, 5, =1,
p =04, p, =15k, =2,¢ =0.1, b, = 0.04, ; = 0.000002,
S, =05 p;=0000002, Vi=1,23 &8=025 and
u, . = 0.00001.

The simulation results of the controller (28) are shown
in Figures 3 to 9, where Figure 3 depicts the relative at-
titude error and Figure 4 plots the relative angular velocity
error. It can be observed that the relative attitude errors
converge to near zero within 50s, which has a fast con-
vergence rate. The relative position error and relative
velocity error are shown in Figures 5 and 6, respectively. It
can be seen that the relative position errors converge to
near zero about 85s, which has a fast convergence rate.
The quantized control force and torque are shown in
Figures 7 and 8, respectively. The curves of the perfor-
mance indexes @1 to @4 are depicted in Figure 9. As seen
from the simulation results, the proposed fixed-time
control strategy provides a good performance of tracking
and synchronization.

6. Conclusion

In this paper, the fixed-time 6-DOF coordinated control
problem has been studied for multiple spacecraft formation
with input quantization under directed communication
graph. A fixed-time adaptive coordinated control strategy is
designed by using multispacecraft FT'TSM vector such that,
in the presence of the upper bounds of unknown external
disturbances, the controlled system is practical fixed-time
stable and, at the same time, the tracking errors converge to

their desired trajectories in a fixed time. Compared with the
existing finite-time stabilization controllers, the designed
adaptive fixed-time coordinated controller in this paper is
more suitable for practical engineering application due to its
convergent time regardless of initial system states. An il-
lustrative example is given to illustrate the performance of
the presented fixed-time coordinated controller. It was
shown that the presented controller not only can ensure each
spacecraft’s convergence to its desired states but also can
provide the desired synchronization and tacking perfor-
mance. Future study will focus on the extension of the
presented controller under time-varying communication
topology and communication time delay.
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