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Topological index (numeric number) is a mathematical coding of the molecular graphs that predicts the physicochemical,
biological, toxicological, and structural properties of the chemical compounds that are directly associated with the
molecular graphs. The Zagreb connection indices are one of the TIs of the molecular graphs depending upon the
connection number (degree of vertices at distance two) appeared in 1972 to compute the total electron energy of the
alternant hydrocarbons. But after that, for a long period, these are not studied by researchers. Recently,
Aliand Trinajstic [Mol. Inform. 37(2018), 1 — 7] restudied the Zagreb connection indices and reported that the Zagreb
connection indices comparatively to the classical Zagreb indices provide the better absolute value of the correlation
coeflicient for the thirteen physicochemical properties of the octane isomers (all these tested values have been taken from
the website http://www.moleculardescriptors.eu). In this paper, we compute the general results in the form of exact
formulae & upper bounds of the second Zagreb connection index and modified first Zagreb connection index for the
resultant graphs which are obtained by applying operations of corona, Cartesian, and lexicographic product. At the end,
some applications of the obtained results for particular chemical structures such as alkanes, cycloalkanes, linear poly-
nomial chain, carbon nanotubes, fence, and closed fence are presented. In addition, a comparison between exact and
computed values of the aforesaid Zagreb indices is also included.

1. Introduction

Graph theory has provided a variety of useful tools in which
one of the best tools is a topological index (TT). Molecules
and molecular compounds are often modeled by molecular
graphs. The topological indices (TIs) predict hydrocarbon,
physicochemical, and structural properties of the molecular
graphs such as critical temperature, ZE-isomerism, chirality,
solubility, molecular mass, and connectivity, see [1-4].
Medical behaviours of the drugs, crystallin materials, and
nanomaterials which are very important for chemical and
pharmaceutical industries are also studied by TIs, see [5-8].
Todeschini et al. [9] also reported that TIs are widely used in
the study of quantitative structure-activity relationships
(QSARs) and quantitative structure-property relationships

(QSPRs). These relationships play a vital role in the subject of
cheminformatics, see [9-13].

TIs have been divided into different classes, but degree-
based are studied more, see [1, 4, 7, 14, 15, 16]. Gutman and
Trinajsti¢ [17] investigated the correlation value between the
total m-electron energy and the structure of a molecule using
the first Zagreb index. Gutman et al. [18] developed their
work and established another TI for molecular structures
called the second Zagreb index. After that, many extended
works have been appeared on these invariants. For more
study, we refer to [9, 10, 19, 20]. Another TI was studied by
Gutman and Trinajsti¢ in the same paper [17], but there was
not more attention on this index by other researchers up to
2017. Ali and Trinajsti¢ [21] restudied this TT and renamed it
as the modified first Zagreb connection index (ZCI). They
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also reported that it has more precise values of the corre-
lation coefficients of various octane isomers. Du et al. [22],
Ducoffe et al. [23], and Shao et al. [24] determined extremal
alkanes and cycloalkanes under different conditions using
this ZCI. Zhu et al. [25] established the lower bound by using
the modified first ZCI of trees in terms of their order and
maximum degree. Tang et al. [26] computed the first and
second (ZCI) and modified first (ZCI) of the S-sum graphs.

A simple graph can be molded into a chemical structure
by using some operations. First of all, Graovac and Pisanski
[27] computed different results of the Wiener index using
product based on operations. So, many chemical graphs can
be generated by using simple graphs based on operations
such as alkane (C;Hj) is the corona product of P; & N,, a
type of cycloalkanes is cyclohexane (C¢H,,) that is the
corona product of C¢&N,, a polynomial chain and
nanotube (TUC,(m,n)) are the Cartesian product of
P, &P, and C,, & P,, and a fence and closed fence are the
lexicographic product of P,, & P, and C,, & P,. Up till now,
many results of the various TIs have been presented under
different molecular graphs based on operations, see
[26, 28-38].

In this paper, we compute the second ZCI and modified
first ZCI of the resultant graphs which are obtained by
applying various operations of corona product, Cartesian
product, and lexicographic product (composition) in the
form of exact formulae and upper bounds. The rest of the
paper is settled as Section 2 represents the preliminary
definitions and results, Section 3 covers the general results of
molecular graphs based on operations, and Section 4 in-
cludes the applications and conclusion.

2. Preliminaries

Let Q = (V(Q), E(Q)) be a simple and connected molecular
graph with a vertex set V(Q) and an edge set
E(Q)<V(Q) xV(Q). A null graph (N) has at least two
vertices and no edge. It becomes a trivial graph K, if it has
exactly one vertex and no edge. Todesehini et al. [9] defined
ka(b) = IkNQ(b)| for kNQ(b) ={a eV (Q): d(a,b) =k}
such that ' f, (b) = d (b) and * f, (b) = 7 (b) are called the
degree and connection number of the vertex b € Q. Now,
throughout the paper, we assume that Q; and Q, are two
connected graphs such that [V(Q))| =n,, [V(Q,)| =n,,
|E(Q1)| =€ and |E(Q2)| = €.

Alkanes are the simplest organic compounds containing
a single bound between carbon atoms. They are also called
hydrocarbon compounds. Its simple and Lewis structures
are shown in Figure 1.

The some examples of alkanes are methane (CH,),
ethane (H;C-CHj;), and propane (H;C-CH,-CH;), and
their Lewis structures are shown in Figure 2.

Cycloalkanes are cyclic organic compounds containing
the closed chain of carbon atoms. In other words, a
cycloalkane is arranged into a chemical structure obtained a
single ring (sometime side chains may be attached), and all
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of the carbon-carbon bonds are single. These are classified
into two classes as homocyclic and heterocyclic compounds.
If cyclo-organic compounds containing between carbons [1
to 5], [6 to 10], and [11 to on wards] are called small,
mediam, and large cyclo organic compounds, respectively.
Cycloalkanes are the isomers of alkene, e.g., C;Hj is used as
the same chemical formula of cyclopropane as well as
propene. The general formula of cycloalkanes is C,H, ).
The sets of {Cyclopropane, cyclobutane, cyclopentane,
cyclohexaneetc.} & {pyrol, thiopheneetc.} are examples
of cycloalkanes that are classified by homocyclic and
heterocyclic compounds, respectively. Furthermore, the
following Lewis structures of these cycloalkanes are
shown in Figure 3.

Definition 1. For a graph Q, the first Zagreb index (M, (Q)),
second Zagreb index (M,(Q)), and their coindices are
defined as

M@= Y [do®] = Y [dola)+dy®)].

beV (Q) abeE(Q)

M, Q= ) [do(a)xdy(b)],

abeE (Q)

. (1)
M (Q= ) [dgla)+dy)],

ab¢E(Q)
M,(Q = ) [do(a)xdy(b)].

ab¢E (Q)

Gutman et al. [17, 18, 39] defined the different degree-
based TIs which are frequently used in the studies of QSPR
and QSAR [40-43]. Corresponding to these degree-based
TIs, the connection-based TIs are defined in Definition 2.
For further studies of connection-based TIs, see [21, 22, 44].

Definition 2. For a graph Q, the first Zagreb connection
index (ZC,(Q)), second Zagreb connection index
(ZC,(Q)), and modified first Zagreb connection index
(ZC7 (Q)) are defined as

2C, Q=Y [w®],

beV (Q)

ZC, Q=Y [tq@) x14®)],
abeE (Q)

ZCI(Q = )Y dob)yrgb)= ) [1q(a)+14(b)].
beV (Q) abeE(Q)

(2)

Definition 3. The corona product Q,°Q, of two graphs Q,
and Q, is obtained by taking one copy of Q, and n, copies of
Q, (ie, {Q: 1<i<n,}) and then by joining each vertex of
the i copy of Q, to the i vertex of one copy of Q,, where
1<i<m,. Also, a number of vertex set and edge set are
defined as: [V(Q,°Q,)| =mn,+n, and |E(Q,°Q,)| =¢
+n,e, + mn,. For more detail, see Figure 4.
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FIGURE 1: (a) Simple structure of alkanes P,, P;, and P,, respectively, and (b) Lewis structure of alkanes P,, P;, and P, respectively.
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FIGURE 2: Lewis structure of (a) methane, (b) ethane and (c) propane.
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FIGURE 3: (a) The set of Lewis structure of cyclopropane, cyclobutane, cyclopentane, and cyclohexane, (b) the set of Lewis structure of
pyrrole and thiophene.

(a) (b) (c)
FIGure 4: (a) Q, = C,, (b) Q, = C;, and (c) CoronaProduct(C, > C;).



Definition 4. The Cartesian product (Q, ®Q,) and lexico-
graphic product or composition (Q, [Q,]) of two graphs Q,
and Q, are obtained by taking the vertex set V(Q; x Q,) =
V(Q)xV(Q,) and the edge set E(Q, xQ,)=
[{(a,,b,) (a,,b,) where (a,, b)), (a,,b,) € V(Q) x V(Q,)}],

where with conditions
(i) either [a, =a, e V(Q,)Abb, € E
[by =b, € V(Q,) Aaya, € E(Q))],

(ii) either [a; =a, € V(Q,)Abb, € E(Q,)] or [by,b,
€ V(Q,)Naya, € E(Q,)], respectively.

Q)] or

For more detail, see Figures 5 and 6.

Lemma 1 (see [45]). Let Q be a connected graph and Q be its
complement. Then, (i) Zbev(Q)dg(b) =2e, (ii) d@ (b) =
(n=1)=dqg(b), and (iii) M,(Q)=M,(Q) -4, where
[V(Q) =nand [E(Q)| =e.

Lemma 2 (see [46]). Let Q be a connected graph with n
vertices and e edges. Then, 74 (a) +dg (a) < ZbENQ(u) (dq (b)),
where equality holds if and only if Q is a {C,, C,}— free graph.

Lemma 3 (see [26]). Let Q be a connected and {Cs, C,}— free
graph with n vertices and e edges. Then, ) ..y q) To(a) =
M, (Q) - 2e.

3. Main Results

This section consists on the main results.

26,(QeQ) = ), [T(Qlooz)(”)XT(QloQZ)(b)]

abeE (QrQ,)

= Y [@xi®]+ Y
abeE (QeQ,) abeE (QrQ,)
abev (Q,) a,beV (Q,)

Take

Z [TQ1 (a) x 7q, (b)]
uveE (QpQ,)

abeV (Q,)

abeE (Q,)

abeE (Q,)

Complexity

Theorem 1. Let Q, and Q, be two connected and {C;,C,}—
free graphs. Then, ZC, and ZC7 of the corona product of Q,
and Q, are as follows:

(a) ZC, (G0 Q,) = myZC (Q)) + ZC, (Q)) + oM, (Q,)
+ 1M, (Q,) +(15 +e,)M, (Q,)
—ny (n, - )M, (Q,) +ny (n, - 1)2e2
+2e;[2(n, - 1)e, - M, (Q,)]
+[ny(ny — 1) = 26,] [M, (G;) — 2¢]
+2e, [ (1, — 1) - 2mye, ]

+n, Y [dg (@)1q, (b) +dg, (b, (a)]-
abeE (Ql)

(b) ZC (Q1°Q,) = ZCy (Qy) + 2m, M, (Q;) = m M, (Q,)

+2me, (1, — 2) + 2mbe; + myn, (ny — 1) + deye,.

(3)

Proof

(a) If for any beV(Q,oQ,) either beV(Q,) or
be V(Qg), where 1<i<n; and
(i) Case I. if beV(Q), then TQlon(b) :TQl(b)
+mydg (D).
(ii) Case II: if b e V(Qé), then rQlon(b) =(n,-1)
—dQé (b) +dg, (b))

[70,(a) x 70,(B)] + > [7q, (@) x 70, (B)]- “)
abeE (QpQ,)

aev(Q,)Abev(Q,)

Y o @ + mdg, (@)} x{1q, (b) + nydg, (b)}]

Y [1q (@)1, (b) + mdy, (b)1g, (a) + mydg, (a)7q, (b) + modg (a)dg, ()] (5

=2C,(Q) +mM,(Q) +n, Y [dg, (@)7g, (b) +dg, (b)7q, (@)].

abeE (Ql)
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(a) (®)

FIGURE 5: (a) Q, = Cs, (b) Q, = P,, and (c¢) CartesianProduct (C; © P,).
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(a) (b) (c)

FIGURE 6: (a) Q; = C,, (b) Q, = P,, and (c) LexicographicProduct(C, [P,]).

Also take

Z [TQZ (a) x 7q, (b)]
abeE (QrQ,)
a,beV (Qz)

n

B Z Z H(nz -1 inz (a) +dy, (bi)} X{("z -1)- dQé (b) +dq, (bl)H

i=1 gheE (Q’z)

n (6)
= 2 [ (ny — 1) — (n, - 1){dQ; (a) +dy, (b)} +2(n, = 1)dg, (b)) + doy (W), (b) - dg, (b))d gy, (@)
=1 abeE (Q))
~do, (b)dg, (b) + (bi)]
=my (ny - 1)262 =y (ny = )M, (Q,) +2e, [2(n, — 1)ey = M (Q,)] + 1, M, (Q,) + e, M, (Q)).
Similarly,
Z [TQl (a) x TQZ(b)]
abeE (QrQ,)
aeV (Q)AbeV (Q,)
” (7)
-y Y [{TQI (@) + mado, ()} x {(n2 1)~ dy (b) +dg, (ai)H
el (@)

=[ny(ny = 1) = 2,] +[M, (Q,) = 2¢,] + n,ZC] (Q) + 2¢, [Vl; (m,—1) - 2”262] + n§M1 Q)
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Consequently,

ZCy(Q1eQy) = mZC (Qy) + Z2C, (Qy) + ”gMz (Q) +n,M,(Q,) +(”§ + ez)Ml (Q)
=y (n, = )M, (Qy) + 1y (my = 1)°e, +2€,[2(n, = 1)e, = M, (Q,)] + [y (m, — 1) = 2¢,] [M, (G,) - 2e,]

+2e [nﬁ (n,—1)— 2nzez] +1, Z [dQl (@)1q, (b) +dq, (b)1q, (a)].

ubeE(Ql)
(8)
(b)
261 Q@)= Y [Tora) @+ 700y ®)]
abeE (QrQ,)
= ) [e@+q®]+ Y [rg,@+1o,(0)]+ > (7, (@) + 1o, ®)]. )
abeE (QrQ,) abeE (GG,) abeE (QrQ,)
abeV (Q,) abeV (Q,) aeV (Q,)AbeV (Q,)
Take
Yo [rg@+1q,®] = Y [{ro, (@) +mdg, (@)} +{rg, (B) + mydg, (B)}] == ZC} (Q,) + m,M, (Q,).
abeE (QQ,) abeE (Q,) (10)
a,beV (Ql)
Also take
Y [ @+1q,0)]
abeE (QrQ,)
abeV (Q,)
&l (11)
=Y Y [fon-1)-dg @+ dg, 6} +{0m - 1) - g, 0) + dg, (0)} ]
i=1 gheE (Q’z)
=2n, (ny — 1)e; —m M, (Qy) + 4eye,.
Similarly,
Z [TQ1 (a) + 1q, (b)] =n,[M;(Q,) - 2¢,] + 2n§e1 +mn, (n, — 1) - 2nye, + 2mye,.
abeE (QeQ,) (12)
aeV (Q,)AbeV (Q,)
Consequently,

ZCi(Q1oQ,) = ZCT (Qy) +2m,M, (Q) = M, (Q,) + 2mye, (1, — 2) + 2”;‘31 +mn, (n, — 1) +4eje,. (13)

Theorem 2. Let Q, and Q, be two connected and {C;,C,}-
free graphs. Then, ZC, and ZC7 of the Cartesian product of Q,
and Q, are as follows:
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(a) ZC,(Q0Q,) = 2[M,(Q;) - €,]ZC1 (Q)) +2[M; (Q,) - ¢]ZC] (Q,) + n,ZC, (Q))
+mZC,(Q,) +,ZC; (Qy) + ¢, ZC, (Qy) + M (Q))M, (Q,) + M, (Qy)M, (Q;)

+2e, Z [dQ1 (u1)7q, (@) +dq, (a2)7q, (“1)]
a,a,€E (Ql) (14)

t2e ) [do,(b1)1g,(b) +do, (b)70, (b)),
byb,€E (Q,)

(b) ZC{ (Q,0Q,) = mZCT (Q) +m ZC[ (Q,) + 4e;, M, (Q,) + 4e; M, (Q,) — 8eye,.

Proof

(a) Fora e V(Q,),b e V(Q,), and (a,b) € V(Q,0Q,),

we have

TQ,00Q, (a,b) = TQ, (a) + alQ1 (az)dQZ (b) + Tq, (b),

zC, (Q1®Q2) = Z [TQIOQZ (al,bl) X 19,00, (az,bz)]
(apby) (arb;)eE (QEQ;)

= Z Z [TQ10Q2 (a,b;) x 7Q,0Q, (a, bz)] + Z Z [TQlon (a1,b) x TQ,0Q, (%»b)]-

aeVv (Ql) b, b,€E (Qz) beV (QZ) a,a,€E (Ql)
(15)
Take
Z Z [TQ1®Q2 (a’bl) X TQIOQZ (a’bZ)]
aeV (Q,) b,b,€E(Q,)
= ) Y. o (@ +do (@dq, (b)) + 10, (b))} x{7q, (@) + dg, (@)dq, (b,) + 70, (b,)}]
aev (Q,) byb,eE (Qy) (16)
=e,ZC1 (Q) + M, (Qy)ZCT (Qy) + ZCy (Qy) [M, (Qy) = 2¢1] + M, (Q))M, (Q,) + 1, ZC, (Q,)
+2e; Z [sz (bl)TQ2 (by) + dg, (bZ)TQ2 (bl)].
blsz(Q2)
Similarly,
> [7000,(a1:6) X 7,00, (a2.)]
beV(QZ) a,a,€E (Ql)
=m,2C, (Qy) + ZCT (Q) [ M, (Q,) — 2¢,] + 2e, Z [dQ1 (611)7Ql (ay) + dg, (%)TQl (“1)] (17)
ala2eE(Ql)
+ M, (Q)M,(Q)) + M, (Q)ZC] (Q,) + €, ZC| (Qy).
Consequently,
ZC,(Q0Q,) = 2[ M, (Q,) - ,]ZC1 (Q)) +2[M; (Q,) -~ &,]ZC] (Q,) + m,2C, (Q))
+mZCy (G,) +,2C, (Q) +6,ZC (Qy) + M (Q)M,(Q,) + M, (Q)M, (Q) + 26, (18)

Z [dQ1 (”1)TQ1 (ay) + dq, (‘12)7(21 (5‘1)] +2e Z [sz (bl)TQ2 (by) + dg, (bz)TQ2 (bl)]'
a,a,€E(Q,) bb,€E (Q,)
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(b) Consider

ZC(QoQ,) = Z [TQIGQZ (a1,b1) + 7,00, (“2’172)]
(apby) (azbs)<E (Q0Q,)

= Z Z [TQIOQZ(“’bl)+TQlon(a’b2)]+ Z Z [TQlon(abb)+TQlon(a2’b)]-

aeV (Q,) bb,eE (Q,) beV (Q,) aa,€E (Q,)
(19)
Take
Y Y [raea(@b)+10,00,(b,)]
aeV (Q)) bb,€E(Q,)
= Y Y [{ra @ +dg (@)dg, (b)) + 1q, (b))} +{rq, (a) + dg, (@)dq, (b,) + 7o, (b,)}] (20)
aeV (Q,) bb,€E(Q,)
= 2e,[ M, (Qy) — 2¢,] +2¢, M, (Q,) + m, ZC} (Q,).
Similarly,
Z [TQlon (a),b) + 7Q,0Q, (az’b)]
beV (Qz) alazeE(Ql) (21)
=m,ZCT (Q)) +2e;,M, (Q,) + 2, M, (Q,) — 4e;e,.
Consequently,
ZC1 (Q0Q,) = mZCy (Q)) + m ZC} (Q,) + 46, M, (Q;) + 46, M, (Q,) — 8eye;. (22)
O

Theorem 3. Let Q, and Q, be two connected graphs. Then,
ZC, and ZC; of the composition (or lexicographic product) of
Q, and Q, are as follows:

(2) ZCy (Q [Qy]) <1y [y (my = 1) = ey + 2mpe, + 1y, — 8,]ZC; (Qy) + 15 (my + 8, + 2¢,)ZC, (Q))
+15e,ZC, (Q,) + (my —mymy — 2mpe; +3e; )M, (Qy) + (my +2e,)M, (Qy) + [211, (1, — 1)e, — 1, M, (Q,)]
[M,(Q)) ~2¢,] + (ny —~ 1) [mye, (my — 1) + eye, (ny — 2) + 8,
(ny +me; —ey = 1)] = (m, = 1)e; M, (Qq) + €M, (Qy)

- 2m Z Z [sz(bl)TQl(az)+dQ2(b2)TQl(a1)]

a,a,€E (Q,) b,b,€E(Q,)

—ny ) Y [do,(0)70,(;) +dg, (b2)70, ()],

aluzeE(Ql) bb, ¢ E(QZ)

(b) ZCT (Q,[Q,]) <1y (ny + 8, +2€,)ZC1 (Qy) + 2mpe, M, (Qy) — (1 + 2e,) M, (Q,)

+(n, — 1) (2n1e, + 2mye; + 28,e; +4eje,) —4(n, + 1)eje, — e, M (Q,).
(23)
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Proof
(2) Fora € V(Q)), b e V(Q,), and (a,b) € V(Q, [Q,)),

we have

7, [0] (@ 1) = my1q, (a) + dg-(b) = my1q, (a) + (1, — 1) —dg, (),

ZC, (Ql [Qz]) =
(al’bl) (“z’bz)EE (Ql [Qz])

7, [ (@1:b1) X Tg, [0,] (22> bz)]

Z [TQI[QZ](“’bl)XTQI[QZ](a’bz)]+ Z

aeV (Q,) bb,€E(Q,)

> [TQ1 [@.] (@1:0) X 7q [q,] (a2, )

beV (Q,) aya,€E (Q;)

Z |:TQ1 [Q] (al’ bl) x TQ, [Q] (az’ bZ)]

a,a,€E(Q,) byb,€E (Q,)

+

+ > [TQ [@,] (@1,01) X 7, [Qz](aZ’bZ)]~

a,0,€E (Q,) byb, ¢ E(Q,)

(24)
Take

Z Z [TQl (@] (a,b)) x 7q, (@] (a, bz)]

aeV (Q,) bb,€E(Q,)

= Z Z H”zTQl (@) +(n, —1) = dy, (bl)} X{”zle (@) +(n, - 1) - dq, (bz)}]

aeV (Q,) bb,€cE(Q,)
= ”%ezzcl (Qu) +[2m, (1, = 1)e, = n, M, (Qy)] [ M (Q)) — 2¢, ] + 1y (1, — 1)2‘32 =y (n, = )M, (Q,) + m M, (Q,).

(25)
Also take

Z [TQl [Q.] (ap,b1) x 1, (@] (az,bz)]

a,a,€E (Ql) bib, ¢ E (Qz)
<

= Z Z H’”‘zTQ1 (a)) +(n, = 1) —dy, (bl)} X{”zTQ1 (a) +(n, = 1) —dg, (bz)”

a,a,€E(Q,) byb, ¢ E(Q,)

=2 2

[”gTQ1 (a))7q, (ay) + 1y (ny - 1){TQ1 (a)) + 7q, (“2)} - ”z{sz (b1)7, (a;) + dg, (by)7q, (‘11)}
a,a,€E(Q,) byb, ¢ E(Q,)
+(ny — 1)2 —(n, - 1){sz (by) + dg, (bz)} +dg, (bl)sz (bz)]-
(26)
Let’s suppose that
Z =ny(n,—1)-2e, =96,
biby¢E (Qz)

= n§8ZZC2 (Q) +my (1, = 1)8,ZC, (Q)) — 1, Z Z
a,a,€E (Ql)b1b2¢E(Q2)
+(ny — 1)25231 — (1~ 1)e; M, (Qy) +e,M,(Q,).

[do, (b))70, (ay) +dg, ()70, (@)]  (27)
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Similarly,
z [TQl [Qz] (al, b) X ‘l’Q1 [Qz] (az, b)]
beV(Qz) a,a,€E (Ql)
= my[ny (ny = 1) = 26,]2C} (Q) + mZC, (Q)) + M, (Q,) + (my = 1)ey [y (n, = 1) = dey).
a,a, € E(Qy) Z Z [TQI (@] (a1,b;) x TQ,[Q,] (az)bz)]>

a,a,€E(Q,) b,b,€E(Q,) (28)

=2 Z Z H”zTQ1 (a1) +(n, = 1) - dg, (bl)} X{”zTQ1 (ay) +(ny = 1) - dg, (bz)}]
a,a,€E (Q,) b;b,€E(Q,)

= 2n§eZZC2 (Qu) +2n,(ny = 1)e,ZC1 (Q) — 2, Z Z [sz (bl)TQl (ay) + sz (bz)TQ1 (al)]

a,a,€E (Q,) byb,€E(Q,)
+2(n, - 1)25162 =2(ny — 1)e; M, (Q,) + 26, M, (Q,).

Consequently,

ZCy(Qi[Qy]) smy[my (my — 1) = dey +2mpe, + 1,8, = 8,1 ZC1 (Q)) + ”g (1, + 8, +2¢,)ZC, (Qy)
+ ngeZZCI (Qq) + (1 —myny = 2mpe; + 3e )M, (Q,) + (ny + 2, )M, (Q,) +[21, (1, = 1)e, — n, M, (Q,)]
[M,(Q) = 2e1] + (1, = 1) [me, (1, = 1) + ey, (1, = 2) + 8, (ny + mpe; — ey — 1)),
—(ny = 1)e;M, (Q,) +,M, (Q,) - 21, Z Z [sz (b1)7q, (a2) +dq, (b)7q, (“1)]
a,a,€E(Q,) byb,€E (Q,)

M Z Z [sz (b1)7q, (ay) +dq, (b,)7q, (‘11)]~
a,a,€E (Q;) byb, ¢ E(Q,)

(29)
(b)

ZC (Qi[Q)) =

[TQl [Qz] (al’ bl) * TQI [Qz] (a2’ bZ)]
(aby) (a2b,)€E(Q, [Q,])

=2 2. [TQI[Qz](“’bl)+Tol[Qz](‘1>bz)]
aeV (Ql) b b,€E (Qz)

PP [TQI[Qz](“l’b)”Ql[oz](“”b)]

30
beV (Q,) aya€E (Q)) .

* Z Z [TQI [Q.] (apby) + 7Q,[Q,] (a,, bz)]

a,a,€E (Q,) byb,€E (Qz)

+ Z Z [TQ1[Q2](a1’b1)+TQ1[Q2](‘12’b2)]-
a,a,cE (Ql) bib, ¢ E(Qz)

Take

Z [TQ1 [G.] (a’ bl) + TQl (@] (a’ bZ)]

aeV (Q,) b,b,€E(Q,)

= Y Y [mrq@+(m-1)-dg (b))} +{mrg (@) +(m ~1) - dg, (b)} (31)

acV (Q,) byb,€E(Q,)

=2me,[M, (Q,) — 2¢,] +2n, (n, — 1)e, —n, M, (Q,).
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1 2 3 s t H H H H
R soos N/ V4
\/ , \/‘ C c
1 /\ 3 \C /
<N VN
2 H H
(a) (b) (c)

(a) ()

FIGURE 8: (a) Q, = Cg, (b) Q, = N,, and (c) cyclohexane (Cgo N, = C¢H),).

1 2 3 4 5 s (Lys) (1,1)
[ NS A S 1
2,s) 2,1)
t
(3,5) (3,1
(4,5) (4,1
(5, 5) (5,1)
(a) (b) (c)

FIGURE 9: (a) Q, = P5, (b) Q, = P,, and (c) (P;©P,).

Also take

Z [TQ1 [Q] (a1,b) + 7q, (@] (az,bz)]
aya,€E (Q,) byby¢E (Q,)

< > Y [{mro (@) + (ny 1) —dg, (b))} +{m1q, (a2) + (n, = 1) = dq, (b,)}] 32
0,0,€E (Q,) bib,¢E (Q,)

= m,0,ZC1 (Q)) +2(1, — 1)0,, — ;M (Qy).
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—
[\

w
“©

(1,s) 2,s) (3,5)

t w /T

(1, ) (3,1)
u v / 2.1 /

(1, u) (3, u)

(1,v) (3,v)

(2,v)
|

(L w) @) 3w
(@) (b) ©

FiGure 10: (a) Q, = P5, (b) Q, = Cs, and (c¢) carbon nanotube (TUC, (m,n)) (P;0Cs).

1 2 3 4 5 s (1,9 (1, 1)
*r—o—0—0—0
2,s) 2,1
t «
(3,5) (3,0
(4,s) (4,1)
(5, 5) (5, )
() (b) (c)

FIGure 11: (a) Q; = Ps, (b) Q, = P,, and (c) fence (P;[P,]).

(@ (b)

FIGure 12: (a) Q, = C,, (b) Q, = P,, and (c) closed fence (C,[P,]).

Similarly,
) 2 [TQl [0:](31:6) + 7q, [o,] (“z’b)]
beV (Q,) a,a,€E (Q,)
=2 ZC} (Q,) +2ny (ny — 1)e, — 4eye,, Z Z [TQI ()] (a1,b;) + 7q, (@] (az,bz)]
aya,¢E (Q,) byby<E (Q,) (33)

=2 ) Y [mra (@) +(n = 1) = do, (b))} +{mrg, (a2) + (n, = 1) — do, (b2)}]
a,a,€E (Q,) b,b,€E(Q,)

=2mye, ZC1 (Qy) +4(ny — 1)eje; — 2¢, M, (Q,).
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ZCT(Q[Qa]) smy(my + 8, +2¢,)ZCT (Q)) + 2mpe; My (Qy) — (1 + 2e )M (Qy) + (1, — 1) (2me, + 2mpey +20,¢ + deqe;)

—4(n, + 1)eje, — e, M, (Q,).

4. Applications and Conclusion

In this section, we present some applications of the
obtained results for particular chemical structures such
as alkanes (see Figure 7), cycloalkanes (see Figure 8),
linear polynomial chain (see Figure 9), carbon nanotubes
(see Figure 10), fence (see Figure 11), and closed fence
(see Figure 12). We also give the both exact and com-
puted values of the obtained results for the aforesaid
particular chemical structures to develop an easy un-
derstanding. Let N, be a null graph, P,, P;, and P; be
three particular alkanes called by paths, and C,, Cs, and
C, be cycles.

4.1. Corona Product

Example 1. Alkane (C;Hj).
(i) Exact value of ZC, (P5oN,) = 72,
(ii) Exact value of ZCj (P5°N,) = 48,
(iii) Computed value of ZC, (P;°N,) = 72,
(iv) Computed value of ZC7] (P;°N,) = 48.

Example 2. Cyclohexane (C4H;,).
(i) Exact value of ZC, (C4oN,) = 432,
(ii) Exact value of ZCj (C4oN,) = 180,
(iii) Computed value of ZC, (C4oN,) = 432,
(iv) Computed value of ZC} (C¢oN,) = 180.

4.2. Cartesian Product

Example 3. Polynomial chain.
(i) Exact value of ZC, (P; 0 P,) = 114,
(ii) Exact value of ZC} (P50 P,) = 76,
(iii) Computed value of ZC, (P;© P,) = 114,
(iv) Computed value of ZCj (P5©P,) = 76.

Example 4. Carbon nanotube (TUC, (m, n)).
(i) Exact value of ZC, (P;0C5) = 730,
(ii) Exact value of ZCj (P;0C;) = 270,
(iii) Computed value of ZC, (P;©C5) = 730,
(iv) Computed value of ZC] (P;©Cs) = 270.

(34)

O
4.3. Lexicographic Product

Example 5. Fence (P5[P,]).

(i) Exact value of ZC, (P5[P,]) = 128,

(ii) Exact value of ZCj (P5[P,]) = 104,
(iii) Computed value of ZC, (P;[P5]) = 128,
(iv) Computed value of ZC7 (P5[P,]) = 104.

Example 6. Closed fence (C,[P,]).

(i) Exact value of ZC, (C,[P,]) = 72,

(ii) Exact value of ZC} (C4[P,]) = 72,
(iii) Computed value of ZC, (C,[P,]) <80,
(iv) Computed value of ZC7 (C,[P,]) <88.

In this paper, we have computed the general results
related to the second ZCI and modified first ZCI of the
resultant graphs which are obtained with the help of various
operations of product on graphs such as corona product,
Cartesian product, and lexicographic product (composi-
tion). The obtained results also illustrated with the help of
particular class of molecular graphs. However, the problem
is still open to compute the ZCI of the molecular graphs
under the different operations of subdivision, addition and
product, etc.
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